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Abstract: In the presentwork, vibration control of a simply
supported plate with line type and cross type piezoelectric
(PZT) patches are investigated with and without actuation
voltage. The plate is modeled under the assumption of
Kirchhoff’s Plate theory. The mass of PZT patches remain
constant in all cases. In case of actuation, applied voltage
considered are 1, 2 and 3mV. The external excitation to the
plate is in the form of harmonically varying point load of
1 mN. It is noticed that cross type PZT patch is more
effective in deflection suppression of plate than that of line
type PZT patch at 3 mV of actuation at patch thickness of
0.75 μm. Suppression of central deflection of plate for line
type and cross type PZT patches are obtained in different
frequency bands of (175–185 Hz) and (870–880 Hz)
respectively.

Keywords: actuation; cross type PZT patches; flexible
plate; line type PZT patches; vibration control.

Introduction

In order to control structural vibrations, piezoelectric
sensors and actuators can be easily bonded on the

vibrating structure or embedded in it. Different kinds

of control strategies are discussed for the design of a

piezoactuated structure (Bisegna et al. 2000; Veley and

Rao 1996). Zippo et al. (2015) proposed the Active vibration

control of a free-edge rectangular sandwich plate where

the control appears to be robust and efficient in reducing

vibration in linear (small amplitude) and nonlinear (large
amplitude) vibrations regimes, although the structure
under investigation exhibits a relativity highmodal density
i.e., four resonances in a range of about 100 Hz. Lu, Wang,
and Zhan (2017) demonstrated how the piezoelectric
actuators actively control the lower modes (first bending
and torsional modes) using modal controller, while the
higher frequency vibration attenuated by viscoelastic
passive damping layer. Abdeljaber, Avci, and Inman (2016)
introduced a new intelligent methodology to mitigate the
vibration response of flexible cantilever plates where it is
observed that the neurocontroller reduces the vibration
response of the flexible cantilever plate significantly; the
results demonstrated the success and robustness of the
neuro-controller independent of the type and distribution
of the excitation force. Yue et al. (2017) proposed the
control system which collects vibration signals from the
piezoelectric sensors to identify location(s) of the largest
vibration amplitudes and then select the best two from
eight PVDF actuators to apply control forces so that the
modal vibration suppression could be accomplished
adaptively and effectively. Shivashankar and Kandagal
(2016) showed the analytical model where transverse
beam vibrations can be controlled by bonding resistively
shunted piezoelectric to the beam’s surface. Several tech-
niques were presented by Crawley and Anderson (ADINA
1997; Anderson and Crawley 1989) for modeling-induced
strain actuation of beam and plate. They also performed
static deflection test to verify their solution of strain results
from experiment and finite element results. Yocum and
Abramorich (2002) detailed the static experimental
behavior of a cantilever beam actuated using piezo-
ceramic patches. Topdar, Sheikh, and Dhang (2007)
employed the finite element method (FEM) to study free
vibrations of a piezoelectric coupled laminated plate under
various boundary conditions. Liang and Batra (1997)
investigated effects of thickness,mass density and stiffness
of the piezoelectric layer on plate’s natural frequencies.
The effect of electrical boundary conditions on major
surfaces of piezoelectric layers was studied by Davis and
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Lesieutre (2000). Rofooei and Ali (2009) details the gov-
erning differential equation of motion for an undamped
thin rectangular plate with a number of bonded piezo-
electric patches on its surface and arbitrary boundary
conditions is derived using Hamilton’s principle. Song,
Sethi, and Li (2006) have introduced a wide range of
applications of piezoceramic materials in vibration sup-
pression of civil structures. In their work, the applicability
of piezoceramic patches or stacks in controlling the
response of relatively large cantilever beams, trusses,
frames and cable-stayed structureswere shownusing some
experimental studies. Sung (2002) has studied the active
control of a simply supported Euler–Bernoulli beam under
a moving mass using piezoelectric materials as actuators.
Qiu et al. (2007) have investigated the application of
piezoelectric ceramics as sensors and actuators for vibra-
tion suppression of a smart flexible clamped cantilever
plate using analytical and experimental method.

In the proposed work, vibration control of a simply
supported plate with line type and cross type piezoelectric
(PZT) patches are investigated with and without actuation
voltage. It is noticed that cross type PZT patch is more
effective in deflection suppression of plate than that of
line type PZT patch at 3 mV of actuation at patch thickness
of 0.75 μm. The variations of thickness of piezoelectric
patches on plate deflection in different frequency bands
are also examined using finite element method. The two
different PZT patches with the variation of thickness along
with the actuation voltages are the main parameters in the
proposed work.

