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Abstract: Dynamic vibration absorption is a passive tech-
nique for suppressing unintended vibrations. Optimal
absorption of energy from a vibration source entails the
determination of absorber parameters such as resonant
frequency and damping. In the present work, we propose
a method to obtain these parameters for a generic case of
large number of identical vibration absorbers placed on a
vibration source. We discuss an iterative procedure to
find the optimum absorber resonant frequency and
damping by minimizing the total energy absorbed by
the system. We also analyse the influence of damping
of the entire set of absorbers on the total energy absorbed
and the effect of the absorber mass on the bandwidth of
absorption. The proposed method is verified by analysing
the response of a set of cantilever absorber beams placed
on a vibrating cantilever plate. The resonant frequencies
of the system with different number of absorbers are
verified experimentally. We identify, using our method,
the absorber mass, resonant frequency and damping of
the absorber at which significant amount of energy sup-
plied to the system flows into absorbers. A potential
application of this method in the context of energy har-
vesting is the design of harvesters for a given vibration
source. We emphasize through our work that monitoring
energies in the system and optimizing them is both
rational and vital for designing multiple harvesters that
absorb energy from a given vibration source optimally.

Keywords: dynamic vibration absorber, energy absorp-
tion bandwidth, energy harvester, frequency ratio, mass
ratio, vibration damping

Introduction

A dynamic vibration absorber absorbs unintended vibra-
tions passively, thereby attenuating the motion of a pri-
mary structure. The primary vibrating structure, whose
vibrations are sought to be suppressed, together with the
vibration absorber constitutes a system. The primary
vibrating structure can be considered to be either damped
or undamped. In both cases there exists an optimum
absorber damping at which the energy transfer is opti-
mum (Den Hartog 1985). Additionally, the optimal energy
transfer is influenced by the absorber resonant frequency
and the absorber mass. These two parameters are
obtained from primary structure resonant frequency and
mass by defining two performance parameters, namely,
frequency ratio and mass ratio. The frequency ratio is
defined as a ratio of the absorber resonant frequency to
the primary structure resonant frequency. Similar defini-
tion is applicable to mass ratio.

The performance parameters of a system with
undamped primary structure and a damped absorber are
determined in closed form by Den Hartog (1985). A system
with non-negligible damping in the primary structure is
usually not amenable to analytical solutions for optimum
parameters (Braun 2002). Hence, numerical solutions are
used for optimizing the primary structure response. In
practice, most primary vibrating structures are damped. It
is observed that the damping characteristics of the primary
structure significantly influence the performance para-
meters, and hence, the attenuation. Several researchers
have addressed the determination of optimum parameters
for systems with light damping in primary structure (Ghosh
and Basu 2007; Wong and Cheung 2008; Liu and Coppola
2010). The typical procedure adopted in obtaining the para-
meters for such systems is the optimization of response of
the primary structure as discussed by Warburton (1982).
The frequency locus method that involves constructing
graphical criteria for optimization is another method to
determine the optimum parameters for a generic system
(Thompson 1981 and Randall, Halsted, and Taylor 1981).
Different configurations of absorbers are also studied for
effective transmission of energy, e.g., see Bapat and
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Kumaraswamy (1979) and Najafi, Ashory, and Jamshidi
(2009). A damping element placed directly between the
absorber and the base is efficient compared to that placed
between the primary and the absorber mass as observed by
Liu and Liu (2005) and Liu and Coppola (2010). The opti-
mum frequency ratio for a light to moderately damped
primary structure is given in closed form by Ghosh and
Basu (2007) and procedure for obtaining absorber damping
for continuous systems is given by Esmailzadeh and Jalili
(1998) and Thompson (2007). However, for systems with
moderate to large primary structure damping, the errors in
estimating the optimum parameters using approximate
relations become unacceptable. Hence, there is a need for
a simple, robust and quick method to determine the opti-
mum performance parameters for a generic system. In the
present work, we propose a method to obtain the optimal
values by minimizing the energy supplied to the system,
unlike the existing method of minimizing the primary
structure response. This method of estimating the para-
meters keeps track of the energy flow within the system,
and hence, indicates the possible amount of energy absorp-
tion directly. Furthermore, we obtain the optimum para-
meters for a generic case that has multiple identical
vibration absorbers placed on a single vibrating structure.

