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Abstract: A family of bivariate copulas given by: for v + 2u < 2, C(u, v) = F(2F7(v/2) + F™'(u)), where F is a
strictly increasing cumulative distribution function of a symmetric, continuous random variable, and for
v+2uz22, C(u,v) =u+v-1, is introduced. The basic properties and necessary conditions for absolute
continuity of C are discussed. Several examples are provided.
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1 Introduction

In recent years, the interest in the construction of multivariate stochastic models describing the dependence
among several variables has grown. In particular, the recent financial crises emphasized the necessity of
considering models that can serve to better estimate the occurrence of extremal events (see, e.g., [3,6,23]
or [13D).

We introduce a new family of bivariate copulas, which are supported not on the whole unit square [0, 1%,
but on its subset, a trapezoid with vertices (1/2, 1), (0, 1), (1, 0), and (0, 0). The family consists of copulas
parametrized by generators F, the symmetric cumulative distribution functions, with full support, which
are convex on the negative half-line

Ce(u,v) = FQFYv/2) + FY(u)), for v+ 2u<2.

The interest in such copulas has aroused from the study of self-similar stochastic processes and the depen-
dence between such processes and their running minima or maxima processes. See [4] or [1] for the Brownian
motion case.

In Section 2, we recall the basic notation, the definition of the bivariate copula, and the formulas for its
Kendall 7, Spearman p, and tail dependence parameters. The construction of the new family of copulas is
presented in the next section. In addition, the absolute continuity of these copulas and the support are discussed.

In Section 4, we provide five examples of copulas introduced in the previous section. For each one, we
calculate tail parameters and Kendall 7. For some, Spearman p as well.

The proofs of theorems and calculations are relegated to Section 5, which also contains some auxiliary
results. In Section 5.1, we proved that the introduced family of functions is a family of copulas. Sections 5.2
and 5.3 deal with the support and absolute continuity. In Sections 5.4 and 5.5, the Kendall 7 and Spearman p
are characterized in terms of generator F and calculated for examples from Section 4. Sections 5.6, 5.7, and
5.8 deal with the tail dependence at the lower left, lower right, and upper left corners. We show that the
tail dependence of Cr is closely connected with the regular variation of the survival distribution func-
tion F(t) =1 - F(t).
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2 Definitions and basic properties
We recall the definition of a bivariate copula; see [24] and [11] for more details.

Definition 1. The function
C:[0,1? — [0,1]
is called a copula if the following three properties hold:
(cl) Yue€][0,1] C(u,0)=0=C(0,uw);

(c2) Yue][0,1] C(u,1)=u=CA,u;
(€3) Vg, Uy, v, V3 € [0,1],  wp < Uy, vy < vy Ve((ug, V1), (Uz, V7)) 2 0,

where the function
Ve :[0,1P x [0,1? — R
is given as follows:
Ve((wy, v1), (U, v2)) = C(ug, v1) = C(wy, Vo) = C(U, V1) + C(tty, V7).

Note that for w < up, vi < vy, Ve((uy, v1), (Up, v2)) is equal to the so-called C-volume of the rectangle
[, Up] * [y, vo.

By the celebrated Sklar’s theorem, the joint distribution function H of a pair of random variables X, Y
defined on the probability space (Q, F, P) can be written as a composition of a copula C and the univariate
marginals F and G, i.e., for all (x,y) € R?,

H(x,y) = C(F(x), G(y)).
Moreover, if F and G are continuous, then the copula C is uniquely determined, and the random variables
U=FX), V=G(Y),

which are uniformly distributed on [0, 1], are its representers.

The above is a special case of the more general fact: a bivariate copula C is a restriction to the unit square
[0,1]? of a distribution function of a random pair (U, V) of uniformly distributed random variables on [0, 1],
known as representers.

Furthermore, when the marginal distribution functions Fy and Fy are continuous, then many concordance
and dependence measures may be expressed in terms of the copula. For example,

Kendall 7 and Spearman p are given by the following formulas ([24] s. 5.1.1, s. 5.1.2):

11
) 3
=1-4f|— — 1
7€) =1 4{}[ .- C, V)= C(w, v)dudv. )
11
p(C) = 12_”C(u, v)dudv - 3. @
00

We observe that since copulas are Lipschitz functions, they are differentiable on the complement of at most a
zero measure set (Theorem of Rademacher, [21], Section 7.1), and the integral in the formula (1) is well defined
for any copula. Similarly, the tail dependence parameters, lower left (LL), lower right (LR), upper left (UL), and
upper right (UR), which describe the dependence of random variables in extreme cases, are defined as limits
(providing they exist) as follows:

Ap = IimP(Y < FS2) | X < F$P(0) = lim @ €))
t—=0 t

-0

_ _ t-Ccl-tt
A = ImP(Y < FSY%0 | X2 FFPA - 0) = lim % @)
t-0 t-0
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_ _ t-C(t,1-t
Ao = IimP(Y 2 FSP1 - ) | X < E$Y(0)) = lim % (5)
t-0 t-0

A-t,1-¢t)-1+2t
t b

(6)

3 3 c
Ar = imP(Y 2 FS P - ) | X2 F{ P - 1) = lim
t-0 t-0

where F ;({1) and Fl(fl) denote the quantile functions, i.e., the generalized inverses of the distribution functions.
Compare with [24, Section 5.4], [10, Section 2.6.1], or [18, Section 2.18]. Note that the existence of the limits in
formulas (3) and (6) implies that the diagonal section § of the copula C, §(u) = C(u, u), admits one-sided
derivatives, respectively, at the points 0 and 1 as follows:

A =807, Awr =2 - 6(1).

3 Novel construction

We introduce a new family of copulas characterized by a functional parameter F, where
F: [-o, +o0] — [0,1]
is a strictly increasing continuous cumulative distribution function, which is furthermore symmetric
F(-x)+F(x)=1

and convex on the half-line (-, 0]. The set of all such distribution functions is denoted by ¥

Theorem 1. Let F € ¥, then the function
CF : [Oy 1]2 - [Oy 1]
given by

G v) = FQF7(v/2) + FY(u)) for v+ 2u <2,
B lu+v-1 for v+2uz2

is a copula.

The proof is postponed to Section 5.1.

The above-introduced copulas are a close analogy of Archimedean copulas, which are also characterized
by functions convex on a half-line, [18,22,24]. We recall that a bivariate copula C is said to be Archimedean if,
and only if,

Cu,v) = Yl(ew) + ()],
where ¢y and ¢ are convex functions such that
P : [0, +oo] — [0,1],
is continuous and decreasing, (0) = 1, and () = 0, and
¢ :[0,1] — [0, +o]
is a right-sided inverse of ¢
Ple®) =t ¢(0) = inf{x : P(x) = 0}.

Note that an Archimedean generator ¥ is a restriction of a survival distribution function of a nonnegative
random variable. Hence, for any F € ¥, the function

2(1 = FOO)lx=0

is a generator of an Archimedean copula.
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The other example of a related family of copulas is left truncation invariant (LTI) copulas [5,8, 9,17]. For
any F € ¥, the function

fOO=QF0) = Dlxzo or f(X) =2FX) = Dlxeo
is a generator of an LTI copula C; as follows:

[0 B

Similarly as in the Archimedean or LTI case, the construction of G- copulas is scale invariant.
Let Fi(x) = F(x/s), s > 0. Then,

Ce(u, v) = Cp(u, v).
Indeed,
FY(x) = sF7(x).
For u + v/2 < 1, we have

Cr(u, v) = HQ2F'(v/2) + F'(w))
= F((2sFY(v/2) + sF7 (w))/s)
= FQF(v/2) + F(W)) = Gr(u, v).

As follows from the construction of Cr copulas, they are supported on the trapezoid
v
Tr ={(u,v) € [0,1]2:u+531,
as shown in Figure 1. We provide a bit stronger result.

Theorem 2. Let U and V be representers of a copula Cr, F € ¥, then

Figure 1: Support of Cr.
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Vv
[P[U+E<1]=1.

Under some additional slight assumptions, copulas Cr are absolutely continuous and have a feasible
density. Thus, they might be estimated via the maximum likelihood method.

Theorem 3. Let F € F. If, moreover, it has a locally absolutely continuous derivative f on the punctured line
(=%, 0) U (0, +), then the copula Cr is absolutely continuous. If, moreover, F is differentiable at 0, then the
density of the copula Cr is given on the open square (0, 1)? as follows:

gQFv/2) + F\W)
cr(u, v) = | fE7W/2)f (FH(w)

0 for 2u+v =2,

for 2u +v <2,

If F is not differentiable at 0, then
g@F(v/2) + F'(w)
SET©I2)f Fw)

c(u,v) =

for 2u+v <2, u=1/2,

for u=1/2,
0 for 2u +v =2,

where g is a nonnegative version of the density of f on the negative half-line, i.e.,
y
vy <0 [g@)dE=f(y).

The conditions in the above theorem are also sufficient.

Theorem 4. Let F € F. If the copula Cr is absolutely continuous, then F is differentiable on the punctured line
(=%, 0) U (0, +=), and its derivative is locally absolutely continuous.

The proofs of Theorems 2-4 are postponed to Sections 5.2 and 5.3.

4 Examples

To illustrate the concept of “trapezoid” copulas, we provide in this section several examples of the Cr copulas
and list their basic properties. The proofs of these properties are postponed to next sections (5.4 to 5.8).
The upper tail parameters are trivial for all Cs.

