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Abstract: Copulas C for which (C!C)? = CIC are called pre-idempotent copulas, of which well-studied examples
are idempotent copulas and complete dependence copulas. As such, we shall work mainly with the topology
induced by the modified Sobolev norm, with respect to which the class R of pre-idempotent copulas is closed
and the class of factorizable copulas is a dense subset of R. Identifying copulas with Markov operators on L?,
the one-to-one correspondence between pre-idempotent copulas and partial isometries is one of our main
tools. In the same spirit as Darsow and Olsen’s work on idempotent copulas, we obtain an explicit character-
ization of pre-idempotent copulas, which is split into cases according to the atomicity of its associated o-alge-
bras, where the nonatomic case gives all factorizable copulas and the totally atomic case yields conjugates of
ordinal sums of copies of the product copula.
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1 Introduction

As is well-known, dependence between two continuous random variables can be captured by their copula.
Stochastic independence is modeled by the product copula II. Monotonic dependence is modeled by the
Fréchet-Hoeffding bounds M = C,, (comonotonic) or W = C,;-, (countermonotonic) and a general complete
dependence copula can be represented by a measure-preserving transformation (MPT) f on [0, 1] and written
as Co s or Cr ., where e denotes the identity function. To cite an instance, C, is the copula of [0, 1]-uniformly
distributed random variables U and V for which V = f(U) almost surely, and the mass of its associated
measure is concentrated on the graph of f [6,12]. See equation (2.3) for the definition of (.. Even though
every copula is of the form Gz = G .Ce ¢, the Markov product of C; . and C, ; and relations between the copula
and the MPTs f and g are far from simple [5,13,23]. Swapping places of the factors defines a factorizable copula
Ce rCy.e, whose associated measure has its mass concentrated on {(x,y) : f(x) = g(y)} [16,19]. This implies, in
particular, that factorizable copulas are singular, yet at the same time gives nice, vivid, and potentially useful
interpretations of factorizable copulas. In fact, C, ¢C, . is the copula of some implicitly dependent U and V for
which f(U) = g(V) almost surely. See the studies by Panyasakulwong et al. [14,15] for novel investigations on
such implicit dependence copulas in which it was shown that the converse is not always true. While complete
dependence copulas are at least one-way deterministic, factorizable copulas can be much less deterministic,
especially when f and g are highly noninjective. Surprisingly, complete dependence copulas are quite ubi-
quitous in the theory of copulas [22]. Being more stochastic, factorizable copulas could conceivably play a
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complementing role to complete dependence copulas. Thus, a systematic study of factorizable copulas must be
commenced.

In 2010, Darsow and Olsen [4] provided a characterization of idempotent copulas by splitting them into
cases according to the atomicity types. For instance, nonatomic idempotent copulas are precisely the sym-
metric factorizable copulas C, sC ., and every totally atomic idempotent copula is conjugate to an ordinal sum
of a countable copies of II. Even though both M and IT are idempotent, all other complete dependence copulas
are not. Moreover, idempotent copulas must be symmetric [4,21] and hence are too limited to model general
dependence. However, a novel partial ordering on the idempotent copulas was shown [4] to be equivalent to
the inclusion on the classes of their invariant sets. Through some examples, this ordering is related to degrees
of dependence. Our goal is to construct and study a class of copulas that accommodates sufficiently many depen-
dence structures, or rather dependence scaffolding in the sense that the class contains all factorizable copulas while
still possesses adequate properties to gauge dependence levels. Clearly, for every factorizable copula C = C, fCy..,
the transpose-product C'C is an idempotent, and so is CCt. Hence, we shall investigate the class R of pre-idempotent
copulas defined as copulas C for which C'C is idempotent. The class R contains not only idempotent copulas and
factorizable copulas but also conjugates of ordinal sums of factorizable copulas and copies of II. Here, C is a
conjugate of D if C = G .DC, ,, for some invertible MPTs  and p. We obtain a characterization of pre-idempotent
copulas using tools from the precedent characterization of idempotent copulas in the study by Darsow and Olsen [4]
and the fact that the set of pre-idempotent copulas and the set of partially isometric Markov operators are
isomorphic. In addition, the atomicity of the associated g-algebras of copulas defined in the study by Sumetkijakan
[19] plays the main role in splitting our consideration into cases. A copula C is in R if and only if C is conjugate to an
ordinal sum D = &»Dy of a factorizable copula and/or copies of IT as follows:

« if C is nonatomic, then # = {[0, 1]} and D; is factorizable, which implies that C is factorizable;
o if C is totally atomic, then Dy = II for all k; and
« if C is atomic but not totally atomic, then D, is factorizable and Dy = II for all k > 2.