Finite element formulation

GeneralizedHamilton’s principle for a piezoelectric plate is
given by (Crandall et al. 1968)

∫
t2

t1

[δ(T − U +We) + δW]dt = 0 (1)

where,
T is total kinetic energy
U is total potential energy and
We is electrical energy are given as under

T = ∫
Vs

ρs[u̇]t[u̇] dVs + ∫
Vp

1
2
ρp[u̇]t[u̇]dVp (2)

U = ∫
Vs

1
2
[S]t[T]dVs + ∫

Vp

1
2
[S]t[T]dVp (3)

We = ∫
Vp

1
2
[E]t[D]dVp (4)

where,
[u] = vector of mechanical displacements
[S] = vector of mechanical strain
[T] = vector of mechanical stress
[D] = vector of electric displacements
[E] = vector of electric field
ρ = mass density of plate and piezoelectric patch
Vp = volume of piezoelectric patch
Vs = volume of plate
t = transpose of matrix

And subscripts p and s represents the piezoelectric patch
and plate respectively.

If a set of discrete mechanical forces f is applied at
location (xi, yi) and a set of discrete electric charge output q
is extracted at locations (xj, yj), then the variation of the
mechanically and electrically extracted work is given as
(De Marqui, Erturk, and Inman 2009)

δW = ∑
nf

i=1
δ[u](xi, yi, t).[f ](xi, yi, t) + ∑

nq

j=1
δφ(xj, yj, t)q(xj, yj, t)

(5)

where,
nf = number of discrete mechanical forces
φj = scalar electrical potential
nq = number of discrete electrode pairs

The linear-elastic constitutive equation for plate is given as
(De Marqui, Erturk, and Inman 2009)

{T} = [cs]{S} (6)

and linear-electrostatic equation for piezoelectric material
is given as (IEEE Group on Sonics and Ultrasonics 1978)

{T
D} =

⎡⎢⎣ cEp −et
e εS

⎤⎥⎦{ S
E } (7)

where,
c = elastic stiffness matrix
e = matrix of piezoelectric constants
ε = matrix of permittivity components

Now substituting both linear constitutive Eqs. (6) and (7) in
Eq. (1), we get
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∫
t2

t1

[∫
Vs

ρsδ[u̇]t[u̇]dVs + ∫
Vp

ρpδ[u̇]t[u̇]dVp

− ∫
Vs

δ[S]t[cs][S]dVs − ∫
Vp

δ[S]t[cEp][S]dVp

+ ∫
Vp

δ[S]t[e]t[E]dVp + ∫
Vp

δ[E]t[e][S]dVp

+ ∫
Vp

δ[E]t[εs][E]dVp + ∑
nf

i=1
δ[u](xi, yi, t).f(xi, yi, t)

+ ∑
nq

j=1
δφ(xj, yj, t).q(xj, yj, t)]dt = 0

(8)

Finite element modeling of
piezoelectric plate

A four node rectangular finite element with three
mechanical degrees of freedom per node as u, v, w in x, y
and directions is used to model a plate with piezoelectric
patch. The plate and piezoelectric patch is perfectly
bonded to each other. Assuming piezoelectric patch is
covered with conductive electrodes having one electrical
degree of freedom. Thus, finite element of plate with patch
has 13° of freedom. Based on Kirchhoff plate theory,
transverse shear strains and rotary inertias of the finite
element are neglected and in-plane displacement is
assumed due to the bending of the plate only. The
displacementfield is, then givenby (DeMarqui, Erturk, and
Inman 2009)⎧⎪⎨⎪⎩ u

v
w

⎫⎪⎬⎪⎭ = ⎧⎨⎩ −z vw
vx

−z vw
vy w

⎫⎬⎭t

(9)

where, the displacement components u, v and w at a
thickness level z from the neutral surface are given in terms
of transverse displacement of the neutral surface.

