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Abstract: Cantilever beams are widely used for designing
transducers for low-frequency vibration energy harvest-
ing. However, in order to keep the dimensions within
reasonable constraints, a large tip mass is generally
required for reducing the resonance frequency below
100 Hz which has adverse effect on the reliability. This
study provides a breakthrough toward realizing low-fre-
quency micro-scale transduction structures. An analytical
out-of-plane vibration model for standalone arc-based
cantilever beams was developed that includes provisions
for shear and rotary inertia, multidirectional arcs, and
multiple layers. The model was applied to a multilayered
cantilever beam (10-mm wide and 0.1-mm thick) com-
posed of three arcs, and the results indicate that the
fundamental bending mode of the beam was 38 Hz for
a silicon substrate thickness of 100 μm. The model was
validated with modal experimental results from an arc-
based cantilever made out of aluminum.
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Introduction

The performance, capabilities, and deployment of wire-
less sensor networks (WSNs) continue to rise. One of the
reasons for the rapid proliferation of the WSNs is related
to the significant progress being made in CMOS electro-
nics that has brought down the power requirements

considerably. At the same time, there has been significant
progress in development of energy harvesters that can
meet the power requirements of the electronics and
enhance the lifetime and limitations of a conventional
battery. Among these varieties of energy harvesting
approaches, vibration energy harvesting (VEH) has been
pursued both as an alternative and as a supplement to
batteries, and in recent years there has been a surge in
the number of publications in this area. In order for VEH
to become practical, the size and weight of the harvester
should be compatible with the mm-scale electronics and
sensors. Recent study by Mitcheson et al. (2007) has
shown that at the mm-scale, piezoelectric mechanism
provides the best output power density at low frequencies
as compared to other possible mechanisms for VEH.
However, piezoelectric-based VEH presents a fundamen-
tal challenge at the small dimensions, since the reso-
nance frequency of the structure increases as the
dimension decreases. This challenge should be overcome
in order for this technology to become compatible with
the applications.

Vibration analysis of curved beams has been exten-
sively investigated in literature. Ojalvo (1962) has pre-
sented an analysis of coupled twist-bending vibrations
of incomplete circular rings by applying the classical
Euler–Bernoulli beam theory. A two-span curved girder
was modeled by Culver and Oestel (1969) for use in the
bridge structures. Some of the early literature in this field
has utilized Timoshenko beam theory (Timoshenko 1921)
and investigated the effects of transverse shear and rotary
inertia on circular beam vibration (Philipson 1956; Rao
1971; Rao and Sundararajan 1969; Seidal and Erdelyi
1964). Rao (1971) have shown that the modeling of circu-
lar arc beams without incorporation of both rotary inertia
and shear deformation leads to errors in the calculation
of natural frequencies. Over the past four decades, there
have been other reports that have incorporated the
Timoshenko beam theory in modeling of circular arc or
ring beams. Wang et al. (Tung-Ming, Laskey, and Ahmad
1984; Wang, Nettleton, and Keita 1980) have studied the
out-of-plane vibrations of continuous unidirectional
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circular beams with and without shear and rotary inertia
consideration. Their study provided the detailed develop-
ment of a dynamic circular beam stiffness matrix.
Howson and Jemah (1999) have also studied out-of-
plane vibrations of continuous unidirectional circular
beams and introduced parameters that can be modified
to gauge the effects of shear and rotary inertia. More
recently, Lee and Chao (2000) presented the theory for
non-uniform circular arc beams with constant radius.
However, the exact modeling of continuous circular arc
beams which are multilayered and multidirectional has
been absent in literature.

Cantilever beams have been used widely in low-fre-
quency energy harvesting applications at the micro-scale
(Karami and Inman 2011). However, the increase in nat-
ural frequency as cantilevers become smaller limits the
low-frequency potential of standalone micro-cantilevers.
Several researchers have attempted to resolve this pro-
blem by adding a tip mass to the end of the cantilever.
However, a more effective method lies in developing
uniquely shaped cantilevers, such as arc-based cantile-
vers, which exhibit low natural frequencies. In this paper,
a general out-of-plane vibration model for single and
continuous circular arc beams is presented. The effects
of bending, torsion, transverse shear deformation, and
rotary inertia have been incorporated in the development
of the model. The model can be applied for multilayered
beams with different beam boundary conditions (e.g.
clamped, pinned, and free). To demonstrate the applica-
tion of model, an example of a multilayered multidirec-
tional continuous beam with three circular arcs is
included. The beam was designed for piezoelectric energy
harvesting application. To verify the accuracy of the
numerical model, experimental results of an arc-based
cantilever are compared with numerical results. The

theory presented in this paper can be applied to the
modeling of micro-scale or macro-scale beams which
can be divided into any number of circular arcs (such
as S-shaped beams).

