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Abstract: This article investigates the effects of discrete marginal distributions on copula-based Markov
chains. We establish results on mixing properties and parameter estimation for a copula-based Markov chain
model with Bernoulli(p) marginal distributions, emphasizing some distinctions between continuous and dis-
crete state-space Markov chains. We derive parameter estimators using the maximum-likelihood estimation
(MLE) method and explore alternative estimators of p that are asymptotically equivalent to the MLE.
Furthermore, we provide the asymptotic distributions of these parameter estimators. A simulation study is
conducted to evaluate the performance of the various estimators for p. Additionally, we employ the likelihood
ratio test to assess independence within the sequence.
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1 Introduction

Markov chain models have been widely used in the literature to represent the relationship between conse-
cutive observations in a sequence of Bernoulli trials. Johnson and Klotz [18] employed a Markov chain
generalization of a binomial model to analyze the crystal structure of a two-metal alloy in their metallurgical
studies. Crow [9] investigated the applications of two-state Markov chains in telecommunications in his study
focusing on approximating confidence intervals. Brainerd and Chang [7] used two-state Markov chains to
address problems in linguistic analysis. These examples illustrate that Markov chain models can provide a
solid foundation for modeling a wide range of two-state sequential phenomena.

Moreover, in the study of sequences consisting of different alternatives, there has been notable interest in
using group or run tests to evaluate the randomness of the sequences. These tests are based on the count of
changes between outcomes in the sequence, aiming to assess whether the sequence displays randomness
(denoted as the null hypothesis, Hy) or exhibits a type of dependence similar to simple Markov chains
(alternative hypothesis, Hy). These counts, denoted by n; (Where i,j = 0,..., s denotes the states taken by the
sequence), are commonly referred to as transition numbers of the sequence. The transition numbers have been
widely used in the literature to construct run tests and in the estimation of model parameters (see David [10],
Goodman [13], Anderson and Goodman [1], and Billingsley [4] for details). As used in this work, transition
numbers prove to be very useful in computing the maximum-likelihood estimators (MLE) of parameters.
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1.1 Copulas and Markov chains

A 2-copula is a bivariate function C: [0, 1]? — [0,1] such that C(0,u) = C(u,0) =0, C(u,1) = C(L, u) = u,
Yu € [0,1], and C(uy, v1) + C(uy, vo) — C(uy, Vo) — C(Uy, v1) = 0, V[uy, Uy] % [v4, V2] C [0, 1]2. For some k = 2,
let C,..., Cx be a set of k copulas and aj,..., ax a set of real constants such thata; +-+ayr=1and0<q; <1
for each i = 1,..., k; then, the sum given by C(u, v) = a;Cy(u, v) +---+ axCe(u, v) is a copula referred to as the
convex combination of Cy, ..., C; [24].

The copula C(F(x), G(y)) = H(x, y), of the random variables X and Y, is known to be unique if F and G are
continuous; otherwise, C is uniquely determined on Range(F) x Range(G) [27]. In the recent past, copulas have
gained popularity in the modeling of temporal dependence within Markov processes. This is because, when
used to represent joint distributions of random variables, they enable the detection of possible correlations or
links between variables [11]. A copula-based Markov chain is a stationary Markov chain generated by the
copula of its consecutive states and an invariant distribution. Copula-based Markov chains enable the explora-
tion of dependence and mixing properties inherent in Markov processes. This makes them an invaluable tool
for investigations and allows for the study of scale-free measures of dependence while remaining invariant
under monotonic transformations of the variables. Consequently, copula methods have drawn a lot of interest
across diverse fields, including technology, finance, and the natural world.

This article focuses on a stationary Markov chain based on a copula from the Frechet family of copulas.
The Fréchet family of copulas has the form

Cu,v) =aMu,v) + (1 -a - b)lI(u,v) + bW(u,v), a,b20, 0<a+b<1, 1)

where II(u, v) = uv is the independence copula and M(u, v) = min(u, v) and W(u, v) = max(u + v - 1, 0) are
the Fréchet-Hoeffding upper and lower bounds, respectively. We study two cases: a continuous state-space
Markov chain with uniform marginal distributions and a discrete state-space Markov chain with Bernoulli(p)
marginal distributions. MLEs of model parameters are derived in both cases, and their asymptotic distribu-
tions are provided. The likelihood ratio test is used to test for randomness in the model.

Studies involving inferential statistics for discrete cases closely similar to the one considered here have
been presented in the works of Billingsley [4], Billingsley [3], Goodman [13], Klotz [19], Klotz [20], Price [29],
Lindqvist [21], and others. Goodman [13] considered a single sequence of alternatives consisting of a long chain
of observations to derive some long-sequence group tests. Klotz [20] presented small and large sample dis-
tribution theory for the sufficient statistics of a model for Bernoulli trials with Markov dependence. He
provided estimators for the model parameters and showed that the uniform most powerful unbiased test
of independence is the run test. On the other hand, Price [29] and Lindqvist [21] focused on estimating the
model parameters only. Price [29] used Monte Carlo techniques to investigate finite sample properties for the
parameters of a dependent Bernoulli process. Lindqvist [21] considered the weaker assumption of non-Mar-
kovian dependence and showed that the MLE, (p, @) is a strongly consistent and asymptotically normally
distributed estimator for (p, a). In the context of Klotz [20] and Lindqvist [21], as well as in this article, p
represents the Bernoulli (frequency) parameter of a sequence of Bernoulli trials, while a is an additional
dependence parameter. Lindqvist [21] further showed that (p, @) is asymptotically equivalent to (p, @), where
p is the sample mean and a is the empirical correlation coefficient of X;-; and X;.

The rest of this article is organized as follows: in Section 2, we introduce our model and detail the
transition probabilities of the discrete Markov chain model considered. Mixing properties of the Markov
chain model are discussed in Section 2.1. Section 3 covers parameter estimation, where we derive MLEs
and their asymptotic distributions. In Section 4, we provide a test for independence in the sequence. This
article concludes with a simulation study in Section 5.
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2 Model

Consider a stationary Markov chain model based on the copula
Clu,v) =aMu,v) + 1 - a)W(u,v), ace€(,1). 21

Copula (2.1) is from the Frechet/Mardia family of copulas given by (1.1) with a + b = 1. Note that a Mardia
copula with a parameter 6 € [-1, 1] is a Frechet copula with a + b = 62. For details on these copula families,
see Nelsen [27], Joe [17], or Durante and Sempi [12].

Longla [23] showed that a stationary Markov chain with copula (2.1) and uniform marginals has n-steps
joint cumulative distribution function (cdf) of the form

Co(u,v) =1/2[1 + 2a - D"IM(u,v) + 1/2[1 - 2a - DWW (u, v). (2.2)
If the marginals are Bernoulli(p), the joint distributions can be characterized by the transition probabil-

ities of the Markov chain and the stationary distribution. Note that Sklar’s theorem states that C is only
identifiable on Ran(F) x Ran(G). Theorem 1 provides the transition matrices for the Markov chain.