The vibration energy absorbing harvesters placed on
a vibrating surface resemble passive dynamic vibration
absorbers. The focus in energy harvesting community
has been in treating the harvester simultaneously as an
energy harvester and a vibration absorber, e.g., see
Brennan, Melo, and Lopes (2013), Faruque Ali and
Adhikari (2013) and Lee et al. (2014). The energy
absorbed by the harvesters is a significant performance
metric in vibration energy harvesting. The design of
energy harvesting system, including the characteristics
of vibration source, requires the determination of
performance parameters for optimal energy transfer.
We propose a procedure to obtain the optimum perfor-
mance parameters for the configuration of several iden-
tical harvesters mounted on a given damped vibration
source. This would further enable us to determine a
combination of optimum number of harvesters, and
the system parameters like mass ratio, absorber damp-
ing and the frequency ratio that minimize the total
energy absorbed by the system.

The concept of dynamic vibration absorption is well
established. However, we propose a novel procedure in
the context of energy harvesting for estimating the opti-
mum harvester parameters. Two conditions are devel-
oped by optimizing the energy absorbed by the system
and they are iteratively satisfied to get the refined values
of the optimal parameters. The optimal parameters not

only ensure that the energy drawn by the system is least
but also improve the bandwidth of absorption which is
very valuable for energy harvesting. Several design meth-
odologies are studied to increase the bandwidth of
energy harvesters working on different transduction
mechanisms, e.g., see Yang et al. (2014), and Arrieta
et al. (2013). However, we can increase the bandwidth
of harvesters irrespective of the transduction mechanism
by adopting the proposed design methodology for energy
harvesters.

Modeling of Absorber Array

Absorber array consists of several damped spring mass
subsystems placed on a primary vibration source. Each
of the n dynamic vibration absorbers is modeled as a
subsystem consisting of mass mi, spring ki, and damper
ci (i= 1,2,…n) attached to the primary structure. The pri-
mary vibration source is modeled as a subsystem consist-
ing of mass m0, spring k0, and damper c0. The schematic
of the multi degree of freedom system under study is
shown in Figure 1. Although, in practice, the primary
structure represents the vibration source for harvesters,
the complete system is analysed for a base excitation
with displacement xg. The governing equations of motion
for n+ 1 degrees of freedom system do not directly reveal
the behaviour of the system. However, we show that the
equations reduce to an incredibly simple and lucid form,
when all the absorbers are made identical. The equations
of motion for a generic damped system with identical
absorbers are shown in Appendix 1. Henceforth, the sys-
tem under study consists of n identical absorbers mounted
on a damped primary structure. The system consists of two
important resonant frequencies on either side of the

Figure 1: Schematic of vibration absorber array with n identical
absorbers mounted on a primary vibrating structure. The primary
structure can be a huge vibrating plate with base excitation and
absorbers represent several harvesters mounted on the structure for
absorbing the energy.
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primary structure resonant frequency. At the first resonant
frequency, all the absorber masses move in-phase with the
primary mass, while at the second resonant frequency,
they all move out-of-phase with the primary mass.

Eigenvalues and Bandwidth of Absorption

The two eigenvalues of the system as a function of
primary structure resonant frequency ω0, and system
parameters, namely, mass ratio defined as mr =mi/m0,
frequency ratio defined as α=ωi/ω0 and number of absor-
bers n, are given by

