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Abstract: Vibration energy harvester (VEH) has proven to
be a favorable potential technique to supply continuous
energy from ambient vibrations and its performance is
greatly influenced by the design of potential structures. A
snap-through mechanism is used in an electromagnetic
energy harvester to improve its effectiveness. It mainly
comprises of three springs that are configured so that the
potential energy of the system has two stable equilibrium
points. In this work, a harmonically base excited snap-
through electromagnetic vibration energy harvester is
investigated by analytical and semi-analytical method.
The approximate analytical outcomes are qualitatively
and quantitatively supported by semi-analytical method
using multi-term harmonic balance method (MHBM).The
bifurcation diagram of response current shows that snap-
through electromagnetic vibration energy harvesters
exhibits periodic intrawell, interwell and chaotic motion
when the system parameters are varied. The influence of
system parameters on the response of snap-through
electromagnetic vibration energy harvester are examined.
Nonlinearity produced by the snap-through oscillator
improves energy harvesting so that the snap-through elec-
tromagnetic energy harvester can outperform the linear
energy harvester in the similar size under harmonic excita-
tion. A fitness function was formulated and optimization of
the selected parameters was done using genetic algorithm.
The parametric optimization leads to a considerable
improvement in the harvested current from the system.
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Introduction

VEHs are scalable electro-mechanical devices that are
used to power low powered wireless devices and sensors
(Elvin and Erturk 2013; Erturk and Inman 2011a; Priya and
Inman 2009). Ali and Adhikari (2013) proposed a dynamic
vibration absorber combined with piezoelectric trans-
ducer for both vibration absorption and energy harvesting
simultaneously. The dynamics, vibration absorption and
energy harvesting abilities of combined nonlinear vibra-
tion absorber with energy harvester system was also
investigated (Santhosh and Das 2016; Raj and Santhosh
2019; Raj and Santhosh 2020). Many review papers are
available which dealt the importance of nonlinear
approach in performance improvement of vibration en-
ergy harvesters (Dagaq et al. 2014; Tran, Ghayesh, and
Arjomandi 2018; Yildirim et al. 2017). Priya et al. (Zhou
et al. 2017) provided the state-of-the-art in microscale
piezoelectric energy harvesting, summarizing key metrics
such as power density and bandwidth of reported struc-
tures at low frequency input. Rantz and Roundy (2017)
provided an additional insight into the prevalence and
characteristics of vibrations commonly encountered in
the environment and application to nonlinear vibration
energy harvesters.

Bistable energy harvesters received more attention
due to its ability to generate high power when the device
undergoes from one stable state to another stable state,
which could cause large amplitude motion and drastically
increase power generation (Harne and Kon-Well 2017).
Harne and Wang (2013) provided detailed review on vi-
bration energy harvesting via bistable systems. Erturk
and Inman (2011b) conducted an experimental and
theoretical investigations on non-resonant bistable
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piezomagnetoelastic energy harvester over a wide range
of excitation frequencies.

Snap-through mechanisms are the most common
types of bistable system. The smooth and discontinuous
(SD) oscillator is actually a bistable system whose
dynamics was well studied by many researchers and well
recorded in the literature (Cao et al. 2006, 2008; Santhosh,
Padmanabhan, and Narayanan 2014; Tian, Cao, and Yang
2010). Jiang and Chen (2014) used the snap-through oscil-
lator as a vibration energy harvester using piezoelectric
transduction mechanism. Yang and Cao (2020) presented a
novel multi-stable electromagnetic transduction energy
harvesting system by adjusting the geometric parameters
of linear springs and proved that the multi-stable energy
harvesting system composed of a nonlinear restoring force
can significantly improve the efficiency of the energy
converter under low external excitation. Ramlan et al.
(2010) showed that more power is harvested by the
nonlinear snap-through bistable energy harvester for the
excitation frequency much less than the natural frequency
of the system. Jiang and Chen (2016) employed the snap-
through mechanism to harvest energy through electro-
magnetic transduction mechanism from external Gaussian
white noise and parametric excitation and revealed that
snap-through energy harvesters outperform the linear vi-
bration energy harvester. Yang, Liu, and Cao (2018)
investigated the efficiency of electromagnetic vibration
energy harvester of the snap-through oscillator and
concluded that they perform better than linear one when
subjected to harmonic and stochastic excitation.