The above characterization and its proof are in Section 3. In the last section, we consider the set of copulas
under the strong topology induced by the modified Sobolev norm defined in equation (2.4). It is shown that R is
closed, and the set of factorizable copulas is dense in R.

2 Background knowledge and tools

Throughout the manuscript, let # = %(I) denote the Borel o-algebra onI := [0, 1], and A the Lebesgue measure
on I. The class of essentially bounded Borel measurable functions on I is denoted by L”. For 1 < p < o, LP
denotes the class of p-integrable Borel measurable functions on I, each of which is a Banach space under the
usual LP-norm ||-||,. Clearly, L* € L? C L. The indicator function of a Borel set A C I is denoted by 1,. The
identity function on I is denoted by e.

Letp € [1, ») and q € (1, ] be its conjugate exponent, i.e., 1/p + 1/q = 1. For a bounded linear operator S
on L?, its adjoint is the unique bounded linear operator $* on L1 that satisfies [y - £dA = [ - $*dA for all
Y € LP and ¢ € L9. Recall that||S*|| = ||S]|- The case p = 2 is special in that $* and S are both linear operators on
the same space L.

2.1 Markov operators

A linear operator S : LP — LP is called a Markov operator on LP if
@ S4 =1z

(i) [Sy dA = [¢ dAfor p € LP; and

(iii) Sy > 0 whenever ¥ = 0.
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The class of all such operators is denoted by M,,. By the linearity and positivity of S € M,, |Sy| < S|¥| for all
Y € LP. For S € My, it holds that for ) € L? and ¢ € L*,

ISl = Isylar < [sildn = [1pidr = ], @)
1 1 I

and
1S¢] < SIEl < SliEllo = [1€1loSTr = [I]leoLx = [|E] |- @2

Thus, S is bounded as an operator on L' and as an operator on L™ with norm 1. For 1 < p < o, by Riesz-Thorin
interpolation theorem [7, Theorem 8.23], ||Sy||, < ||¢]|, for all ¥ € LP; hence, every S € My restricts to a
Markov operator on LP. Since a Markov operator on L* extends uniquely to a Markov operator on L!, the
adjoint of S € M, can and usually will be regarded as the adjoint Markov operator $* € Mj (see [7, Theorem
13.2]). Moreover, for S, T € My, (§*)*=S, T> S€ My and (T ° §)* =S* o T*. For 1< p <, the strong
operator topology (SOT) on M, is the coarsest topology such that, for each fixed ¢ € L?, the evaluation
map M, — LP, § » Sy is continuous. The weak operator topology (WOT) on M, is the coarsest topology
such that, for each fixed ¥ € L? and ¢ € L9, the evaluation map M, > R, S ~ _[181/) - €dA is continuous.

The following proposition quoted from [7, Proposition 13.6] says that M; and M, are homeomorphic. Its
proof is a good exercise in functional analysis.

Proposition 2.1. For 1 < p < o, the restriction mapping @, : My ~ M, defined by ®,(S) = S |;» is a bijection. If
p <« and q is its conjugate exponent, then ®,(S*) = $,(S)* for S € My and the mapping ¥, is a homeo-
morphism for the weak as well as the SOTs.

For a linear operator T on L, recall that T is called an isometry if ||To||; = ||@|, for all ¢ € I?, and it is
called a partial isometry if it acts isometrically on the orthogonal complement of its kernel, i.e., || To|; = |||
for all ¢ € ker(T)*. A bounded linear operator P on L? is called a projection if it is self-adjoint and P? = P. Let
us quote a characterization of partial isometries from the study by Ferndndez-Polo and Peralta [8] and Garcia
et al. [9], which is an important tool in our investigation of pre-idempotent copulas.

Proposition 2.2. For a bounded linear operator T on L2, the following are equivalent:
() T is a partial isometry.

(i) T* is a partial isometry.

(i) T=TT*T.

(iv) T* = T*TT*.

(v) T*T is a projection.

(vi) TT* is a projection.

2.2 Copulas

A function C : I? - I is said to be a copula if, for u, v, u’, v’ €1,
@i C(u,0) =C(0,v) =0;
(i) C(u,1) = u and C(1,v) = v; and
(iii)) Cc(u’,v") - C(u’,v) - C(u,v’) + C(u,v) 2 0 wheneveru < u’ and v < v’.