Theorem 1. Let X = (Xi)t=o,..,n be a stationary Markov chain generated by copula (2.1) and Bernoulli(p) mar-
ginals. Then, X has transition matrices given by

ap+1-2p p(l-a)

A= 1-p 1-p |, p<1/2 (2.3)
1-a a
and
a 1-a
A=|0-pa-a) ad-p+2p-11 ,5qp (2.4)
b b

Proof. Due to stationarity of the Markov chain, P(X; =1) =1 - P(X; = 0) = p. It suffices to determine
P(Xo=0,X = 0).
PXy=0,X%=0=PX;<0,<0=C1-p,1-p)
=a(l-p)+ @1 -a)max(1l- 2p,0)
ap +1-2p, if p<1/2
“lact - p), if p>1/2,

where the second equality follows from Sklar’s theorem (Sklar [30]). The rest of the probabilities are computed
using the hypothesis that the Markov chain is stationary with Bern(p) marginals. For p < 1/2, the joint
distribution is given in Table 1.
Using the definition of conditional probability, P(X; = j|X, = i) = P(X; = j, Xo = [)/P(X, = i), in Table 1 we
obtain transition matrix (2.3). A similar argument is used for p = 1/2 to obtain transition matrix (2.4). 0
The statistical behavior of the distribution at p = 1/2 reflects a symmetric transition structure where the
probability of transitioning between states is balanced by the parameter a. This symmetry simplifies the

Table 1: Distribution of (Xo, X;) when p <1/2

X
Xo 0 1 Px,(x)
0 ap+1- 2p p(1- a) 1-p
1 pd- a ap p

Py(y) 1-p p 1




4 —— Mathias Muia and Martial Longla DE GRUYTER

interpretation and analysis of the Markov chain, making it an interesting case for studying the dynamics
governed by the mixture copula model.

Transition matrix (2.3) is similar to the one considered by Klotz [20]. In our case, we have a frequency
parameter p = P(X; = 1) and an additional dependence parameter a = P(X; = 1|X;-; = 1), when p <1/2 or
a = P(X; = 0|]X;-; = 0), when p = 1/2. In Klotz [20], the condition max(0, (2p - 1)/p) < a <1 was required so
that the transition probabilities of the model remain bounded between 0 and 1. The model presented in this
work does not require this condition because the copula conditions sufficiently define the transition prob-
abilities based on whether p <1/2 or p > 1/2. Specifically, the transition probabilities remain bounded
between 0 and 1 for any value of 0 < a < 1, and they satisfy ijij =1forj=0,1.

Proposition 2. The nth transition matrices for (2.3) and (2.4) are, respectively,

n n
a - a-
1_p+4__£] p_4__q

1- 1-
= . N Y 25
L op—a-pl22] psa-peP
p P=,| P PITo,
and
ym+41%gi] _ i%FA]
A = p=1/2. 2.6)

1—p-(1—p)[%lj_1] p+(1-p)[Lp_1’

Proof. For p < 1/2, the eigenvalues of A are obtained by solving the characteristic equation:

a+1—2pA+a—p_

2 - 0.
1-p 1-p
Solving this equation yields A; =1 and 4, = %. Then,

n n
o+ _ | @00 + booAy ao + boiAz

= 2.7
o + bioAy' an + budy | @n

where ay, by, i,j = 0,1 are the coefficients to be determined, and 4, is the non-simple eigenvalue of A. Using
(2.7) to write A° and A', we can solve for a; and by, i, j = 0, 1, by forming four simultaneous equations, which are
easy to solve. This yields the nth transition matrix (2.5). Similar steps are used to obtain the nth transition
matrix for (2.4). O

2.1 Mixing

Most of the dependence and mixing coefficients are heavily influenced by the copula of the model of interest
[22]. Longla [23] proposed a set of copula families that generate exponential p-mixing Markov chains. He
showed that stationary Markov chains generated by copulas from the the Frechet (Mardia) families and uniform
marginals are exponentially ¢-mixing, therefore p-mixing and geometrically f-mixing ifa + b # 1. However, when
a + b =1, mixing does not occur [23]. Furthermore, Longla [24] showed that copulas from these families fail to
generate Y-mixing continuous state-space strictly stationary Markov chains for any a and b, achieving at best
“lower ¥-mixing.” Longla [24] also noted the absence of ¢-mixing for copulas from Mardia and Frechet families for
any a and b. Different results emerge when discrete marginal distributions are employed.

We define two mixing coefficients in this article: the ¢-mixing coefficient, introduced by Ibragimov [15]
and further studied by Cogburn [8], and the ¥-mixing coefficient, first introduced by Blum et al. [5] and refined
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by Philip [28]. In the context of a probability space (2, ¥, P) with sigma algebras A, 8 C ¥, the coefficients
are defined in the literature as follows (see [6]):

P(BN A)
O(A, B) = sup ———= - P(B)|,
acapespayo | PA)
P(A N B)
Y(A, B) = sup —_— - ‘
AcaBes, p)>0,p(8)>0 | P(A)P(B)

For random variables n-steps apart such that X, € A and X, € B, we define the mixing coefficients

P(B N A)
M= su T804 pp, 2.8)
¢ Aeﬂ,BefEP(Apo P(A)
P"(A N B)
n) = su — 1|, (2.9)
bn) Aeﬂ,BeB,P(§)>o,P(3)>o P(A)P(B)

where P(A N B) = P(X, € A, X;; € B). A random process is said to be y-mixing if y(n) — 0 as n — o and
¢-mixing if ¢(n) — 0 as n — oo. For the case involving discrete state-space Markov chains generated by the
copula given by (2.1) and Bernoulli(p) marginal distribution, we establish the following theorem:

Theorem 3. Let X = (X;)i=0,...,n be a stationary Markov chain generated by copula (2.1) and Bernoulli(p) marginal

- _pn n
distributions. Then, X is exponentially Y-mixing withp(n) = -2 %‘ ,forp = 1/2, andp(n) = ﬁ , for

p
p < 1/2. Hence, X is also exponentially ¢-, p-, B-, and a-mixing.

a+p-1

Proof. Consider the coefficient defined by equation (2.9) with Q = {0, 1}. For p < 1/2, we examine

3

PANB)
P(A)P(B)

where A and B are chosen only from {0} or {1} since P({0, 1} N A) = P(A). The joint distribution of (X,, X,) when
p < 1/2 is obtained from the nth transition matrix (2.5) and using P(X; = j, Xo = i) = P(X; = j|Xo = D)P(X, = 0),
where i,j = 0, 1. This is given in Table 2.

After computing the four quantities,

‘H&=L&=D _’
P(Xo = ))P(X, = J)

From Table 2, we end up with

p la-p[ |a-p[ 1-p|a-p[|_1-p|a-p[
(n) = su ‘ , ‘ , = .
V=Sl [1p| [1=p e 10l |T e (1w
ip-1ln
For p = 1/2, a similar argument leads to y(n) = % e g 1‘ . Therefore, for all a, p € (0, 1), Y(n) — 0 at an
exponential rate as n — . The rest of the proof follows from the fact that ¥-mixing implies. O
Table 2: Distribution of (Xy, X,) when p <1/2
Xn
Xo 0 1 Px,(x)
0 2o a-p" 1-
(- pP+pa- p)[ﬁ] pa- p)- pl- p)[ﬁ] P
1 a- n a- n
pd- p)- p- p)[ﬁ] p*+pl- p)[ﬁ] P

Px,(y) 1-p p 1
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3 Parameter estimation asymptotic normality

The characteristics of the model parameter estimators, including the shape of their asymptotic distributions,
rely on the chosen marginal distribution.

3.1 Markov chain with uniform marginals

Assuming (X;)¢-o,...n is @ Markov chain generated by copula (2.1) with uniform(0, 1) marginal distribution and
utilizing Sklar’s theorem, the joint cdf of (X;, X;+1) is represented as:

F(Xg, Xes1) = C(F(Xp), F(X¢41)) = aM (Xg, Xes1) + (1 — @)W (Xe, Xpr1)- @1

The copulas M and W have support on the main diagonal and secondary diagonal of [0, 1]?, respectively [27].
The joint distribution (3.1) implies P(X; = X;+1) = a and P(X; = 1 - X;+1) = 1 — a due to the properties of mix-
ture distributions. The indicator random variable I(X; = X;+1), t € 0,1,..., n — 1, taking the value 1 when
X; = X1 and 0 otherwise, follows a Bernoulli(a) distribution with probability of success a and probability
of failure 1 - a. The parameter a can be estimated by the sample mean:

n-1

1
Y= D 1K = Xe), 3.2)
t=0

as demonstrated in Proposition 4.