The mechanical strain components under the
assumption of linear-strain displacement can be given by⎧⎪⎪⎨⎪⎪⎩

Sx
Sy
2Sxy

⎫⎪⎪⎬⎪⎪⎭ =⎧⎨⎩ vu
vx

vv
vy (vu

vy
+vv
vx
)⎫⎬⎭ t

=−z{v2w
vx2

v2w
vy2

2
v2w
vxvy

}t

(10)

The transverse displacement of node k of rectangular
finite element is assumed to vary in the polynomial form
(Bathe 1996)

wk = w(xk ,yk) = [P](xk ,yk){μ} (11)

and bending rotations is given by

θxk = vw
vx (xk ,yk) =

v[P]
vy (xk ,yk){μ} (12)

θyk = − vw
vx (xk ,yk) = − v[P]

vx (xk ,yk){μ} (13)

where P is polynomial terms which is given as

[P] = [1 x y x2  xy y2 x3 x2y xy2 y3 x3y xy3] (14)

and the vector of generalized coordinates is

{μ} = [a1 a2 a3 a4 a5 a6 a7 a8 a9 a10 a11 a12] (15)

Considering four nodes per element and three degrees
of freedom, the vector of nodal variables is given by

{ψ} = {w1 θx1 θy1 w2 θx2 θy2 w3 θx3 θy3 w4 θx4 θy4}t (16)

This can be expressed as

{ψ} = [A]{μ} (17)

where A is a 12 × 12 transformation matrix (Erturk and
Inman 2008) whose element are given by P and its
derivatives through the definition of wk, θxk, θyk given in
Eqs. (11)–(13).

The transverse deflection as a function of nodal
variables then can be given by

w = wk = [Γ]{ψ} (18)

where,

[Γ] = [P][A−1] (19)

The vector of transverse displacement and cross-
section rotations is related to the vector of nodal variables
as ⎧⎨⎩ vw

vx
vw
vy

w
⎫⎬⎭ = [Bη]{ψ} (20)

where,

[Bη] =
⎧⎨⎩ vΓ

vx
vΓ
vy

Γ
⎫⎬⎭ (21)

Similarly, the vector of curvatures is given as

{ v2w
vx2

v2w
vy2

2
v2w
vx v y

}t

= [Bk]{ψ} (22)

where,

[Bk] = { v2Γ
vx2

v2Γ
vy2

2
v2Γ

vx v y
}t

(23)
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Both Bη and Bk are 3 × 12 matrices.
The piezoelectric patch is poled in the thickness

direction; the non-zero electric field component (which is
assumed to be uniform in the thickness direction) can be
expressed as

Ez = − vφ
vz

= − vp
hp

(24)

where the electric potential is assumed to be varying
linearly across the electrode i.e., the electric field is
assumed to be uniform in thickness directions. Then the
electric field components is given by

[E] = −[BE]vp (25)

where,

[BE] = {0 0
1
hp
}t

(26)

Based on Eq. (5), the element mass matrixm, stiffness
matrix k, electromechanical coupling vectorθ, capacitance
cp and the mechanical forcing vector f can be expressed as

[m] = ∫
Vs

[Bη]t[Z]tρs[Z][Bη]dVs + ∫
Vp

[Bη]t[Z]tρp[Z][Bη]dVp

(27)

[k] = ∫
Vs

z2[Bk]t[cs][Bk] dVs + ∫
Vp

z2[Bk]t[c−Ep ][Bk]dVp (28)

[θ] = ∫
Vp

z [Bk][e]−t[BE]dVp (29)

cp = ∫
Vp

[BE][ε]−S[BE]dVp (30)

[f ] = ∫
S

[Γ]tfw  dS (31)

where,

[Z] =
⎡⎢⎣−z 0 0
0 −z 0
0 0 1

⎤⎥⎦ (32)

Note that the mechanical damping matrix will
be measured from the reference surface of the plate in
the thickness direction (Beer and Johnston 1992; Erturk and
Inman 2008). Here, it is assumed that both layers (plate
and patch) have same mesh and the nodes are coincident.

Then the plane stress form of the constitutive
equations for the piezoelectric patch can be expressed as

⎧⎪⎪⎪⎨⎪⎪⎪⎩
T1

T2

T6

D3

⎫⎪⎪⎪⎬⎪⎪⎪⎭ =

⎡⎢⎢⎢⎢⎢⎢⎣
c−E11 c−E12 0 −e31
c−E12 c−E22 0 −e32
0 0 c−E66 0

e31 e32 0 ϵ33

⎤⎥⎥⎥⎥⎥⎥⎦
⎧⎪⎪⎪⎨⎪⎪⎪⎩

S1
S2
S6
E3

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (33)

The elastic, piezoelectric and dielectric components of
above Eq. (33) are given in contracted notations (i.e. Voigt’s
notation)where 1, 2 and 3 directions are coincidentwith x, y
and z directions.