Aur, = Agr = 0.
The lower tail parameters, A1, and A g, depend on the regular variation index of the survival distribution

function F = 1 — F. We recall that F has a regular variation index equal to y € [, 0] when for any positive x,
the limit

. F(tx)
o

exists and equals x?. Here, x ™ is defined for x > 0 as follows:

+0o for x <1,
X=11 for x =1,
0 for x > 1.
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Figure 2: Scatterplot of G, F ~ N(0, 1).

For more details, the reader is referred, e.g., to [25]. Note that the regular variation was also studied in the
context of the tail behavior of Archimedean copulas [2].

41 F ~N(0,1)

Let F(x) = ®(x) ~ N(0,1). Then,

®QdY(v/2) + @Y u)) for v+ 2u <2,
u+v-1 for v+ 2u=2.

Co(u,v) = ‘

Regular variation index y = -, tail parameters Ay, = 0, Az = 3/4 (Figure 2).

6 6
p=— arccos[i] -2 =-0.8245,
b 3

T= 2 = —0.6366.
b

Note that Cy is the copula of the self-similar bivariate stochastic process (W;, —M;)-0, where W; denotes a
Wiener process and M; denotes its running maxima process as follows:

M; = max{W;, 0 < s < t}.

Compare [4] and [1], where the copula of the pair (W, M;) is discussed.

4.2 Laplace (bi-exponential) La(0, 1) = Exp(1) @ -Exp(1)
Let

1
2 exp(t) for t <0,
F(t) =

1
1- Eexp(—t) for ¢t > 0.

Since
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In(2s) for s <1/2,
Fl(s) =
-In(2 - 2s) for s >1/2,
we obtain
uv? for 0su<1/2, 0sv<1,
2
Cr(u,v) = 4(1\)_ ” for 1/2<u<1, 0sv<2-2u,

u+v-1 for1/2<u<i1 2-2u<vsl

Regular variation index y = —, and tail parameters Ay, = 0, Aig = 3/4, 7 = -1/2, and p = -2/3 (Figure 3).

4.3 Bi-Pareto, P(II)(0, 1, k) & -P(II)(0, 1, k)

Let k > 0 and
1 _
E(l—t)k for t <0,
FO=1"
1- 5(1 + )% for t> 0.
Since
1- (2s)Vk for s < 1/2,
N /
-1+ (2(1 - s))™ Yk for s> 1/2,
we obtain

1
E(Zv‘l/" +QuyVk-2yk for0<u<1/2 0<v<1l,

-1
Cr(w, v) J@E - @ - W) VRE for 12<us 0<v<2-

u+v-1 for1/2<u<1, 2-2usvs<1.

Regular variation index y = -1/k, and tail parameters A, = (2 + 27K)7Vk/2, Aig = 1 - (2 - 27%)7Vk/2 (Figure 4),

Figure 3: Scatterplot of Cr, F ~ La(0, 1).
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Figure 4: Scatterplot of Cr, F ~ biPareto(1).

1/2;

-0,413 for k=1,
-0,517 for k=2

-0,287 for k

p:

4.4 t-Student, T'(n)

Tu(x) ~ T(n),n > 0, and

Let F(x)

n

T,

lw) for v+2u<2,

T,2T; X (v/2) +
u+v-1

for v +2u > 2.

|

CTn(u) V)

s
o

Figure 5: Scatterplot of G, F ~ t-Student(2).
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Regular variation index y = -n, and tail parameters Ay, = (2 + 27V/")7/2, Aig = 1 - (2 - 27Y/")™/2 (Figure 5),
_ A+ 1/2)
© 7 anr¥n/2)

-0,499 for n=1;
p =1-0,643 for n=2;
-0,789 for n = 10.

4.5 Extra heavy tail

Let
1 2 <o
Ft_ZIn(Z—t) -
()_1—111172 fort>0
2In@2 +t) '
Since
2 - 25 for s < 1/2,
F—l(s) = x . /
-2 + 2w-s for s > 1/2,
we obtain

In2

for0<u<1/2, 0sv<l,

21n{21+V + 22 - 4]
Cr(u, v) = In2
——"——— for1/2<u<1l 0sv<2-2u
2In(2"v - 2z@w)
u+v-1 for1/2<u<1, 2-2u<vs<1

Regular variation index y = 0 and tail parameters Ay, = Ag = 1/2,

0,8 >
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Figure 6: Scatterplot of Cr, F extra heavy tailed.
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2
= - 2 =~ - = -
T 32 2In%(2)U(4, 4, In2) 0.2234, p 0.236.

U denotes the so-called Tricomi confluent hypergeometric function (Figure 6).