Proposition 4. Let (X;)-o, .. n be a Markov chain generated by copula (2.1) and the uniform (0, 1) distribution. We
have the following:
i. The random variables I(X; = X;+1), t = 0,..., n — 1 are independent and identically distributed (i.i.d) Bernoulli
random variables.
ii. The random variable (3.2) is an unbiased and consistent estimator of a. Moreover, Y;, satisfies the central limit
theorem.
iti. The MLE of a is the method of moment estimator given by (3.2).

Proof.
i. We prove independence in the sequence by induction. For m = 2 random variables, let us consider
without loss of generality the random variables I(X; = X;) and I(X; = X;). Then,
1
P = X0 X%, =X) = [PC4 = X0, X = XilXo = x) dPy,(x),
0
(by the law of total probability, and since under the copula M, the
joint distribution of (Xj, X;) is concentrated on the main diagonal)
1
= [Pt = XX =0 PO = xiXo = X, Xi = x0dx,
0
(by the multiplication rule, and using that X, ~ Unif(0, 1))
1
= [P = X% = %) P = xi%; = 0dx,
0
(by the Markov property)
1
= Ia - adx = @,
0

since P(X;+1 = x|X; = x) =a for all x € [0,1] and t = 0,..., n — 1. Therefore,
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P(X% = Xo, X = X1) = P(X; = Xo)P(X; = X1), 33

establishing independence for the base case.
ii. Induction step: Suppose independence holds for m = k > 2, i.e,,
k

P(X; = X0, X, = X, o X1 = Xi) = [1P(Xer = Xp) = kL. (3.4)
t=0

We now prove it for m = k + 1. Consider

PXi = X0, X% = X1, oo, Xicr1 = Xi, Xis2 = Xir1)

P(Xk+2 = Xk+1|Xk+1 = Xk: ’)(Z = ‘Xl:)(l = XU)

x P(X) = X0, X = X, ..., Xx+1 = X) (by multiplication rule of probabilities)
k

P(Xksz = Xis1| X1 = Xi) % |_|P(X,+1 =X;) (bythe Markov property and (3.4))
t=0

k+1

[1P(Xe41 = X;) = a**2  (due to (3.3)).
i=0

Thus, by induction, independence holds for all m. To show that the random variables I(X;.; = X;) are
Bernoulli(a), note that by the model assumption, for each t, we have P(X;.; = X;) = a. Therefore, the
indicator variable

_ _ 1, if Xesq = X,
[ = X0) = 0, otherwise,
satisfies
PUXem=X)=D=a PUXn1=X)=0)=1-aq,

which implies that I(X;.; = X;) ~ Bernoulli(a).

iii. The proof follows from the properties of the estimator of the Bernoulli parameter for an ii.d.
Bernoulli(a) sample.

iv. LetY, = I(X; = Xps1),

L(X[, Xt+1) = an(l - a)l_YE. (35)
The likelihood function is
n-1 nil nil
Y -3y,
L@ = [ X)) = a5 A-a) & (3.6)
t=0
It follows that @ = %Zf:_&Yt = %Z?Q&I(Xt = X¢+1)- O

3.2 Stationary Markov chain with Bern(p) marginal distribution

The literature has extensively discussed the statistical inference for finite Markov chains. When transition prob-
abilities of the Markov chain are expressed as pi].(o), with 6 = (0, ...,0r), the log-likelihood is Zijnij logpij(ﬂ) (see
Billingsley [3,4]). If the r components of @ are all real, then the maximum-likelihood equations are

n; opy0)

> =0, u=0,1,..,r. (3.7
i Dj(0) 06,

Considering transition matrix (2.3) for instance, the likelihood function of the sample is

ap +1-2p)""(p( - a)
1-p 1-p

o1

(1 - a)nog™ (3.8)

L(0) = p*o(1 - p)'~*
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and the log-likelihood is given by

£(6) = logL(6)
= xolog(p) + (1 - xo)log(1 - p) + ngolog(ap + 1 - 2p)

(3.9)
= ngolog(1 = p) + npilog(p) + neilog(1 - a) - nerlog(1 - p)
+ nyolog(1 - a) + nylog(a).
Differentiating (3.9) with respect to a and p gives
0L®O) _ NP _ Mer _ Mo Mu_ 0
da ap+1-2p 1-a 1-a a (3.10)
0LO) _Xo 1-X _ no@-2) = N  Na, "o _ '
op p 1-p a+1-2p 1-p p 1-p
The equations in (3.10) can be rewritten in the form:
npa* - [(2n - ng + ny)p = n + nggla + nu(2p - 1) =0, 3.11)
alxop - p* + nop + nopl + Xo = 2xop — p + 2p* ~ Ngop + Ny ~ 2Ny p = 0. ‘
Solving for a in the second equation of (3.11) gives
. _ P -2p) - A
ad=——r—"", (3.12)
p(As = p)

where Ay = 2xg + 1 + ngg + 2ng, & = Xo + Ngg, and A3 = Xg + Ngg + Ngy. Substituting (3.12) for a in the first equa-
tion of (3.11) and using A4 = 2n — ng + nyy, and A; = n - ngy, we obtain

(4n = 244 + 2n)p* + (2hsAy — 4nky + MAg + 245 — nyy - 4npds)p’
+ (Tl/hz +4nky — MMsAy — LbAg — 2345 — MAs + 2nppAs + Znn)lgz)pz (3.13)
+ (/11A3A5 - 2n7l1/12 + A2A3A4 + /12A5 - n11/132)p + (MZZ - A2/13/15) =0.

There is no closed-form solution for equation (3.13) but numerical solutions can be obtained.
The sufficient conditions for MLEs and their asymptotic properties are specified in Condition 5.1 of
Billingsley [4], as presented in the following.

Condition 5. Let X = (X;)=o,...n be a Markov chain with finite state space S = {0, ...,s}. Suppose P = (pij(O)) is
the s x s stochastic matrix, where 6 = (64, ...,0,) ranges over an open subset ® of R". Suppose that the
following conditions are satisfied:
i. The set E of (i, j) such that p;(6) > 0 is independent of 6 and each p;(6) has continuous partial derivatives
of third order throughout 8.
apij(e)
30k
iti. For each 0 € 0, there is only one ergodic set and no transient states.

ii. Thed x r matrix D = ( ),k =1,...,r,where d is the number of elements in E, has rank r throughout ©.

Then, there exists @ € © such that, with probability tending to 1, 8 is a solution of system (3.7) and converges in

probability to the true value 6. Additionally, \/(n + 1) 6-0) 4 N(0, 1), where £ is the inverse of matrix X
with entries defined by

2 IOnglxz(e) 2 logpxlxz(ﬂ)

0u(0) = Eg 20, 20,

uv=1..,r. (3.14)

This condition can be used to verify the following theorem:

Theorem 6. Let X = (X;)t-o,...n be a stationary Markov chain generated by copula (2.1) and Bernoulli(p) marginal

distribution. Then, there exists a consistent MLE, 0= (a,p) of 0 =(a,p)suchthat./(n+1) (é -0) 4 Ny(0, ),
where
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all-a
d-a a(1-p)
b A-p)a+1-2p) when p<1/2,
a(l - p) p Pl_a p
y1= a ) (3.15)
all-a
1-p ap
, when p>1/2.
pA-p)@p-1+a)
1-a

Note that p = 1/2 does not fall into either of these two cases because Condition (5) applies only to interior
points of the range of (a, p).

