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Abstract: We propose a scheme based on recursively
applying analytical formulae for effective properties to a
class of porous ceramics for calculating their energy har-
vesting figures of merit. We approximate the structure of
freeze-cast PZT parallel laminae joined by links (or bridges)
by a model that can be broken down into two directions
along which the structure resembles a laminate. The
effective coefficients obtained in the first step of the
recursion are then used as input on the second step which
gives the final effective moduli. The comparison of those
with calculations via Finite Element Method (FEM) on a
non-recursive model shows good agreement. Finally, we
calculate the piezoelectric and pyroelectric figures of merit
and compare them with experimental results. The pro-
posed scheme is a good alternative since it relies only on
known simple analytical formulae and has a very low
computational cost with respect to other methods that may
be applied to such a geometry.
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Introduction

The most intuitive and natural magnitudes for quantifying
the piezoelectric and pyroelectric energy-harvesting
capabilities of materials are the electro-mechanical and
electro-thermal coupling factors as they represent the
ratios of transformation of one form of input energy to other
form of stored energy (Berlincourt, Curran, and Jaffe 1964;
Bowen et al. 2015). However, these coupling coefficients
rule out certain materials due to their relatively low com-
pliances. In order to solve this problem, the following
Figures of Merit have been proposed as better measures
(Bowen et al. 2015; Deutz et al. 2018):
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where 213,-, j=1,2 3 and ?BTB are the piezoelectric and
dielectric coefficients at constant stress. C represents the
volume specific heat capacity. The subscript 3 represents
the direction of polarization of the transversely isotropic
ceramic.

Recently, in (Zhang et al. 2017), it was shown that ce-
ramics with highly aligned porosity, manufactured via
freeze-casting, have improved energy-harvesting FoMs (1)
with respect to their dense (non-porous) counterparts
made of the same material. This effect is due to the steeper
reduction of the dielectric permittivity and heat capacity
with respect to the reduction of the piezoelectric and py-
roelectric coefficients as porosity increases.

From a modeling standpoint, the experimental sam-
ples obtained via the technique described in (Zhang et al.
2017), may be considered as ceramic-air composites that
approximately exhibit 2-2 connectivity, where the first
number indicates the connectivity of the ceramic and the
second number the connectivity of the pore regions
(Newnham, Skinner, and Cross 1978). The laminated 2-2
structure is interesting for its simplicity, mechanical
strength (Zhang et al. 2017) and enhanced sensing and
actuation capabilities (Roscow et al. 2015).

The measurements of (Zhang et al. 2017) were suc-
cessfully fitted to phenomenological models based on
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the rule of mixtures that compute the effective co-
efficients involved in (1). However, it would be desirable
to have a model from first prinicples that is also easy to
implement. The high alignment of the pores and their
periodic distribution suggest the use of the mathematical
homogenization, for computing its effective thermo-
piezoelectric coefficients and, ultimately, their FoMs. In
the case of a 2-2 connected composite, there exist
analytical formulae for the effective coefficients (Cabal-
lero-Pérez et al. 2019; Sixto-Camacho et al. 2013). How-
ever, the specimens from (Zhang et al. 2017) exhibit
ceramicbridges between contiguous laminae that break
the perfect 2-2 connectivity. These bridges are indeed an
important feature since they provide high compressive
strength to the sample and disrupt the complete polari-
zation of the ceramic occupied regions.

In order to account for the bridges, we present a two-
step Recursive Homogenization Scheme (RHS). The RHS
has been used to compute the elastic effective properties of
3-1 connected, non-porous composites with coating on the
fibers (Guinovart-Diaz et al. 2005). This application was
successfully compared with calculations based on a self-
consistent Mori-Tanaka scheme for a 3-phases, fiber-
reinforced composite. The piezoelectric and dielectric
properties have also been calculated via RHS for a 3-1
connected composite with rectangle-shaped cross section
of the fibers (Otero et al. 2003). These results showed good
agreement with experimental measurements of quantities
that are relevant for ultrasound applications. In (Brenner,
Bravo-Castillero, and Mesejo-Ledn 2012), the RHS was used
to compute the effective electro-mechanical properties of
two-phase fibrous-laminate, non-porous structure. These
results were validated with a homogenization method
based on the Fast Fourier Transform algorithm.

