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Abstract: In this article the modeling of a broadband
energy harvester utilizing piezoelectric and electromag-
netic effects for rotational applications is presented. The
hybrid energy harvester consists of a one-side-clamped
piezoelectric bimorph with a solenoid on the free end and
is excited periodically but non-harmonically by magnets
that are fixed on a rotating object. To estimate and
describe the performance of the energy harvester concept
a linear semi-analytical model for the bimorph and the
solenoid is developed and then enhanced for non-harmo-
nic system oscillations by decomposing them into their
harmonic components. A comparison between the calcu-
lated and measurement signals of a prototype device
shows great conformity. According to model-based and
experimental analysis, the hybrid system has good broad-
band behavior regarding electric power output. That
aspect makes the device a perfect energy-harvesting sys-
tem for application with highly fluctuating revolution
speeds like miniature wind turbines.
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Introduction – State of the Art

Hybrid energy-harvesting concepts are moving progres-
sively into the focus of research, as these concepts pro-
vide an increase of performance and scope of energy-
harvesting applications. One hybrid energy-harvesting
concept for rotating applications utilizing piezoelectric

and electromagnetic effects is specified in recent publica-
tions by Wurz, Kleyman, and Twiefel (2013). This article is
focused on the modeling approach of this system.
Introductorily an overview is given about the current
situation of piezoelectric, electromagnetic and hybrid
energy-harvesting concepts.

For the piezoelectric and also for the electromagnetic
effect the excitation may be either translational or rota-
tional. It depends on the application environment which
form of kinetic energy is available. While piezoelectric and
electromagnetic bending beam concepts are more common
for vibrational excitation, electromagnetic rotor/stator com-
binations are used for rotating applications. Furthermore,
there are a number of energy-harvesting systems that con-
vert rotational motion into translational excitation forces
and vice versa. Those serve as an inspiration for the hybrid
concept presented in the following section.

Typical vibration-based energy-harvesting systems
operate at their resonance frequency. Roundy and Wright
(2004) present a piezoelectric generator based on a two-
layer piezoelectric bending element with a tip mass
(Figure 1–1). During vibration, the piezoelectric layers are
compressed and elongated alternately. Thus an electric
charge is getting induced. In resonance the relative motion
between tip and base and consequently the electric power
output is at the maximum. Beeby et al. (2007) show an
energy-harvesting concept with a passive bending element
and a solenoid attached at the tip of the element. During
oscillation the solenoid is passing a permanent magnet, in
this way a voltage is induced (Figure 1–2). Xing et al.
(2009) propose a slightly different concept for an electro-
magnetic harvester. The bending element is made of high-
permeability material and is mounted along the axial
direction inside a solenoid. Two magnets with opposed
magnetization are aligned outside of the solenoid. When
the element vibrates its tip passes the magnets and the
magnetization in the beam is reversed, thereby a voltage is
induced inside the solenoid (Figure 1–3). Challa et al.
(2008) developed a tunable piezoelectric bending type
energy harvester. A pair of permanent magnets is placed
up- and downside at the tip of a piezoelectric bending
element. A second pair of magnets is attached to the

*Corresponding author: Viktor Hofmann, Institute of Dynamics and
Vibration Research, Leibniz Universität Hannover, Appelstr. 11,
Hannover 30159, Germany, E-mail: hofmann@ids.uni-hannover.de
Gleb Kleyman: E-mail: gleb.kleyman@gmail.com, Jens Twiefel:
E-mail: twiefel@ids.uni-hannover.de, Institute of Dynamics and
Vibration Research, Leibniz Universität Hannover, Appelstr. 11,
Hannover 30159, Germany

Energy Harvesting and Systems 2015; 2(3-4): 213–226



inertial frame. Between the tip- and frame-magnets there
are repulsive and attractive forces. By changing the dis-
tance between those magnet pairs the resonance frequency
can be tuned (Figure 1–4). Challa, Prasad, and Fisher
(2009) published a hybrid energy-harvesting system
which combines principles of Roundy and Wright (2004)
and Beeby, Tudor, and White (2006). A piezoelectric bend-
ing element has a permanent magnet at the tip. When the
beam is vibrating the magnet dips inside a solenoid
(Figure 1–5). Thus one energy source is used by two energy
converters at once. A non-resonant power converter for
translational excitations was presented by Spreemann et
al. (2006). The energy harvester consists of a rotor and a
stator. The rotor is a pendulum and rotates excited by
vibrations. Two anti-parallel poled magnets are attached
to the pendulum. The alternating magnetic field induces a
voltage in an array of solenoids, which are arranged in a
circle at the stator (Figure 1–6). Jung et al. (2013) designed
a system that also converts vibration energy into rotation.
Similar to Beeby, Tudor, and White (2006), a permanent
magnet is attached at the tip of a cantilever beam. The
base of the beam is connected to a gearing. When the
beam is moving its tip passes a solenoid and the gearing
revolves. A simple dynamo is linked to the gearing, thus a
voltage is induced not only inside the solenoid but also by
the dynamo (Figure 1–7).