Proof of Theorem (6). The proof of Theorem (6) follows by first verifying that the requirements outlined in
Condition (5) are met for each of the cases, p < 1/2 and p > 1/2. The entries of the information matrices, Z, are
obtained by computing the expectations given in equation (3.14). Inverting £, gives (3.15). The complete proof
can be found in Muia [26]. O

When p = 1/2, the stationary Markov chain based on copula (2.1) and Bernoulli(1/2) margins has a transi-
tion matrix of the form

P=|, 0 1;“]. (3.16)
In this case, we are left with a to estimate. The likelihood function for the chain is given by
13,0 = Lt - ay-oem,
and the log-likelihood is expressed as
L(x; a) = (ngo + nu)log(a) + (n = (oo + nu))log(1 - a). (317

The following proposition provides the MLE of a and its asymptotic properties in this case.

Proposition 7. Let (X;)i-o,....n be a stationary Markov chain generated by copula (2.1) and Bernoulli(p) marginal

J+D(@-a iN(O, 1.

distribution. When p = 1/2, the parameter a has MLE a = o
v

Noo+ N
%. Moreover,

Proof. The proof of Proposition (7) follows from verifying the requirements of Condition (5). The variance of a
is computed using formula (3.14) with r = 1. O

Klotz showed that the MLE, 6 = (4, p), is asymptotically equivalent to (a*(p), p), where a*(p) is the MLE of
a when p is replaced by p = 1/(n + 1)Y-,X;. The proof relies on the fact that p and p have the same asymptotic
variance. Lindqvist [21] considers a general case of non-Markovian dependence and shows that the MLE, p is
asymptotically equivalent to p given that the process is ergodic.

In this work, different asymptotically equivalent estimators for p are discussed. Since the Markov chain
under consideration is stationary, it follows that P(X;) = p V t. The sample proportion, p = 1/(n + 1)Y[LX;, is
an unbiased estimator for p (see Bedrick and Aragon [2], Klotz [20] or Lindqvist [21]).

Proposition 8. Let X = (X¢)i-o,...n be a stationary Markov chain generated by copula (2.1)and Bernoulli(p)
marginal distribution. The asymptotic variance of the sample proportion, p, is the same as that of p.

Proof. For the Markov chain generated when p < 1/2



10 — Mathias Muia and Martial Longla DE GRUYTER

1 n
var(p) = var X]
n+1 l:zo ‘
1 nilnit
=———|(n + Dvar(Xy) + 2 cov(Xy, Xi+k)
(n+ 1 ’ t=0k=1 o
1 nin-t( o _ p k
=————m+mm—m+wu—m22%——-
(n+ 17 =ok=il1 =P

Applying the properties of a geometric sum twice and simplifying, we obtain

_._pd-p [a-p n 1 (a-p|fa-p| _
var(p) = n+1 1+21—a n+l n+ili-a 1-p it
Therefore, for large n,
_ pd-p) 2a - 2p 1 pd-pla+1-2p 1
~ —|= = 3.18
var(p) n+1 1+ 1-a +On n+1 1-a +On (3.18)
Similarly, for p = 1/2,
._pA-pJ  2a+2p-2 11 _pd-pl2p-1+a [1]
~ 2= bl 3.19
var(p) n+1 [1+ 1-a " n n+1[ 1-a +0n 8.19)

From (3.18) and (3.19), we note that the asymptotic variance of the sample mean is the same as that of p (refer
to Theorem (6) for the asymptotic variance of p). O

The following result provides the asymptotic properties of the sample mean for the stationary Markov
chain based on copula (2.1).

Theorem 9. Let X = (X;):-o,....n be a stationary Markov chain generated by copula (2.1) and Bernoulli(p) marginal
distribution. Let p be the sample mean. It follows that

Ja+ D@ -p) > N, 02,

where 6% = p(1 - p)(1 + a-2p)/(1 - a), p <1/2 and 6®> = p(1 - p)(a + 2p - 1)/(1 - a), p = 1/2.

Proof. The proof of Theorem (9) follows from Theorem (18.5.2) of Ibragimov and Linnik [16] and the fact that
the Markov chain is uniformly mixing. Using steps similar to those used in the proof of Theorem (3), the
¢-mixing coefficient is found to be

n

-
(- p)‘—p . p<12,

1-p

¢(n) = n
atp-1 p=1/2
p ’ S

Let p < 1/2. To check Condition (18.5.8) of Theorem (18.5.2) of Ibragimov and Linnik [16], we see that

Y pmyr=% Ja-p
n=0 n=0

1/2 )t

a-p
1-p

(3.20)

converges since |(a - p)/(1 - p)['/? < 1. The proof for p = 1/2 is identical. The variance of X, is given by the
formulae (3.18) and (3.19). Hence, Condition (18.5.9) of Theorem (18.5.2) of Ibragimov and Linnik [16] is satis-
fied. O
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4 Hypothesis testing

4.1 Test of independence

Different tests have been used in the literature to assess the independence of observations in a sequence. These
include the y? goodness-of-fit tests and the likelihood ratio test (LRT), as discussed by Anderson and Goodman
[1], Goodman [14], Billingsley (1961a) [4], and others.

Having p; = p; for all j is sufficient for independence in a finite state-space Markov chain. The following
proposition outlines, conditions for independence in the Markov chain based on copula (2.1) and Bernoulli(p)
marginal distributions.

Proposition 10. Let (X;)i-o,...n be a stationary Markov chain with copula (2.1) and Bernoulli(p) marginal
distribution. Then, Xy, ..., X, are independent whena =p <1/2ora=1-p <1/2.

Proof. For independent observations in a sequence, p; = p; for all states i, j, where p; is the probability of
outcome j. When p <1/2, conditions for independence are given by (ap +1-2p)/(1-p)=1-a and
pl - a)/(1 - p) = a, leading to a = p in both cases. For p = 1/2, independence holds if a = (1 - p)(1 - a)/p
and1-a= (a1l -p)+2p-1)/p, simplifying toa =1 - p in each case. O

The likelihood ratio approach for testing the hypothesis of independence is obtained as follows: for
p < 1/2, the likelihood function is expressed as shown in (3.8). The hypotheses under consideration for the
test are denoted as Hy: 6 € w versus H; : 0 € © N w, where © = {0 =(a,p),0<a<10<p<1/2} and
w=1{0=(p,p),0 <p<1/2} CO. Let 6 be the MLE under H, and 6, the MLE under H,. The LR test statistic
is then given by

_ maxpe, L(O) _ L(%)
maxgeeL(0)  L(6)

4.1

The likelihood under Hj is expressed as
L(w) = pX0+n01+n11(1 - p)1*Xo+Tl00+"10_ 4.2
The function (4.2) represents the likelihood of an ii.d Bern(p) sequence. Note that xq + ngg + nyy =X =
number of ones. The MLE under Hj is
Xo + Ny + Ny X

="t = o and 6= (b.h).

The likelihood function evaluated at the MLE under Hy simplifies to
X ]X[ X ]n+1—X

LAZ
@) n+1 n+1

The LRT statistic is therefore

x X n+1-X
n+1 1- n+il s
N = . .
' "Xu(l - A)l_XU @r1-2% " pa-4) nm(l - A)nm AN
p p 1-p 1-p a)oa

For a given significance level a, reject Hy in favor of H, if Aq < ¢, where c¢ is such that a = Py[A < c].
Aresult due to Wilks [31] shows that under suitable regularity conditions, if © is a r-dimensional space and

w is a k-dimensional space, then —-2logA; has an asymptotically y? distribution with r - k degrees of freedom.

