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Abstract: Equivalent circuits are often the first choice for
the modeling of piezoelectric systems, as they allow for
the consideration of the complete electro-mechanical sys-
tem with one or even more modes. The parameters of
the equivalent circuit model are identified by a meas-
ured or simulated frequency response. In this contribution
a method for a direct modal condensation of the equi-
valent parameters for arbitrary FE structures and loads
is described and discussed. First the proposed method
is demonstrated for a continuous piezoelectric rod and
then applied to discrete finite element models. The derived
equivalent circuit has an identical appearance to the clas-
sical solution, but additionally allows arbitrarily load
conditions. Furthermore, the structure of the derived equi-
valent circuit depends on whether short- or open-circuited
modes are used for the modal expansion. The influence
of truncated modes is discussed utilizing residual terms,
leading to a better understanding of the circuit paramet-
ers. Additionally the model based approaches in the third
part an experimental parameter identification procedure
for many modes is presented as well. The influence of
the load and the quality of the model order reduction are
discussed for piezoelectric rods. The methods are demon-
strated for a base excited energy harvesting system an
ultrasonic grubber.

Keywords: equivalent circuits, model order reduction,
piezoelectric systems

Introduction

The modeling of technical systems with multiple phys-
ical domains is often quite challenging. With equivalent
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circuits (EQCs) different physical domains are mapped
into the electrical domain, which gives a unified descrip-
tion of multiphysical problems. Especially the electrical
input behavior of piezoelectric resonators is identical to
the input behavior of certain electrical networks. The clas-
sical Butterworth- Van Dyke EQC was proposed in the early
1930s (Dyke, 1928) and is still widely used to model reson-
ant piezoelectric systems (e.g. Wurpts and Twiefel 2013).
It consists of a capacitance and parallel serial LCR res-
onators, each representing one mechanical mode. Mason
(1942) derived the circuit from the analytical solution of
a one dimensional piezoelectric rod. He established the
exact relation between the mechanical properties of an
one dimensional rod and the EQC. In this way concen-
trated forces are considered, but as the mechanical load
or the geometry of the system becomes more complex,
an analytical solution is not possible anymore and this
approach is limited. Therefore the EQCs of technical sys-
tems are most often identified by an experimental fre-
quency response as described by (Richter et al. 2009).

In linear elasticity the forced response of a body is expan-
ded into a modal series. This approach is applied by (Tier-
sten 1969) in the 1970s to piezoelectric continua. The elec-
tric input admittance of a three dimensional linear piezo-
electric continuum is presented by (Holland and EerNisse
1968). They discretize the continuum with elastic eigen-
modes and derive a condensed model of the piezoelectric
system. Hagood et al. Hagood et al. (1990) use a general
assumed mode approach within the variational formula-
tion. A broad overview on the modal expansion and the
related EQCs especially for different physical domains is
also due to (Tilmans 1997).

Nowadays technical systems are most often modeled
using the finite element approach. With increasing com-
plexity an efficient model order reduction as proposed by
Becker et al. (Becker et al. 2006) becomes relevant. The
modeling of different physical domains is possible within
the concept of substructuring, as proposed by (Collet and
Cunefare 2008). Both approaches can effectively calcu-
late piezoelectric structures with arbitrary loadings, but
the relation to the widely known and trusted EQCs is not
clear. Elvin and Elvin (2009) present a modal reduction
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of a discrete piezoelectric model as well as the corres-
ponding EQC. This approach is generalized and applied
to FE-models within this paper.

In the first section the proposed reduction is applied to
the well known piezoelectric rod. Even if the obtained
EQC is apears to be identical to the classical derivation by
(Mason 1942) it now allows arbitrary loads. Furthermore
the different classical circuits with and without a negat-
ive capacitance are a result of different modal expansions,
using the short- or the open-circuited modes respectively.
This section gives a theoretical foundation of the method,
but may be skipped if the reader is more interested in the
FE-reduction. In the second section the reduction of dis-
crete FE-models is discussed and in the third section an
experimental identification procedure for many modes is
presented. The fourth section consists of four examples,
that also contain further aspects.

Piezoelectric Rod

Many piezoelectric systems are sufficiently described by
waves propagating in only one dimension. The piezo-
electric rod is thereby the simplest continuous model for
a piezoelectric resonator. According to Gauss’s law the
electrical displacement field in every insulating material
obeys div D = 0. Although this is true in every piezoelec-
tric material, this is not always the best description of a
technical system. If the electrodes of a thin piezoelectric
layer are parallel to the direction of wave propagation, a
one dimensional approach will cause the electrical field
to be constant E’ = 0. This situation occurs, for example,
in piezoelectric bimorphs or plates. Tkeda (1996) formu-
lates more generally, that the direction of polarization and
wave propagation are orthogonal and calls this a T-effect
(thickness) vibration. On the other hand a piezoelectric
ceramic, that is driven in longitudinal direction may be
said to cause L-effect (longitudinal) vibration, as the direc-
tions of polarization and wave propagation are identical.
In the following the EQCs will be derived for L-effect coup-
ling, but an analog treatment of the T-effect should be
possible. Because the electric displacement D is constant
over the length, it is convenient to use the strain S and D
as independent variables.