There are also energy-harvesting concepts that convert
energy directly from a rotational source. Wang, Shen, and
Chen (2012) show a wideband electromagnetic harvester for
tire pressure monitoring systems. That harvesting device is
very similar to Spreemann et al. (2006). Permanent mag-
nets are attached to an unbalanced rotor. Gravitation
causes the rotor to rotate above a stator with an array of
coils (Figure 1–8). A piezoelectric energy harvester for rotat-
ing energy sources was published by Priya (2005). An array
of 12 piezoelectric bending elements is arranged along the
circumference of a rotor shaft. A camshaft gear mechanism
generates the torque to excite the elements (Figure 1–9). In
this scenario a windmill is used as rotation energy source.
This concept is picked up by Bressers et al. (2011). In their
device the bending elements are exited contactless by mag-
netic forces. A series of magnets with alternating polarity is
mounted on the rotating shaft. There are also magnets
mounted on the tips of the bending elements. Rotation of
the shaft induces a harmonic vibration into the piezoelec-
tric elements via an alternating attractive/repulsive force
between the magnet pairs. Their new approach is minimiz-
ing frictional losses and thus the device is more suitable for
low wind speeds. Karami, Farmer, and Inman (2012) pro-
pose a piezoelectric wind turbine concept which is excited
by non-harmonically magnetic forces and develop a semi-
analytical model for this system.
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Figure 1: Functional principles of representative energy-harvesting systems.
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Figure 2 shows a classification for the presented energy-
harvesting concepts addicted to their physical energy
conversion effect and the type of excitation. The vibra-
tion-based energy-harvesting systems are well developed.
There are many different electromagnetic concepts and
some piezoelectric devices are even on the market. The
concepts by Priya (2005) and Bressers et al. (2011) show
how the piezoelectric effect can also be utilized for rotat-
ing applications however electromagnetic concepts are
more well established. Until now hybrid concepts are
only studied for translational excitation, there is no
hybrid rotational concept published. Our introduced
hybrid energy-harvesting system fills this gap.

In the following the energy-harvesting concept is pre-
sented (section “Concept of a Hybrid Piezoelectric and
Electromagnetic Energy Harvester”). The main part of this
article deals with the description of the prototype unit by
an analytical modeling approach (section “Modeling”). The
model considers not only the properties of the solenoid
and of the piezoelectric bimorph also the non-harmonically
electromagnetic excitation forces. Furthermore, the analy-
tical results are compared to the measurements of the
prototype unit and the wideband performance of the con-
cept is estimated (section “Analysis”).

Concept of a Hybrid Piezoelectric
and Electromagnetic
Energy-Harvester

The following concept is based on the idea of a rotational
piezoelectric energy harvester by Bressers et al. (2011). This
magnetically driven piezoelectric harvester is extended by
a solenoid with a ferromagnetic core on the tip.

The device is excited by four magnets attached to a
rotating aluminum disc as shown in Figure 3. The attrac-
tive force between magnets and core material initiates a
bimorph oscillation. Simultaneously the magnetic flux

gradient induces a voltage in the solenoid. The total
volume of the piezoelectric bimorph is 0.75 cm3 and the
solenoid has core diameter of 1 cm. The solenoid is
bonded to the tip of the bimorph whereas the other end
of the bimorph is clamped as shown in Figures 3 and 4.
The bimorph is a typical resonant piezoelectric bending
element and therefore it reaches the maximum electric
power output related to the mechanical excitation power
at its resonance frequency. Whereas the power output of
the solenoid is quadratic to the applied mechanical
power and thus to the revolution speed. By combination
of both transducers in one unit a broadband energy-
harvesting device is build. At low excitation speeds and
high electric loads the piezoelectric part supplies the
bigger part of electric energy. With increasing frequencies
the power output of the solenoid grows and rises above
the piezoelectric part. Thus such an energy-harvesting
system may be used in an environment with highly fluc-
tuating rotational speeds such as miniature wind
turbines.

On the experimental setup (Figure 4) the disc is pow-
ered by an electric motor. Thereby the electric output
variables (voltage and current) are measured for different
electric load-resistance and different revolution speeds by
a digital oscilloscope. Measurements have shown, that the
magnetic attraction force leads to a non-harmonic excita-
tion. Karami, Farmer, and Inman (2012) proposed how the
non-harmonic excitation of the bimorph can be simulated
by discretization and numerical integration of the non-
linear equation of motion. Nevertheless we want to submit
an analytical modeling approach in the next section.
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Modeling

In this section linear analytical models for the piezoelec-
tric bimorph (section “Analytical Model of a Piezoelectric
Parallel Bimorph for Steady-State, Harmonic Vibrations”)
and for the solenoid (section “Electromagnetic Solenoid”)
of the hybrid energy harvester are presented.