The fulfillment of these desired conditions has been confirmed for our model by demonstrating that the
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transition probabilities satisfy the requirements outlined in Condition (5). The asymptotic distribution of
-2logAy is y? with 1 degree of freedom. The decision rule is to reject Hy in favor of Hy if -2log/A = )(5(1).

In a similar manner, for p>1/2, define 0={=(a,p):0<a<112<p<1} and w-=
{0=@0-p,p):1/2 <p <1} The distribution does not change under Hy, but changes under H,. The LRT
statistic becomes

X X n+1-X
n+1 1- n+1 4.4)
Az = n I . .
vt aniexg| AmPA-@ | faa-prap-1 |t o
p o(1 p) 0[ 5 ] 5 1 = @)oghoo

The limiting distribution of —2logA, approaches a chi-squared distribution with one degree of freedom as
n — o_The level a decision rule is to reject Hy in favor of H; if -2logA; > X‘f(l).

Table 3: Average length of 400, 95% confidence intervals, and the coverage probabilities (CPs) for the true values of a and p
when p < 1/2

n Initial parameters CIML for “a” CIML for “p” CP for “a” CP for “p”
499 a=01p=01 0.1586 0.0523 0.8925 0.9425
a=01p=03 0.0950 0.0598 0.9300 0.9500
a=01p=04 0.0821 0.0494 0.9475 0.9500
a=02,p=01 0.2172 0.0584 0.9050 0.9425
a=02,p=03 0.1273 0.0695 0.9475 0.9575
a=02,p=04 0.1100 0.0605 0.9475 0.9525
a=07,p=01 0.2671 0.1153 0.9675 0.9050
a=07p=03 0.1479 0.1530 0.9650 0.9625
a=07,p=04 0.1275 0.1490 0.9500 0.9475
a=09,p=01 0.2237 0.2000 0.9500 0.8350
a=09,p=03 0.1014 0.2830 0.9675 0.9175
a=09,p=04 0.0869 0.2797 0.9650 0.8825
999 a=01p=01 0.1146 0.0370 0.9125 0.9325
a=01p=03 0.0674 0.0423 0.9525 0.9500
a=01,p=04 0.0585 0.0351 0.9275 0.9350
a=02,p=01 0.1554 0.0414 0.9300 0.9200
a=02,p=03 0.0902 0.0491 0.9475 0.9350
a=02,p=04 0.0782 0.0429 0.9500 0.9400
a=07,p=01 0.1854 0.0818 0.9600 0.9225
a=07p=03 0.1042 0.1084 0.9550 0.9550
a=07,p=04 0.0899 0.1050 0.9350 0.9575
a=09,p=01 0.1373 0.1446 0.9625 0.8825
a=09,p=03 0.0693 0.2035 0.9500 0.9275
a=09,p=04 0.0597 0.1997 0.9550 0.9600
4,999 a=01p=01 0.0524 0.0166 0.9450 0.9600
a=01p=03 0.0303 0.0189 0.9575 0.9525
a=01,p=04 0.0263 0.0157 0.9475 0.9500
a=02,p=01 0.0700 0.0186 0.9600 0.9525
a=02,p=03 0.0404 0.0220 0.9500 0.9475
a=02,p=04 0.0350 0.0192 0.9600 0.9325
a=07,p=01 0.0809 0.0370 0.9600 0.9325
a=07p=03 0.0465 0.0486 0.9600 0.9650
a=07,p=04 0.0402 0.0471 0.9675 0.9775
a=09,p=01 0.0541 0.0678 0.9300 0.9425
a=09,p=03 0.0306 0.0913 0.9425 0.9525

a=09,p=04 0.0264 0.0899 0.9550 0.9525
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5 Simulation study

5.1 MLEs of a and p

Tables 3 and 4 present the MLEs of a and p for various sample sizes and selected initial value pairs. Few pairs
of a and p were selected for this study to avoid very lengthy tables. We used different combinations of true
values for a and p and constructed 95% confidence intervals accordingly. Utilizing the asymptotic normality
described in Theorem 6, we derived confidence intervals for a and p based on the standard normal distribu-
tion. Furthermore, we generated 400 replications for each sequence of length n, which were used to calculate
the CPs of the true values by the confidence intervals, as well as the mean lengths of the confidence intervals
(CIML). Note that we did not include the numerical values of the estimators because 400 numerical values
were computed for each estimator in each case, and there is no criterion to choose only one representative
from the 400. Relatively narrow confidence intervals reflect a higher level of precision in estimation, while
wider confidence intervals indicate greater uncertainty in estimation.

Table 4: Average length of 400, 95% confidence intervals, and the CPs for the true values of a and p when p > 1/2

n a p CIML for “a” CIML for “p” CP for “a” CP for “p”
499 0.1 0.6 0.0821 0.0494 0.9475 0.9500
0.1 0.7 0.0950 0.0598 0.9300 0.9500
0.1 0.9 0.1593 0.0524 0.8925 0.9425
0.3 0.6 0.1267 0.0726 0.9500 0.9575
0.3 0.7 0.1460 0.0803 0.9275 0.9550
0.3 0.9 0.2514 0.0658 0.9325 0.9550
0.7 0.6 0.1275 0.1484 0.9475 0.9475
0.7 0.7 0.1479 0.1530 0.9650 0.9625
0.7 0.9 0.2671 0.1153 0.9675 0.905
0.9 0.6 0.0868 0.2797 0.9600 0.9625
0.9 0.7 0.1014 0.2830 0.9675 0.9175
0.9 0.9 0.2237 0.2000 0.9500 0.8350
999 0.1 0.6 0.0585 0.0351 0.9275 0.9350
0.1 0.7 0.0674 0.0423 0.9525 0.9500
0.1 0.9 0.1146 0.0370 0.9125 0.9325
0.3 0.6 0.0896 0.0512 0.9500 0.9450
0.3 0.7 0.1034 0.0567 0.9450 0.9325
0.3 0.9 0.1787 0.0464 0.9475 0.9350
0.7 0.6 0.0899 0.1050 0.9350 0.9575
0.7 0.7 0.1042 0.1084 0.9550 0.9550
0.7 0.9 0.1854 0.0818 0.9600 0.9225
0.9 0.6 0.0596 0.1997 0.9550 0.9550
0.9 0.7 0.0693 0.2035 0.9500 0.9275
0.9 0.9 0.1373 0.1446 0.9625 0.8825
4,999 0.1 0.6 0.0263 0.0157 0.9475 0.9500
0.1 0.7 0.0303 0.0189 0.9575 0.9525
0.1 0.9 0.0524 0.0166 0.9450 0.9600
0.3 0.6 0.0401 0.0229 0.9300 0.9450
0.3 0.7 0.0463 0.0254 0.9350 0.9425
03 0.9 0.0803 0.0208 0.9525 0.9325
0.7 0.6 0.0402 0.0471 0.9675 0.9775
0.7 0.7 0.0465 0.0486 0.9600 0.9650
0.7 0.9 0.0809 0.0370 0.9600 0.9325
0.9 0.6 0.0264 0.0899 0.9550 0.9525
0.9 0.7 0.0306 0.0913 0.9425 0.9525

0.9 0.9 0.0541 0.0678 0.9300 0.9325
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In Table 3, the confidence intervals for a decrease as p increases, reflecting reduced uncertainty in
estimating a with higher values of p < 0.5. This reduction is attributed to the decreasing variance of @ as
P < 1/2 increases. The accuracy in estimation improves with sample size. Moreover, as the sample size grows,
the CP for a becomes more precise, indicating improved accuracy in capturing the true value of a by the
confidence intervals.