The equations of motion for the coupled problem are
derived using Hamiltons principle. The variational formu-
lation also offers the elegant discretization of the problem.
Hamiltons principle

t
§| L+Ww dt=0 )

to
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states, that the time integral of the Lagrangian L = Eyj, - U
and the work performed by external forces W becomes
extremal between two arbitrary points of time. In the
specific inner energy U* = TS + ED the strain S and
D are the independent variables. All values here and in
the following are indicated in the direction of polariza-
tion. The constitutive equations of linear piezoelectricity
in (S,D)-form

T=c’S-hD @)
E=-hS+p°D €)

define the stress T and the electrical field E as functions of
Sand D. In most datasheets the constants h and f° are not
given explicitly, but they obey the relations 5 = 1/ and
h ~ e/eS. The variation of the inner energy of a rod with
cross-section A and length 1 is

1
U=A 6U*dz
ip
12
=A W' (c®W’ - hD) + 6D(-hw' + B°D) dz. (4)
ip

The variation of the work W performed by external point
forces F;, a force density Fy and applied voltage V is

12
AFyéw dz. (5)
1/2

SW = Fibw; + V6Q + /
1

Here éw; is the variation of displacement at the force
application point and Q = DA is the charge. In order to
obtain the isochronal eigenvibrations of the rod, the con-
servative system with W = 0 is considered first. After
integration by parts of 6U, the variation of the kinetic
energy and with the condition D’ = O the equation of
motion for the undamped eigenproblem follow as

—pw+cPw’ = 0. (6)

The possible boundary conditions also follow directly
from the variations as

Sw(+l/2) = 0 or cPw/(+l/2) —hD =0 7)
8D or 185D — hw(l/s) + hw(-1/2) = 0.

The boundary conditions can be interpreted as con-
stant displacement or zero stress and constant electrical
displacement or zero voltage. It is remarkable that in
the (S,D)-formulation only one partial differential equa-
tion is necessary, while in the (S,E)-formulation two
coupled equations are needed. With the harmonic ansatz



DE GRUYTER

w(z, t) = W(z)exp(jQt) the partial differential equation is
transformed into a boundary value problem

o

w' +Pw=0 , A
D

8
with the same boundary conditions eq. 7.

The solution of the eigenvalue problem is discussed in
detail by Cady (1946). Here only the results for mech-
anical force free boundary conditions are given. Cosine-
eigenmodes have the same displacement at both sides
of the rod and are not excited by an external voltage.
Therefore only the sine modeshapes

Wi(2) = a; sin(A;2) )]

with the arbitrary scaling factors a; contribute to the elec-
trical behaviour. The eigenfrequencies follow as w; = co/;
with the wave velocity ¢y = \/W. Zero voltage or short-
circuited electrodes correspond with the resonance and
lead to a transcendental equation

Al

tanb; _ i with bj = —
= ;=
2

b R 10
1

for the possible wavenumbers A;. On the other hand zero
current or open-circuited electrodes correspond with the
antiresonance and the possible wavenumbers follow ana-
Iytically as

Q2i-Dm

A=

. (11)

It is interesting to note, that with isolated electrodes the
classical half-wavelength mode is performed, while with
short-circuited electrodes the strain is not zero at the
boundaries. Due to the electrical displacement the stress
vanishes at the boundaries in any case.

The variational formulation by eq. 1 is the starting point
for the discretization of the piezoelectric rod. Following
the same patterns as Holland and EerNisse (1968) the har-
monic displacements and strains are expanded into a Ritz-
ansatz with the eigenfunctions Wj(z), the corresponding
strains W} (z)

W(z) = ) Wiz)gi = W'q (12)

i=1

W'(z) =) W/(2)gi = W'q (13)

i=1

and the modal amplitudes q. For the following calcula-
tions the sums are written in matrix notation, as is also
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usual for finite element derivations (Allik and Hughes
1970). The variations of the ansatz simply follow as 6W =
W'8q and 6W’ = W'T8q. The ansatz for the electric dis-
placement D differs, whether zero voltage or zero current
modeshapes are used. Due to the completely analytical
expressions, the case of zero current modeshapes is dis-
cussed first.

Discretization with Open-Circuited
Modeshapes

In this case the modeshapes do not contribute to the elec-
trical displacement and therefore the piezo-charge Q still
is an independent variable. With Gauss’s law the electric
displacement and its variation are
D=Q/A and 6D =6Q/A. (14)
The ansatz functions are inserted into the energy and work
variations (Equation 4 and 5) and then grouped into mech-
anical and electrical degrees of freedom. The variation

of the kinetic and inner energy leads to the mass and
stiffness matrices

1/2
My =Ap [ WW' dz = diag(my) (15)
=12
1/2 T
Kgq = Ac® | W'W’ dz = diag(k) (16)
-1/2
12 12
Kqe = Kiy = -h / W'dz = | Edz=Vg (17)
=12 =12
1 A
I(ee = ?0 Wlth CO = lﬁis (18)

The modeshapes are orthogonal as shown in the
appendix, but each modeshape W; induces an electrical
voltage Vg;. The sign of the reaction voltage depends on
the scaling of the modeshape. Voltage and charge are dir-
ectly coupled with the dielectric capacity Cp. It should
be noted, that the capacity Cop does not consider any
piezoelectric coupling and hence is identical to the total
capacitance for zero strain.