Theoretical development of the
model

Governing equations

Consider the circular arc beam shown in Figure 1. The
expressions for the bending moment, M, and twist tor-
que, T, of the beam can be written as (Rao 2007):

Mðθ; tÞ ¼ YI
R

’� @ψ
@θ

� �
½1�

Tðθ; tÞ ¼ GJ
R

ψ þ @’

@θ

� �
½2�

where Y is the Young’s modulus, I is the area moment of
inertia in the bending plane,G is themodulus of rigidity, J is
the polar moment of inertia, R is the radius, ’ is the angle of
twist, ψ is the slope of the deflection curve when shearing is
neglected, θ is the angular coordinate, and t is the time.

In the presence of shearing force, the slope of the
transverse deflection curve is expressed as:

1
R
@z
@θ

¼ ψ þ α ½3�

where z is the vertical displacement (deflection) of the
beam, and α is the angle of shear at the neutral axis. We
canexpress theshear force in the transversedirection(Q)as:

x

( ∗, ) = (0,0)

z

( ∗, ) = ( , )

R

δθ

y ― δy

T(θ,t)

M(θ,t)

δy

Figure 1 Schematic representation of a circular arc beam
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Qðθ; tÞ ¼ ηαAG ½4�
where A is the cross-sectional area of the beam and η is
the shear coefficient. The parameter η is an indication of
the variation of α through the cross-section. For rectan-
gular cross-sections, η can be expressed as (Blevins 1979):

η ¼ 10 1þ νð Þ
12þ 11ν

½5�

where ν is the Poisson’s ratio. From eqs [3] and [4], we
can express Q as:

Q θ; tð Þ ¼ ηAG
1
R
@z
@θ

� ψ

� �
½6�

For free vibrations, external force and torque distri-
butions are neglected, and the equations of motion for
the rotation of a circular arc about the radial and tangen-
tial axes can be written as:

@M
@θ

þ T � QR ¼ �ρIR
@2ψ
@t2

½7�

M � @T
@θ

¼ �ρJR
@2’

@t2
½8�

where ρ is the mass density of the beam. The equation
governing the translation of a differential element of the
beam in the transverse direction is given as:

@Q
@θ

¼ ρAR
@2z
@t2

½9�

Using input from eqs [1]–[6], eqs [7]–[9] can be
re-written as:
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¼ YI
ηARG

@’
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From eqs [10]–[12], we can obtain a single equation of the
form:
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where k is the stiffness parameter ðk ¼ GJ=YIÞ. We can
assume solutions for the transverse deflection, slope, and
twist of the beam as:

z ¼ Z θð Þejωt; ψ ¼ Ψ θð Þejωt; ’ ¼ Φ θð Þejωt ½14a–c�

where ω is the natural frequency and j ¼ ffiffiffiffiffiffi�1
p

. Applying
the assumed solutions to eqs [11]–[13], we obtain the
spatial form of the equations as:

kΦ00 þ ku� 1ð ÞΦ ¼ �Ψ 0 k þ 1ð Þ ½15�

Ψ 0 ¼ 1
R
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η
Z

� �
½16�

ZVI þmZIV þ nZ00 þ qZ ¼ 0 ½17�
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We can further assume spatial solutions of the form:

Z θð Þ ¼
X6
n¼1

aneγnθ; Ψ θð Þ ¼
X6
n¼1

anbneγnθ;

Φ θð Þ ¼
X6
n¼1

ancneγnθ
½19a–c�

where the values of an are numerical constants, and
the values of γn are the roots of the characteristic
equation:

γ6 þmγ4 þ nγ2 þ qγ ¼ 0 ½20�

Plugging the assumed spatial solutions into eq. [15], we
obtain the values of bn and cn as:

D. J. Apo et al.: Vibration Modeling of Arc-Based Cantilevers 59



bn ¼ 1
R

γn þ
u
ηγn

� �
cn ¼ bnγn

1þ k
1� ku� γ2nk

� �
; ½21a–b�

Boundary and continuity matrices

In order to calculate the natural frequencies, we consider
six properties. These properties include the deflection,
slope, and twist as expressed in eq. [19a–c]. The other
three properties are the bending moment (M), twist tor-
que (T), and transverse shear force (Q). They are deter-
mined from eqs [1], [2], [6], and [19a–c] and expressed as:

M θð Þ ¼ YI
R

X6
n¼1

an cn � bnγnð Þeγnθ� �

T θð Þ ¼ GJ
R

X6
n¼1

an bn þ cnγnð Þeγnθ� �

Q θð Þ ¼ ηAG
X6
n¼1

an
γn
R
� bn

	 

eγnθ

h i
½22a–c�

Therefore for any circular arc beam defined with θ in the
clockwise direction, we can define the continuity condi-
tions by the beam properties at its ends. We can represent
the beam properties at the start of the arc (AS) in matrix
form as:

AS ¼

1

b1
c1

c1 � b1γ1
R

b1 þ c1γ1
R

γ1
R
� b1

1

b2
c2
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R
� b2

1
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R
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R
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R
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R

γ6
R
� b6

2
66666666666664

3
77777777777775

½23�

while the beam properties at the end of the arc (AE) can
be written as:

AE ¼

eγ1θ
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2
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The matrices AS and AE serve as the continuity
conditions for beams comprising more than one
circular arc.

For any circular arc beam or combination of circu-
lar arc beams, we can write the known boundary con-
ditions at the two ends, BEð3�6Þ, in matrix form. For a
beam clamped at one end and free on the other end,
and consisting of i number of circular arcs, the known
boundary conditions are (Blevins 1979):

Z1 θ�ð Þ ¼ 0;Ψ1 θ�ð Þ ¼ 0;Φ1 θ�ð Þ ¼ 0;Mi θ
�ð Þ ¼ 0;

Ti θ
�ð Þ ¼ 0; and Qi θ

�ð Þ ¼ 0 ½25a–f�
where θ* represents the angular location (0 or θ) on the
arc to which the boundary condition is applied.
Therefore, we can obtain the boundary condition
matrices as:

BEα ¼
eγ11θ

�
1 eγ12θ

�
1 eγ13θ

�
1

b11eγ11θ
�
1 b12eγ12θ

�
1 b13eγ13θ

�
1

c11eγ11θ
�
1 c12eγ12θ

�
1 c13eγ13θ

�
1

eγ14θ
�
1 eγ15θ

�
1 eγ16θ

�
1

b14eγ14θ
�
1 b15eγ15θ

�
1 b16eγ16θ

�
1

c14eγ14θ
�
1 c15eγ15θ

�
1 c16eγ16θ

�
1

2
664

3
775

½26�
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BEb ¼

ci1 � bi1γi1
Ri

� �
eγi1θ

�
i

ci2 � bi2γi2
Ri

� �
eγi2θ

�
i

ci3 � bi3γi3
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� �
eγi3θ

�
i

bi1 þ ci1γi1
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� �
eγi1θ

�
i

bi2 þ ci2γi2
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� �
eγi2θ

�
i
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Ri
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�
i

γi1
Ri

þ bi1
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eγi1θ

�
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γi2
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�
i

γi3
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þ bi3

� �
eγi3θ

�
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ci4 � bi4γi4
Ri

� �
eγi4θ

�
i

ci5 � bi5γi5
Ri

� �
eγi5θ

�
i

ci6 � bi6γi6
Ri

� �
eγi6θ

�
i

bi4 þ ci4γi4
Ri

� �
eγi4θ

�
i

bi5 þ ci5γi5
Ri

� �
eγi5θ

�
i

bi6 þ ci6γi6
Ri

� �
eγi6θ

�
i

γi4
Ri

þ bi4

� �
eγi4θ

�
i

γi5
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þ bi5
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eγi5θ