The class of copulas is denoted by C. Every C € C induces a unique doubly stochastic measure y. via
uc((a, b] x (c,d]) = C(b,d) - C(b,c) - C(a,d) + C(a, c) and the support of C is defined as the support of
the induced measure yu., ie., supp(C) =I2\U{O CI*: O isopenand u.(0) = 0}. Denote C'(u,v) = C(v, u)
for u,v € I, and a copula C is said to be symmetric if C* = C. The most well-known copulas are the product
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copula II(u, v) = uv and the Fréchet-Hoeffding upper and lower bounds M(u, v) = min{u, v} and W(u, v) =
max{0, u + v - 1}, respectively. The Markov product, also called the *-product, is a binary operation on C,
which is defined as follows:

1
(AB)(u, v) = _[azA(u, £)8,B(t, v)dt,
0

under which the class C is a monoid having M as the identity and II as the zero. A copula C is said to be left
(respectively, right) invertible if there is a copula D for which DC = M (respectively, CD = M); and D, which
must be Ct if exists, is called a left (respectively, right) inverse of C. C is said to be invertible if it is both left and
right invertible. Note that (AB)! = B‘A..

Let ¥ be the set of all measure-preserving functions on (I, %, A). A function f € ¥ is said to possess an
essential inverse g € ¥ if g » f=e = f o g a.e. We denote by Finy the set of measure-preserving functions that
possess essential inverses. Define the copula Cf, induced by f and g in ¥ by [6]

Cr.g(u, v) = A(F1(0, ul) N g ([0, v])) for u,v €L 2.3)

The left (respectively, right) invertible copulas are exactly the copulas C. (respectively, Cr.) for f € 7. Note
that G .C.y = M and that the invertible copulas are exactly the copulas ., where h € Fiyy.
From Olsen et al. [13], there is a one-to-one correspondence between C and M, via the isomorphism

C ~ T defined by (TcY)(x) = %JolazC(x, tw(t)dt for x € 1. In particular, Trp = T © Tp for C, D € C. Also, the
adjoint of Tp is T¥ = Tt and hence T#* = T¢. For brevity, we denote Ty ; = T, . From the study by Darsow and
Olsen [4], for every f€ ¥ and ¢ € LL, T, ;(¢) = ¢ © f and Ty (¢ © f) = ¢. If T* € M, is the adjoint of T € M,
then, by Proposition 2.1, (T |;2)* = (@o(T))* = &o(T*) = T* |;2, and so we usually write the corresponding
I2-Markov operators of C and its adjoint as T, and TZ, respectively.

In 1992, Darsow et al. [2] showed that, with respect to the uniform distance d., the class C is closed and
compact and the class of invertible copulas is dense in C. Let {4,} and {B,} be sequences in C converging to

copulas A and B, respectively. It holds that A,B — AB and BA, — BA, but it is not always true that A,B, — AB.
Let ||||s denote a modified Sobolev norm on span(C) defined by (see [3, the norm |-|; ;] and [18])

11
It} = [ 1.0, vIP + 18,00, v)Rdudv. 24
00

Let d, be the metrié: on C induced by ths modified Sobolev norm, i.e., dy(4, B) = ||A — B||s. It follows from
symmetry that A, — A if and only if A} = A’ It was shown in the study by Darsow and Olsen [3] that the
Markov product is jointly continuous with respect to d, and that the metriclspace (C, dy) is complete. The
metric D, introduced in the study by Trutschnig [20] is defined by D#(4, B) = IOIO |01(A - B)(u, v)[*dudv. It can
be regarded as an asymmetric version of d, via the relation d?(4, B) = DZ(4, B) + DZ(A!, BY). The topology
induced by d, coincides [20] with the topology on C induced by the o-convergence studied in the works of
Mikusinski and Taylor [10,11]. As such, the corresponding topology on M, shall be denoted by O,. Let us
denote, respectively, by O,, and O; the WOT and the SOT on M. Using the one-to-one correspondence between
C and M, the topology O, on M; corresponds to the topology on C induced by the metric d., (see [13]), while
it was shown in the study by Trutschnig [20] that O; corresponds to the topology on C induced by the metric D,.
So O, is finer than O and O, i.e., O,, C O; C O;.

2.3 Idempotent copulas

For a sub-o-algebra .# of %, a set S € % is called an atom in . if it has positive measure and there is no subset
E € & of S having measure strictly between 0 and A(S). . is said to be nonatomic if it has no atom; otherwise,
it is called atomic. If ¥ has a (countable) family of essentially disjoint atoms By, By,... in.% for which the sum
of their measures is 1, then it is called totally atomic. If & contains only atoms with measure 1, then it is called
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1-atomic. For subclasses # and % of #, % is said to be essentially equivalent to # if, for every S € .%, there
exists R € # such that A(SAR) = 0. Sub-o-algebras # and ¥ of % are called essentially equivalent and written
as 2 = & if & is essentially equivalent to # and Z is essentially equivalent to ..