The ansatz functions are also inserted into the work W
leading to the modal forces

1/2

FyW(z) dz, (19)
2

Fo =) FiW, +A/

1 l/

where W is the vector of modal displacements at the point
of force application. The resulting matrices are grouped to
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form the complete electro-mechanical model

oa(E)- (e (3)-(2)

The harmonic response of the condensated model is
investigated for a voltage excitation V(t) = Re{Ve}. Then
the current becomes

iQCo i

V2

J=_— =0
_ YR
1-Co2i kij—m;;Q02

(1)

The infinite sum in the denominator is a series expansion
of tan b (Ikeda 1996), thus the current is identical to

A iQCo  ~
I=———V (22)
b
1-k? tag
with the parameters
H? Al
K=-—— and b== (23)

B3cP 2"

In literature the same result is obtained by direct solu-
tion of eq. 6 with an applied voltage. But the modal series
expansion is much more flexible, as other loads and excit-
ations may be considered as well. Furthermore this formu-
lation will be the stepping stone for the modal reduction
of systems with a finite number of degrees of freedom.
The electrical network, that is depicted in Figure 2(c) con-
sists of one capacitive branch and parallel piezoelectric
branches. Without damping and load it has the electrical
input admittance

‘N)

1

-1 1
jaco * (Zi iOLi+1/(iQCi))

— =jQCo + (24)

-1°

)

In order to uncover the relation to the modal series expan-
sion eq. 21 is expanded and rearranged. Comparison of
coefficients gives a constant inductivity

a 1

and C; = ki Lot (25)
where the factor a; = CoVy; represents the coupling
between the mechanical and electrical domain. The har-
monic movement within a certain frequency range is
dominated only by a few modes. Modes with a higher fre-
quency than the excitation frequency behave like a capa-
citance. Their influence is concentrated into one residual
capacitance AC. The summation of all capacities leads to
the limit 772/8 (Lenk et al. 2011). With p considered modes
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Table 1: Modal parameters of the piezoelectric rod.
Open circuited modes Short circuited modes
Ala? et
my; = 25 m; = (l - —S'"A(?’D>
—2ha;, ifiodd
Vei = Qri = Z4w(1)
R +2ha;, ifieven R T2
a; = CoVpi a; =Qg;
wi =+/cP/ph; ,kii=miiw,~2,co=lﬁis
the residual capacitance is
2 p
T 1
AC=|— - —— | Ci. 26
(8 §(2i—1)2> ! (26)

It is remarkable that the capacitance Cy + AC of the EQC
depends on the number of considered modes, in other
words, the equivalent capacity is in general not equal to
the static capacity.

Discretization with Short-Circuited
Modeshapes

The short-circuited mode shapes do not contribute any
voltage, but each mode shape causes a reaction charge Qg.
According to eq. 3 any applied voltage V results into an
additional charge, therefore the total charge is

Q=) Qugi + CoV. (27)

The voltage also performs a work W with the variation
SW = V6Q = wsq'Qg + CobV. In this expression the
variation of the voltage is not independent and depends
on the variations of the charge or the displacement.
The short-circuited modeshapes do not complete the half
wavelength as the open circuited modeshapes do. Thus
the discretized inner energy leads to the stiffness matrix

1/2 WlwlT dZ _ le

Kqq = Ac” —
qq " A

QrQj = diag(ky), (28)

which is again orthogonal as shown in the appendix. The
mass matrix is identical to the open circuited case and
the piezoelectric coupling follows from the variation of
work, where only the variations of the displacements are
considered. The algebraic signs follow directly from the
calculations. Together with eq. 27 a system of differential
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Figure 1: (a) Piezoelectric Rod, with the time ¢t and position z dependent displacement w(z, t)

different series expansions.

(b) Logarithmic electrical admittance for
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Figure 2: (a) Circuit with one short circuited mode and a transformer between mechanical and electrical domain
representation of the circuit with one mode Kandare and Wallaschek (2002)
VE1 = a1 F; represents the modal loading. The residual capacitance is included in the piezo capacitance.

(b) Mechanical
(c) Circuit with many open circuited modes. The voltage
(d) Circuit with many short

circuited modes. All four equivalent circuits utilize electrical and mechanical lumped parameters: capacity C;, inductance L;, resistance R;,
stiffness k;, mass m;, damper d; and the electromechanical transfer factor a;. Further, Vp represents the Voltage across the piezoelectric
element, i and Q the corresponding current and charge, g; is a mechanical modal displacement and F represent forces.

equations

)l ) (0) @

is formed, where the voltage appears as an independent
variable. The system is equivalent to the system in Fig-
ure 2(d), where no serial capacitance is needed within
the piezoelectric branch compared to Figure 2(c). Obvi-
ously the two different classical equivalent networks with
and without a serial capacitance are in accordance with
a series expansion with the short-circuited and open-
circuited modeshapes respectively. The input admittance

for the short-circuited case is

Q?

~ =jQCo + jﬂzikﬁ e (30)
i

Q‘N>

Figure 1(b) shows the slightly damped electrical input
admittance for the first longitudinal mode. The series
expansion with the first open-circuited mode fits the ref-
erence solution in antiresonance exactly. The expansion
with the first short-circuited mode described fits the res-
onance respectively. The residual capacitance strongly
improves the quality of the short-circuited approximation.
The damping in the plots is introduced by a complex
youngs modulus.
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Finite Element Model Order
Reduction

Technical piezoelectric systems are more complex than
the piezoelectric rod discussed in the section before. But
the variational principle eq. 1 still holds and the sys-
tem may be discretized with a commercial finite-element
program. The resulting equations of motion

MO |[Xx N DO | (%
00 |\V oo|\V)™
. Kix Kxe x\ [ Fx
Kl Kee [\ V -Q
once again have a singular mass matrix. Note that in this
representation multiple electrodes are included as well.
In accordance with many FE-programs the direction of
counting is chosen to be negative for the charge, in order
to guarantee symmetric matrices. To avoid any confu-

sion with the modal displacements, the vector of physical
displacements here is named x.