The model for the bimorph applies to steady-state
and harmonic system oscillations. However, it is assumed
that the energy harvester is excited non-harmonically by
the magnetic force. In order to take even non-harmonic
system behavior into account, the non-harmonic input
variables are decomposed into their harmonic compo-
nents. Using the model harmonic system responses are
calculated from each harmonic input variable and then
composed to one non-harmonic response (section “Non-
harmonic Excitation Force Applied to Linear Oscillating
Systems”).

Analytical Model of a Piezoelectric Parallel
Bimorph for Steady-State, Harmonic
Vibrations

For many practical applications including the bending
converter only the behavior at the element boundaries
matters. The transfer-matrix method as described by
Pestel and Leckie (1963) picks up on this circumstance
by approaching the behavior of a device with simple
matrix algebra for specific degrees of freedom. Thus, the
method offers compared to a finite element method (FEM)
calculation a reduced computation time as well as simple
and flexible investigation of load influences. To apply the
method to our application, it is necessary to derivate a
transfer matrix for the used piezoelectric bending
transducers.

For the bending converter the mechanical state vari-
ables – velocity v, angular velocity _’, bending moment M
and force F– at the two boundaries of the bending actuator

and the electric variables – voltage U and current I– are
considered and linked by the transfer matrix A:

v2
_’2

M2

F2
I

0
BBBBBB@

1
CCCCCCA ¼ A

v1
_’1

M1

F1
U

0
BBBBBB@

1
CCCCCCA ½1�

The subscript “1” indicates the end of the element at x ¼ 0
and the subscript “2” represent the end at x ¼ l with l as
the element length (Figure 5). In the presented model
steady-state, harmonic vibrations with the excitations fre-
quency ω are assumed. Therefore, the boundary conditions
can be expressed as complex quantities with the respective
phase angle ψð�Þ and the respective amplitudes j � j:

v1

_’1

M1

F1

U

0
BBBBBBB@

1
CCCCCCCA

¼

jv1je jωtþjψv1

j _’1je jωtþjψ’1

jM1je jωtþjψM1

jF1je jωtþjψF1

jUje jωtþjψU

0
BBBBBBB@

1
CCCCCCCA

v2

_’2

M2

F2

I

0
BBBBBBB@

1
CCCCCCCA

¼

jv2je jωtþjψv2

j _’2je jωtþjψ’2

jM2je jωtþjψM2

jF2je jωtþjψF2

jIje jωtþjψI

0
BBBBBBB@

1
CCCCCCCA
½2�

The resulting 5� 5-transfer-matrix A depends on the
transducer geometry, its material and the excitation fre-
quency. Its determination is based on physical models, in
our case on the basis of the well-established Euler-
Bernoulli beam theory. For simplicity the theory is valid
for small deformations assumes linear-elastic material
properties and neglects the effect of transverse shear
and the rotary inertia. While applying the beam model
to the bimorph besides the piezoelectric coupling the
multilayer aspect has to be taken into account.

Definition of the Bimorph

The used piezoelectric bimorph consists of two identical
piezoelectric layers (height hp) and one conductive

M1 F1

Polarization direction P Shim-layer Piezo-layer

v1
ϕ1 ϕ2

v2 M2F2

U

I

lw

x,1

z,3

y,2
hp
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Figure 5: Boundary values of a bimorph.
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passive middle shim layer (height hs). The two piezoelec-
tric layers have the same polarization direction P and are
driven in an electric parallel connection (parallel
bimorph), see Figure 5. If an electric potential is applied
on the bimorph, one of the piezoelectric layer extends
and the other shortens in the longitudinal direction. This
results in a bending of the bimorph. Conversely a bend-
ing leads to the generation of an electric potential. To
describe the material behavior of the middle shim the
Hooke’s law is sufficient (In the following equations the
index s indicates the properties of the middle shim
layer.):

S1;s ¼ s11;sT1;s ½3�
Whereas in the description of the material behavior of the
piezoelectric layers the following linear piezoelectric
material laws are adopted (IEEE [1987]):

S1 ¼ sE11T1 þ d31E3 ½4�

D3 ¼ dE31T1 þ "T33E3 ½5�

These relationships apply only to small mechanical and
electrical amplitudes of a piezoelectric oscillator in the
case that all stresses beside the stress in longitudinal
direction T1 are assumed to be zero. The linear depen-
dencies between the mechanical strain S1, the mechanical
stress T1, the dielectric charge displacement D3 and the
electric field strength E3 are described by the constants
d31 for the piezoelectric constant, sE11 for the elastic com-
pliance under the condition of a constant electric field
and the dielectric constant εT33 at constant stress. The
electric field strength E3 for the parallel bimorph can
also be expressed as a function of voltage U:

E3 ¼ U
hp

½6�

Kinematic Linearization

Ensuing from small displacements the kinematics of the
bimorph can be simplified by a geometric linearization.
Figure 6 illustrates the linear kinematics of a slim beam
in the xz-plane.