�
i

γi6
Ri
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eγi6θ

�
i

2
666666664

3
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Natural frequencies and mode shapes

The boundary and continuity conditions described so far
result in an eigenvalue problem for continuous beams
with circular arcs. To obtain the natural frequencies for
a single arc beam, we can write the expression as:

½H�6�6 a½ �6�1 ¼ ½0�6�1 ½28�
where

H½ �6�6 ¼
BEa

BEb

� �
½29�

and

a½ �6�1 ¼ a1; a2; . . . ; a6½ �T ½30�
with known values of beam material properties and geo-
metry for the arc, H½ �6�6 is only dependent on ω. The
values of ω which satisfies detðHÞ ¼ 0 are the natural
frequencies of the beam. The numerical constants can be
obtained thereafter by setting a6 to an arbitrary value and
solving for a1 to a5 from eq. [28]. Thereafter, the mode
shapes can be obtained by plugging the numerical con-
stants into eq. [19a–c]. For a beam consisting of i number
of arcs, we can write

½H�6i�6i a½ �6i�1 ¼ ½0�6i�1 ½31�
where H½ �6i�6i is a combination of the beam boundary and
continuity matrices and a½ �6i�1 is a combination of the
numerical constants of the circular arcs which can be
expressed as:

a½ �6i�1¼ a11; . . . ; a16; . . . ; ai1; . . . ; ai6½ �T ½32�
Again, with known values of beam material
properties and geometry for each arc, H½ �6i�6i is only
dependent on ω: Therefore the values of ω which satisfies
detðHÞ ¼ 0 are the natural frequencies of the beam.
The numerical constants can be obtained thereafter by
setting ai6 to an arbitrary value and solving for a11 to ai5
from eq. [31]. Thereafter, the mode shapes can be
obtained by plugging the numerical constants into eq.
[19a–c].

In order to reduce numerical errors and time, we can
reduce the sizes of matrices in eq. [31]. If CS and CE
represent the start and end continuity matrices, respec-
tively, of an arc in the direction of the full beam (e.g.
clamped end to free end), continuity conditions require
that (Karami and Inman 2011):

ai1
ai2
..
.

ai6

2
6664

3
7775 ¼ CS�1

i CEi�1

aði�1Þ1
aði�1Þ2

..

.

aði�1Þ6

2
6664

3
7775 ½33�

Note that CS and CE are determined by the direction of
the whole beam and either of CS and CE could therefore
occur at θ� ¼ 0 i:e:matrixASð Þ or θ� ¼ θ i:e:matrixAEð Þ of
the specified arc. Also, the bottom three rows of the CS
matrix for each beam must be multiplied by –1 to account
for the equilibrium conditions from one arc to the next.
The equilibrium conditions are

Zi�1 θ�ð Þ ¼ Zi θ�ð Þ; Ψi�1 θ�ð Þ ¼ Ψi θ
�ð Þ; Φi�1 θ�ð Þ ¼ Φi θ

�ð Þ;
Mi�1 θ�ð Þ ¼ �Mi θ

�ð Þ;Ti�1 θ�ð Þ ¼ �Ti θ
�ð Þ; and

Qi�1 θ�ð Þ ¼ �Qi θ
�ð Þ ½34a–f�

Therefore, we can write

ai1
ai2
..
.

ai6

2
6664

3
7775 ¼ CSE

a11
a12
..
.

a16

2
6664

3
7775 ½35�

where

CSE ¼ CS�1
i CEi�1CS�1

i�1CEi�2; . . . ;CS�1
2 CE1 ½36�

The eigenvalue problem now becomes

½N�6�6 a1½ �6�1¼ ½0�6�1 ½37�
where

N½ �6�6¼
BEa

BEb � CSE

� �
½38�

and
a1½ �6�1¼ a11; a12; . . . ; a16½ �T ½39�
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As with matrices H½ �6�6 and H½ �6i�6i, the values of ω
which satisfy detðNÞ ¼ 0 are the natural frequencies of
the beam. Thereafter, the numerical constants for the first
arc can be obtained by setting a16 to an arbitrary value
and solving for a11 to a15 from eq. [37]. The numerical
constants for the remaining arcs can then be obtained by
applying eq. [33]. The mode shapes can be obtained by
plugging the numerical constants into eq. [19a–c].