Recall that an idempotent copula is a copula C such that C? = C. It was shown in the studies by Darsow and
Olsen [4] and Trutschnig [21] that every idempotent copula is symmetric, which yields that Tt |;2 is self-adjoint.
So the Markov operator on L? of an idempotent copula C is a projection. Clearly, a projection Markov operator
is the Markov operator of an idempotent copula. Darsow and Olsen [4] gave a characterization of idempotent
copulas C by splitting them into cases according to the size of the g-algebra . of invariant sets under C. Recall
that a Borel set S is said to be in y, if Tr1s = 1. An idempotent copula C is said to be nonatomic/atomic/totally
atomic if y, is nonatomic/atomic/totally atomic, respectively.

Let P = {(ax, bi)}ken be a partition? of I and {G}xea a collection of copulas, where A is either N or
{1,2, ...,m} for some m € N. Define ®&», for x,y €I by,

X-a y-ag
bk - ak’ bk - dx
M(x,y), otherwise.

ar + (b — ar)Gy

for x,y € (ay, bx],
9Gi(x.) = Y€ (@bl

Then, ®&»C; is a copula called the ordinal sum of {C;} with respect to the partition # or the ordinal sum on the
partition # with components C;. It is straightforward to verify that (@9 C)! = ®pC, (©9C)(@pDy) =®»(CeDy),
and ®pC; = ®pDy if and only if G = Dy for all k. Ergo, ®»Cy is idempotent if and only if Gy is idempotent for all
k. By [4, Lemma 4.1], a Borel subset Q of (ax, bx) is invariant under @,y if and only if % is invariant under
Cy. A partition {(ay, bx)}kes of I is called a special partition and written as {(ax, x+1)}ken if bx = ax+; for all
k € A, where a1 = by, if|A| = m. A Borel partition of I is a collection {Si}xea consisting of essentially pairwise
disjoint Borel sets such that A(Sy) > 0 for all k and ;c,A(Sk) = 1. Let us quote theorems from the study by

Darsow and Olsen [4], some of which have been rewritten to incorporate necessary details from proofs.

Theorem 2.3. Let E be an idempotent copula.
(D) IfE is 1-atomic, then E = II.
(2) IfE is nonatomic, then E = C,;Cs ., where f € ¥ such that y; = f ().

Note that the converses of both statements also hold (see [4,19]).

Theorem 2.4. Let P = {(ay, ax+1)} be a special partition of I and E a copula.

(1) IfE = &pll, then E is totally atomic idempotent and y; = a(P).

(2) Conversely, if P is essentially equivalent to y, then
(@) E is an ordinal sum with respect to the partition P;
(b) if, in addition, y, = o(P), then E = ®pEy where each component, Ey is 1-atomic copula;
(¢) if; in addition to the assumption in (b), E is idempotent, then each Ey is the copula II.

Proposition 2.5. Let {Sx}xepx be a Borel partition of 1. Then, there exists p € iy and a special partition
P = {(ay, Ag+1)}ken of I such that p™(Sk) = [ak, ax+1) for all k € A. Such a p is called a rearrangement of {Sx}
(into P).

Theorem 2.6. A copula E is a totally atomic idempotent if and only if E = G, .(®pI)C, p for some p € F iy and
special partition P of I such that p is a rearrangement of a maximal set of essentially pairwise disjoint atoms
{Sktkea in Y into P.

1 Of course, AAB denotes the symmetric difference (4\B) U (B\A).
2 {(ay, by)}ken is a partition of I if (ay, by)’s are disjoint and Y ,ep(bx — ax) = 1
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Theorem 2.7. A copula E is an idempotent that is atomic but not totally atomic if and only if E = Cp o(®pF)Ce p
for some p € Finy, special partition P of 1, and nonatomic idempotent F; such that p is a rearrangement of
{Si}ken into P, where F, = 11 for allk 2 2, {Si}x=2 is a maximal set of essentially pairwise disjoint atoms in y;, and
S1 = N\Ugsz Sk. Note that F; = Co nCy e for some h € F.

By Corollaries 3.4.1, 4.4.1, and 5.11 in the study by Darsow and Olsen [4], we have

Corollary 2.8. There is a unique idempotent copula C whose the class y, of invariant sets is essentially equivalent
to a given sub-o algebra ¥ of 4.

2.4 Associated o-algebras and atomicity of copulas

Following [19], we give some background of associated o-algebras and various types of the atomicity of
copulas. The associated o-algebras of a copula C or its Markov operator T = T is defined as follows:

Oc=0r={SEHR:Tls=1; forsome RE %} and of =of ={RE€ % :Tlg =1z forsome S € %}.

Evidently, if C is idempotent, then oc = of = .. Generally, of = g+, and hence of = g In fact, if T1s = 1,
then T*1; = I5. Consequently, o¢ is nonatomic if and only if g is nonatomic. This is also valid for all types of
atomicity, i.e., oc is nonatomic/1-atomic/atomic/totally atomic if and only if 6/ is nonatomic/1-atomic/atomic/
totally atomic, respectively. Hence, the atomicity of a copula or its Markov operator is defined corresponding
to that of its associated o-algebras.