€3))

Discretization with Short-Circuited
Modeshapes

The mechanical part of the short-circuited modeshapes is
grouped into the modal matrix ®. The mechanical mod-
eshapes together with the electrical voltages form the
transformation matrix

X\ |®O0 q

v/ |o1|\V)’
The internal electrical voltage may still be in z or the
degrees of freedom are statically condensed employing
the Guyan reduction before. However, in the modal rep-
resentation the internal electrical field is described by the
modal coordinates q. After transformation and left mul-

tiplication of the transposed transformation matrix the
reduced problem becomes

() 3)-
<[] (2)-(3)

with the abbreviations

(32)

(33)
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Myq = @'M® = diag(m;)
Dy = @D = diag(d;)
Kqq = @' K ® = diag(ki;)

(34)

Qr = @Ky
Kee = diag(Co:)
F, = ®'F,
Q = [Q:...Qm]".

A similar result with a slightly different derivation is
obtained by (Hohl et al. 2009). Kr6l (2011) also applies a
modal transformation to the discrete FE-model that shows
the connection to some EQCs as well. The scaling of the
eigenvectors is arbitrary, but from a computational point
of view a mass normalization is convenient. Thus the
modal mass matrix Myq becomes the unity matrix (m; = 1)
and the modal stiffness matrix Kyq is filled with the eigen-
frequencies (kj = w?). The modal damping matrix Dqq
contains the modal damping ratios d;; = 2D;w;, which the-
oretically follow from a damped modal analysis. But as
model-based damping values are often quite inaccurate,
it is often more useful to define the modal damping ratios
directly. Also the modal reaction charge Qg is a direct res-
ult of the FE-analysis. Very often the displacement of a
certain working point is of special interest. If the modes
are normalized with respect to this point, the modal amp-
litudes will be identical to the physical displacement at
this point. Thus any loading at a given working point will
be considered with its physical values. This normalization
is also assumed implicitly when the model is identified
experimentally. In general the modal forces Fy and the
piezo capacitances Cy; of each electrode require separate
calculations. While the calculation of the modal forces is
straightforward, the piezo capacitances may be directly
read from the system matrices. If this is not possible within
the FE-program, a separate static analysis would be neces-
sary. But it will be shown in further discussion, that the
piezo capacitance is best determined together with the
residual capacitance.

Discretization with Open-Circuited
Modeshapes

The open-circuited modeshapes are obtained by a modal
analysis of the undamped system without any electrical
boundary conditions. The mass matrix is singular and
the electrical degrees of freedom are statically condensed
with the Guyan reduction. These modeshapes are used
within the modal transformation x = @®q. The resulting
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uncoupled set of modal equations do not contribute any
charge. The physical deformation x is solely described by
the modal coordinates, therefore any charge leads to an
additional voltage. According to the second row of eq. 31
the total voltage is

V=KLK..®q + KLQ=Viq-KLQ, (35)
with the transposed modal reaction voltages
Vi =KLK! @q. (36)

The additional voltage also causes additional modal forces

Foe = @Ky K1L,Q= - VzQ. 37
The additional modal forces are included in the modal
stiffness matrix. With eq. 35 and the abbreviations of
eq. 34 the reduced system results as

el (8) o] (3)-
Ll@)-(5)

The expansions with respect to the short- and to the open-
circuited modes again lead to equations that describe the
Butterworth Van Dyke EQCs. With the application to FE-
models the procedure also gains its value for complex
technical problems.

(38)

Residual Terms

The frequency response of a technical system is evaluated
within a certain frequency range only. The eigenmodes
out of this range only contribute little to the response
and therefore are often truncated. For discrete models
the influence of higher modes can be approximated by
residual terms, as shown already for the piezoelectric rod.
Porfiri et al. (2007) also found, that the piezo capacitance
depends on the number of considered modes. From the
matrix representation eq. 33 the electrical input admit-
tance is expanded with the first m eigenmodes

i LR S
— =jQ | Co + _ (39)
74 - ( 0 X_;l%;lkn“']gdu mqu>
n 2
Qg
C, —_N
< o Zku +]Qd11 mqu ’ . kii)
i=m+l

Q3
~jQ | Co+AC — .
J ( o+ * gkii + iQdii - mii(22>
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The truncated modes are subcritical and behave like a
spring or capacitance, assuming they are weakly damped.
Therefore all truncated modes are approximated by one
residual capacitance AC, which is best identified with a
static or harmonic solution of the complete model. The
residual capacitance follows simply from the difference of
the complete and reduced solution. From a practical view-
point the residual capacitance is best identified together
with the capacitance Cy. With the harmonic reaction load
Qr,1v at 1V voltage the total capacitance follows as

m p
Qg;

Co+AC = - . 0

o+ Qrv §kﬁ +70ds — P (40)

which can directly be used within the EQC. The total capa-
citance can be calculated with a static analysis as well.
In addition to the approximation of higher modes, modes
below the evaluated frequencies also contribute to the
admittance. Theoretically the same summation as above
is possible for the lower modes and a definition for a
residual inductance mass is respectively possible. Mostly
only a few lower modes are truncated and their effect is
not very strong. Therefore these residual inductances are
not introduced here.