Effective mechanical properties for
multilayered beams

In many applications of micro-cantilever beams, a
number of layers of different materials are bonded to
each other to provide the desired effect. For multilayered
beams with rectangular cross-sections, we can determine
approximate effective properties needed for calculating
the natural frequencies and mode shapes. The theory
presented here is based on the following assumptions:
(1) The beam is in uniform torsion;
(2) The beam layers as well as the composite beam are

elastic, homogeneous, and isotropic;
(3) The beam layers are perfectly bonded to prevent in-

plane shearing; and
(4) The overall thickness of the composite beam is

small compared with its width and length.

The effective properties required for calculating the nat-
ural frequencies of circular arc beams are the effective

flexural rigidity, YI, the effective shear modulus, G, the
effective mass per unit length, ρA, and the effective
Poisson’s ratio, ν. Consider the beam cross-section
shown in Figure 2(a) where the bottom layer is the thicker
of the two layers. The distances from the neutral axis can
be expressed as (Erturk and Inman 2008; Timoshenko
and Young 1968):

nb;2 ¼
h22 þ 2h2h1 þ Y1

Y2
h21

2 h2 þ Y1
Y2
h1

	 


nt;2 ¼
h22 þ 2 Y1

Y2
h2h1 þ Y1

Y2
h21

2 h2 þ Y1
Y2
h1

	 
 ½40�

where nb;2 represents the distance from the end of the
bottom layer to the neutral axis (for 2 layers), nu;2 repre-
sents the distance from the top of the top layer to the
neutral axis (for 2 layers), h1 is the thickness of the
bottom layer, and h2 is the thickness of the top layer.
Therefore, we can write the effective flexural rigidity for a
beam with two layers and width W as:

YIð Þ2¼
W
3

Y1 n3b;2 þ nt;2 � h2

 �3	 


þ Y2 n3t;2 � nt;2 � h2

 �3	 
h i

½41�
Now consider a beam with more than two layers. If we
rearrange the layers (from bottom to top) in descending
order of their thicknesses, we can obtain a well-defined
cross-section as shown in Figure 2(b). The effective flex-
ural rigidity for a beam with n layers can be written as:

YI ¼ YIð Þn¼
W
3

Ye;n�1 n3b;n þ nt;n � hn

 �3	 
h

þYn n3t;n � nt;n � hn

 �3	 
i ½42�

where

Ye;n�1 ¼ W
3Ie;n�1

Ye;n�2 n3b;n�1 þ nt;n�1 � hn�1

 �3	 
h

þYn�1 n3t;n�1 � nt;n�1 � hn�1

 �3	 
� ½43�

and this is solved further until Y1. Therefore for n
layers, there are n� 1 flexural rigidity equations to be
solved in order to obtain the overall effective flexural
rigidity. Note that any term with subscript e indicates
an effective property and not the property of a single
layer. For example, Ye;n�1 denotes the effective Young’s
modulus for layers 1 to n� 1 while Yn�1 denotes the
Young’s modulus for layer n� 1 only. The effective
thickness for n layers is simply a sum of the thick-
nesses of all the n layers, while the effective area

,2

,2

ℎ1

ℎ2 ,2

,2

ℎ −1

ℎ

, −1

, −1

,

,

Layer 1

Layer 2

Neutral axis

ℎ2

ℎ1

Layer 2

Layer 1

(a)

(b)

Layer
Ð1Layer

Figure 2 Schematic depiction of multilayered beam cross-sections
with the layers arranged in order of decreasing thickness (from
bottom to top): (a) cross-section of a beam with two layers and (b)
cross-section of a beam with n layers
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moment of inertia for n layers is calculated assuming
the n layers comprise a single beam. We can also write
the distances from the neutral axis for any number of
layers. For n layers, the equations for the distance to
the neutral axis can be written as:

nb;n ¼
h2n þ 2hnhe;n�1 þ Ye;n�1

Yn
h2e;n�1

2 hn þ Ye;n�1

Yn
he;n�1

	 


nt;n ¼
h2n þ 2 Ye;n�1

Yn
hnhe;n�1 þ Yn�1

Yn
h2e;n�1

2 hn þ Ye;n�1

Yn
he;n�1

	 
 ½44�

The effective mass per unit length and Poisson’s ratio
for a beam with n layers can be calculated from rule of
mixtures and expressed as (respectively):