λ1, 2 =ω0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2

χ ∓ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χ2 − 4α2

p� �r
, [1]

where χ = 1 + α2β, β= 1 +Mr, and Mr = nmr.
The effective mass ratio, Mr, is defined as the product

of mass ratio, mr and the number of absorbers, n. It can
be observed from eq. [1] that the eigenvalues, normalized
with respect to the resonant frequency ω0 of the primary
structure, are functions of frequency ratio, α, and the
effective mass ratio, Mr. The normalized eigenvalues as
a function of plausible effective mass ratios up to 0.5 and
typical frequency ratios between 0.5 and 1.5 are shown in
Figure 2. The first and second normalized resonant fre-
quencies are shown in solid and dotted lines respectively.
It can be observed from Figure 2 that the first resonant
frequency is very sensitive to frequency ratio when α < 1,
while the second resonant frequency is sensitive to fre-
quency ratio when α > 1 for all mass ratios. The resonant
frequencies, in case of a two degree of freedom system
(n= 1), can be directly determined from the plot for a

given set of frequency ratio and mass ratio. However,
for a system consisting of n identical absorbers, the two
eigen frequencies are determined appropriately using the
effective mass ratio Mr. Let the normalized eigenvalues be
defined as γ1, 2 = λ1, 2=ω0. From the eigenvectors, the dis-
placement of the secondary absorber subsystem corre-
sponding to the two eigenvalues is given as

xi1, 2 = x0α2
�

α2 − γ21, 2
� �

. [2]

It can be observed from eq. [2] that the absorber displace-
ment xi, normalized with respect to the primary structure
displacement x0 for both modes increases with decreas-
ing mass ratio.

The difference between the two normalized eigenvalues
(Figure 3) can be a potential bandwidth of energy absorp-
tion if appropriate values of frequency ratio and absorber
damping are selected. Although eigen analysis allows one
to select a pair of Mr and α for bandwidth of absorption, it
would be observed in the subsequent sections that opti-
mum value of the frequency ratio α depends on the absor-
ber damping. Hence, Figure 3 can be used to define a range
for either Mr or α for the selected bandwidth of absorption.

Energies in Vibration Absorber
Array System

The base excitation to the system is assumed to be a
sinusoidal displacement of amplitude ug at frequency ω.
The steady state displacements of the primary and the
secondary absorber are assumed to be sinusoidal

Figure 2: Eigenvalues of the system normalized with respect to the
primary structure resonant frequency ω0. The figure shows that both
frequencies increase as frequency ratio and effective mass ratio
increase.

Figure 3: The difference between the two frequencies of the system
normalized with the primary structure resonant frequency ω0. The
difference increases with increasing frequency ratio and effective
mass ratio.
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quantities of amplitudes u0 and u1 with the corresponding
phase differences of θ0 and θ1 respectively. The displace-
ments x0 and x1 derived from equations of motion are
given in Appendix 1. The energies in the system are deter-
mined by integrating over one cycle the governing equa-
tions of motion multiplied by appropriate velocities. The
only non-zero energies over one cycle are the dissipation
energies in primary structure damper, secondary absorber
dampers, and the input energy. The energy dissipated in
primary damper DE0, all the secondary dampers DEn, and
the input energy IE are given respectively as

DE0 =πc0u20ω, [3]

DEn = nπc1ω u20 + u
2
1 − 2u0u1cos θ0 − θ1ð Þ� �

and [4]

IE =πm0ugω2 u0sinθ0 +mrnu1sinθ1ð Þ. [5]

The objective is to determine optimal parameters that
minimize the total energy absorbed by the system. The
method starts by selecting an appropriate mass ratio
depending on the bandwidth of energy absorption. Then
determine the absorber damping and the frequency ratio
by minimizing the system energies. The effect of non-
optimized parameters on energy input is illustrated
through an example. Consider a primary vibrating system
with mass, damping ratio and resonance as 1 g, 0.0001
and 10 Hz, respectively. In order to have a 2 Hz bandwidth
of absorption, the upper limit on the effective mass ratio is
less than 0.04 (Figure 3). Let the number of vibration
absorbers, n, be 10 and mass ratio, mr, be 0.003. When
the absorber resonant frequency is matched with that of
the primary structure (α= 1), the dependence of input
energy on absorber damping, ζ1 and normalized drive
frequency, r0, defined as r0=ω/ω0 is shown in Figure 4.