Although the snap-through mechanism for vibration
energy harvesting is well studied, the steady state
displacement and current response of the system using
analytical and semi-analytical techniques is limited. The
present article describes an analytical and semi-analytical
analyses of snap-through electromagnetic vibration energy
harvester under harmonic excitation. Bifurcation analysis is
performed as excitation frequency as parameters for
different values of nonlinear geometric coefficient using
numerical integration. In order to understand the energy
harvesting performance in detail, the effects of the system
parameters on the response of the system are studied by
using semi-analytical method. The energy harvesting per-
formance of snap-through electromagnetic energy harvester
and linear harvester with similar size is compared. The
optmization processes also carried out to find the optimal
parameters to enhance the performance of energy harvester.

The work of this paper is organized as follows. In
Section 2, the equations of motion for a snap-through
electromagnetic vibration energy harvester is derived. In
Sections 3 and 4, analytical and semi-analytical analysis
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are performed to find out the response of the system.
Comparison between harmonic balance method and semi-
analytical (MHBM) is presented in Section 5. Bifurcation
analysis of snap-through energy harvester is conducted in
Section 6. Parametric study is explained in Section 7. Sec-
tion 8 compares the produced displacement and current
response of the snap-through electromagnetic energy
harvester and the linear electromagnetic energy harvester
of the similar size. Section 9 discuss the optimized results
of the energy harvester. Finally, Section 10 is an overview
of the conclusion.

Mathematical modelling and
equation of motion

Figure 1 shows a physical model of an electromagnetic
energy harvester based on a snap-through mechanism. The
model consists of a mass M forced to move in the vertical
direction. The system has a vertical spring K, in addition to
two horizontal springs with stiffness K}, of free length L and
damper C. X(t) is the displacement of the mass from the
mean position. Electromagnetic transduction mechanism
is attached with the snap-through oscillator and is char-
acterized by the parameters, the electric current output I,
resistance of the coil R¢, inductance L; and effective coil
length L. The electromagnetic transduction mechanism is
connected to external resistors R and the magnetic field Bis
provided by a permanent magnet which is fixed to the
enclosure. The distance between the two sliders is denoted
as 2l. The base of the system is excited with a harmonic
input Y(¢).

J‘ )

Figure 1: Model of snap-through oscillator with electromagnetic
transduction mechanism.
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The equations of motion for the base excited system
considering electromagnetic transduction mechanism is
given by

MX +CX + KX + 21<hx<1 - > +BLI=-MY (1)

X+ P

LI+ (R+R.)I = BLX )

The equations of motion are non-dimensionalized by
considering the following non-dimensional parameters,

X Y C K
Sy A=, W=
=T VD X e YW
2K w? | BL T F
2 _ 2th -0 —— =" == =
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w R+R BL.w;
T=wt Q=— A= € ou=—<
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where w; is the natural frequency of the associated single
degree of freedom linear system, {’is the damping factor, 8is
the linear dimensionless electro-mechanical coupling coef-
ficient in the mechanical equation, a is the non-dimensional
geometrical coefficient, r is the non-dimensional nonlinear
stiffness coefficient, A is the ratio between the resistance and
inductance which is constants of the harvester and y is the
electromagnetic coupling term in the current equation. The
equations of motion are represented in terms of the non-
dimensional time T with the non-dimensional parameters
explained above as

X+ 20X +x+1x +0I=fcos(Qr) (3)

1
<1‘W E)
IF+A-ux' =0 (4)

The number of primes represent the order of differentiation
with respect to non-dimensional time 7. The fixed points are

. R ’—2r0(2 - r2a2+r? - a2
x;=0, X5;= i\J (5)

1+r

The analytical expressions for forcing, potential and stiff-
ness functions are given below.