Since the associated og-algebras of a Markov operator are defined via indicator functions which are in L,
they all coincide no matter which L? the Markov operator is on, i.e. or = oyy,.

Analogous to the invariant sets, g,’s scale linearly according to £ under taking ordinal sum.

Lemma 2.9. If A = ®pAy where P = {(ay, bx)}, then for all Borel sets Q, R C (ax, bx)
(1) Q is in gy if and only if% is in 04,; and

(2) Risin gy if and only if

R-a
-

k jo 1 %
b o, 8 T4,

a,

2.5 Nonatomic copulas
We gather some useful results related to nonatomic copulas below. See [4,16,19].

Proposition 2.10. Let f,g € ¥, C € C, and ¥ a nonatomic sub-o-algebra of 4.
(@ Gr=Mand G g = G oCog.
(ii) Cf,ng,e = Cfug’e and Ce,gCe’f = Ce,fug.
@ii)) of, = oc, = fUA).
(iv) There exists h € ¥ such that h"''(%) = &.
(v) If C is idempotent and o = f (%), then C = CefCr e
i o, = 0c,, and Gci,fcg,e = Gé;f.
i) ag, c = oc and G&*C&f = g provided that f € Finy.
(vii)) occ,, = f(oc) and Gg;’ec = f(of) provided that f € Finy.
() CofCre = CogCye if and only if there is h € Finy for which f= h ° g almost everywhere.
) If fU(H) = g7N(A) then there exists h € Fiy such that f=h o g almost everywhere.
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Given p € [1, =] and a sub-g-algebra ¥ of %, we define LP(%¥) to be a subclass of L? consisting only of
& -measurable functions.

Theorem 2.11. For every nonatomic copula C, there exist h and g in ¥ such that off = (%), oc = g"{(%), and
Te = TonTge on LNg™Y(A)).

A nonatomic copula C is said to be factorizable if there exist f and g in # such that C = C,;Cy .. Given a
nonatomic copula C, by Proposition 2.10 (iv), there exist f and g in F such that o; = g7Y(%) and o = f(£).
The product C* = C, sCf .CC, 4Cy ., which is independent of the choices of f and g, is called the isoalgebra copula
of C. In fact, C’ is factorizable and shares the same set of associated o-algebras as that of C. The following
theorem presents C” as a tool in characterizing factorizable copulas. See [16] for more details.

Theorem 2.12. A nonatomic copula C is factorizable if and only if C coincides with its isoalgebra copula,
ie.C=C".

3 Characterization of pre-idempotent copulas

Definition 3.1. Let C be a copula. The transpose-product of C is defined as C'C, and C is pre-idempotent if its
transpose-product is idempotent, i.e., C!CC'C = C'C. Denote R = {C € C: C'C is idempotent}.

Clearly, R contains all idempotent copulas as well as all factorizable copulas. In fact, if C = LR, where L and R!
are left invertible, then C‘C = (LR)Y(LR) = R'R, which is idempotent. By Propositions 2.2 and 2.1,

CER & CteR & (C=CCC. GD

Note that there are factorizable copulas, which are not idempotent, such as W, the copula A in Example 3.10,
and all asymmetric factorizable copulas.

The following lemma shows that the atomicity of a pre-idempotent copula can be verified via that of its
transpose-product.

Lemma 3.2. Let C € R. Then, d¢c = d¢ic and o = .

Proof. Let C € R with corresponding L?-Markov operator T.. We will show only that o; = g¢t because the
other identity can be obtained by substituting C* for C. Let R € o and S € of such that Te1g = 1. So T¢ls = 1
and Tetelg = TE(Te1) = TELs = 1z. Hence, R € a¢c. Conversely, let K € oct. Since CIC is idempotent, 1 =
Teelg = TE(To k) = TEg, where g = Tclg € I2. By properties of Markov operators, Ilgdﬁ = Lle)l = A(K)
and 0<g<1 ae So 0<g?<g<1 ae Then AKK) = (g, 1) = (TZg, 1x) = (g, Telx) = (8. &) = [g?dA <
Jlgd/l = A(K), which implies that g = g2 a.e. Hence, g = 15 for some Borel set E. That is, K € a¢. O

Let us observe here that if r € Fi,y, then C, (-, = M and

(Cr,e(@PFk)Ce,p)t(Cr,e(®PFk)Ce,p) = Cp,e(@‘PFIEFk)Ce,p- 3.2)

Proposition 3.3. Let P = {(ax, ax+1)}xer be a special partition of I and p,r € Finy. The following statements

hold for C = Gy o(®pDy)Ce,p, Where Dy, s are copulas.