It can be observed from Figure 4, which is plotted for α= 1
that considerable amount of energy is pumped into
the system at selected frequencies of excitation and
absorber damping ζ1. However, there exists a particular
absorber damping ζ1 at which sizable amount of energy is
pumped into the system over a larger range of frequen-
cies. It can be observed from Figures 4 and 5 that there
exist two significant performance parameters, namely,
absorber damping ζ1 and frequency ratio α that influence
the bandwidth of energy absorption. The procedure
for selection of mass ratio and determination of the
two parameters α and ζ1 is described in subsequent
sections.

Selection of Mass Ratio

It can be noticed from Figure 3 that difference between
the two frequencies increases with increase in the effec-
tive mass ratio. As mentioned previously, the difference
between the two frequencies represents the energy
absorption bandwidth provided the frequency ratio and
absorber damping are optimized. Moreover, bandwidth is
limited by the effective mass ratio (Figure 3). Hence, the
effective mass ratio for the system is selected by noting
the amount of frequency difference sought between the
two resonant modes. Alternatively, an upper limit on the
effective mass ratio is governed by the required band-
width of operation. Once the frequency difference is
defined, an appropriate mass ratio from Figure 3 is
selected and used in the subsequent energy optimization
to obtain the optimum values of frequency ratio, α and
absorber damping, ζ1.

Figure 4: Dependence of the input energy on r0 and ζ1 when swept at
1 m/s2 for α= 1. The input energy absorbed by the system (μJ) is
high at two frequencies below a certain value of absorber damping
and at a single frequency above it.

Figure 5: Dependence of input energy (μJ) on frequency ratio and
normalized drive frequency at ζ1=0.12. The input energy (μJ)
absorbed by the system depends on both absorber damping and
frequency ratio.
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Procedure for Determining Optimum ζ1 and α

At small values of ζ1, the energy absorbed by the system is
high at two different values of frequencies (Figure 4).
However, as ζ1 increases the two peaks merge reducing the
bandwidth. If the system has undamped primary structure,
there exist hinge points, called fixed points as described in
Den Hartog (1985), and Braun (2002), that have constant
energy irrespective of the absorber damping and allow the
determination of α with relative ease. As the system under
consideration has damped primary structure, an iterative
procedure is adopted for estimating the two parameters.
Firstly, the normalized drive frequencies corresponding to
the optimum input energy are determined before estimating
ζ1 and α. The input energy is differentiated with respect to
the normalized drive frequency, r0 and is equated to zero to
obtain an expression for determining the drive frequencies
at which the energy has extrema.

∂IE
∂r0

= 0

3p4 − p3 2χ − 4α2β2ζ 21
� �

− p2 χ2 + 2α2 1− 4βζ 21
� �� �

+ 6pα2 χ − 2ζ 21
� �

− 5α4 = 0
[6]

where p= r0
2. For a given α, eq. [6] results in only three

real and positive roots for normalized drive frequency r0.
Let the three real positive roots be r1, r2 and r3 such that
r1 < r2 < r3. It is observed from Figure 4 that the input
energy is maximum at r1 and r3, while it is minimum at r2
as ζ1 is increased from zero. Estimation of these three drive
frequencies assumes that the primary structure damping ζ0
is negligible. Although one can determine the expression
in eq. [6] by including the primary structure damping, the
brevity of eq. [6] would be lost at the expense of marginal
contribution to the accuracy of drive frequencies. However,
subsequent optimization procedure includes the primary
structure damping, ζ0, even if it is insignificant. The energy
dissipated by both primary and secondary absorbers has
maxima at r1 and r3. The first condition is obtained by
equating the difference between the absorber energies
evaluated at r1 and r3 to zero as

DE1jr0 = r1 −DE1jr0 = r3 = 0. [7]

It may be noted that r1 and r3, obtained from eq. [6] are
functions of unknowns ζ1 and α. The absorber damping ζ1
also influences the energy in primary structure. Thus a
second condition is derived by differentiating the energy
absorbed by primary structure DE0 with respect to ζ1 as

∂DE0
∂ζ 1

= 0

r60ζ 0 + r
4
0 2αζ 1 β− 2 1 + βð Þζ 20

� �
− 2α2βζ 0 1 + 2βζ 21

� �� �
+ r20 α4β2ζ 0 + 2α

3βζ 1 4ζ 20 − β
� �

− αζ 1 1 + βð Þ� �
+ 2α3βζ 1 = 0

[8]

Summary of Iteration Steps

1. Select the required bandwidth of energy absorption
for n number of harvesters, and pick the appropriate
mass ratio from eigenvalues (Figure 3).