Now, the global equations of motion are then
obtained by assembling the element matrices given by
Eqs. (27–31).

[M]{ψ̈} + [C]{ψ̇} + [K]{ψ} − [Ω]{v} = [F] (34)

[Cp]{v} + [Q] + [Ω]t{ψ} = 0 (35)

where,
[M] = global mass matrix
[K] = global stiffness matrix
{Ω} = global electromechanical coupling matrix
[Cp] = global capacitance matrix
[C] = global damping matrix
[F] = global vector of mechanical forces
[Q] = global vector of electric charge outputs
{v} = global vector of voltage outputs

Validation against the published
results

For validation, published results of Ly et al. (2011) have
been used. R. Ly has used piezoelectric cantilever beam
having rectangular cross-section. The beam is subjected
to 0.01 N excitation forces at the free end of cantilever. The
length of beam considered is 49 mm having thickness
0.6 mm and width 3.8 mm respectively. Different proof
mass at free end of the cantilever is used to adjust the
resonant frequency to attain the required Eigen values.
The result achieved by the present method is defined by
Eq. (7).

Figure 1 shows the variation of Eigen values of first
modes under different proof mass obtained by Ly et al.
(2011) and present method. Figure 2 show the harmonic
response in terms of tip displacement of piezoelectric
cantilever beam without proof mass under excitation
force of 0.01 N at tip and coefficient of damping assumed
is 0.05.

Figure 3 shows the variations of voltage generated by
the piezoelectric cantilever beam for different proof mass.
Results obtained by present finite element method closely
match the published results by Ly et al. (2011). The present
method refers that the plate is modeled according to the
Kirchhoff’s Plate theory with the help Finite Element
Method.
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Case studies

Two models of piezoelectric strip arrangement as
shown in Figures 4 and 5 are used to investigate the
vibration suppression behavior of plate with piezoelectric

patches. The dimension of rectangular plate used is
(5 × 5 × 0.3 μm). The following twomodels of piezoelectric
(PZT) patch are:
A. Line type arrangement of PZT patch on a plate is shown

in Figure 4
B. Cross type arrangement of PZT patch on a plate is

shown in Figure 5

Total mass of line type and cross type PZT patch is kept
same. It was assumed that the plate is simply supported on

Figure 1: Variation of resonant frequencies with different proof
mass.

Figure 2: Variation of tip deflection with frequencies.

Figure 3: Variation of voltage generated with different proof mass.

Figure 4: Plate with line type piezoelectric patch.

Figure 5: Plate with cross type piezoelectric patch.
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all edges. On one side of plate, the layer of piezoelectric
material is perfectly bonded. The thickness of piezoelectric
patches varywhilemass is kept constant for both the cases.
Damping coefficient for the whole structure is assumed to
be 0.0001. Thematerial property of piezoelectric patch is of
PZT-4. Different variations of the piezoelectric patch
thickness are examined. The plate material considered is
steel.

The linear-elastic constitutive equation for plate and
linear-electrostatic equation for piezoelectric material is
taken into account for description of plate with piezo-
electric patch. And thus the finite element modeling for
the Line type arrangement of PZT patches and Cross type
arrangement of PZT patches on a plate are described by
Eqs. (27)–(31). Here PZT-4 refers to the Lead Zirconate
Titanate. The same methodology has been adopted for
flexible rectangular plate which was used to validate the
results for cantilever plate. As we know that the experi-
mental results have been already validated with the Finite
Element Method, so the simulation results are already
verified accordingly.

Dynamic response analysis

The dynamic response of the plate with line type and cross
type piezoelectric patch has been investigated with and
without actuation voltage. In case of actuation, applied
voltage considered are 1, 2 and 3 mV. The external excita-
tion to the plate is in the formof harmonically varying point
load of 1 mN at point 1 of the plate as shown in Figure 6.
Transverse deflections are calculated at nine points
numbered from 2 to 10 as shown in Figure 6. Transverse
deflection at point 6 i.e., (Z6) gives central out of plane

deflection. Average value of deflection for plate is calcu-
lated as:

zavg =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(z22 + z23 + z24 + z25 + z26 + z27 + z28 + z29 + z210)

9

√
where, Zavg is average deflection of plate.