5 Proofs and auxiliary results

5.1 Proof of the Theorem 1

Step 1. Conditions (c1) and (c2) — the easy part.
By direct computation, we obtain

C(0,v) = FQ2FY(v/2) + FY(0)) = F(-) = 0,
C(u, 0) = FQFY(0) + FY(u)) = F(-») = 0,
Clv)y=1+v-1=y,
for u<1/2 C(u,1) = F2F71(1/2) + FY(u)) = F(0 + F'(u)) = u,
foruz1/2 Cu,)=u+1-1=u

Step 2. Condition (c3).
We follow the approach from [7].
First, we check the continuity of C.
We introduce an auxiliary function G : {(u,v) : 0 sv<1,0<u<1-v/2} — [0,1]

G(u, v) = FQFYv/2) + FYu)) for u<1,
’ 0 forv=0u=1

Since for u < 1, the sum 2F1(v/2) + F~(u) is well defined (it is finite or is equal to =) and G is continuous
foru<1.
We show that G is continuous at the point (1, 0) as well. Indeed, let v, —» 0 andu, — 1, then since v,/2 < 1 - up,

0 < FQFY(vy/2) + F Y (uy))
S F(FY(vp/2) + FY(A = up) + FY(up))
= F(FY(vy/2)) = vu/2 = 0.

Since W(u,v) = (u + v - 1)* = max(0, u + v — 1) is continuous on [0, 1]* and
G(u,2 - 2u) = FQF 1 - u) + FY(w)) = F(F1(1 - u))
=l-u=u+Q@-2u)-1=W(u,?2 - 2u),

Cr is continuous.
Next, we calculate the right-sided partial derivative of G- with respect to the second variable v, v € (0, 1).
Let f be the right-sided derivative of F.
For 2u + v < 2, we obtain

a* 0" - - :
5y V) = 56 v) = IO + FIW) 2o,

On the other hand, for 2u + v = 2, we obtain
a* 0
—CGv)=—@+v-1)=1
G V) = (v -1)

We check that for any fixed v, the function
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+

0
— _C ¢l b
u Fw (U, v)
is nondecreasing. In more detail:
Since for0 < 2u <2 -,
2FY(v/2) + FW(u) < 2F'(v/2) + F'(1 - v/2) = F(v/2) < 0,

and F is convex on the negative half-line, we obtain that f is nondecreasing and so is the function

a* - - !
U EG(u’ V) = fQFY(v/2) + FY(w)) TEW2)

Furthermore,

o F@F2) + F( - v/2)) _
P FEWI2) -

Thus, as required, for any v € (0, 1), the function

a+
— —Cr(u,
u— = F(u, v)

is nondecreasing on the interval [0, 1].
To prove the 2-monotonicity of Cr, we consider an auxiliary function H (compare [7]).
For any fixed uy, Uy, v, 0 < uy < u; £ 1,0 < vy <1, we put

H: [vy, 1] — [0, 1],
HW) = G(ug, vi) + Ge(u, v) = CGe(uy, v) — Cp(up, v1).

We obtain H(0) = 0 and

a* a
- = — - — >
de ) v Cr(u, v) ™ Ce(uy,v) 2 0,

which implies that H is nondecreasing, hence nonnegative.

5.2 Support - proof of Theorem 2
We show that the set
{w:U(w)+@<l]

contains subsets of the measure close to 1.
Let § be a positive constant. We observe that for any v > 0,

) {5 )

ol

as 0C
EQy<do(V)) = o, V),

1+6

+ [—“1[

Hence,

=P

[P[U+K<1
2

rer-Yer
).

But taking into account that for any u € (0, 1),

1"
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and substituting v = 2F(y), we obtain by “disintegration”

P

v

P

U+K<1]
2

1

0
1

V=2F(y)

Since 6 might be “infinitely” small, [P[U + % <1

oot el rfi3]

1

[r@riw) + F1a - FEwi2) + FAQ + 8)/2))
;

[farw) - Fwp) - Fi@ + 8)2)
0

1
[rEwiz) - Fa + s)12)
0

2

EEAy<i-rewvineria+syz)o(V)))

.[ Ey<i-rtwrayrtarsalV = v)dv

I% (1 - F(F\(v/2) + FY((1 + 8)/2)), v)dv
0

1

FEiwz

1
FEwz)

0
2 [f@ - i@ + 8)2)ay

2F(y - FH((1 + 8)/2))|%
2F(-F (1 + 8)/2)) = 2FF (1 - 8)/2)) =1 - 6.

must be equal to 1.

5.3 Density - proofs of Theorems 3 and 4

Proof of Theorem 3. Since g is a density of f,

y
v,y € (-, 0][g(€)d¢ = f3) -~ F)

and changing the variables, we obtain that for 2u + v < 2,

j}cp(a, Bdadf =
00

{a=F(x), B =2F(y)} =

Note that for 2u + v = 2

vu

[jeaien  rw),
A D))
FYw/2)FY(u)

j 2(2y + x)dxdy

—00 —00

Flw/2)
[ 2y - Frady = Fariwr) + Fiw)).