2. Determine the real positive roots of eq. [6] for r0 in
terms of unknowns α and ζ1 in the order r1 < r2 < r3.

3. Substitute either r1 or r3 in second condition given in
eq. [8] assuming α= 1 to determine the unknown ζ1.

4. Using ζ1 determined in step 3, calculate the unknown
α from the first condition given in eq. [7].

5. Use the value of α calculated in step 4 and repeat
step 3 with new α to refine ζ1.

6. Repeat steps 3 through 5 to arrive at the converged
optimal values of α, and ζ1.

Illustration

Consider the system described in the previous section
that consists of ten absorbers with individual mass ratio
of 0.003 and an anticipated bandwidth less than 2 Hz.
The optimum values of the absorber damping ratio and
the frequency ratio are determined iteratively by follow-
ing the previously outlined steps.

It can be observed from Table 1 that the values converge
within a very few iterations. The performance parameters
thus determined are used to design the system. The
energy absorbed by all the absorbers corresponding to
the optimum frequency ratio (α =0.976) as shown in last
iteration of Table 1 is plotted in Figure 6 for increasing
values of absorber damping. It can be observed from the
figure that the energy absorbed is made equal at both the
resonant frequencies as per the first condition. Moreover,

Table 1: Values of r1, r3, frequency ratio α and absorber damping ζ1
after every iteration.

Iteration no. α ζ r r

  – – –
 . . . .
 . . . .
 . . . .
 . . . .
 . . . .
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the energy close to the optimum ζ1 has a wider bandwidth
and equal values of energies at both the frequencies.

The influence of the frequency ratio α on the energy
absorbed by all the absorbers that are designed to have
optimum absorber damping (ζ1 = 0.085) is shown in
Figure 7. It is thus essential to select both frequency
ratio and absorber damping appropriately, for efficient
absorption of energy over a predefined bandwidth which
is crucial in energy harvesters. Typically, several harvest-
ers are mounted on a given vibrating surface in order to
effectively absorb the energy. Designing an array of iden-
tical absorbers is an alternative for implementing the
optimized absorber damping, if a single damper is infea-
sible. For a given number of harvesters, the damping
(sum of electrical and mechanical damping) of the har-
vester can be tuned to achieve wider bandwidth, and
optimal energy of absorption.

The bandwidth of absorption as a function of the absor-
ber damping evaluated at the optimum frequency ratio is
shown in Figure 8. When operated at the optimum

frequency ratio α, much of the energy supplied to
the system is absorbed by the harvesters as shown in
Figure 9, which further indicates that the energy
absorbed by primary structure is made negligible.
However, energy supplied to the system is minimized at
a particular damping that corresponds to the optimum
absorber damping. The optimum absorber damping
ensures that the energy drawn by the system from ambi-
ence is minimum provided the absorber or the harvesting
system is designed to have the optimum frequency ratio.

Experimental Corroboration

The feasibility of attaining the optimum performance para-
meters is studied by performing controlled experiments on

Figure 6: The figure shows the energy absorbed by absorbers
operated at the optimal frequency ratio α=0.976 for different values
of absorber damping – 0.03, 0.06, 0.1 and 0.14.

Figure 7: The figure shows the energy absorbed by absorbers
designed to have optimal damping of 0.085 for different values of
frequency ratio – 0.9, 0.95, 0.98, and 1.05.

Figure 8: The figure shows the bandwidth of energy absorption as a
function of absorber damping. These are determined from eq. [6] for
the optimal value of α. Bandwidth reduces beyond the optimal value
of ζ1.