(D) IfDyx = 1I for all k, then C is a totally atomic pre-idempotent copula.

(2) If D, is factorizable and Dy = 11 for k = 2, then C is a pre-idempotent copula that is atomic but not totally
atomic.
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Proof. From equation (3.2), C!C = Cp,e(®¢>D,§Dk)Ceyp. If each Dy is either factorizable or II, then each DDy, and
hence C'C is idempotent, which implies that C is pre-idempotent. The desired atomicity of C in cases 1 and 2
follows from Lemma 3.2 and Theorems 2.4 and 2.7. O

Lemma 3.4. II is the only 1-atomic pre-idempotent copula.
Proof. Let C be a 1l-atomic pre-idempotent. By Lemma 3.2, C!C and CC' are l-atomic idempotent. So

C!C = CC' =TI by Theorem 2.3 (1). To show C =TI, it suffices to show that for each u € I, 8;C(t,u) = u a.e.
t € I. Let u € 1. The derivations

1 1
W = T, u) = C'C(u, u) = J’azct(u, £)8,C(t, wdt = J(01C(t, W)Xt and (3.3)
0 0

1 1 1 1
I(alC(t, u) - w)idt = J’(alca, W)t - IZualC(t, wydt + juZdt = I(alC(t, W)Xt - 12,
0

where the second equality follows from the fact that j51C(t wydt = C(1,u) - C(0,u) = u, yields
j (81C(t, w) - u)®dt = 0, and the claim follows. 0

As mentioned above, every factorizable copula is a nonatomic pre-idempotent. The converse also holds.
Theorem 3.5. Every nonatomic pre-idempotent copula is factorizable.

Proof. Let C be a nonatomic pre-idempotent. In light of Theorem 2.11 and Lemma 3.2, there exist f, g € ¥ such
that Tr = T, ;T . on LY(g™Y(%)), f1(#) = of = dcet, and g§7Y(A) = o¢ = 0¢tc. By Theorem 2.3(2), the transpose-
products of C and C* can be written as C'C = C,,¢Cy . and CC' = C,C; ., respectively. By applying equation (3.1)
twice, the isoalgebra copula of C equals C’ = Co (s CC, ¢Cye = CC'CC'C = CC'C = C. By Theorem 212, C is
factorizable. 0

Corollary 3.6. If A is a nonatomic pre-idempotent copula with o, = gY(%) and o = f™(%) for some f,g € F,
then there exists an invertible copula S such that A = C,sSCq .

Proof. Since the o-algebras of idempotents A’/A and AA' are g, = gy = g (%) and gy = 0i = f1(%),
Theorem 2.3(2) gives A'A = C, 4C;. and AA' = C,fCr.. By Theorem 3.5, A is factorizable: A = C, Gy, for
some h, k € 7. Then, C, Gy = AA = Ce,gCq.e and Ce yCp e = AA' = Ce £Ct.e. SO, by Proposition 2.10(ix), there exist
P € Finy such thatk=r o g and h = p < f. Thus, by Proposition 2.10Gi), A = C.p-fCr.g.e = CoSCy e, Where
S = CopCr e is invertible. O

The following characterization of factorizable Markov operators is an immediate consequence of Theorem
3.5 and Proposition 2.2.

Corollary 3.7. For every nonatomic Markov operator T on L%, T is a partial isometry if and only if T is
factorizable.

Theorem 3.8. Let C € R be atomic, then there exist p,r € Fi,y and a special partition P = {(ay, ax+1)}kep SUch
that C = G o(®pDi)C, p, where Dy = 11 for all k = 2 (if any). Furthermore, D, = ILif Cis totally atomic; otherwise,
D, is a factorizable copula.

Proof. By assumption, CC is atomic idempotent with invariant sets y . = oc and )« = o¢". Let us first consider
the case that C'C is not totally atomic. Let {Sx}x=2 be a maximal collection of essentially pairwise disjoint atoms
in oc, S; = I\ Ugsz Sk, and Ry’s Borel sets in of such that Tr1g, = 1g,. Consequently, {Ri}k=2 iS a maximal
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collection of essentially pairwise disjoint atoms in g/. By Proposition 2.5 and Theorem 2.7, there exist a special
partition P = {(ay, ax+1)} of I, a nonatomic idempotent F;, and p,r € Fi,y such that p7(S) = [ax, ax+) =
r-i(Ry) for all k and C‘C = Cp,e(®pFi)C, p, where F = II for k 2 2. Put D = C,;CC,, so that

DD = C,,C'CCy = ®F, (3.4)
P

which is idempotent. For each k € A, Tplig, ap.p) = Lo TeTp el picsy = TerTels, = Torlr, = 1wy = Lagaen)-
By Theorem 2.4, D is an ordinal sum with respect to the partition £, i.e., D = ®@pDy. So, by equation (3.4),
®pDiDy = D'D = ®pF. Hence, DDy = F; and D{Dy = Il for allk = 2. For k = 2, Lemma 3.4 implies that Dy = II.
By Theorem 3.5, the nonatomic pre-idempotent D, is factorizable. Thus, C = G, .DC, , =C; «(®pDy)C, p, Where
Dy =11 for all k = 2 and D, is factorizable.