—00

adp

vu
IICF(Q,ﬁ)dadﬁ=u+v-1=1_u=§'
00

Similarly, for 2u + v > 2, we obtain

DE GRUYTER

ey
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vu 2(1-u)u v 1-g/2
[[ert@ prdadp=" [ [erta prdadp+ [ [ er(a pydadp
00 0 0 21-uw) 0
¢ e + Fia
St @
201-u) 0
Fw/2)-y
w=Fo0,p=2Pi=1-u+ [ [2g2y+xdxdy
Fl(1-u)-o

Fl(v/2)
=1-u+ j 2f(Mdy =1 - u + 2F(FY(v/2)) - 2F(F'(1 - u))
FY2(1-u))
=u+v-1 O

Proof of Theorem 4. Let a nonnegative, Borel function ¢ be a density of the copula Cr. Due to the Fubini
theorem, we have
v

Guv) = [ capdadp= |

[0,u]x[0,v] 0

u

Icp(a, Bda

0

dg,

where
B~ [arta praa
0

is a Borel function. Hence, for a fixed u, the function v » Cg(u, v) is almost everywhere differentiable with
respect to v. Let U be a dense countable subset of the unit interval [0, 1]. Since a countable union of zero
measure sets is a zero measure set as well, then for any € € (0, 1), there exists v* € (1 - ¢, 1) such that for any
u € U, the function v = Cr(u, v) is differentiable at v*. For u from ¢ such thatu <1 - v*/2, we obtain

u

Icp(a, vida =
0

aC(u,v) _ fQFY(v'/2) + FY(w)
o fEWR))

where f is a right-sided derivative of F. Substituting v* = 2F(y*)a = F(y) and u = F(x) and rearranging the
above equation, we obtain that for x € FY(U) N (-, -y*),

X

f@ + 0= [eEW),y O ().

—00

The right side of the equation is an absolutely continuous function of x. Since both sides are nondecreasing
functions of x and are equal on the dense set, they are equal at every point, which implies that f is absolutely
continuous on the set (-, y*). Since v* may be chosen as close to 1 as necessary and y* = F71(v*/2), f is
absolutely continuous on the set (-, 0). Furthermore, since f is continuous, F is differentiable on the half-line
(=, 0). O

5.4 Kendall 7

Theorem 5. Let F € . The Kendall T of the copula Cr is given by

0
7(G) = ~4E(XIF (X)) = 8 [ xf200dx,

—00

where X is a random variable with the cumulative distribution function F and the probability density f.
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Proof. Indeed, for u = F(x) and v = 2F(y), we obtain

11
9 F
(G =1- 4JJ'£C(u, V)5 €, v)dudy
00

11-v/2 1

=1- 4_[ _[ FROF/2) + FA) ——— L udv+ _[
0 0

fSEN W) fFEW)
0

= 0
=-8 jffz(zy + x)dxdy = -8 J- sz(xl)d-xldy

—00—00 —00—00

00 0
-3 IIfZ(xl)dydxl =8 Ifo(X)dx

—oox;

= -4 [ Idf200dx = ~4E(XI(X)).

In the following, we show how to calculate Kendall 7 for examples listed in Section 4.

5.4.1 Kendall T for N(0, 1) generator

We recall that
o'(x) = =xp(x).

Hence,

0
2
7= 8Jx¢2(x)dx = —40%(x)|% = -

—00

5.4.2 Kendall T for La(0, 1) generator
We recall that for x < 0,
1
X) = —eX,
00 =3
Hence,

0 0
1 1
- 2 - UAdy = ye2X — —p2x|0 — _—
T 8:[xf (x)dx 2__[xe dx = xe 2e |20 5
5.4.3 Kendall 7 for bi-Pareto generator
We recall that for x < 0,

F0) = S -y,

Hence,

01-

1
dudv
v/2

DE GRUYTER
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0 0
7=8 [xf200dx = 2 [ xk¥(1 - x) 2 Ddx

—00 —00

0 0
= -2 [ k(1 - xy%tdx + 2 [ K21 - x) 2k Ddx

—00 —00

1 1 k
=-2ki— - = - .
k[Zk 2k+1] 2k +1

5.4.4 Kendall 7 for Student generator

We recall that

I'((n +D/2)

£2 ]—(n+1)/2

f =

JanT(n/2) n
Hence,
0 0 —-(n+1)
I+ D), x|
- 2 = —_— —_—
T 8_J;Xf(X) dx 8_J;x nriny2) " dx

R RV A A e B RV

nT%(n/2) n 7T%(n/2)
5.4.5 Kendall 7 for heavy-tailed F
We recall that for x > 0,

___In@2) 1
fO0 = = o+ %)

Hence,

K Cxin22) 1

T=-8 Ofo(x)d_x - —2!’(2 P

x-2 1
=—21n2(2)I—X2 )
2
11 11
= - 2 - 2 il
21n (Z)J;X g b+ 4l (2)‘!' pryT
2k [ po [ 1
=S |, * 40 (2)15[2)"4“(1)(
2

=3 O U4 4 ) = -0.2234.