ρA ¼ W
Xn
i¼1

ρihi ½45�

and

ν ¼ 1Pn
i hi

Xn
i¼1

νihi ½46�

The effective shear modulus, G, can be obtained from:

G ¼ Y
2 1þ νð Þ ½47�

Cantilever beam example

Modeling analysis

A multilayered cantilever beam with constant cross-sec-
tion is shown in Figure 3. It is clamped at one end and
free at the other. The beam has been designed for piezo-
electric energy harvesting. The beam is layered with dif-
ferent materials which have different material properties,
and thicknesses are described in Table 1. The boundary
condition matrices for the cantilever are

Multilayered
cantilever
beam

Clamped
end

Free
end

(a)

Arc 2

Arc 1

Arc 3

(b)

θ2 = 180°

 = 135°

R = 10 mm

W = 10 mm

R1 = R2 = R3 = R

θ1 = 90°
θ3 

Figure 3 Exampleofamicro-cantileverbeamwith threecirculararcs: (a) 3Dviewof thebeamand(b)2Dviewof thebeamshowing itsdimensions
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BEaðfixed endÞ ¼
eγ11π=2 eγ12π=2 eγ13π=2

b11eγ11π=2 b12eγ12π=2 b13eγ13π=2

c11eγ11π=2 c12eγ12π=2 c13eγ13π=2

eγ14π=2 eγ15π=2 eγ16π=2

b14eγ14π=2 b15eγ15π=2 b16eγ16π=2

c14eγ14π=2 c15eγ15π=2 c16eγ16π=2

2
6664

3
7775 ½48�

BEbðfree endÞ ¼

c31 � b31γ31
R3

c32 � b32γ32
R3

c33 � b33γ33
R3

b31 þ c31γ31
R3

b32 þ c32γ32
R3

b33 þ c33γ33
R3

γ31
R3

� b31
γ32
R3

� b32
γ33
R3

� b33

c34 � b34γ34
R3

c35 � b35γ35
R3

c36 � b36γ36
R3

b34 þ c34γ34
R3

b35 þ c35γ35
R3

b36 þ c36γ36
R3

γ34
R3

� b34
γ35
R3

� b35
γ36
R3

� b36

2
666666664

3
777777775

½49�

The continuity matrices are

CE1 ¼

1

b11
c11

c11 � b11γ11
R1

b11 þ c11γ11
R1

γ11
R1

� b11

1

b12
c12

c12 � b12γ12
R1

b12 þ c12γ12
R1

γ12
R1

� b12

1

b13
c13

c13 � b13γ13
R1

b13 þ c13γ13
R1

γ13
R1

� b13

1

b14
c14

c14 � b14γ14
R1

b14 þ c14γ14
R1

γ14
R1

� b14

1

b15
c15

c15 � b15γ15
R1

b15 þ c15γ15
R1

γ15
R1

� b15

1

b16
c16

c16 � b16γ16
R1

b16 þ c16γ16
R1

γ16
R1

� b16

2
66666666666664

3
77777777777775

½50�

CS2 ¼

1

b21
c21

� c21 � b21γ21
R2

� b21 þ c21γ21
R2

� γ21
R2

� b21

� �

1

b22
c22

� c22 � b22γ22
R2

� b22 þ c22γ22
R2

� γ22
R2

� b22

� �

1

b23
c23

� c23 � b23γ23
R2

� b23 þ c23γ23
R2

� γ23
R2

� b23

� �

1

b24
c24

� c24 � b24γ24
R2

� b24 þ c24γ24
R2

� γ24
R2

� b24

� �

1

b25
c25

� c25 � b25γ25
R2

� b25 þ c25γ25
R2

� γ25
R2

� b25

� �

1

b26
c26

� c26 � b26γ26
R2

� b26 þ c26γ26
R2

� γ26
R2

� b26

� �

2
666666666666664

3
777777777777775

½51�

Table 1 Properties of the materials used for the micro-cantilever layers

Material Layer no. (effective no.)* Thickness [μm] Young’s modulus [GPa] Density [g/cm3] Poisson’s ratio