When a beam is slightly bent, it can be approxi-
mately assumed that all points of its neutral axis move
on a straight vertical line and consequently no displace-
ment in the x-direction takes place (uxðz ¼ 0Þ ¼ 0).
Outside the neutral axis, the displacement uxðz�0Þ is
generated only by the rotation ’ of the beam cross-

sectional areas. For the linearized case the displacement
uz in z-direction is in contrast to ux independent of the
coordinate z and corresponds to the deflection curve of
the beam. With the time variable t the linearized kine-
matic relations can be summarized as follows:

uz ¼ uzðx; tÞ uxðx; z; tÞ ¼ z’ðx; tÞ

’ðx; tÞ ¼ � @uzðx; tÞ
@x

¼ �u0z
½7�

Derivation of the State Variables

Equivalent to the passive beam the velocity v in z-direc-
tion and the angular velocity _’ of the bimorph result
from the kinematic relationships eq. [7]:

vðx; tÞ ¼ _uz ½8�

_’ðx; tÞ ¼ � _u0z ½9�
The inner bending moment at the bimorph Mb composes
of the bending moment Mb;s acting in the intermediate
layer and of the two equal moments Mb;p in the piezo-
electric layers.

Mbðx; tÞ ¼ Mb;s þ 2Mb;p ½10�
In this calculation an ideal composite between the indi-
vidual layers is assumed. The moments Mb;s and Mb;p

result from the integral of the axial stress over the respec-
tive cross-sectional areas As and Ap. The axial stresses
T1;s and T1 as a function of u0z are derived from eqs [3]–[7].
The areas As and Ap are the products of the bimorph
width w and the height of the individual layers:

Mb;sðx; tÞ ¼
ð
As

T1;szdAs ¼
ð
As

1
s11;s

S1;szdAs

¼ w
s11;s

ðhs2
�hs

2

�z2u
00
zdz ¼ � wh3s

12s11;s
u

00
z

½11�
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uz = uz(x)

ux = ux(x,z) = z ϕ
ux

∂uz

∂x
u

ϕ

ϕ  = ϕ (x) sin (ϕ) = −∂uz / ∂x
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Figure 6: Linearized kinematics for the Euler–Bernoulli beam.
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Mb;pðx; tÞ ¼
ð
Ap

T1zdAp ¼
ð
Ap

1
sE11

S1 � d31
sE11

E3

� �
zdAp

¼ w
s11;s

ðhs
2 þhp

hs
2

�zu
00
z
d31
hp

U
� �

zdz

¼ � w
3sE11

hs
2
þ hp

� �3

� hs
2

� �3
 !

u
00
z

� wd31
2sE11

ðhs þ hpÞU

½12�

Therewith the total bending moment is

Mbðx; tÞ ¼ � wh3s
12s11;s

þ 2w
3sE11

hs
2
þ hp

� �3

� hs
2

� �3
 ! !

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ðEIÞeff

u
00
z

� wd31
sE11

hs þ hp
� �� �

|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
K

U

½13�

For clarity the constants ðEIÞeff and K are introduced in eq.
[13]. ðEIÞeff corresponds to the effective bending stiffness of
the entire bimorph. To calculate the shear force F the
bending moment has to be differentiated with respect to x:

Fðx; tÞ ¼ @Mb

@x
¼ �ðEIÞeffu

000
z ½14�

The determination of the electric current I requires an
integration of the time-derived dielectric charge displace-
ment over the electrode surface Ae ¼ 2wl (IEEE (1987)).

IðtÞ ¼
ð
Ae

@D3

@t
dAe ¼ 2w

ðl
0

d31 _T1;m þ "T33
hp

_U
� �

dx

¼ 2wl
hp

"T33 �
d231
sE11

� �
_U þ 2wd31

sE11

ðl
0

�z _u
00
zdx

½15�

Ae is equal to double the product of the bimorph width w
and the length l. For a parallel bimorph this corresponds
to the area the total electric charge flows through. With

the relation
Ð �u

00
zdx ¼ ’ and the average stress

T1;m ¼ T1 z ¼ hsþhp
2

� �
, which acts in both piezoelectric

layers, the electric current can be calculated as a function
of the bimorph bending and the electric voltage:

IðtÞ ¼ 2wl
hp

"T33 �
d231
sE11

� �� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Cp

_U

þ wd31ðhs þ hpÞ
sE11

� �
|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

K

ð _’ðx ¼ lÞ � _’ðx ¼ 0ÞÞ
½16�

The abbreviation Cp corresponds to the capacity of the
entire bimorph.