U denotes the so-called Tricomi confluent hypergeometric function as follows:

[

U(a,a,z) = ezju‘“e‘“du.

z

15
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5.5 Spearman p

Theorem 6. Let F € . The Spearman p of the copula Cr is given as follows:

0 —y2y+x
p(Gr) =24P(Y<0,Y+X<0,Z<2V+X)-1.5=-15+ 24” j F@FCOf (v)dzdxdy,

—00—00 —00

where X, Y, and Z are independent and identically distributed (iid) random variables with distribution function F
and probability density f.

Proof. We observe that for u = F(x) and v = 2F(y), we obtain

11
p(Gr) =12 Hcp(u, v)dudv - 3
00

1 1 11-v/2
=3+ 1zj j (u+ v - Ddudv + 12j J FQF(v/2) + F{w)dudv.
01-v/2 0 0

0-y
=-15+ 2 [ [F@y + 0fcof (n)axdy

—00—00

0 -y2y+x

=15+ 24 [ [ [ r@rcoroazaxay. O

5.5.1 Spearman p for F ~ N(0, 1)

We observe that the joint distribution of independent random variables X, Y, and Z, each following the
standard normal law N(0, 1), is normal N3(0, Id;). Since such distribution is spherical, the probability
P(Y<0,Y+X<0,Z<2Y+ X) can be expressed in terms of the volume of a spherical triangle (a subset of
the unit sphere S? = {(x, y, z) € R3: x? + y? + 72 = 1} cut by three half-spaces ax + by + ¢z < 0,1 = 1,2, 3).
We recall that due to Girard’s theorem such volume (taken with respect to the surface measure ) equals

Vol=A+B+C-m, V)]
where A, B, and C are inner angles (in radians) of the triangle (see, e.g., [20] formula (1.12.2) in section 1.12).

Since the inner angle increased by II equals the angle between normal vectors (oriented outward), the cosine
of the inner angle is given by the scalar product of normal vectors as follows:

aa; + biby + o

a3 + b} + cf\Jaf + b + cf

cos(z(ax + by + az < 0, ax + by + 6z < 0)) = - 8

Therefore,

P(Y<0,Y+X<0,Z<2Y+X)= te({(x,y,z) €S2:y<0, y+x<0, z-2y-x<0}

1
‘usz(sz)
=ﬁ(4(ys0,y+x50)+4(y50,z—x—2ys0)

+2(y+x<0,z-x-2y<0)-m)

4| 4

En+ arccos JE + l7T— n
3 6

-iarccos ﬁ - i
T Am 3 48"

Finally, we conclude
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6 6
-15= E arccos[%’ - 2=-0,82452.

1 V6| 1
p(Cr) = 24[E arccos[T] Ty

5.5.2 Spearman p for Laplace F

We have
uv? for0<u<1/2, 0sv<l,
VZ
Cr(u,v) = - for 1/2<u<1 0<sv<2-2u,
u+v-1 for1/2<u<i1 2-2u<vsl
Since
11/2 1/2 1 1/2 1
u® v3 1 1 1
2dudv = |udu |Vdv=—| —| ==-==—,
IIuv udv qujv v > 3 s 3
00 0 0 0 0
12-2u 1 2(1-u) 1
v? 1 v 2
dudv= | ———— du= | =1 - u?2d
.[I4(1—u)uv '[4(1—11)3 u IB( u)=du
1/2 0 1/2 0 1/2
2 o211
= - — 1 - 3 = — « — = -,
R B T
1 1 1 1 1 1 1 1
I J' (u+v - Ddvdu = j—(u +v-1)2 = I—(uz - @-1)du = -,
2 201-w) 2 8
1/22(1-u) 1/2 1/2
we obtain

11
p(Gr) =12 Hcp(u, v)dudv - 3
00

11/2 12-2u \}2 1 1
- _ 2 _
3+ IZIIuv dudv + I I a1 - u)dudv + I I (u +v - 1)dvdu
00 172 0 1/22(1-u)
- _3 + lz[i + i + 1] - _E
24 36 8 3

5.5.3 Spearman p by the Monte Carlo method

Thanks to Theorem 6, we may apply Monte Carlo methods to approximate Spearman p. Just draw N times a
random vector (X, Y, Z), where X, Y, and Z are iid and have a cumulative distribution function F. Next, check
the percentage of cases when the drawing (x; y;, z;) fulfills

Y20, x;+y <0, =<2 +x.