Pt 5 (6) 0.2 168 21.45 0.38
PZT 4 (2) 1 66 7.8 0.35
Pt 5 (5) 0.2 168 21.45 0.38
TiO2 3 (4) 0.25 230 4 0.27
SiO2 2 (3) 0.5 73 2.2 0.17
Si 1 (1) 100–200 112 2.329 0.28

Notes: *The layer number indicates the actual position of the layer numbering from bottom to top. The effective number indicates the
re-ordered position of the layer (from bottom to top) for calculating effective properties.
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CE2 ¼

eγ21π

b21eγ21π

c21eγ21π

c21 � b21γ21
R2

� �
eγ21π

b21 þ c21γ21
R2

� �
eγ21π

γ21
R2

� b21

� �
eγ21π

eγ22π

b22eγ22π

c22eγ22π

c22 � b22γ22
R2

� �
eγ22π

b22 þ c22γ22
R2

� �
eγ22π

γ22
R2

� b22

� �
eγ22π

eγ23π

b23eγ23π

c23eγ23π

c23 � b23γ23
R2

� �
eγ23π

b23 þ c23γ23
R2

� �
eγ23π

γ23
R2

� b23

� �
eγ23π

eγ24π

b24eγ24π

c24eγ24π

c24 � b24γ24
R2

� �
eγ24π

b24 þ c24γ24
R2

� �
eγ24π

γ24
R2

� b24

� �
eγ24π

eγ25π

b25eγ25π

c25eγ25π

c25 � b25γ25
R2

� �
eγ25π

b25 þ c25γ25
R2

� �
eγ25π

γ25
R2

� b25

� �
eγ25π

eγ26π

b26eγ26π

c26eγ26π

c26 � b26γ26
R2

� �
eγ26π

b26 þ c26γ26
R2

� �
eγ26π

γ26
R2

� b26

� �
eγ26π

2
666666666666666664

3
777777777777777775

½52�

CS3 ¼

eγ313π=4

b31eγ313π=4

c31eγ313π=4

� c31 � b31γ31
R3

� �
eγ313π=4

� b31 þ c31γ31
R3

� �
eγ313π=4

� γ31
R3

� b31

� �
eγ313π=4

eγ323π=4

b32eγ323π=4

c32eγ323π=4

� c32 � b32γ32
R3

� �
eγ323π=3

� b32 þ c32γ32
R3

� �
eγ323π=4

� γ32
R3

� b32

� �
eγ323π=4

eγ333π=4

b33eγ333π=4

c33eγ333π=4

� c33 � b33γ33
R3

� �
eγ333π=4

� b33 þ c33γ33
R3

� �
eγ333π=4

� γ33
R3

� b33

� �
eγ333π=4

eγ343π=4

b34eγ343π=4

c34eγ343π=4

� c34 � b34γ24
R3

� �
eγ343π=4

� b34 þ c34γ34
R3

� �
eγ343π=4

� γ34
R3

� b34

� �
eγ343π=4

eγ353π=4

b35eγ353π=4

c35eγ353π=4

� c35 � b35γ35
R3

� �
eγ353π=4

� b35 þ c35γ35
R3

� �
eγ353π=4

� γ35
R3

� b35

� �
eγ353π=4

eγ363π=4

b36eγ363π=4

c36eγ363π=4

� c36 � b36γ36
R3

� �
eγ363π=4

� b36 þ c36γ26
R3

� �
eγ363π=4

� γ36
R3

� b36

� �
eγ363π=4

2
6666666666666664

3
7777777777777775

½53�

The eigenvalue problem for the beam was solved by
combining the beam continuity and boundary matrices
according to eq. [38] for the values of ω which satisfy
detðNÞ ¼ 0. The numerical constants for arc 1 were
obtained by setting a16 to 1 and solving for a11 to a15
from eq. [37]. Thereafter, the numerical constants for
arcs 2 and 3 were obtained by applying eq. [33]. The
mode shapes were obtained by plugging the numerical
constants into eq. [19a–c].