Computation of the Transfer Matrix

Based on the differential equation of motion for the
Euler–Bernoulli beam, the sought state variables for a
harmonic excitation (excitation frequency ω) can be
determined with the Bernoulli product approach for uz
(Gasch, Knothe, and Liebich 2012):

vðx; tÞ ¼ ejωt jωða1 sinðxλÞ þ a2 cosðxλÞ þ a3 sinhðxλÞ
þ a4 coshðxλÞÞ

_’ðx; tÞ ¼ �ejωt jωða1λ cosðxλÞ � a2λ sinðxλÞ þ a3λ coshðxλÞ
þ a4λ sinhðxλÞÞ

Mbðx; tÞ ¼ �ejωtðEIÞeffð�a1λ2 sinðxλÞ � a2λ2 cosðxλÞ
þ a3λ2 sinhðxλÞ þ a4λ2 coshðxλÞ � KUÞ

Fðx; tÞ ¼ �ejωtðEIÞeffð�a1λ3 cosðxλÞ þ a2λ3 sinðxλÞ
þa3λ3 coshðxλÞ þ a4λ3 sinhðxλÞÞ

IðtÞ ¼ jωCpU þ Kð _’ðx ¼ lÞ � _’ðx ¼ 0ÞÞ

In this calculation λ is the eigenvalue of the differential
equation of motion (compare Gasch, Knothe, and Liebich
(2012); Cho et al. (2000)):

λ ¼ meff

ðEIÞeff
ω

� �1
4

½17�

λ includes the effective mass per unit length

meff ¼ wðρshs þ ρphpÞ ½18�

with the middle shim layer density ρs and the density
of the piezoelectric layer ρp. As described by Gasch,
Knothe, and Liebich (2012), the unknown coefficients
a1�4 can be determined with the complex boundary con-
ditions ðv1 _’1 M1 F1 UÞT and then used to calculate
ðv2 _’2 M2 F2 IÞT. From the resulting system of equations
the transfer matrix A can be set up as follows:
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Aside from the additional fifth row and column with the
electromechanical matrix elements the matrix corre-
sponds to the transfer matrix of a passive bending beam
(compare Pestel and Leckie (1963) and Richter, Twiefel,
and Wallaschek (2009)). At this point it should be noted
that the derived transfer matrix is only valid for the
considered state variables of a parallel bimorph in the
defined coordinate system. For the derivation of the
transfer matrix for a serial bimorph it must be considered
that E3 and Ae are calculated differently:

E3;serial ¼ U
2hp

Ae;serial ¼ wl

A similar derivation of the transfer matrix for a serial
bimorph is made by Cho et al. (2000).

Damping

In the following the model is extended by system damping.
During bimorph oscillation many factors lead to losses.
One of these is the material damping, which in the model
can be taken into account by a complex Young’s modulus
or a complex elastic compliance for the shim and the
piezoelectric layers, compare to Sollmann (1981):

1
sE�11

¼ 1
sE11

1þ j
1
Qp

� �
½19�

1
s�11;s

¼ 1
s11;s

1þ j
1
Qs

� �
½20�

The quality factor Q is a characteristic material parameter.
Othermechanical damping effects, suchas losses due to local
friction in the bearing or the damping due to air resistance are
difficult to determine separately but in the model these
effects can be considered in a simplified manner by decrea-
sing Q. In addition to the mechanical damping, there are
dielectric and piezoelectric losses in the piezoelectric mate-
rial. Equivalent to the complex modulus, the dielectric loss
can be taken into account by a complex dielectric constant
"T�33 with the dissipation factor tan δ and the piezoelectric loss
by a complex piezoelectric constant d�31 with the dissipation
factor tan θ as shown by Uchino and Hirosc (2001):

"T�33 ¼ "T�33ð1þ j tan δÞ ½21�

d�31 ¼ d31ð1þ j tan θÞ ½22�

These assumptions are only valid for steady-state and
harmonic vibrations. When applied to non-stationary
oscillations non-causal system responses occur in the
time-domain.

Utilization of the Bimorph Model for the
Energy Harvester

To model the bimorph in the hybrid energy harvester
besides the mounting conditions the solenoid unit has
to be taken into account. The solenoid unit can be
assumed as a passive bending beam attached at the end
of the bimorph. The transfer matrix method offers a sim-
ple way to combine several passive and active elements
by matrix multiplication. So the piezoelectric part of the
energy harvester can be described by following equation:

v2;passive
_’2;passive
M2;passive

F2;passive
I

0
BBBB@

1
CCCCA ¼ ApassiveA

v1
_’1
M1

F1
U

0
BBBB@

1
CCCCA ½23�

The passive element is attached at the bimorph end “2”
(Figure 5, right). Thereby a new free end at the passive
element denoted by “2,passive” results. As mentioned in
section “Analytical Model of a Piezoelectric Parallel
Bimorph for Steady-State, Harmonic Vibrations”, the trans-
fer matrix of a passive bending beam corresponds to the
matrix A without the fifth row and column. This means that
the transfer matrix for the passive element Apassive can be
determined from the matrix A by using effective material
and geometry properties of the solenoid unit and by setting
all values in the fifth row and column to zero apart from
Apassive(5,5) ¼ 1.