Figure 9: The three energies of the system are shown as a function
of ζ1 at optimized α. Absorbers take away significant amount of
input energy at any absorber damping; however, all the energies are
minimum at the optimum value of ζ1.
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a primary vibrating structure. A steel plate of 300 μm
thickness, clamped along an edge is considered as the
primary structure. The length and width of the structure
are 51 mm and 40 mm respectively. Rayleigh Ritz method
is employed to determine the plate resonances. The shape
function corresponding to the fundamental mode is
obtained by generating boundary characteristic orthogonal
polynomials as described in Chakraverty (2009). Using the
first 15 orthogonal polynomial functions, the first resonant
frequency is determined precisely to be 90.3 Hz and
verified experimentally to be 89.9 Hz. The structure is
subjected to sinusoidal base excitation using an electro-
magnetic shaker (LDS, V406/8-PA100E, Royston, UK)
around the resonance to obtain primary structure damping
ζ0. The damping ratio is determined from the response
using half power bandwidth method to be 0.004. The
vibration absorbers are made in the form of cantilevers
mounted on the edge opposite to the clamped side of the
plate. In order to observe the effect of multiple absorbers,
the system consisting of three such absorbers is tested. The
absorber beams are made using steel and brass materials
of different thicknesses to get different mass ratios. The
vibrational response of the absorbers is measured using a
laser doppler vibrometer (PDV-100, Polytec GmbH,
Germany). The absorber system consisting of three identi-
cal absorber beams mounted on a primary structure is
shown in Figure 10.

Determination of Mass Ratio

Estimating the mass ratio for continuous systems is not
as straight forward as finding the frequency ratio. The
frequency ratio can directly be determined from material
properties and dimensions of the structures. However,

mass ratio for continuous systems is obtained by match-
ing the eigenvectors described by eq. [2]. Let the length of
the primary structure be l and the total length up to
absorber tip be L. In order to determine the mass ratio
approximately, consider shape functions in the two seg-

ments (i= 1, 2) in the form of polynomials ψi =
P4
j= 2

Cijxj.

The coefficients are determined by employing the bound-
ary conditions at the interface and conditions at the tip as
governed by eigenvectors defined in eq. [2]. For the
assumed shape functions ψi, mass ratio is numerically
determined using the expression

Ψ mrð Þ≡ �m1mr

ðl
0
ψ2
1 mrð Þdx − �m2

ðL
l
ψ2
2 mrð Þdx =0; [9]

where �m1 and �m2 are mass per unit length for both
primary and secondary absorber subsystems respectively
normalized with respect to unit mass in order to make
eq. [9] dimensionless.

The value corresponding to zero of the non-
dimensional eq. [9] would give the required mass ratio.
For the absorber system consisting of 3 steel absorbers
each of length 28 mm, width 2.5 mm, thickness 100 μm
resulting in α of 1.02, the mass ratio is estimated to be
0.126 (Figure 11). Experimentally, mass ratio for the sys-
tem is found to be 0.106 by matching the eigen frequency
(Figure 2). The difference between the mass ratios eval-
uated numerically and estimated experimentally is about
18% and the accuracy improves by employing exact
shape functions for continuous structures. Once the
mass ratio is determined, the optimum values of fre-
quency ratio and absorber damping for optimal energy
transfer are obtained by following the procedure outlined
in the previous section.

The behaviour of the system is studied by performing
tests on the same primary structure with two different
sets of absorbers. The objective is to determine the

Figure 10: The figure shows three beams of brass forming three
identical absorbers mounted on a cantilever steel plate that in turn
is mounted on a shaker.

Figure 11: The plot shows the function ψ(mr) vs mr. The zero of the
function gives the value of mass ratio. The value corresponding to
the approximate shape functions is 0.126.
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existing performance parameters in each case so as to
select the most suitable absorber set for the given primary
structure. The absorbers are designed appropriately and
are fabricated to achieve the target configuration. In case
of inadvertent deviations from optimal values owing to
fabrication limitations and absorber damping mismatch,
experimental observations are verified with the proposed
theory. Each absorber set consists of three identical
absorbers made of a particular material and specified
thickness. Steel sheet of thickness 100 μm and brass
sheet of thickness 50 μm are used to fabricate the absor-
ber sets. The test results in each case are described as
follows.