1
F(X)=X+TX<1—W> (6)
V(x)= %xz + r( - Vx2+ a2 +%x2) +ra @)
1 rx?
K(x)=1+ r<1 - m) + R (8)
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The variation of the restoring force and the potential
function for different values of a is shown in Figure 2(a) and
(b). It is observed that the system starts exhibits mono-
stable behaviour when a is greater than 0.49.

Analytical analysis by harmonic balance
method

The governing equation of snap-through electromagnetic
energy harvester is expanded by binomial form about « and
neglecting higher order term, the governing equation can
be written as

. , rx 1rx®
x +2{x +x+rx—z+§§+61—fcos((21) )]
I+A-ux'=0 (10)

Harmonic balance method have been widely applied to
investigate the nonlinear dynamics and performance
analysis of nonlinear vibration energy harvesters. In order
to analyze the response characteristics of the snap-through
electromagnetic energy harvester, the steady response
displacement and current of the system are assumed as
follows,

x(t) = Acos (Qt) + Bsin (Qt) (11)

I(t) = Pcos (Qt) + Qsin (Qt) (12

Substituting Eqgs. (11) and (12) into Eq. (10) and balancing
the terms multiplied by sin (Qt) and cos (Qt), the following
equations are obtained:

QQ-uBQ+AP =0 (13)
-PQ+uAQ+QA=0 (14)
Solving the two equations one can obtain
U(AQ + BQ)Q U(-BQ +AQ)Q
P = = 15
Q%+ X2 q Q2+ 1 15)

Substituting Egs. (11) and (12) into Eq. (9) and balancing the
terms multiplied by sin (Qt) and cos (Qt), we obtain
8P Ar — 8a°AQ? + 8a°A + 162°{ QB + 8a° PO
—8ra’A + 3ArB? + 3A%r = 8fd’ (16)
80°Br — 8a°BQ’ + 8a’B — 162°{ QA + 82° Q6

—8ra’B + 3BrA*+3B’r =0 17)
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Figure 2: Variation of (a) forcing and (b) potential function of snap-through electromagnetic energy harvester for different values of @ when

r=1.0.

Substituting Eq. (15) into Egs. (16) and (17), the following
equations are obtained

(8ra® — 8a°Q% + 8a° - 8ra® + SQ + 3ra*)A

+(SA +160°¢Q)B = 8fa’ (18)
(8ra® - 8a°Q% + 8a° - 8ra’ + SQ + 3ra’)B
~(SA+162°¢Q)A =0 (19)

3 .
where S = ngf;. Based on the above two equations, the

frequency response function of the steady-state displace-
ment is expressed as

8o’0pQ’ :
(Sro(3 -8a° Q0 +8a® - 8ra’ + % + 3ra2> a
+

(20)

<a386}1()/1
+ R —
Q*+ X2

2
+ 160(3(0) a = 64f’a°

where a = VA? + B? is the displacement amplitude of the
energy harvester. Also, the relationship between current
and displacement can be obtained from

W (A+B) po’a

P=P+Q = =
q Q>+ A2 Q2+ A

= 1)
Substituting Eq. (21) into Eq. (20), we get the frequency
response function of the steady-state current of the snap-
through electromagnetic energy harvester.