To solve the system of eqs (23) at least five of the ten
state variables must be known. v1 ¼ 0 and _’1 ¼ 0 results,
since the bimorph end “1” (Figure 5, left) is firmly attached
in the energy harvester housing. At the new free end of the
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passive element no moments M2;passive ¼ 0 are applied.
Only the magnetic force F2;passive ¼ Fe induced by the
rotor excites the bimorph. The Ohm’s law describes the
relationship between voltage and current:

U ¼ ZI ½24�
The impedance Z includes the inner resistance of the
bimorph and the outer electric load. With the knowledge
about the impedance Z a further state variable is elimi-
nated. This allows to solve the system of eqs [23] and to
describe the bimorph behavior.

For the validation of the bimorph model, the
mechanical and electrical admittance Ymech and Yel of
the real and modeled system are compared. Therefore,
the bimorph was excited by a harmonically voltage with
different frequencies. At the same time the resulting cur-
rent in the bimorph and the velocity at the solenoid unit
was measured. After an adaption especially of the damp-
ing parameters a very good correlation in the first mode
could be achieved, see Figure 7.

Non-harmonic Excitation Force Applied to
Linear Oscillating Systems

From dynamic linear systems we know that a response func-
tion UðtÞ is a convolution between the input variable FeðtÞ
and the impulse response function GðtÞ. The convolution
theorem states that the Fourier transform of UðtÞ is a simple
multiplicationof the twoFourier transformsofFeðtÞ andGðtÞ:

UðtÞ ¼ FeðtÞ �GðtÞ ! ÛðωÞ ¼ F̂eðωÞĜðωÞ ½25�
Here ÛðωÞ is the Fourier transform of the output

function, F̂eðωÞ is the Fourier transform of the input
function and ĜðωÞ is the transfer function of the system.
Magnus, Popp, and Sextro (2008) state that the solution
for non-harmonic excitations for mechanical systems
with linear equation of motion can be found by super-
imposition. Therefore the algorithm for non-harmonic
excitation can be divided into three steps:
1. decomposition of the input signal FeðtÞ into sinusoi-

dal components
2. calculation of the response-function for each sinusoi-

dal component separately
3. determination of the output signal UðtÞ by superim-

position of all response functions

Since we assume that the piezoelectric bimorph has lin-
ear behavior and operates in steady-state condition this
principle can also be used here, as Figure 8 illustrates.

The magnetic attraction force that causes the beam
oscillation (see section “Concept of a Hybrid Piezoelectric
and Electromagnetic Energy Harvester” for the experi-
mental rig) is measured by a dynamometer with N sam-
ples per revolution. Relating to a single disc revolution
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the waveform is a periodic but non-harmonic signal
(Figure 9). Since the input signal is not continuous but
sampled the following calculations are performed dis-
crete. According to Butz (2001) for discrete analysis
eq. (25) can be written as

Ûk ¼ F̂e;kĜk k ¼ ð0; :::;N � 1Þ ½26�

Here F̂e;k is a series of complex Fourier coefficients of the
force-measurement respectively input signal. N is the
number of samples for exactly one disc revolution, Ûk

are the Fourier-coefficients of the output signal and Ĝk

are values of the transfer function at frequencies ωk. As
stated by Wang, Shen, and Chen (2012) the Fourier coeffi-
cients F̂e;k can be calculated by discrete Fourier transfor-
mation (DFT):

F̂e;k ¼ 1
N

XN�1

n¼0

Fe;ne�j2πknN k ¼ ð0; :::;N � 1Þ ½27�

With Fe;n as the measurement values. Each Fourier coeffi-
cient encodes the amplitude and phase of a sinusoidal
component of Fe. The amplitude and phase of the sinu-
soidal components can be calculated from:

jF̂e;kj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
<ðF̂e;kÞ2 þ =ðF̂e;kÞ2

q
½28�

ψF̂e;k
¼ arctan

=ðF̂e;kÞ
<ðF̂e;kÞ

½29�

The frequency of those sinusoidal components is k cycles
per revolution. With ωrev being the revolution speed of
the disc the frequency of the components is:

ωk ¼ kωrev k ¼ ð0; :::;N � 1Þ ½30�
Therewith the series Ĝk can be calculated from the con-
tinuous transfer function ĜðωÞ by:

Ĝk ¼ ĜðωkÞ k ¼ ð0; :::;N � 1Þ ½31�

The Fourier coefficients of the output signal now can be
calculated by a multiplication of F̂e;k with Ĝk:

Ûk ¼ jF̂e;kjjĜkjejðψF̂k
þψĜk

Þ ½32�
Ûk is a series of complex Fourier coefficients of the output
signal. Ĝk is the amplitude of the transfer function at a
frequency ωk and ψĜk

is the phase of the transfer function
at the same frequency.