For N = 6 - 107, we obtained the following approximated values:
biPareto k = 0.5, p = —0.287;

biPareto k = 1, p = —0.413;

biPareto k = 2, p = -0.517;

tStudent n = 1, p = -0.499;

tStudent n = 2, p = -0.643;
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tStudent n = 10, p = —0.789;
Extra heavy tail, p = -0.236.

5.6 Lower left tail dependence

We say that a copula C admits the uniform tail decomposition when
C(u,v) = L(u,v) + R(u, v)(u + v),
where the leading part L : [0, +®)2 — [0, +) is positive homogeneous
L(tu, tv) = tL(u, v)
and the tail R : [0, 1]> = [0, +) is bounded and

lim R(u,v)=0
(u,v)~(0,0)

Note that
C(tu, tv
L(u,v) = lim g
t—0 t

provided the limit exists. See [14-16] for more details. The leading part L is also called the tail dependence
function [18,19].

Proposition 1. Let F € ¥ and let the survival distribution function F be regularly varying with index
Y € (-, 0). Then, the copula Cr admits the tail decomposition with the leading part

Ly(u,v) = Q/2)Yr + utlvy.

Proof. Since F is symmetric, F(-t) = F(t), and we have for x > 0,
F(-tx) _ F(tX)t- y
F(-t)  F@®
The above convergence is almost uniform in x (see [25] Proposition 2.4). Moreover,

-1/y

Ft)  Fles(17"

Fi/t)  Flaje

%
The regular variation of the function G(t) = F"l(l/ t) follows from [25] Proposition 2.6.v. Since
_F—l(l/t)tj + oo,

and the function x is monotonic, we obtain
. u v
Ly(u, v) =lim th[?, ;]

- lim tF[ZF_l[%] ok l[%]]

t—o

clim—L
S EEan) P

2F/20) | F-l(u/t)]]

F1/t | F/o
[ZFl(v/@t)) Fi/)|
zw F1/t) FQ/t)
= IV + utlvy. O
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Proposition 2. Let F € ¥ and let the survival distribution function F be regularly varying with index y = 0.
Then, the copula Cr admits the tail decomposition with

L(u, v) = min

vy
12'

Proof. Since F(-t) = F(t) and F is slowly varying, we have for x > 0,

F(-tx) _ F(tX)t:c
F(-t)  F@)

Since F™! is negative on the interval (0, 1/2), we observe that for t < 1/2,

FQ2FY(tv/2) + Fl(tu)) < F(F\(tw)) = tu
and
FQFY(tv/2) + FY(tw)) < F(F Y tv/2)) = tv/2.

On the other hand,

- i F(3FY(tw))
us o= FQETWI) + FW) 2 o o = b

F3F(tv/2))

v 1 - -
Ls ’ R ?F(ZF (tv[2) + Fl(tw)) = m

LY
5"
We apply the sandwich rule

min(u, v/2) = %F(ZF‘l(tv/Z) + FY(tw)) = %F(3P‘1(t min(u, v/2))) —» min(u, v/2). O

Proposition 3. Let F € ¥ and let the survival distribution function F be regularly varying with index y = -,
Then, the copula Cr admits the trivial tail decomposition with L = 0.

Proof. We apply the sandwich rule for small ¢, 0 < t < 1/2,

1 4 FQF'(w/2) 0, _
0< tF(ZF (tv/2) + Fl(tu)) < FET D) 27° = (. ]

Since for the copulas with a uniform lower left tail decomposition, the lower left tail parameter exists and
equals

C(t, t
AL = hmg = L(l, 1),
t-0 t

we obtain

Corollary 1. Let F € F and let the survival distribution function F be regularly varying with indexy € [, 0]. Then,

1/2 fory =0,
An(Ce) = {2 + Y)Y [2 for y € (=, 0),
0 for y = —co,

5.7 Lower right tail dependence

In order to simplify the calculations, instead of studying the tail behavior of a copula C at point (1, 0), we deal
with the lower left tail of the copula reflected with respect to the line u = 1/2.
Let (U, V) be generators of a copula C. We recall that the copula C* of (1 - U, V) is a reflected copula and
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C(u,v)=v-Cc>1-uv).

Indeed,
PA-UsuVsv)=P(U21-uV=<v)
=P(V=v)-PU<1-u,V<svy)
=v-C1-uv).
Hence, the copula C; obtained by reflection of Cr copula with respect to the u = 1/2 line is given as follows:
C(u,v)=v-CG»A-uv)
‘v - FQFYv/2) + FY(1-u)) for (1-u)+v/2<1,

v-((1-w+v-1) for 1-uw) +v/221,
_ ‘v - FQFY(v/2) - FY(uw)) for v < 2u,
u for v = 2u.