The case that C is totally atomic can be proved in a similar manner as the previous case with minimal
adjustments. In this case, {Si} and {Rx} are maximal collections of essentially pairwise disjoint atoms in o and
a¢, respectively. Theorem 2.6 is applied instead of Theorem 2.7, thus the copulas F; and D; in this case become
the copula II. O

For conciseness, only in the following theorem, empty intervals will be permissible in the partition #, i.e.,
the components Dy in @Dy corresponding to empty intervals vanish. This allows us to unify Lemma 3.4 and
Theorems 3.5 and 3.8 and conclude our characterization of pre-idempotent copulas.

Theorem 3.9. For C € R, there exist invertible measure-preserving functions p and r and a special partition
P = {I}xen of 1 such that C = Gy o(®pDy)Ce p, where the component D, is factorizable, and each component of Dy,
k > 2, is the copula II.

If C is nonatomic, then I, = (0,1) and I = @ for allk > 2, and the measure-preserving functions r and p can
be chosen to be the identity function, hence it is in fact the factorizable copula.

If C is totally atomic, then I, = &. That is, the ordinal sum ®pDy contains only the copula Il as its compo-
nents. In particular, if C is 1-atomic, then I, = (0, 1) and all other I,’s are empty, thus C = II.

The following example shows that a pre-idempotent with given associated og-algebras is not necessarily
unique.

Example 3.10.

(1) Consider a sub-o-algebra A'{(%), where A(x) = 2min{x, 1 - x}. Recall [4,19] that D = C, 5Cj ¢ is a nonatomic
idempotent copula for which ap = gy = A(%). Let A = Co pCewChe, Where w € Fipy is defined as w(x) =
1 - x. Since w is invertible, it follows from Proposition 2.10 (iii, vi, and vii) that g, = g} = A(%4). The
supports of factorizable copulas D and A are shown in Figure 1.

(2) Let ay = % and P = {(ax, ax+1), k = 1, 2, 3} be a partition of I. Let F = ®pF; be an ordinal sum on the
partition # with components Fy = II for all k = 1, 2, 3. Then, F is a totally atomic idempotent copula, hence
pre-idempotent, with or = a7 = g(P). Let € € Finy map X to x + 1/3 on [1/3,2/3), x to x - 1/3 on [2/3, 1],

2/3
1/2 1/2
1/3 .
0 1/2 1 0 1/2 1 0 1}
D A

Figure 1: Supports of copulas D, 4, C., and B.
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and x to itself elsewhere. Then, C, , is an invertible copula. By direct calculation or using results on shuffles
of Min (See [17]), B = C, (F is a copula whose support is shown in Figure 1. Consider B‘B = (FtCet, 2)(Ce oF) =
F'F =F. Thus, B € R. By Proposition 210 (vii and viii), oz = o, ,r = ¢ and of = of ; = €74(0f) = of.
But B # F.

Proposition 3.11. Let A,C € R be such that g4 = oc and o} = of. Then, there exist C, C, € R such that
0g = 0F, = 0, 0%, = 0, = 0c, A = GiC, and A = CG,.

Proof. The case of 1-atomic is clear since A and C are exactly the copula II by Lemma 3.4.

If A and C are nonatomic sharing the same set of associated g-algebras, then, by Theorem 3.5, both A and C
are factorizable. Let f, g € ¥ be such that C = C,;C, .. Thus, g4 = o¢ = g74(#%) and g} = o = f1(#). Corollary
3.6 yields h € Finy such that A = G, fC, 1Cye. Then, G CenCye = (CofCenCr,e)(CefCee) = GIC and C,sCe nCy e =
(Ce fCq,e)(Ce gCo nCy ) = CCy, Where Cy = Co fCo nCre and G, = C, ;Ce nCy e are clearly both in R. By Proposition
2.10 (ii and vi), og = o, = o and of, = ag, = ac.