Summarizing the preceeding explanations, the typ-
ical model order reduction of piezoelectric systems with
a finite number of degrees of freedom can be stated as
follows:

1. A modal analysis with mass normalized eigenvectors
gives the eigenfrequencies a)f] = kij/m;]. In the case
of short-circuited electrodes the piezoelectric coupling
is defined by the modal reaction charges Qg; and in
the open-circuited case by the reaction voltages Vg;.
All mechanical entries of the mass matrix are m;; = 1
and the damping matrix is best defined manually. The
modal forces follow from the physical forces accord-
ing to Fy = ®'F,. Hence the eigenvectors have to be
evaluated at the points of force application only.

2. The total capacitance results from a static analysis with

1V voltage as

m Q2.
Co +AC = QR,lv—Zw—‘z’.
i

i=1

(41)

In the case of a reduction with open-circuited modes, a
further static analysis step without piezoelectric coup-
ling is required, in order to isolate the value of Cy.
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Experimental Identification

The preceding modal parameter extraction is based on
a model of the piezoelectric device. A direct identifica-
tion of a physical systems needs a different approach, as
most often only the frequency response data are available.
Based on a harmonic voltage excitation, the current and
velocity amplitudes are measured and the admittances
are used for the extraction of the EQC parameters. The
identification procedure is well described in literature for
one isolated mode, but to the knowledge of the authors
no reports of an identification procedure for many modes
exists. First the case of one mode is discussed separately
and then the procedure is generalized for many modes.

Identification with One Mode

The parameter identification in the vicinity of one isol-
ated mode is reported by different authors. The following
identification procedure is based on (Richter et al. 2009).
The procedure can be interpreted as a circle fit of the
complex admittance locus. The circle offset on the ima-
ginary axis of the electrical admittance is directly related
to the piezo capacitance and the proportion of the radius
of the electrical and mechanical admittance defines the
electromechanical coupling.

— For weakly damped systems the inductance and the
capacitance compensate each other and only the
resistor R; is effective. The real part of the admit-
tance is the inverse of the resistor: R; = 1/Re{Y (ws,)}.

— The quality factor Q, is measured with the frequen-
cies at -3 dB w, and w), around the serial resonance
ws; and is related to the inductance L; with:

Qm, = ——— (42)
Wp — Wq
R
Ly = Qm—. 43)
ws,

— The capacitance is determined by the resonance
frequency

1

C = .
L1w51

(44)

— The distance between serial and parallel resonances
delivers the piezo capacitance of the model

G _Jey
CO (fsl) t

(45)
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— The factor ay, representing the coupling between
the mechanical and electrical domains, is the ratio
of the mechanical velocity and the input current in
resonance

(46)

~D> <>

[¢4]

Identification with Two Modes

If a second mode exists relatively close to the first mode,
the frequencies of anti resonance (or parallel resonance)
will be perturbed, while the serial resonance frequen-
cies remain unperturbed. This becomes clear with eq. 39,
because the pole of the admittance, and hence the serial
resonance, is not affected by Co, while the roots and hence
the parallel resonances are strongly influenced by the
piezo capacitance. With the same argumentation, the val-
ues of R; L; and C; can be identified separately for each
serial resonance. For each mode also a piezo capacitance

Gi

> s
() -1
is identified, but the complete model consists only of one
capacitance Cy. In order to clarify the influence of the
piezo capacitance a typical admittance curve with two
modes between 20 and 21 kHz is depicted in Figure 3(a).
The true admittance curve of the system with C = Co is
plotted together with two identified admittance curves,
respectively identified with the piezo capacitances of both
modes C = Cf; and C = Cf,, where the star denotes an
approximated value. It can be noticed that with C = Cf, the
parallel resonance frequencies are underestimated, while
with C = Cf, the parallel resonance frequencies are overes-
timated. Below its resonance frequency, the second mode
behaves like a capacitance and hence the identified piezo
capacitance at the first mode Cjj, appears to be higher than
the true piezo capacitance Cy. On the other hand the first
mode behaves like an inductance for frequencies higher
than the first resonance and the identified piezo capa-
citance of the second Cf, mode is lower than Coy. These
relations are absolutely analogue to the concept of resid-
ual terms discussed before and can be summarized in the
inequality

Csi = 7)

C5y < Co < Cgy- (48)

The identified frequencies of the parallel resonances obey
accordingly
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Figure 3: (a) Typical electrical admittance (green) and identified admittances. With C = Cj, the parallel resonances are underestimated, with

C = Cj, the parallel resonance frequencies are overestimated.
frequency is minimized.

fﬁki(CE;l) <fpi< fffi(CSZ)- (49)
The error function
error(C) = (fz,(C) - fp1) + (f5,(C) — f3,) (50)

is used to find the optimal piezo capacitance C = Cy. From
a principle viewpoint the error only needs to be evalu-
ated for one mode, but in order to consider the influence
of close modes, that have not been identified, the error
is considered for all modes. As depicted in Figure 3(b)
the error function needs only to be evaluated between Cj,
and C{,. Because of the smooth function an interpolation
minimizes the numerical effort.

Identification with More than Two Modes

The identification of a system with many modes follows
the same patterns as the identification of a system with
two modes.

The constants L;, C; and R; are again identified separ-
ately for each resonance and the piezo capacitance results
from the minimization of the error function. Modes stuck
between neighbour modes are perturbed and their par-
allel frequency is shifted either to a lower or a higher
frequency. It is again sufficient to consider the difference
of measured and approximated resonance frequency for
one mode only. But due to the influence of neighbor modes
the results will be improved, if the error is considered for

(c) Measured and identified amplitude of the admittance

(b) The difference of measured and model based parallel resonance

(d) Measured and identified phase of the admittance.

all modes. The tuning range of C is determined by the
extremal values of the identified capacitances.