Table 4 shows that confidence intervals lengthen as p increases due to the increasing variance of 4 for
p > 1/2. The CPs for both a and p vary with different combinations of initial values and sample sizes, under-
scoring the significance of careful parameter selection in statistical inference. Nevertheless, as sample size
increases, both CPs tend to converge towards the desired nominal value of 95%.

Furthermore, the results presented in Tables 3 and 4 demonstrate a noteworthy symmetry in the CIMLs
when comparing parameter pairs equidistant from p = 0.5 for fixed a, i.e., for each fixed value of a, and for p
values equidistant from p = 0.5, the CIMLs for a and p are the same. Figure 1 shows this symmetry
for n = 9,999.

The observed behavior of the CIML for a and p can be explained by considering the variance-covariance
matrix 2! from Theorem 6, which governs the precision of the MLEs d@ and j. When p is closer to 0.5, the off-
diagonal elements (representing the covariance between a and p) and the denominators in the variance terms
become more influential. As p increases from 0.1 to 0.4 (for p < 0.5), the CIML for a decreases, indicating
reduced uncertainty in estimating a due to lower variance. For p > 0.5, as p moves further away from 0.5, the
CIML for a increases again because of increased variance terms and covariance between a and p. The
symmetry in the CIML for a around p = 0.5 (e.g., similar CIML for p = 0.1 and p = 0.9) suggests that confidence
intervals widen as p deviates from 0.5 in either direction, reflecting greater difficulty in estimating a at
extreme values of p.

For p, the mean length of the confidence intervals is relatively stable across different values, with small
fluctuations likely due to the interaction between a and p in the variance terms of ™1, For smalla (e.g.,a = 0.1),
the CIML for p is slightly lower when p is near 0.1 and 0.9 compared to intermediate values, indicating higher
certainty in extreme probability scenarios. Given the large sample size (n = 9,999), the confidence intervals are
generally narrow, as the variance of the MLEs decreases with increasing sample size, leading to more precise
estimates.

Overall, the behavior of the CIML for a and p reflects the interplay between the values of a and p, their
interaction in the variance-covariance structure, and the large sample size ensuring narrow confidence
intervals. The symmetry around p = 0.5 and the increasing interval lengths as p approaches the extremes
illustrate the underlying statistical properties of the MLEs and their variances.

This symmetry reflects the underlying properties of the mixture copula model. The behavior suggests that
the model treats the transition probabilities in a symmetric manner around p = 0.5, ensuring that the statis-
tical characteristics such as interval lengths and CPs remain stable for p values that are symmetrically opposite

n=9999

0.06

Type
-- CIMLofa

— CIML of p
0.04

a
0.1
0.2
~ 03

Mean Length of Confidence Interval

Figure 1: Symmetry in mean lengths of confidence intervals for “p” about p = 0.5.
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about 0.5. This property enhances the robustness of the parameter estimation process within the specified
range of p.

5.2 Test for independence
5.2.1 Likelihood ratio test for independence

Tables 5 and 7 present the results of the likelihood ratio test for independence in the Markov chain generated
by copula model (2.1) and Bernoulli(p) marginal distribution. These tables provide separate results for p < 1/2
and p > 1/2, respectively.

The Markov chain is generated using true values of a and p, and subsequently, a chi-squared indepen-
dence test is performed based on the test statistics ~2logA; and -2logA,, where A; and A, are given by
formulae (4.3) and (4.4), respectively. A significance level of a = 0.05 is chosen for the test, implying that

Table 5: Likelihood ratio test results

a p -2 log Ay Decision on H,
0.1 0.1 1.9648 Fail to reject
0.1 0.2 75.3318 Reject

0.1 0.3 465.3507 Reject

0.1 0.4 1302.2148 Reject

0.2 0.1 62.5624 Reject

0.2 0.2 0.5426 Fail to reject
0.2 0.3 91.6928 Reject

0.2 0.4 537.1743 Reject

0.3 0.1 178.0430 Reject

03 0.2 85.5790 Reject

0.3 0.3 -0.6683 Fail to reject
0.3 0.4 143.3914 Reject

0.4 0.1 315.6163 Reject

0.4 0.2 282.6401 Reject

0.4 0.3 93.5413 Reject

0.4 0.4 -0.7403 Fail to reject
0.5 0.1 598.6498 Reject

0.5 0.2 678.1999 Reject

0.5 0.3 443.8051 Reject

0.5 0.4 175.6443 Reject

0.6 0.1 986.4705 Reject

0.6 0.2 1060.7808 Reject

0.6 0.3 908.5222 Reject

0.6 04 520.2437 Reject

0.7 0.1 1243.0918 Reject

0.7 0.2 1596.5124 Reject

0.7 0.3 1581.8311 Reject

0.7 0.4 1243.7897 Reject

0.8 0.1 1548.5890 Reject

0.8 0.2 2291.3934 Reject

0.8 0.3 2551.6879 Reject

0.8 0.4 2361.9013 Reject

0.9 0.1 2466.6171 Reject

0.9 0.2 3305.7161 Reject

0.9 03 3631.3346 Reject

0.9 0.4 3835.4538 Reject




16 —— Mathias Muia and Martial Longla DE GRUYTER

the null hypothesis of independence will be rejected if —21logA; > 3.842, i = 1, 2. Conversely, if -2logA; < 3.842,
the null hypothesis of independence is not rejected.

The chain is simulated for a total of n + 1 steps, where n is set to 9,999. The iterative process for Table 5 has
true values of a ranging from 0.1 to 0.9 with a step of 0.1 and p < 1/2 ranging from 0.1 to 0.4 with a step of 0.1.
On the other hand, Table 7 has true values of a ranging from 0.1 to 0.9 with a step of 0.1 and p > 1/2 ranging
from 0.6 to 0.9 with a step of 0.1.

The test indicates that whena = p <1/2 ora = 1 - p < 1/2, the Markov chain model generated by copula
(2.1) and the Bernoulli(p) marginal distribution transforms into independent Bernoulli trials.

5.2.2 Kolmogorov-Smirnov (KS) distance

We employed the KS distance to compare the copula of the sample with the independence copula. Specifically,
we used it to test whether the empirical joint distribution of (X;, X;.1) deviates significantly from the product of
their marginal distributions. The KS distance is given by

Table 6: KS distance values

a /] KS distance Decision on H,
0.1 0.1 0.0027 Fail to reject
0.1 0.2 0.0181 Reject

0.1 0.3 0.0603 Reject

0.1 0.4 0.1188 Reject

0.2 0.1 0.0111 Reject

0.2 0.2 0.0009 Fail to reject
0.2 0.3 0.0297 Reject

0.2 0.4 0.0775 Reject

0.3 0.1 0.0203 Reject

0.3 0.2 0.0211 Reject

0.3 0.3 0.0013 Fail to reject
0.3 0.4 0.0433 Reject

0.4 0.1 0.0284 Reject

0.4 0.2 0.0403 Reject

0.4 0.3 0.0286 Reject

0.4 0.4 0.0020 Fail to reject
0.5 0.1 0.0379 Reject

0.5 0.2 0.0611 Reject

0.5 0.3 0.0617 Reject

0.5 0.4 0.0405 Reject

0.6 0.1 0.0507 Reject

0.6 0.2 0.0786 Reject

0.6 0.3 0.0887 Reject

0.6 0.4 0.0781 Reject

0.7 0.1 0.0606 Reject

0.7 0.2 0.0992 Reject

0.7 0.3 0.1177 Reject

0.7 0.4 0.1200 Reject

0.8 0.1 0.0701 Reject

0.8 0.2 0.1189 Reject

0.8 0.3 0.1510 Reject

0.8 0.4 0.1623 Reject

0.9 0.1 0.0916 Reject

0.9 0.2 0.1445 Reject

0.9 0.3 0.1718 Reject

0.9 0.4 0.1969 Reject
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KS = sup |P(Xr, Xiv1) — P(Xt)' F(Xt+1)|,
X

where F(X;, X;+1) is the empirical joint distribution function of consecutive states, and F(X;) and F(X,.,) are the
empirical marginal distribution functions of X; and X;.,, respectively.