Absorber Set 1

The primary structure resonance is measured to be 89.9 Hz
and the damping ratio obtained using half power band-
width method is 0.004. The primary structure is subjected
to a sinusoidal sweep of 0.1 gn acceleration from 85 Hz to
94 Hz at 0.3 Oct/min. Three steel absorbers of length 28
mm each are mounted on the primary structure. The reso-
nant frequency of each absorber is found to be 91.14 Hz.
Thus frequency ratio is 1.01 in the present configuration.
When a single absorber is used, the two resonant frequen-
cies are 78.97 Hz and 106.69 Hz resulting in the mass ratio
of 0.087 (Figure 2). When absorbers are increased to 3, the
two resonant frequencies move to 68.91 Hz and 113.8 Hz as
shown in Figure 12. Consequently the mass ratio increases
to 0.11 (Figure 2). As noticed from Figure 3, decrease in α
would not help in decreasing the difference between the

two frequencies. This is evident from Figure 13, where the
response for two values of end masses is shown. The
addition of tip mass to an absorber alters the frequency
ratio significantly over the mass ratio. Hence, difference
between the two frequencies does not decrease, rather
remains almost constant with absorber tip mass.

Absorber Set 2

In order to arrive at a reasonable difference between the
two frequencies, mass ratio of the system is decreased.
As the equivalent mass of primary system cannot be
altered, the absorber mass is reduced by using thinner
beams. The absorbers are made out of 50 μm brass sheet
with length 16.6 mm giving a resonant frequency of 94
Hz that results in a frequency ratio of 1.05. The corre-
sponding mass ratio is estimated using eq. [9] to be
0.036 and is verified experimentally to be 0.030 by
matching the resonant frequency in Figure 2. The
response of the system for a sine sweep from 75 Hz to
110 Hz at 0.08 gn input is shown in Figure 14. The
amplitudes at both peaks are not equal due to a higher
value of α (Figure 7). The amplitude of the absorber
measured at 2/3rd distance from the absorber tip is
compared with that of the primary structure in Figure
14. Clearly, the reduced mass ratio from the previous set
of absorbers has brought the frequency difference down
from 45 Hz to 16 Hz. The damping ratio of the absorber
is 0.0012 and the frequency ratio is 1.05. The corre-
sponding energies are calculated based on the experi-
mental response and shown in Figure 15.

Figure 12: The figure shows the response of the primary structure
for a single absorber and 3 absorbers. Separation between the
frequencies increases with absorbers because of increasing mass
ratio.

Figure 13: The figure shows the response of the primary
structure with absorber mass of 10 mg, 5 mg and without
absorber mass. The difference between the frequencies does not
reduce significantly even though α is changing from 0.98 to 1.06
(Figure 3).
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It is observed that the energy absorbed by primary struc-
ture is much higher than that of absorbers at either
frequency. Although the amplitudes of absorbers are
much larger than that of the primary structure, the energy
absorbed by absorbers is much smaller when compared
with the input energy. This situation is mitigated by
operating the system at optimal values of frequency
ratio and absorber damping. The optimal α and ζ1 for
both sets of absorbers are obtained iteratively as shown
in Table 2. The energy absorbed by the system operating
at the optimum value of frequency ratio α as a function of
absorber damping ζ1 is shown in Figure 16. It is essential
to design absorbers or harvesters to have optimal perfor-
mance parameters in order to decrease the burden on the
vibration source.

The dissipation and input energies in the system operat-
ing at the optimal parameters for absorber set 2 with
single absorber are shown in Figure 17. It can be noticed
that selecting the optimum absorber damping would

Figure 14: The figure shows response of the system. Primary
structure response is measured at the free end while absorber
response is measured at 2/3rd distance from the absorber free end
due to measurement limitations.

Figure 15: The figure shows energies in the system for the first
mode. Much of the input energy is absorbed by the primary
structure itself in case of the system with non-optimized
parameters.

Table 2: Optimal parameters extracted for absorber sets 1 and 2
using the algorithmic procedure described in this paper.

Iteration
No.