Figure 3(c) and (d) depict the measured and identified
admittances of an ultrasonic welding system with seven
modes in the frequency range from 22 to 30 kHz. A good
correlation can be noticed between measured and identi-
fied admittances. Even the small mode E, that perturbs the
mode D, is identified properly and the assumption of inde-
pendent modal parameters holds. The only remarkable
difference between measured and identified signal occurs
at the frequency limits. Therefore modes in the vicinity
of the interesting frequency range should be identified as
well.

Examples

The introduced methods are demonstrated with some
examples that also contain additional aspects. In the first
two examples general aspects such as loading and the
quality of the modal basis are discussed. The third and the
fourth example present concrete technical applications of
the proposed methods.

Loaded Piezoelectric Rod

Every piezoelectric actuator drives some process that
should be considered within the model. The integration
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Figure 4: (a) Piezoelectric rod with a damper representing the process and the first short-circuited modeshapes.

kSpring / kRod

(b) First modal amplitudes

with the parameters c” = 1.6 10" I, p = 8850 %,ﬁs =1610% Y@ h=410° ¥, Vp =1V,A=3110" m?,{=0.005m, k = 0 and d equal

As ?
to the half wave impedance.
eigenfrequency.

of the process model is exemplified for a piezoelectric
rod, but an analogue procedure can be applied to any
FE-model. If the loading acts at one position only, the
modeshapes can be normalized with respect to this point
and the model of the physical process can directly be
included into the reduced model.

The piezoelectric rod with load is depicted in In Fig-
ure 4(a). In contrast to the previous calculations here
not only the sine, but also the cosine and rigid body
modeshapes are used in the modal expansion. The eigen-
frequency of the rigid body mode is zero and the modal
mass is identical to the physical mass with the proposed
scaling. The wavenumbers of the short circuited sine mod-
eshapes follow from the transcendental eq. 10 and after
some calculations the wavenumbers of the cosine modes
simply write as A¢; = irr. The damper performs the virtual
work

6W = Féw
(-d q" W) (W] éq)
-D q 6q’

(51)

with the modal displacements at the position of load Wr.
The damping matrix D is fully populated with d in every
entry. It is clear that the local damper couples each mode
with every other mode. A representation of this coupling
within a simple EQC will only be possible, if all a; are
identical. Although this holds in this example, in gen-

(c) Multi harmonic response characteristic.

(d) Influence of a spring on the open-circuited modeshape and

eral this is not true. The coupling of the modes is also
illustrated in Figure 4(b). Only the sine mode is electric-
ally excited, but due to the damper also the rigid body
mode and the cosine mode also contribute to the resulting
movement. The importance of the multi modal modeling
becomes especially clear in the case of non sinusoidal
excitations. Figure 4(c) shows the first harmonic contri-
butions of a rectangular voltage signal. Depending on
the piezoelectric structure the second harmonic meets a
resonance and is strongly gained compared to the base
amplitude.

If the influence of the load is strong, it can change the
vibrations of the rod. The open-circuited eigenfrequencies
of a loaded piezoelectric rod are the zeros of

ky

btanb = (52)

Rod

with the total stiffness of the rod kgoq = cPA/Il and the
abbreviation b = wl/c. A local damper has only a minor
effect on the eigenfrequency, but a local stiffness or mass
changes the eigenfrequency significantly. In Figure 4(d)
the change of the open-circuited eigenfrequency for vari-
ation of the spring is illustrated. The limiting case of a very
high stiffness is equivalent to a clamped boundary condi-
tion. The change of the resulting modeshapes gives raise
to the question of the quality of the modal basis, that is
discussed in the next example.
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Figure 5: (a) Force excited passive rod with local damper
(c) Passive rod with a force pulse

Quality of Modal Basis

Although a local damper has only a minor influence on
the eigenfrequency, it nevertheless changes the vibration
shape. By increasing the damping, the ratio of reflec-
ted and absorbed waves at the damped border decreases
and hence the standing wave ratio also decreases. If the
damping value equals the wave impedance d = Zy
A\/ﬁ the damper will absorb all waves and the standing
wave ratio becomes one. This vibration shape cannot be
mapped with only one mode and therefore several modes
are necessary. Figure 5(b) shows the resulting standing
wave ratio for a different number of considered modes.
The rod is excited with the 10 resonance frequency and
therefore the resulting wavelength equals the wavelength
of the 10" mode as well. With only ten modes the approx-
imation is inaccurate, but when an increasing number
of modes is considered it improves and converges to the
exact solution.

Due to the modal expansion an excitation at one cer-
tain position causes an effect on the complete sys-
tem instantaneously. In Figure 5(d) the velocity at the
right end of a bar is plotted for a force pulse at the
left side. In reality the pulse travels with sonic velo-
city ¢ \/]7 , but in the reduced model a deflec-
tion occurs instantaneously. The quality of approximation
improves with the number of modes as well, but in con-
trast to the prior example the approximation does not
converge to the exact solution. This is related to Gibb’s
phenomenon that applies to nonsmooth functions. The
optimal approximation of a given rectangular deflection
with the eigenfunctions shall be investigated. The eigen-
functions of the free rod form a system of orthogonal func-
tions 1, sin(%z), cos(#z), sin(3z).... This series is similar

(b) Standing wave ratio for different number of considered modes and Q = fjo
(d) Velocity at the right side. The velocity is normalized to the exact result inside the rod.

to a Fourier series, but for one wavenumber respectively
frequency here only one harmonic function exists. The
amplitude of each function is the scalar product of the
deflection p(z) and the eigenfunction e;(z)

1 12
qi= = / p(2)ei(z) dz.
2L )y

(53)

The approximated deflection w(z) ~ > ; giei(z) converges
to an overshoot of 9%, which is also obtained by a Fourier
series of a rectangular pulse. Accordingly, the amplitudes
of the missing functions become zero in the Fourier expan-
sion as well.