In this work we use a RHS that consists of two steps. In
the first one, the bridges are homogenized using formulae
for ceramic-air composites. The resulting partial effective
elastic, piezoelectric, dielectric and pyroelectric co-
efficients are fed as input to the formulae that is used in the
second step to obtain the final effective coefficients and
homogenize the composite. In the particular case of the
present structure, the RHS may be broken down into
computing the effective coefficients of two laminates,
which is convenient since homogenization gives analytical
formulae for 2-2 composites (Bravo-Castillero et al. 2009).
Hence, the calculations are a straight-forward process with
minimal computational requirements as there is no need to
create any geometry-specific meshes or to solve any sys-
tems of equations. All of the effective coefficients that are
relevant to piezoelectric and pyroelectric FoMs can be ob-
tained through RHS.
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In the next section we present the geometrical model of
the structure and the steps of the recursion. For each step,
the analytical formulae for the effective coefficients of
laminates and are stated. In the Results section, the RHS is
compared to FEM calculations of the effective properties.

Methodology

The mathematical model represents a non-ideal 2-2 connected ceramic
with pores. We say that the 2-2 connectivity is non-ideal because
consecutive laminae are connected by small bridges. These defects are
the result of the freeze-casting method that was used to synthetize the
experimental samples, as can be seen on Figure 2 of (Zhang et al. 2017).
The mathematical model of this structure is shown in Figure 1. It is
composed by parallel, periodically distributed laminae that are con-
nected by another set of relatively thinner laminae. The spaces be-
tween ceramic-occupied regions are assumed to be void.

Roughly, the RHS consists in recursively homogenizing along
two directions that are shown with gray arrows in Figure 1. In the first
step, we homogenize a laminate that extends vertically and it is
composed by the bridges and the air gaps between them. The effective
coefficients derived from this homogenization process are then
assigned to an imaginary phase that is homogenized along with the
thicker laminae in the second step. Notice that in each one of the steps,
2-2 composites are homogenized, the only difference being that in the
first step one of the phases has material properties equal to zero. There
exist analytical formulae for both scenarios.

The coefficients (or moduli) that are relevant to the present
scheme are: the elastic, c;; the piezoelectric, e;; the dielectric, x;; the
thermoelastic, A; and pyroelectric, p® and the volume specific heat
capacity Cg. The superscript € indicates properties at constant strain to
differentiate them from those at constant stress with superscript T. In
the next sections we will see how to obtain the effective coefficients
that appear in the FoMs (1).

First step

In this step we are going to compute the effective coefficients of an air-
ceramic laminate whose phases are the bridges between the larger
laminae and the air gaps between them. This composite extends along
the direction of x, (vertical gray arrow in the upper left of Figure 1). The
volume of the periodic cell (lower panel Figure 1) is equal to one, the
fraction of it that is occupied by the bridge is v,, the volume occupied
by air is v, and the volume occupied by the ceramic laminae is v3, so
Vi + v, + v3 = 1. Taking into account these volume fractions, we can
determine the volume fraction of the pore 0 relative to the composite
that we are homogenizing on the first step:

V2
vV, +V;

The formulae for the effective coefficients of these composites can be
derived from those that can be found for laminates on (Caballero-Pérez
et al. 2019; Sixto-Camacho et al. 2013) by taking the limit when the
moduli of one of the components go to zero, so as to model the
properties of air. In this step, all of them except for the formula for the
heat capacity Cg, correspond exactly to the rule of mixtures:
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where T, = 300 K represents a reference temperature and the tilde -
indicates an effective property of the first step, which in the second
step will be used as the property of one of the phases. All other
effective properties are either equal to zero or do not appear in the
formulae of the second step.