Primary structure frequency: . Hz
Primary structure damping ratio: .

Absorber set  (n=)
Mass ratio: .

Absorber set  (n=)
Mass ratio: .

Tuning
ratio α

Absorber
damping
ratio ζ

Tuning
ratio α

Absorber
damping
ratio ζ

  –  –
 . . . .
 . . . .
 . . . .
 . . . .
 . . . .

Figure 16: The figure shows the distribution of system energies
when frequency ratio is optimized. Much of the input energy is
absorbed by the absorbers. Input energy is lowest at the optimal
value of absorber damping.

Figure 17: The figure shows the distribution of system energies when
both frequency ratio and absorber damping are optimized. This
ensures that energy is effectively transferred to harvesters over the
designed bandwidth of operation.
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reduce the total energy absorbed by the system.
Nevertheless, the correct frequency ratio would ensure
that the energy input to the system is taken away by all
the absorbers effectively.

Conclusions

We propose an iterative method to determine the opti-
mum performance parameters for a dynamic vibration
absorber system. We derive eigenvalues and eigenvec-
tors, in closed form, for the system consisting of several
identical absorbers. Bandwidth of energy absorption is
identified as a significant performance parameter to initi-
ate the optimization process. Moreover, it is noticed that
bandwidth enforces an upper limit on the mass ratio.
Dissipation energies of the absorber array system are
derived and used for optimization to determine the opti-
mal values of frequency ratio and absorber damping. The
proposed method optimizes the energy absorbed by the
system in a very few iterative steps to determine the
optimum values. Experiments are performed on cantile-
ver absorbers mounted on a cantilever plate to validate
the method. The experimental resonant frequencies and
the vibrational response of the system are compared with
the anticipated values. The difference in estimating mass
ratio and vibrational response is observed to be less than
18%. This is attributed to the approximate functions used
to obtain the mass ratio and the vibrational response.
Nonetheless, the effects of decreasing the frequency
ratio and mass ratio on the bandwidth and the distribu-
tion of system energies are verified. Energy absorption is
the primary function of energy harvesters. It is essential
to design energy harvesters with due consideration to the
vibrational characteristics of the primary structure, as
this alleviates the system from undesirable energy extrac-
tion and enables effective energy absorption over a
selected bandwidth. The practical implementation of
optimum absorber damping is easier in the context of
energy harvesting as the damping in the harvester can
be tuned by an external impedance matching circuitry.
Hence, the inherent variability associated with damping
in energy harvesters can be utilized advantageously to
achieve the optimal damping. We emphasize, through
this work that monitoring energies in the system and
optimizing them is both rational and vital for designing
a system of harvesters for a given damped vibrating
source. We show that the proposed procedure to obtain
the optimum performance parameters is robust and quick
for designing multiple absorbers with direct relevance to
energy harvesting.
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Appendix 1

The equations of motion for the dynamic vibration absor-
ber system consisting of n identical absorbers and a
primary structure are shown in the following equations.

m0€x0 + k0 + nk1ð Þx0 − nk1x1 + c0 + nc1ð Þ _x0 − nc1 _x1 = −m0€xg
mi€xi + kixi − kix0 + ci _xi − ci _x0 = −mi€xg

[10]

The second equation of eq. [10] consists of n similar
equations of motion with i= 1 to n for n identical absor-
bers. The response of the primary structure and any of
the secondary absorber is given as,

x0 =
r20xg α2β− r20 + 2jr0αβζ 1

� �
μ+ jν

[11]

x1 =
r20xg χ − r20 + 2jr0 ζ 0 + αβζ 1ð Þ� �

μ+ jν
[12]

where μ= 1− r20
� �

α2 − r20
� �

− r20 α2nmr +4αζ 0ζ 1ð Þ

and ν = 2r0 ζ 0 α2 − r20
� �

+ αζ 1 1− βr20
� �� �

The response of the system as given by eqs [11] and [12] is
used in the expressions for system energies described in
eqs [3], [4] and [5] to arrive at the conditions for determin-
ing optimal values of frequency ratio and absorber
damping.
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