Ultrasonic Grubber

In agricultural tillage the friction between the grubbers
tine and the soil is a limiting factor. To overcome this prob-
lem longitudinal ultrasonic vibrations are induced into
the tine in order to reduce the resulting friction forces. In
this contribution only the effect of the frictional contact
on the structural vibrations and hence on the electrical
input admittance is discussed. The principles of friction
reduction are, for example, explained by (Littmann et al.
2001) and further data on the performance of the ultra-
sonic grubber is published by (Kattenstroth et al. 2011).
The design of the grubber is depicted in Figure 6(a). The
length of the friction contact depends on the depth of
the grubber. The effect of the physical friction force on
the modal vibration is position dependent. In general the
modal force is the scalar product of the physical force and
the vibration shape. With only one mode and zero driving
velocity the modal friction force becomes
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Figure 6: (a) Sketch of the ultrasonic grubber

@ .
Fyq = —/d’-fupN sgn(q) dA
A |D|

(54)

- /A |®@| dA upn sgn(q)

-1 sgn(q),

where py is the constant normal pressure and u the con-
stant friction coefficient. The integral of the friction area
has to be approximated by the FE-program. The values of
the integral for the working mode and the friction pressure
are combined into the resulting constant modal friction
force r, which is always in the opposite direction of the
velocity. In the general case with more modes or a non
zero driving velocity a numerical solution is necessary.
But these strong assumptions allow an analytical solu-
tion employing the harmonic balance method (Popov and
Paltov 1960). Within the harmonic balance approach the
non-smooth friction force is assumed to be harmonic.
With the ansatz g(t) = g cos(Qt - ¥) the exact friction force
is calculated and developed into a Fourier series. From
the first harmonic contribution of the non-smooth fric-
tion force an equivalent amplitude depending damping is
defined as

A
10

%

(55)

With the common variable name Qg = a, the governing
equations of the EQC are

mg +[d+d*(q)] g+ kq = aV (56)

CoV +aqg = Q.

20.12 20.13 20.14 20.15 20.16 20.17 20.18 20.19 202
Frequency [kHz]

(b) Frequency response with and without friction between tine and soil.

This is a common representation of the EQC, but it should
be noted that due to the scaling of the eigenvectors the
amplitude g is not identical to the physical movement
at a certain position in general. In a classical identifica-
tion of an EQC g would be scaled to meet the physical
amplitude at a certain position. Though from a compu-
tational point of view a mass scaling with m = 1 is
more convenient. The second order differential equation
is solved analytically and the resulting charge and cur-
rent are reconstructed afterwards. Figure 6(b) shows the
resulting electrical admittance for different friction forces.
The reduced solution without contact fits the harmonic
FE-solution exactly. The equivalent damping coefficient
decreases with increasing amplitude. Therefore the res-
onance is only slightly damped, while the antiresonance
is much more affected by the friction damping. The non-
symmetric electrical phase curve is characteristical for
friction damped systems and is observed in experiments
as well.

Base Excited Energy Harvester

During the last years energy harvesting applications
attract increasing attention. Especially the base excited
piezoelectric beam is a well discussed example in literat-
ure. Sodano et al. (2004) use the assumed modes method
for the investigation of this example. Roundy and Wright
(2004) and Twiefel et al. (2008) derive an EQC considering
one mode. Analytical expressions of the EQC for a piezo-
eelctric beam are also found by (Al-Ashtari et al. 2012).
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Figure 7: (a) Base excited piezoelectric energy harvester with full bridge rectifier network.
(c) Sign convention for electrical networks with a piezo as consumer or as generator.

response of the beam harvester with short circuited electrodes.

Elvin and Elvin (2009) first use non-orthogonal ansatz-
functions and derive decoupled equations in a second
step. An overview of some modelling approaches is given
by (Erturk and Inman 2008). In contrast to the aforemen-
tioned work the derivation of an EQC in this paper starts
with a finite element model. Thus the application of this
model for arbitrary base excited structures is similar.
Instead of simulating the movement of the base directly,
calculations are performed in the moving base reference
frame. In this frame any acceleration a of the base is
equivalent to the ith modal apparent force
Fqi=—/(l>i~adm. (57)
B
The modal analysis can be performed in the fixed ref-
erence frame. Here, the base excitation only appears as
an external force. The electrical output of the piezo only
depends on the strain inside the material and thus the
superimposed movement of the reference frame is not
important for the electrical output. Some authors use
other modeling approaches for the base excitation, cf.
(Erturk and Inman 2008) for a discussion on different
approaches. The FE approximation of eq. 57 is often called
the ith modal participation factor. Though in literature this
term is also used more general as a modal force for an
arbitrary loading. For example in the FE-program Ansys
this closer defined participation factor is a standard out-
put of a modal analysis and easily accessible. All other
parameters of the EQC model are derived as described in
the section before. To evaluate the quality of the model
order reduction a full harmonic FE-analysis with base

400 600 800 1000 1200
Base frequency [Hz]

(b) Resulting voltage at the piezo and the load.
(d) Full finite element and reduced frequency

excitation is performed as a reference. The harmonic ana-
lysis is performed with a constant damping ratio ¢ = 0.01.
Note that the stiffness proportional damping factor g is
related to the modal damping ratio by 2¢{; = Bw;. In order
to achieve a constant damping ratio Ansys sets § = 2{/Q
in a full harmonic analysis and hence updates the damp-
ing matrix every frequency step. In the reduced model the
constant damping ratio is directly included as constant
modal damping. Figure 7(d) shows the generated current
per base acceleration with open electrodes. Two modes are
considered within the reduction.