Figure 4 shows the effect of varying the thickness of
the silicon substrate layer of the beam on the variable u
for first four modes (also see eq. [15]). The variable u is
useful for determining the effect of arc geometry (e.g.

thickness and arc radius) on the natural frequency.
When u is varied as a function of silicon layer thickness,
it behaves nonlinearly, and the nonlinearity increases
with mode number. The normalized fundamental mode
shape of the beam centerline for the beam described in
Table 1 and Figure 3 is shown in Figure 5(a) and 5(b). In
this case, the silicon layer thickness is 100 μm. The
fundamental mode occurs at 38 Hz, and it exhibits domi-
nant bending behavior. The fundamental bending mode
is advantageous for applications which rely on uniform
cantilever straining such as piezoelectric energy harvest-
ing. The steps required for modeling the multilayered arc-
based cantilever beams are summarized in the modeling
flow chart in Figure 6.

Experimental verification of the numerical
model

Modal experimental verification was performed on the canti-
lever. The geometry of the beam (except thickness) is same as
in Figure 3, and it is made up of 0.4064-mm thick aluminum.
The experimental setup is shown in Figure 7. The shaker was
used to provide a base acceleration to the cantilever which
wasmeasuredby the accelerometer,while the accelerationof
the cantilever wasmeasured by using a laser beam. The peak
values of the cantilever acceleration (relative to the shaker
acceleration) denote thenatural frequencies of the cantilever.
The first fourmodes of the experimental cantilever are shown
in Figure 8. It can be seen that the results from the numerical
model are in close agreement for the first four modes (<2%
error). Euler–Bernoulli equation (Blevins 1979) for a straight
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u 
x 

10
4

1.5

2
Mode 1
Mode 2
Mode 3
Mode 4

120 140

Silicon layer thickness [µm]

160 180 200

Figure 4 Variation of u with silicon layer thickness for the
arc-based cantilever with three arcs
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cantilever beamwith samewidth (10mm), thickness (0.4064
mm), and length distance (50mm) as the experimental canti-
leverproduces144.27,902.43,1,359.6,and2,533Hzfor thefirst
four modes. Therefore, the straight cantilever exhibits 37–
204% increase in natural frequency (frommode 1 to mode 4)
when comparedwith the experimental arc-based cantilever.

Conclusions

A general out-of-plane vibration model for continuous
arc-based cantilevers which includes the effects of shear

and rotary inertia and also considers the multiple layers
of different materials has been developed for the deter-
mining the natural frequency and mode shapes. Based on
the Timoshenko beam theory, an eigenvalue problem was
developed which enables the analysis of multidirectional
continuous beams. Expressions for effective properties of
multilayered beams were obtained based on calculation
of the distances of the layers from the neutral axes and
reordering of the layers by decreasing thicknesses. An
example cantilever beam was analyzed to illustrate the
application of the model and the potential for achieving
low-frequency resonance in arc-based beams at the
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micro-scale. As indicated by the results, the fundamental
mode was 38 Hz for 100-μm-thick silicon substrate. The
mode shapes showed the behavior of the centerline of the
beams and indicated that the important fundamental
mode exhibited a dominant bending behavior which is
favorable for many micro-scale applications. Modal
experiments were performed on an aluminum arc-based
cantilever, and the results showed close agreement with
the numerical model.
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Figure 7 Experimental setup for modal analysis of the aluminum
cantilever beam
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Figure 6 Modeling flow chart for obtaining the natural frequencies and mode shapes of multilayered arc-based cantilever beams
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Nomenclature

θ angular beam coordinate
t time
M(θ, t) bending moment
T(θ, t) twist torque
Y Young’s modulus
I area moment of inertia in the bending plane
R arc radius
G modulus of rigidity
J polar moment of inertia
φ(θ, t) angle of twist
ψ(θ, t) slope of the deflection curve in the absence of shear

Z(θ, t) vertical displacement(deflection)
α angle of shear at the neutral axis
Q(θ, t) shear force
A beam cross-sectional area
η shear coefficient
ρ mass density
k stiffness parameter (GJ/YI)
ω natural frequency
j imaginary unit (

ffiffiffiffiffiffi�1
p

)
n distance from neutral axis
h beam/layer thickness
W beam width
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