Proposition 4. Let F € ¥ and let the survival distribution function F be regularly varying with index
Y € (-, 0). Then, the copula Cr admits the tail decomposition with the leading part

L) v = QE/DVY - Wy for v < 2u,
u,v) =
u for v = 2u.

Proof. We apply the same approach as in the proof of Proposition 1. For v < 2u, we have

Cr(tu, tv
L v) = lim )
t-0

tv - FQFY(tv/2) - FY(tw))

= lim
t-0 t
. F(FY(t)F(tv/2)[F(t) - FY(tw)/F7\(1)))
=y - lim —
>0 F(F(t)

=y - (llin(}(ZF‘l(tv/Z)/F'l(t) - FY(tw)/F(t)y
=v - QU)W - ullvy. 0

Proposition 5. Let F € ¥ and let the survival distribution function F be regularly varying with index y = 0.
Then, the copula C; admits the tail decomposition with the leading part

v] [v/Z for v < 2u,
u —|=
2

L*(u, v) = min
@ v) ! u forvz2u.

Proof. Indeed, for v < 2u and ¢ < 1/2, we have
Cr(tu, tv)  tv - F2QFY(tv/2) - FY(tw))

t t
F2E\(tv/2))
2F(FY(tv/2)) /v

-V -v/2=v/2

On the other hand,
tv - FQ2F Y (tv/2) - Fl(tuw)) 5y - F(FY(tv/2)) _
t - t h

v - v/2=v/2. a

Proposition 6. Let F € F and let the survival distribution function F be regularly varying with index y = =,
Furthermore, let there exists a function w : R — R* such that
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lim tw(t) = o,

t—o0
and for any y € R.

lim o

m—Fy = exp(-y).

Then, the copula Cy admits the tail decomposition with the leading part

v[l - L] for v<2u
L'(u,v) = 4u ’

u for v = 2u.

Proof. We observe that

Ft- o) FCt+ i) e
Fo - B | )

and
lim w(t)(F(eYF(t)) - t) = y.
t——o

Therefore, for v < 2u and t = F(x)/u, we have

Cr(tu, tv
G, ) _

1
li v = lim —=F(2FY(tv/2) - F\(tu))
t-0 t-0 t
-1| V. -
F[ZF [ZuF(x) X
=y- limu
Xr—c0 F(x)
F[x ~ 21n(v/(2u))]
w(x)
=y -ulim ———=
X——co F(x)
=y - uex 21ni —v—v—2
P2 9 e 0

Since for the copulas, such that their reflections with respect to the line u = 1/2 admit a uniform lower left
tail decomposition, the lower right tail parameter exists and equals
t-CcA-tt
t

ALR = lim
t-0

=L'(L D),
we obtain the following corollaries.

Corollary 2. Let the survival distribution function F be regularly varying with index y € (-, 0]. Then,

1/2 for y =0,

Ar(Gr) = 1-2- 21/V)V/2 for y € (-, 0).

Corollary 3. Let the survival distribution function F be regularly varying with index y = - and let the function
w introduced in Proposition 6 exist. Then,

3
Mr(Gr) = Z

Note that for the normal standard distribution function and for Laplace L(0, 1) distribution function, the
required function w exists and equals, respectively,
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w(x)=x and w((x) =1

Furthermore, the existence of w implies that the distribution F belongs to the maximum domain of attraction
of the Gumbel distribution (see [12] Theorem 3.3.27).

5.8 Left upper tail

The left upper tail of the copula Cr is trivial, i.e., the leading part L” of the copula Cy, the reflection of G with
respect to the line v = 1/2, equals 0. In more detail:
Since F is increasing and convex on the half-line (-, 0] and F(0) = 1/2, we have for h 2 0 and y < 0

F(y) - F(0) h  F(y)h h
Fy)z2Fy-hz2F0O)+(y-h————=Fy)+ ——-———>F(y) + —. 9)
O =2Fy-h)2F0)+y-h 3 )] 2 Y o) 2
Since F™' is increasing and concave on the interval (0, 1/2] and F7'(1/2) = 0, we have for A € (0, 1/4),
0> F1(1/2 - 1) = (1 - 4A)FY(1/2) + 4AF7Y(1/4) = 4F1(1/4)A. (10)

Inequalities (9) and (10) imply that for sufficiently small positive ¢,
1., 1
0< ?CF(ut, vt) = u - ?Cp(ut, 1-vt)
1
=u- ?F(F’l(ut) + 2F1(1/2 - vt/2))

<u- %F (FYut) + 4vtF(1/4))

20tFY(1/4)| 2vF‘1(1/4)t:9

1 _
su= \FEW) - =50 571 = P
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