Semi-analytical method: multi-term
harmonic balance method

Numerical solution takes more time to generate steady-state
response for lightly damped systems. Multi-term harmonic
balance method (MHBM) is a numeric-analytical method
developed by Santhosh, Padmanabhan, and Narayanan
(2014) which can be used for a harmonically exciting system
to obtain the steady-state periodic solutions and it is also
applicable for highly non-linear systems. The primary pro-
cedure of MHBM is explained as follows:

MX + CX + KX + Fu(X, X, X,a) = F () (22)

where M is NXN mass matrix, C is NXN mass damping
matrix, K is NXN stiffness matrix, F,; is the nonlinear
function vector, X is the NX1 displacement vector, X is
the NX1 velocity vector, X is the NX1 acceleration vector,
F(t) is the NX1 external vector and a is a system
parameter. The non-dimensional equation of motion as
follows

w’MX + wCX + KX + Fy(X,X,X,a) =F(1)  (23)

The output of the system in particularly displacement,
velocity and acceleration are stated as a form of Fourier
series

X(1)=Ao + i(Aicos(i‘r) + B;sin (it)) (24)
i=1
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X(1) = i( — iA;sin (it) + iB;cos (iT)) (25)
X (1) = 3( - PAcos (ir) - PB;sin (ir)) 26)

i=1

Where the Fourier coefficients are Ao, A;, B; respectively. n
is total number of harmonics. The Fourier series of the
excitation vector is also can be expressed as
n
F(1) = Fy + Y, (Fcos (it) + Fgsin (i) 27
i=1
where F,, F.; and Fg; are the Fourier coefficients. In the next
step, the time interval O to 27 is divided into p time points.

The response and its derivatives are evaluated in the in-
terval as

X=TQ (28)
X=TQ (29)
X=rQ (30)

where Q is the Fourier coefficient vector. The structure of T
matrix is given below. The matrices I' and its derivatives are
need to be evaluated only once and can be saved for further
computation.

1 cos(ty) sin(ty)

1 cos(t;) sin(t)
r=|... ..

. cos(nty)
. cos(nt;)

sin(nty)
sin(nt;)

1: c:os(tp) s:in(tp) :. c:os(ntp) s:in(ntp)

In a similar way, the Fourier coefficients correspond to the
nonlinear function F,; and external excitation Fey; can be
obtained as

G=T"Fy (1)

F =T 'Fy (32)

On substituting the Fourier approximation of response and
its derivatives in the governing equation and subsequent
application of Galerkin procedure one can obtain the
residual equation given below

R=F-[];'Q"+G] (33)

where R is the residual vector, J; is the linear Jacobian
matrix, F and G are the Fourier coefficient vectors of the
external excitation and nonlinear function. Equation (33) is
solved using iterative method until Q converges. For every
iteration, the Fourier coefficients Q would updated as
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Q" =Q - Ui+J. 'R (34)

where J,; represents non-linear Jacobian matrix and this
will continue a specified tolerance limit ||R | <e. The
converged coefficients will be substituted in Egs. (24)—(26)
to find the response and its derivatives. This method is used
to find the periodic solution of snap-through electromag-
netic energy harvester in the frequency domain in the
subsequent section.

Comparison of analytical and semi-
analytical method

Figure 3 shows the frequency response plot of snap-
through electromagnetic energy harvester for the following
parameters ¢ = 0.10, « = 0.60, f = 0.0, r = 1.0, 8 = 0.40,
A =0.80, and u = 0.30. The number of harmonics used in
theoretical and semi-analytical studies are one. The
analytical outcomes are supported by the semi-analytical
method is shown in Figure 3.

Bifurcation analysis

The bifurcation analysis is performed in order to under-
stand the global dynamics of the snap-through electro-
magnetic energy harvester when the system parameters are
varied. The bifurcation plots are obtained by numerically
integrating Egs. (3) and (4) equations of motion and then by
plotting the Poincare points of the steady state motion for
the parameter value. The bifurcation plots are obtained
with excitation frequency Q as parameter for different
values of a. The values of other parameters chosen for the
studies are {=0.015, f=0.10, r=1.0, 6 = 0.40, 1 = 0.80, and
= 0.30. The different regions of intrawell, interwell and
chaotic interwell motions are identified and marked in the
bifurcation diagrams as shown in Figure 4(a) and (b). The
systems exhibit P1 interwell oscillation for the frequency
range 0.80 < Q < 0.50 and this behavior is common when a
is 0.30 and 0.35. Typical phase plane plots with Poincare
points and time history of snap-through energy harvester
are shown in Figures 5 and 6.