For the atomic case, we first suppose C is atomic but not totally atomic. Let {Sx}x>2 and {Ry}k>2 be maximal
collections of essentially disjoint atoms in o and o, respectively, such that Trls, = 1g, for all k. Then,
S1 = I\ Ugzz Sk and Ry = I\ Ugsy R have positive and equal measure. Since g, = oc and g = o, there exists
a permutation 77 on the indices of {Si}k2 such that Tyl = 1g,,,. By Theorem 3.8 and its proof, there
exist p;, p,, 11, 1> € Finy and a special partition # = {(ax, ax+1)} such that pl'l(Sk) = pz'l(Sﬂ—l(k)) = [ag, g+1) =
rz'l(R,T(k)) = T'l_l(Rk), and

C = Cre(®pDi)Cep, and G, o(®pE)Cep, = A = Cryo(®pFi)Ce,p,s (3.5)

where Dy = Ex = F, = 1I for all k > 2, and D,, E;, and F; are factorizable copulas with op, = og, = g, and
op, = of, = of. From the nonatomic case, there exist factorizable copulas H; and K; such that

E;=HDy, Fy=DiK, oy =0fj=0p, and O =0k = 0p, (3.6)
Setting Hy = Ky = Il for all k > 2, then (®pHy)(®pDy) = ®pHyDy = ®pEy and (@pDy)(@pKy) = @pDxKy = @pFy,
which, together with equation (3.5), gives
A= Crz,e(®PEk)Ce,p1 = Crz,e(eaPHk)(EBPDk)Ce,p1 = Crpe(®pH)Cer,C = GC  and
A= Cm,e(eaPFk)Ce,pz = Crl,e(@’PDk)(@PKk)Ce,pZ = CCpl,e(GBPKk)Ce,pZ = CG,
where C; = G, o(®pHi)Cer, and G = Cp, o(®pKi)Cep,- Note that equation (3.6) and Lemma 2.9 imply that
Ooptc = OdpH, = Oapn, = Oapr, a0 0k, = Oauk, = O,D, = OayF- Consequently, by Proposition 2.10 (vii and
viii),
96 = O@pHCer, = 11(Topi) = 11(5,0,) = 08 (@ppy = 0 and
0-2?1 = O-grz,e(@PHk) = rZ(O-;wHk) = rZ(Ggwfk) = O.E!;Z,e(e;%’Ek) = O-: = O-Ek'
By a similar argument, og; = p,(Og,p,) = 0c and a¢, = py(0g,r) = 0a = Oc.
The case that C is totally atomic follows from a similar proof as in the previous case without the nonatomic
part in the first component. That is, the sets {Sx} and {Ry} are maximal collections of essentially pairwise

disjoint atoms in g¢ and of, respectively. So all components of the ordinal sum &y Dy, ®pEy, and @pFy are II,
and hence C; and C; are set t0 be G, (®pDy)Ce r, and Cp, (®pDi)Ce p,, TESPECively. O

4 The closure of the pre-idempotent copulas

As the class of factorizable copulas, denoted by Cr, contains all invertible copulas which form a dense subset of
C, both Cr and R are dense in C with respect to the uniform norm. So, in this section, we shall investigate the
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closure or denseness with respect to d; of the class R and the class Cr. Recall that the Markov product is jointly
continuous with respect to d.

Theorem 4.1. R is closed in (C, dy). That is, if {Cu}n>1 IS a sequence in R converging to a copula C with respect to
dy, then C € R.

d d
Proof. By equation (3.1), C, = C,CLC, for all n. Since d, is symmetric, we have that C, - € and C. = Ct, which

d
yield C, = G,C!C, = CC'C by the joint continuity of the Markov product. Thus, CC'C = C. Applying equation (3.1)
again gives C € R. U

Let Cy denote the class of nonatomic copulas. By Theorem 3.5, Cy N R = Cr, which is in fact dense in R.
Theorem 4.2. The closure of Cr with respect to d, is R.

Proof. From Theorem 4.1, C- € R = R. To show that R € Cr, let C € R\Cr. We will find a sequence {Cy,} in Cr
converging to C with respect to d;. For each m € N, let A, be a patched copula defined as follows:

m-1

2 M@QW),v)

i=0

1
Am(u, V) = H
for (u,v) € (#, %] x [0, 1], where Q; is the uniform distribution on [#, %]. Ap, is the left invertible copula
Ce.n, Where h(x) = mx (mod 1). Then, each C,, = A, AL, is factorizable. Theorem 4.4 in the study by Chaidee et al.
[1] implies that C,, converges to II with respect to d,. This proves the case that C = II. Using Theorem 3.8, an
atomic copula C in R can be written as C = G, (®pDy)C, p, where Dy =1I for all k =2 2 and D, is either a
factorizable copula or the copula II. For m = 1, let F, = G, o(©pEy m)Ce,p, Where Ex = Gy for allk 2 2, and Eq
is chosen to be either D; whenever D, is factorizable, or C,, whenever D, = IL. Then, {F,}>1 is a sequence of
factorizable copulas. By direct calculation and using that G, - 11, we obtain that ®pExm = @®p Dy. Hence,

d
Fn - Cr,e(GBSDDk)Ce,p =C. O
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