Second step

More effective coefficients are non-zero in this step due to the fact that
we are homogenizing two phases, none of which is air, along the
direction of the horizontal gray arrow in Figure 1. The effective moduli
of the second step are the definitive ones for this particular model:
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The brackets (-) represent the average of the modulus between them
weighted by the volume fractions. The hat ~ represents the effective
properties of the second step that are a function of the properties of the
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Figure 1: Representative cross section of
the model (upper left) and a periodic cell
(below). The regions occupied by ceramic
are shown in black. The thickness of the
ceramic bridges (horizontal stripes) is
exaggerated for clarity. The gray thick
arrow indicates the direction of
homogenization in the first step. In the
upper right, the gray areas represent the
homogeneous material that results from
homogenizing the ceramic bridges-air
composite, and the direction of homoge-
nization in the second step. The x3 axis is
perpendicular to the plane of the figure.

T2

material and the effective coefficients of the first step (2). For example,
the extended formulae for ¢, and es; is:
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These formulae discussed in this subsection are valid when the di-
rection x5 of the polarization of the transversely isotropic material is
perpendicular to the direction of the periodicity x,. This is known as
parallel polarization. When the periodicity and polarization directions
coincide, we say that the polarization is series. There exist analytical
formulae for this case (Caballero-Pérez et al. 2019; Sixto-Camacho
et al. 2013), but we will not show them for brevity.

Figures of merit

Once the definitive effective coefficient of the porous ceramic have
been calculated we turn to the calculation of the FoMs. Observe that
the coefficients that appear in expressions (1) are at constant stress
while those obtained through homogenization are at constant strain.
Hence, we need to transform them through the following expressions:
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where S are the components of the compliance tensor that may be
found by inverting the stiffness tensor when it is expressed in Voigt’s
notation (see appendix of (Belytschko, Liu, and Moran 2000)). How-
ever, due to the form of these tensors for transversely isotropic sym-
metry (Berlincourt, Curran, and Jaffe 1964), we only need to invert the
upper 3 x 3 diagonal block of the stiffness tensor to get the relevant
compliance components:
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The inversion of the stiffnesses is what concentrates the best part of the
computational cost of this method. This is an operation on a fixed size
3 x 3 matrix in contrast with FEM which would require operations on
much larger matrices with sizes proportional to the number of nodes
on the meshes. We fixed the bridge volume fraction at v; = 0.1 and
calculated the effective properties and the figures of merit as functions
of the pore volume fraction in an interval. These results are shown in
the next section.

Results

In order to put the formulae to the test we are going to use
the materials BaTiO; and PZT-51, whose moduli are shown
on Table 1. The ceramic known as PZT-51 is the one that was
used in the experiments of (Zhang et al. 2017). Since the
manufacturer did not provide all of the required moduli,
Dr. Zhang, one of the authors of (Zhang et al. 2017), pointed
out that the material PCR-7 whose properties can be found
on Table 1.5 of (Topolov, Bowen, and Bisegna 2018), is a
good replacement.

In Figure 2, we show a comparison between these
effective piezoelectric coefficients of porous BaTiOs;
computed via RHS and via FEM. The panels on the left
column depict the parallel polarization while the right
panels depict the same coefficients but in series polariza-
tion. As we can see there is a good agreement between both
mathematical methods. The greatest deviations occur in
the series polatization. This is due to the fact that the vol-
ume v; occupied by bridges in the local cell is a free
parameter that needs to be fitted. The influence of that
parameter is greater in the series polarization. To explain
that consider that when v; — 0 there is no physical integrity
along the direction of x; which causes singular behavior in

Table 1: Material data used in the formulae.

Property BaTiOs PZT-51
c11 (GPa) 158 124.4
c12 (GPa) 69 83.4
c13 (GPa) 67.5 80.5
¢33 (GPa) 150 120.2
e5; (C/m?) -3.1 5.6
e35 (C/m?) 13.5 36.1
Ks5° (1072°C?/Nm?) 80.5 17.9
Ay (10° Pak™) 4.3 4.3
A5 (10° PaK™) 3.5 3.5
p (107 Cm~2Kk™) 0 -7.6
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some terms of formulae that contain harmonic means.
However, the formulae for the parallel polarization work
well for any volume of the bridges.