The piezoelectric trimorph, as depicted in Figure 7(a), is
equipped with a tip mass and connected to a full bridge
rectifier network. The resistive load has a parallel capa-
citance to achieve a smooth voltage. The same network
is also discussed by (Roundy and Wright 2004) as well as
(Elvin and Elvin 2009). The latter authors use the network
simulation software SPICE for the analysis. This indicates
a general procedure for attached electrical networks: the
piezoelectric structure is modelled according to Figure 2
and the network is just attached. The full bridge recti-
fier is fundamental as well as still manageable, therefore
the describing equations are derived in the following. Due
to the symmetric structure of the network the voltages
are pairwise identical. With the piezo voltage Vp and the
voltage at the load V. as independent state variables, the
voltage at the nonlinear diodes follows from Kirchhoffs
voltage law as

1 1
Vi=3(Vp-Vy) and Vy=_(Ve+Vi). (58)
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Table 2: Equivalent parameters of the investigated harvester.

feig Qr Fq Cp (. R
151Hz 00384 -00173N 26pF 13pF 1MQ
1132Hz -01355 %% -0.0087 N

The current in the diode is calculated with a piecewise
linear model. Below the forward voltage Vg = 0.6 V the
current is assumed as zero and for higher voltages the
diode behaves like a resistor with R = 10 Q. The currents Ip
and I, follow directly from the currents in the diodes. With
this information the time derivatives of the state variables
are

. IP 1 T .

Vp= -2 — 5
P Cr COQRq (59)
. I, 143

V= Lo L
T o R

The algebraic sign of the current Ip in the former equation
is non intuitive and is discussed following the patterns
of (Tiersten 1969). In Figure 7(d) a positive voltage at
the piezo-generator is sketched. The positive voltage is
essentially connected with a positive charge on the upper
electrode. Inside the dielectric piezo material the charge is
not free and thus a growth of positive charge at the upper
electrode leads to a current from the network to the piezo.
Therefore positive current Ip is related to a decrease of the
piezo charge and the relation Ip = —Qp holds. If the piezo is
driven as an actuator the sign convention between voltage
and current normally is changed and the current is the
positive derivative of the charge.

The voltages at the load and the piezo, together with
the reduced piezoelectric model (Equation 33) are formed
into a first order state space model, that can be straight-
forwardly numerically integrated. Figure 7(b) shows the
transient response of the system at a fixed frequency of
1,1f; and a base acceleration amplitude of a = 1g. The
capacitance is loaded when the piezo voltage exceeds the
voltage at the capacitance plus the forward voltage. If
the diodes are not conductive, the capacitance will be
discharged by the resistance.

Conclusion

An extended model order reduction technique is applied
to a continuous piezoelectric rod as well as to finite ele-
ment models. The variational formulation of the piezo-
electric rod is discretized using a Ritz-ansatz with the
eigenfunctions. In order to simplify the expressions the
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electric displacement is used as the independent vari-
able instead of the electric field. The discrete finite ele-
ment model is transformed with linear matrix algebra.
For both, the continuous and the discrete system, the
voltage remains independent, in the case of short-
circuited modes. In contrast, an expansion with the open-
circuited modes leads to an independent charge. In the
reduced systems the modal mechanical and the phys-
ical electrical degrees of freedom are always coupled with
the modal electrical reactions. The influence of truncated
higher modes is approximated by residual terms. With
this approach arbitrary linear piezoelectric systems and
loads are precisely and effectively simulated. Moreover
the reduction method leads to the classical Butterworth
Van Dyke equivalent circuits. For the piezoelectric rod it is
shown, that even the parameters are identical. Therefore
the widely used and trusted equivalent circuit approach
is shown to be identical to the proposed model order
reduction. This gives a better understanding of the equi-
valent circuit and also allows precise statements of how to
consider any given load.

Appendix

Consider two eigensolutions of the eigenvalue problem
eq. 8 with homogeneous boundary conditions
W/ + Aw, =0 (60)

" 2 _
wy +Aywp = 0.

After multiplying the first equation with wj/, the second
with w}/, building the difference and integration of the
resulting expression one obtains

!
0= / Rwaw)) - Bwliwpdz (61)
0

!
= [Awaw), - Aiw;Wb]g + (- Aﬁ)f wiw, dz.  (62)
0

With zero displacement or zero dielectric displacement
boundary conditions the first difference expression is zero
and hence also the integral vanishes for different eigen-
values. For zero voltage and at least one free boundary
condition (Equation 7) the relation becomes

l S1
0= -2 |:/ wiw,dz — l;)Dan:| ; (63)
0



DE GRUYTER

where D, and Dj, are the reaction dielectric displacements.
Thus for zero voltage and force free boundary conditions
the expression in the squared brackets vanishes for differ-
ent eigenvalues.

The former equations define the stiffness-orthogonality
for the piezoelectric rod. The mass orthogonality follows
after multiplication of eq. 60 with w, respectively w;, and
an analog calculation for all considered boundary condi-
tions as

!
0= / wewy, dz for a # b. (64)
0
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