When a value is 0.40 and 0.45, the period 1 interwell
motion frequency range are from 0.85 < Q < 0.49 and 0.83 <
Q < 0.40 respectively as shown in Figure 7(a) and (b). The
phase plane plots along with Poincare points and the time
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Non-Dimensional Displacement
Non-Dimensional Current

Figure 3: Comparison of analytical (red line) and semi-analytical (blue line) when {=0.10, a = 0.60, f=0.10, r = 1.0, 8 = 0.40, A = 0.80, and
¥ =0.30.
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Figure 4: Bifurcation diagram of current response against the excitation frequency Q when r=1.0, f=0.10, = 0.015, 6 = 0.40, A = 0.80, and
4 =0.30.
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Figure5: Time historyand phase portrait diagram of snap-through electromagnetic energy harvester when Q=0.85,r=1.0, f=0.10,{=0.015,
o=0.30,60 =0.40,A = 0.80 and y = 0.30.
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Figure 6: Time historyand phase portrait diagram of snap-through electromagnetic energy harvesterwhen Q=0.85,r=1.0, f=0.10, {=0.015,

a=0.356=0.40,A=0.80 and y = 0.30.
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Figure9: Time history and phase portrait diagram of snap-through electromagnetic energy harvesterwhen Q=0.85,r=1.0, f=0.10, {=0.015,

a=0.45,6=0.40,A=0.80 and y = 0.30.
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Figure 10: Effect of mechanical parameters g, r and o on the response of the snap-through electromagnetic energy harvester when f= 0.10,
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histories for a = 0.40 and 0.45 are shown in Figure 8(a) and
(b). It is observed chaotic motion with strange attractor
appeared as shown in Figure 9(a).

Parametric study

In this section, a parametric study is performed on the
system given by Egs. (9) and (10) using MHBM. The
frequency response of the system is generated for different
system parameter values for snap-through electromagnetic
energy harvester. Frequency response for the snap-through
energy harvester are obtained for a = 0.60, 0.70 and 0.80
are shown in Figure 10a. When a = 0.60, the system shows a
hardening behavior with an associated jump phenomenon
and when a increases, the hardening behavior tends to
softening behavior and vice versa when r value increases as
shown in Figure 10c. Finally, when the damping ratio
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increases, the amplitude of the harvested current is
reducing as shown in Figure 10b.

As observed from the response plots, for the selected
parameters, the snap-through -electromagnetic energy
harvester are not much sensitive to the change in the values
of A as shown in Figure 11c. When the electromechanical
coupling coefficient § increases, the nonlinear effect become
more prominent. The frequency response curve bends
towards the right and multiple solution regions can be
observed as shown in Figure 11b. For higher values of 6, the
non-dimensional current of the system is comparatively
smaller and the nonlinear effects are not prominent. When u
is increases, curves bends towards right and the hardening
behavior is increases as shown in Figure 11a. Important
conclusions can be arrived from the parametric study con-
ducted in this section. The response of the snap-through
electromagnetic energy harvester are sensitive to parameter
changes of system. The performance of the system can be
increased by selecting proper system parameters.
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Figure 11: Influence of electrical parameters p, 6 and A on the response of the snap-through electromagnetic energy harvester when f=0.10,

{=0.015, r =1.00 and a = 0.60 and other parameters (a) 6 = 0.40, A

=0.80 (b) » =0.30,A = 0.80 (c) p = 0.30, 6 = 0.40.



22 —— D. Kaliyannan: Nonlinear dynamics and parametric study

Y1)
Back Iron J

Figure 12: Linear stiffness system of similar size with
electromagnetic transduction mechanism.