In Figure 3 we show some components of the effective

compliance tensor that are used in the calculation of ds;.
The left column comprises parallel effective coefficients
while the right one, series effective coefficients. We can
observe that overall there is good agreement between RHS
and FEM. The result of multiplying these non-constant
compliances shown on Figure 3 with the non constant
piezoelectric coefficients shown on Figure 2 are the con-
stant values d5; = —0.05nC/N and ds; = 0.14nC/N for the
parallel polarization.

The piezoelectric FoMs FoM;; are shown on Figure 4.
There is an excellent agreement between both theoretical
methods. The agreement with the experimental measure-
ments is not optimal but it may be improved by taking into
account the decrease in the overall polarization with
increasing porosity due to the defects hampering the
reorientation of the domains, as it is pointed out in (Zhang
et al. 2017). The theoretical models do not account for this
decrease since nowhere in literature it is experimentally
quantified. Instead, for each polarization it is assumed that
the piezoelectric coefficients e; for any region occupied by
the ceramic are equal to those of the dense ceramic. The
same difficulty occurs for the pyroelectric properties,
something that is expected due to the relationship between
them and piezoelectricity at the atomic level. Having the
real pyroelectric property for each porosity would improve
the match of the theoretical and experimental pyroelectric
Fy of expression (1),, as can be seen on Figure 5.

Discussion

The complex connectivity of the experimental samples can
be simulated by a simple mathematical model whose
effective properties we were able to calculate from first
principles without the need of the empirical models that
were used to explain the increase in the FoMs (Zhang et al.
2017). Homogenization yields analytical formulae for the
effective coefficients that are used in both steps of the
recursive scheme. This provides several advantages over
numerical schemes as it reduces the computational costs
and enables the analysis of the influence of certain material
properties or moduli in the overall response of the porous
ceramic. In this sense, the present approach represents a
satisfactory compromise between mathematical rigour,
ease of implementation and computational cost.
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Figure 2: Effective components of the piezoelectric tensor at constant strain as functions of the pore volume fraction.

Panels on the left (right) represent the parallel (series) polarization.

The piezoelectric and pyroelectric figures of merit ob-
tained though RHS show good agreement with the exper-
imental measurements, despite the fact that the present
model does not take into account the lowered overall
polarization associated to defects. In the case of series
polarization, this feature is further accentuated due to the
low interconnectivity of the ceramic in the direction of xs.
This effect is discussed in detail in (Zhang et al. 2017).

The RHS effective coefficients coincide with the results
obtained by FEM. The advantage of RHS over FEM is evi-
denced in that the amount of time that it takes to calculate a
full set of effective properties is negligible in comparison
with FEM (tens of seconds in an Intel® Core ™ i5-3317U CPU
@ 1.70 GHz x 4 processor). The agreement between theory
and experiments may be further refined by considering the
variation of properties with porosity due to a decrease in
polarization as it is pointed out in (Zhang et al. 2017). This
represents a way of fine-tuning the scheme for certain ap-
plications by considering properties for the bridges that are
different to those of the larger laminae.

The RHS solely relies on the use of simple formulae (2)
and (3) and it is flexible enough to account for different
configurations of the polarization with respect to the
pores. Furthermore, models of higher complexity can be
treated via RHS just by adding additional steps to the
recursion.

Additionally, another area in which this scheme may
be significant is for predicting optimal properties for
pyroelectric effects. Originally, the pyroelectric figures of
merit that were proposed by Sebald, Lefeuvre, and Guyo-
mar (2008), Sebald et al. (2006) involve coefficients in the
Stress-Charge-Entropy, in contrast with the formula (1),
that has been used for the experimental studies. Coinci-
dentally, the pyroelectric coefficient at constant strain p5,
exhibits an extremum which causes the simpler pyroelec-
tric FoM:
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Figure 3: Effective components of the compliance tensor as functions of the pore volume fraction.
Panels on the left (right) represent the parallel (series) polarization.
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to have a maximum. This figure of merit is shown on (in this case ~0.044). This may help in avoiding trial and
Figure 6. The maximum corresponds to optimal energy- error approaches in design of devices. In this sense, the
harvesting capacity and the RHS may help to estimate the FoM (1), does not provide useful information due to its
pore volume fraction in which the maximization occurs strict monotonicity.
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FEM and via RHS.
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