A large KS distance suggests a significant departure from independence, indicating the presence of
dependence in the Markov chain. The results of this test are summarized in Tables 6 and 8.

For this test, we defined the null hypothesis Hy: the consecutive states in the Markov chain are indepen-
dent, against the alternative hypothesis Hj: the consecutive states exhibit some form of dependence. We
conducted the test at a significance level of a = 0.05 for a sequence of length n = 9,999. The test shows that

when a =p < % ora=1-p< %, the Markov chain model generated by copula (2.1) with Bernoulli(p) mar-
ginals reduces to a sequence of independent Bernoulli trials.

Table 7: Likelihood ratio test results

a p -2log Ay Decision on H,
0.1 0.6 279.8288 Reject

0.1 0.7 107.8140 Reject

0.1 0.8 16.0485 Reject

0.1 0.9 0.3192 Fail to reject
0.2 0.6 111.3087 Reject

0.2 0.7 17.5196 Reject

0.2 0.8 0.4450 Fail to reject
0.2 0.9 12.1072 Reject

0.3 0.6 38.3697 Reject

0.3 0.7 -1.3511 Fail to reject
03 0.8 15.9764 Reject

0.3 0.9 26.5985 Reject

0.4 0.6 0.0341 Fail to reject
0.4 0.7 17.6239 Reject

0.4 0.8 50.2535 Reject

0.4 0.9 62.1340 Reject

0.5 0.6 16.9398 Reject

0.5 0.7 97.3027 Reject

0.5 0.8 127.9626 Reject

0.5 0.9 165.1340 Reject

0.6 0.6 118.6838 Reject

0.6 0.7 195.6122 Reject

0.6 0.8 209.1521 Reject

0.6 0.9 222.3218 Reject

0.7 0.6 279.7745 Reject

0.7 0.7 328.9172 Reject

0.7 0.8 315.8419 Reject

0.7 0.9 263.6996 Reject

0.8 0.6 522.4635 Reject

0.8 0.7 557.5287 Reject

0.8 0.8 533.2392 Reject

0.8 0.9 284.6627 Reject

0.9 0.6 768.7074 Reject

0.9 0.7 688.8740 Reject

0.9 0.8 545.8894 Reject

0.9 0.9 411.5155 Reject
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5.3 Comparison of different estimators for the mean

This section is dedicated to the performance of the different estimators of the Bernoulli parameter. The MLEs
are obtained numerically, and their confidence intervals are constructed. The sample mean satisfies the
central limit theorem (9). The (1 - a)100% confidence intervals for p are therefore

1/2
s when p <1/2,

D * Z42

p(l—ﬁ)[1+a—2ﬁ]
n+1 l 1-a

p-p)
n+1

a+2p-1
1-a

D £ Zyp2

1/2
” s when p 21/2.

The other estimator for the mean (p) considered here is the robust estimator proposed by Longla and
Peligrad [25]. It is based on a sample of dependent observations and requires some mild conditions to be
satisfied on the variance of partial sums. The procedure is as follows: given the sample data (X;)o<¢<, from a
stationary sequence (X;).cz, we generate another random sample (¥;)o<t<, independently of (X;)o<i<n and

Table 8: KS distance values

a 4 KS distance Decision on H,
0.1 0.6 0.1188 Reject

0.1 0.7 0.0603 Reject

0.1 0.8 0.0181 Reject

0.1 0.9 0.0027 Fail to reject
0.2 0.6 0.0775 Reject

0.2 0.7 0.0297 Reject

0.2 0.8 0.0009 Fail to reject
0.2 0.9 0.0111 Reject

0.3 0.6 0.0433 Reject

0.3 0.7 0.0013 Fail to reject
0.3 0.8 0.0211 Reject

0.3 0.9 0.0203 Reject

0.4 0.6 0.0020 Fail to reject
0.4 0.7 0.0286 Reject

0.4 0.8 0.0403 Reject

0.4 0.9 0.0284 Reject

0.5 0.6 0.0365 Reject

0.5 0.7 0.0574 Reject

0.5 0.8 0.0559 Reject

0.5 0.9 0.0409 Reject

0.6 0.6 0.0781 Reject

0.6 0.7 0.0887 Reject

0.6 0.8 0.0786 Reject

0.6 0.9 0.0507 Reject

0.7 0.6 0.1200 Reject

0.7 0.7 0.1177 Reject

0.7 0.8 0.0992 Reject

0.7 0.9 0.0606 Reject

0.8 0.6 0.1623 Reject

0.8 0.7 0.1510 Reject

0.8 0.8 0.1189 Reject

0.8 0.9 0.0701 Reject

0.9 0.6 0.1969 Reject

0.9 0.7 0.1718 Reject

0.9 0.8 0.1445 Reject

0.9 0.9 0.0916 Reject
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following a standard normal distribution. The Gaussian kernel and the optimal bandwidth h, are used. The
optimal bandwidth, as proposed in Longla and Peligrad [25], for our case is

1 1/5
. 5.0
o]

To use this estimator, the following conditions must be satisfied (i.) (X;);cz is an ergodic sequence, (ii.)
(X¢)tez has finite second moments, and (iii.) (n + 1)h,var(p) — 0 as n — o. These conditions are easy to
verify: (i) the Markov chain X is y-mixing and hence ergodic. (ii.) The second condition follows from that
Var(Xp) =p(1-p) <o and E[Xy] = p. (iii.) Using the variance of X given by (3.18), we see that