BASE

Performance comparisons

In this section, the energy harvesting performances of the
snap-through electromagnetic energy harvester and the
linear electromagnetic energy harvester are compared using
MHBM. The performance is measured by the steady state
current response produced by the system. To demonstrate
the benefits of using a snap-through energy harvester rela-
tive to a linear energy harvester, a linear electromagnetic
energy harvester is built as shown in Figure 12. The size of
the harvester is the key issue in the design, and the size is
mainly decided by the static equilibrium positions. In this
design, the linear and the nonlinear systems have the same
static equilibrium position so that the linear and the
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nonlinear harvesters are in the similar size. Figure 12 shows
a design of a linear electromagnetic energy harvester.

The non-dimensional governing equations of linear
electromagnetic energy harvester are

X +20x + (1+1)x +6I = fcos (Qr) (35)

I +Al-ux' =0 (36)

In the simulations, the system parameters are selected as
¢{=0.015,f=0.10,r=1.0, f=0.10, 0= 0.40,A=0.80, u = 0.30
and a = 0.60 for snap-through harvester. Figure 13 shows
that the performance of the snap-through electromagnetic
energy harvester is better than that of the linear system in the
similar size for wider range of excitation frequency.

Parameter optimization

In this section, optimization is performed to find the system
parameter values that will maximize the energy harvesting
performance of snap-through electromagnetic energy
harvester. Raj and Santhosh (2019) proposed a methodol-
ogy to find the optimal parameters for both vibration
absorption and energy harvesting, and the same has been
adapted in this work. In this study, six factors and three
levels are considered and the optimization procedure is
performed for the following parameters: ¢, r, a, u, A and 6.
The objective function can be converted into maximization
problem and is given by

f=max[I(a,{,1,1u,6,1)] 37)

The range of constraints are selected with respect to the
parametric study conducted in the previous section and
they are 0.60 <a<0.80, 0.015<{ <0.045, 0.50 <r<1.0,

Linear System
Nonlinear System

Q

(b)

Figure 13: The performance comparison of snap-through electromagnetic energy harvester with a = 0.60 and linear electromagnetic energy
harvester in the similar size when ¢ = 0.015, f= 0.10, r = 1.0, 6 = 0.40, A = 0.80 and p = 0.30.
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Figure 14: Comparison of non-dimensional current for initial and
optimized parameter values of snap-through electromagnetic vi-
bration energy harvester when f= 0.10.

0.30 < <050, 0.40<6<0.90, 0.60 <A<0.80. The opti-
mum parameter value of the maximizing the energy har-
vesting capabilities of snap-through electromagnetic
vibration energy harvester are obtained as a = 0.60,
¢{=0.015, r = 0.501, p = 0.499, 0 = 0.40 and A = 0.60. The
comparison of non-dimensional current for the initial
parameter values mentioned in Figure 3b and for the
optimized values are shown in Figure 14. The optimized
parameter results in an increases in current and thus re-
sults in an increase in harvester power.

Conclusion

This paper presents a theoretical and semi-analytical MHBM
framework to analyze and predict the steady state responses
of a base excited snap-through electromagnetic energy
harvester. The approximate solutions are obtained by using
analytical and semi-analytical method. The analytical so-
lution is obtained by theoretical harmonic balance method
is compared with semi-analytical MHBM. Bifurcation dia-
grams obtained with excitation frequency as parameters
show the existence of periodic interwell, intrawell and
chaotic solutions. Parametric study demonstrate that the
non-dimensional geometric coefficient, ratio of stiffness and
the electromechanical coupling coefficient plays a signifi-
cant roles for the energy harvesting performance. The snap-
through is a promising nonlinearity mechanism to improve
energy harvesting and the snap-through electromagnetic
energy harvester outperforms the similar size linear energy
harvester under harmonic excitation. An optimization
problem based on genetic algorithm is formulated for the

D. Kaliyannan: Nonlinear dynamics and parametric study —— 23

purpose of optimizing parameters and optimized values of
parameters which enhanced the current that can be har-
vested from the system.
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