The discrete output signal in time domain can be
determined by inverse DFT. In our case Fe;n are only real
numbers, that is why the DFT of the input signal obeys
the symmetry theorem. From this it follows that the
coefficients with the index k and N � k are complex-
conjugate pairs and therefore have the same amplitude
and phase. That is why the frequency spectrum F̂e;k can
be specified completely by N=2� 1 complex numbers
and a real-valued offset F̂0. Thereby the Ûk-series
is also symmetrical. That is why values from
k ¼ ð0; :::;N=2� 1Þ are summarized twice to reconstruct
the output signal:

Un ¼ 2
XN=2�1

k¼0

Ûke
j2πknN tn ¼ 2πn

ωrevN
n ¼ ð1; :::;NÞ

½33�

Here Un is the discrete non-harmonic electric output sig-
nal in time domain with the corresponding time vector tn.
Independent from revolution speed the output signal is
described by exactly N values.

The box in Figure 8 shows an illustration of the
steps as aforementioned. For different revolution-
speeds ωrev the calculation must be performed sepa-
rately from eqs [30] to [33]. Thereby the output signal
waveform is varying for different speeds, as Figure 11
shows. The root mean square (RMS) values of the out-
put signal for different revolution speeds (Figure 8) can
be taken into account to evaluate the system perfor-
mance. Since the Fourier-coefficients Ûk are sinusoidal

0
−0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

0 5 10 15 20 25 30 35 40
0

0.05

0.1

0.15

0.2

0.25

0,5π 1,5π 2π
Circumference

Fo
rc

e 
F

e 
in

 N

Fourier-coefficient index k

|F
e,

k|

π
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components of the output signal the RMS values of the
electric signals can be calculated directly from this
coefficient. According to Parseval’s theorem (Wang,
Shen, and Chen 2012) the RMS values of the electric
output are

URMS ¼ 1
N

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
XN=2�1

k¼0

jÛkj2
vuut ½34�

Electromagnetic Solenoid

According to Faraday’s law of induction the induced
voltage Ui is caused by a magnetic flux density ~B inside
a solenoid:

Ui ¼ � @Φ
@t

wsol and ΦðhÞ ¼ ~B~S ½35�

Here Φ is the total magnetic flux inside the solenoid,~S is
the vector area of the solenoid and wsol is the number of
windings. ~B is the averaged value of the non-homoge-
neously distributed magnetic flux density across the area
~S. With ~S being oriented in ez-direction and moving in
parallel to the magnets surface only the axial component
Bz of the flux density does matter for induction. Due to
scattering losses in the core material and a highly non-
linear permeability usually a numerical calculation is per-
formed. As in this article analytical solutions are provided
as far as possible, it is assumed that the solenoid is air-
cored and that effects of inductive coupling can be
neglected. Thus the performed calculations are taken to
estimate the minimum number of windings and a mini-
mum surface area. The expected induction voltage is
bigger since the core material has got high permeability.
Therefore the simulation values have to be scaled by a
correction factor, which is determined from measure-
ments. Laborenz et al. (2010) describe how the radial
components of the magnetic flux density of cylindrical
permanent magnets can be approximated analytically.
Basic approach is the magnetic vector potential ~A, which
is often used in FEM. For a cylindrical permanent magnet
according to Lehner (2005) the magnetic vector potential
consists only of a tangential component ~A ¼ A’~e’. The
flux density in axial direction is then given by

~B ¼ rot~A ! Bz ¼ @

@r
A’ ½36�

A’ has to be calculated from elliptic integrals according
to Laborenz et al. (2010). Relating the magnetic flux
density of four nearby magnets to a disc circumference
s eq. [35] can also be written as

Ui ¼ � @Φ
@t

wsol ¼ �wsolS
@B
@s

@s
@t

½37�

Here @B
@s is the flux density gradient along disc circumfer-

ence and @s
@t is the radial speed. With r as the disc radius

eq. [37] can be transformed to

UiðωrevÞ ¼ �S
@B
@s

rωrev ½38�

Here it is evident, that in contrast to the bimorph the
waveform of the time-domain voltage signal is just
depending on the magnetic flux gradient @B

@s. The gradient
is subject to number of magnets, their size and their
placement. However the induced voltage magnitude
grows linear with the number of windings, surface area
and revolution speed.

Coupling Effects

The coupling effects between the two transducers can be
divided into an electric coupling effect (caused by the
electric connected of the transducers) and an electrome-
chanical coupling effect (caused by Lenz law). The elec-
tric coupling effect can be avoided by preventing the
charge flow between the transducers. Therefore either
the transducers should be connected to separate loads
or an electric wave rectifier should be installed, as shown
in Figure 10. In this paper the transducers are always
connected to separate loads.

The electromechanical coupling effect can be deter-
mined from measurements. Therefore the power output of
one transducer is measured separately while the other is
either in short-circuit or in open-loop condition.
Measurements on an experimental setup, as shown in
Figure 4, have led to the assumption that the electrome-
chanical coupling effect is negligible. The differences in
power output between the operation modes are so small

Piezo Solenoid

Energy storage

+

−

Figure 10: Wave rectifier circuits to avoid direct backward coupling
effects between piezoelectric and electromagnetic generators.
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that they can be regarded as being within the accuracy of
a measurement. Thereby the electromechanical coupling
is not considered in the model.