Result and discussion

The following Tables 1–4 depicts the maximum central
deflection (Z6) and average deflection (Zavg) of rectan-
gular plate with line type and cross type PZT arrangement
under different actuation voltage and without actuation
voltage.

It is observed from Tables 1–4, that central deflection
(Z6) and average deflection (Zavg) decrease with increase
in thickness of PZT patch and actuation voltage for both
the line type and cross type PZT patches. It is noteworthy
that reduction in deflection is for cross type PZT patch.
From Tables 1–4, the deflection before actuation and after

Figure 6: Schematic diagram of plate.

Table : Central deflection (Z) for line type PZT patch keepingmass
constant.

Thickness
of patch (μm)

Deflection (without
actuation) (μm)

Deflection (with
actuation) (μm)

Actuation voltage

 mV  mV  mV

. . . . .
. . . . .
. . . . .
. . . . .
. . . . .

Table : Average deflection (Zavg) for line type PZT patch keeping
mass constant.

Thickness
of patch (μm)

Deflection (without
actuation) (μm)

Deflection (with
actuation) (μm)

Actuation voltage

 mV  mV  mV

. . . . .
. . . . .
. . . . .
. . . . .
. . . . .
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actuation is unknown parameters. And the thickness of
PZT patches and applied voltage is known parameters.

Figures 7 and 8 shows the variation of central
deflection (Z6) of plate with line type and cross type PZT
patches for different frequencies for a given PZT thickness
equal to 0.15 μm. It is observed from Figure 7 that
maximum suppression of deflection is obtained at 180 Hz
at 3 mV of actuation for line type PZT patch. For line type
PZT patch, increase of actuation voltage is effective for
suppression of central deflection (Z6) in a limited fre-
quency range of (175–185 Hz) approximately. Similarly,
from Figure 8 it is noticed that maximum suppression of
deflection for cross type PZT patch is obtained at 876 Hz
with 3 mV of actuation. For cross type PZT patch, increase
of actuation voltage is effective for suppression of
deflection in a limited frequency range of (870–880 Hz)
approximately. It is noteworthy that with cross type PZT
arrangement, effective frequency band for maximum
suppression of deflection is shifted from lower frequency
band to higher frequency band.

Figures 9 and 10 shows 3D graph for the thickness of
the PZT patches versus deflection with and without

actuation voltage. It has been observed that with the in-
crease in thickness of PZT patches without actuation
voltage the deflection control for the flexible plate get

Table : Average deflection (Zavg) for cross type PZT patch keeping
mass constant.

Thickness
of patch (μm)

Deflection (without
actuation) (μm)

Deflection (with
actuation) (μm)

Actuation voltage

 mV  mV  mV

. . . . .
. . . . .
. . . . .
. . . . .
. . . . .

Figure 7: Variation of central deflection (Z6) with frequency for plate
with line type PZT patch.

Figure 8: Variation of central deflection (Z6) with frequency for plate
with cross type PZT patch.

Figure 9: Central deflection (Z6) for line type PZT patch without
actuation in 3D.

Table : Central deflection (Z) for cross type PZT patch keeping
mass constant.

Thickness
of patch (μm)

Deflection (without
actuation) (μm)

Deflection (with
actuation) (μm)

Actuation voltage

 mV  mV  mV

. . . . .
. . . . .
. . . . .
. . . . .
. . . . .

Figure 10: Central deflection (Z6) for line type PZT patch with
actuation (3 mV) in 3D.
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reduced. Further with the variation of PZT patch thickness
along with actuation voltage of 3 mV the deflection of
flexible plate can be controlled more. The graphical illus-
tration of input and output signals (before and after
actuations) in time domain is shown in Figures 7 and 8.

Conclusions

(1) The active vibration control of the plate under harmonic
excitation can be achieved for a particular frequency
range by application of piezoelectric patches.

(2) Cross type PZT patch arrangement is more effective in
deflection control of plate than that of line type PZT
patch in all cases at 3 mV of actuation at patch thick-
ness of 0.75 μm.

(3) Vibration control of central deflection for line type and
cross type PZT patches are obtained in different
frequency bands of (175–180 Hz) and (870–880 Hz)
respectively.

(4) The proposed work helps in optimal placements of
piezoelectric patch for maximizing the vibration con-
trol and based on LQR control strategy for sensors and
actuators placement.
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