1/5
(n+ 1) —— pd-p)l+a 2p]+0(1/n) — 0,
(m+Vv2) [+l 1-
as n — . The proposed robust estimator for the mean (p) of X is
B n 1 Yt 2
P= v o, 2K Z[hn] ]
Table 9: Comparison of the performance of p, p, and p for p < 0.5
n Estimator Do
0.1 0.2 0.3 0.4
99 p CIML: 0.1862 CIML: 0.2258 CIML: 0.2355 CIML: 0.2245
CP: 0.8625 CP: 0.9100 CP: 0.9275 CP: 0.9400
D CIML: 0.1896 CIML: 0.2325 CIML: 0.2410 CIML: 0.2272
CP: 0.9625 CP: 0.9475 CP: 0.9575 CP: 0.9625
P CIML: 0.1656 CIML: 0.2399 CIML: 0.2946 CIML: 0.3416
CP: 0.7875 CP: 0.9000 CP: 0.9325 CP: 0.9500
499 p CIML: 0.0828 CIML: 0.1030 CIML: 0.1074 CIML:0.1012
CP: 0.9050 CP: 0.9150 CP: 0.9450 CP: 0.9300
P CIML: 0.0848 CIML: 0.1040 CIML: 0.1078 CIML:0.1016
CP: 0.9450 CP: 0.9550 CP: 0.9375 CP: 0.9275
P CIML: 0.0889 CIML: 0.1264 CIML: 0.1550 CIML: 0.1797
CP: 0.8825 CP: 0.9325 CP: 0.9250 CP: 0.9675
999 p CIML: 0.0591 CIML: 0.0732 CIML: 0.0761 CIML: 0.0717
CP: 0.9375 CP: 0.9400 CP: 0.9375 CP: 0.9475
D CIML: 0.0600 CIML: 0.0735 CIML: 0.0762 CIML: 0.0719
CP: 0.9375 CP: 0.9700 CP: 0.9575 CP: 0.9550
P CIML: 0.0678 CIML: 0.0962 CIML: 0.1179 CIML: 0.1362
CP: 0.8825 CP: 0.9200 CP: 0.9300 CP: 0.9550
4,999 p CIML: 0.0267 CIML: 0.0328 CIML: 0.0341 CIML: 0.0321
CP: 0.9425 CP: 0.9575 CP: 0.9475 CP: 0.9350
D CIML: 0.0268 CIML: 0.0329 CIML: 0.0341 CIML: 0.0321
CP: 0.9625 CP: 0.9600 CP: 0.9400 CP: 0.9525
P CIML:0.0356 CIML: 0.0505 CIML: 0.0619 CIML: 0.0716
CP: 0.9000 CP: 0.9200 CP: 0.9425 CP: 0.9450
9,999 p CIML: 0.0189 CIML: 0.0232 CIML: 0.0241 CIML: 0.0227
CP: 0.9525 CP: 0.9550 CP: 0.9500 CP: 0.9300
D CIML: 0.0190 CIML: 0.0232 CIML: 0.0241 CIML: 0.0227
CP: 0.9500 CP: 0.9570 CP: 0.9625 CP: 0.9450
P CIML: 0.0270 CIML: 0.0383 CIML: 0.0470 CIML: 0.0542
CP: 0.9025 CP: 0.9000 CP: 0.9500 CP: 0.9500

A fixed value of a = 0.5 was used in all the cases, and 95% confidence intervals were constructed. Est denotes the estimator and p,
denotes the true value of p.
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Table 10: Comparison of the performance of p, p and p for p 2 0.5

n Estimator Po
0.6 0.7 0.8 0.9
99 p CIML: 0.2242 CIML: 0.2381 CIML: 0.2286 CIML: 0.1912
CP: 0.9575 CP: 0.9275 CP: 0.9250 CP: 0.8900
p CIML: 0.2272 CIML: 0.2410 CIML: 0.2326 CIML: 0.1896
CP: 0.9450 CP: 0.9575 CP: 0.9450 CP: 0.9500
p CIML: 0.4163 CIML: 0.4529 CIML: 0.4841 CIML: 0.5124
CP: 0.9450 CP: 0.9525 CP: 0.9575 CP: 0.9700
499 p CIML: 0.1013 CIML: 0.1071 CIML: 0.1032 CIML: 0.0832
CP: 0.9200 CP: 0.9425 CP: 0.9550 CP: 0.9075
p CIML: 0.1016 CIML: 0.1077 CIML: 0.1040 CIML: 0.0848
CP: 0.9575 CP: 0.9475 CP: 0.9475 CP: 0.9400
p CIML: 0.2200 CIML: 0.2381 CIML: 0.2543 CIML: 0.2695
CP: 0.9450 CP: 0.9650 CP: 0.9500 CP: 0.9775
999 p CIML: 0.0716 CIML: 0.0759 CIML: 0.0731 CIML: 0.0595
CP: 0.9275 CP: 0.9175 CP: 0.9400 CP: 0.9225
p CIML: 0.0719 CIML: 0.0762 CIML: 0.0735 CIML: 0.0600
CP: 0.9475 CP: 0.9350 CP: 0.9625 CP: 0.9175
p CIML: 0.1664 CIML: 0.1803 CIML: 0.1926 CIML: 0.2042
CP: 0.9525 CP: 0.9725 CP: 0.9550 CP: 0.9375
4,999 p CIML: 0.0321 CIML: 0.0341 CIML: 0.0329 CIML: 0.0268
CP: 0.9400 CP: 0.9425 CP: 0.9500 CP: 0.9400
p CIML: 0.0321 CIML: 0.0341 CIML: 0.0329 CIML: 0.0268
CP: 0.9550 CP: 0.9275 CP: 0.9525 CP: 0.9625
p CIML: 0.0876 CIML: 0.0946 CIML: 0.1012 CIML: 0.1073
CP: 0.9475 CP: 0.9525 CP: 0.9500 CP: 0.9525
9,999 p CIML: 0.0227 CIML: 0.0241 CIML: 0.0233 CIML: 0.0190
CP: 0.9500 CP: 0.9500 CP: 0.9475 CP: 0.9425
p CIML: 0.0227 CIML: 0.0241 CIML: 0.0233 CIML: 0.0190
CP: 0.9500 CP: 0.9450 CP: 0.9450 CP: 0.9500
p CIML: 0.0664 CIML: 0.0717 CIML: 0.0767 CIML: 0.0813
CP: 0.9700 CP: 0.9725 CP: 0.9700 CP: 0.9650

Afixed value a = 0.5 was used in all the cases, and 95% confidence intervals were constructed. Est denotes the estimator, and p, denotes
the true value of p.

A (1 - @)100% confidence interval for p is

S 1/2

%
pyl+ hE & zgp|———| .
PR “’2(n+1)ﬁhnl

Tables 9 and 10 present a comparison of the three estimators of p across varying true values of p. Samples
of size n + 1 were utilized, and 95% confidence intervals were constructed. CPs were computed based on 400
replications of each of the chains of size n + 1. Subsequently, the means of the lengths of the 400 confidence
intervals were calculated to determine the confidence interval mean length. The results in both tables demon-
strate that the estimators are asymptotically equivalent and converge to the true value. Note that we did not
include the numerical values of the estimators because 400 numerical values were computed for each esti-
mator in each case, and there is no criterion to choose only one representative from the 400. Relatively narrow
confidence intervals reflect a higher level of precision in estimation, while wider confidence intervals indicate
greater uncertainty in estimation.

In both cases of p < 1/2 and p > 1/2, p yields the most precise estimates with the shortest mean confidence
intervals. The sample mean closely follows p in precision but exhibits slightly longer mean confidence inter-
vals. Although the robust estimator shows larger mean confidence intervals compared to p and p, it still
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Figure 2: CIML for different values of p: (a) CIML for estimators when p < % and (b) CIML for estimators when p > %
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provides reasonable estimates, especially with larger sample sizes. This comparison is presented on the plots

in Figure 2(a) and (b).

Both the MLE and the robust estimator demonstrate sensitivity to sample size, resulting in initially low
CPs. However, as the sample size increases, these probabilities approach the desired 95% level. The CPs for the
sample mean (p) consistently approach the desired nominal level, indicating reliable confidence intervals
across different sample sizes.

The performance of the robust estimator is less optimal with smaller sample sizes but improves as the
sample size increases. The robust estimator is designed to be competitive in data containing noise or outliers;
however, the data considered here has neither.

While all three estimators provide asymptotically unbiased estimates for the Bernoulli parameter p, the
sample mean (p) generally strikes the best balance between precision and accuracy, making it the preferred
choice for estimating p in this context.
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6 Conclusion

The mixing properties of copula-based Markov chains are highly dependent on the chosen marginal distribu-
tions. Some copulas that do not generate mixing with continuous marginals may generate mixing with discrete
marginals, so generalizations should be approached with caution. In this article, we have demonstrated that
copulas from the Fréchet (Mardia) family generate -mixing Markov chains fora + b = 1, which is not the case
when the marginals are uniform(0, 1]. Understanding these mixing properties is crucial for deriving central
limit theorems for sample means, which in turn facilitates the construction of confidence intervals for the
sample means based on the standard normal distribution.
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