Analysis

In this analysis the open-electrode voltage is used as a
reference to compare the time domain signals and there-
with the systems dynamics of the model and the proto-
type device. For the bimorph Figure 11 shows the
simulated versus the measured voltage signals in time
domain during one revolution period for three exemplary
chosen revolution speeds. The simulation data is a recon-
struction from the transfer function and the excitation
force as described in section “Modeling”. As electric
boundary condition the load impedance Zload is set to
infinity, this is equal to open-electrode condition. It is
evident that the simulations (Figure 11 red) can reproduce
the real system behavior (Figure 11 blue) almost exactly.
From the Fourier coefficients on the bottom of Figure 11
and from the signals theirself it can be seen that the rate
of higher harmonic oscillations in the simulated signal is
marginally overrated. Since there are four magnets on
circumference of the disc the dominant Fourier coeffi-
cient index is k ¼ 4. Therefore the Fourier coefficients
are normalized to this value. From this it can be followed
that at higher bending modes the calculated transfer
function differs slightly more from the real system.
However at lower frequencies it matches the system
almost exactly.

Figure 12 shows a comparison between the measure-
ment of open-electrode induction voltage from the sole-
noid and a calculation at a certain rotation speed. It is
evident that both waveforms are very similar, this is a
proof for a correct solenoid model. The magnitude of the

measured voltage signal is bigger as the real system has
got a high permeability core, which increases the mag-
netic flux flowing through the solenoid. Comparing the
RMS values of both signals a correction factor of 1; 4 is
calculated. This factor is almost constant for all consid-
ered revolution speeds.

For optimization purposes of an energy-harvesting
system the study of the power output for different excita-
tion speeds and electric loads is very important. The RMS
power output in this analysis is calculated from the mul-
tiplication of the current and voltage across a varying
load resistance (see Figure 4 for experimental setup).
Figure 13 shows a comparison of the simulation data
based on the models in section “Modeling” and measure-
ments on the prototype. Both, the bimorphs model as
well as the solenoids model, show a very good agreement
with the measurements. From this data it is evident that
the maximum power output of the two transducers is
reached at different electric loads (marked by black
dotted lines in Figure 13).

The optimum load-resistance for the bimorph is
Zopt;piezo ¼ 100 kΩ and the optimum for the solenoid is
reached at only Zopt;sol ¼ 450Ω. Figure 14 shows the
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comparison between RMS power output of the models and
the measurements for the optimum load resistance and
underline the correlation between model and measurement
results. Measurements and simulation show that the sole-
noid provides more power at low electric loads and
decreases strongly at higher loads (Figure 15). Figure 15
compares directly the simulated power output of the two
transducers for different loads and excitation speeds. At
higher loads and lower excitation speeds the power output
of the bimorph overexceeds the power output of the
solenoid.

This power compensation is the intended benefit of
the hybrid concept.
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Finally, it can be stated that with our modeling
approach it is possible not only to prove the performance
of the prototype but also to optimize our concept for
different load conditions and excitation frequencies.
With a proper adjustment of the system parameters a
broadband behavior can be achieved.

Conclusion

The volume of an energy-harvesting system is often
limited by a defined space. In addition to this the exci-
tation frequency and the electric load may vary with
time. In this paper a modeling approach for a hybrid
piezoelectric and electromagnetic energy-harvesting
concept has been proposed which enables to optimize
system parameter for maximum broadband energy har-
vesting. Therefore a brief overview of existing piezo-
electric, electromagnetic and hybrid energy-harvesting
concepts for rotational and vibrational energy sources
was given. From this a new approach for rotating appli-
cations was developed and presented. The concept is
based on a piezoelectric parallel bimorph, structural
combined with a solenoid on its tip. Permanent mag-
nets attached to a rotating object excite the bimorph
and induce a voltage into the solenoid. Since the mag-
netic attraction force is non-harmonic, a method was
submitted, which allows to determine the electric out-
put of the bimorph by Fourier transformation and
superimposition. For the bimorph an analytical model
in the form of a compact transfer matrix is derived. The
model is based on the Euler–Bernoulli beam theory and
considers the piezoelectric coupling as well as the mul-
tilayer aspects of a bimorph. Compared to a FEM calcu-
lation, this method offers a reduced computation time,
quick investigation of load influences as well as a sim-
ple way to combine several passive and active elements
by matrix multiplication.

The calculated electric output signals of the
bimorph and of a simple modeled solenoid have been
compared to measurements of a prototype device. The
comparison of these signals has shown that the simu-
lation matches the measurements almost exactly and
thus the modeling can be used to optimize the device
in future. The RMS values of the power output, which
depend on revolution speed and electric load, were
measured and simulated to evaluate the frequency-
domain performance of the device. The concept shows
a broadband behavior and an equalization of the
power drops over a stand-alone piezoelectric vibration

harvester, which is a primary goal in energy-harvesting
research. Thus the concept is ideal for application with
highly fluctuating revolution speeds.
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