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Abstract: For a given d-dimensional distribution function (df) H we introduce the class of dependence mea-
sures u(H, Q) = —E{ln H(Z4,..., Zd)}, where the random vector (Z1, . .., Z;) has df Q which has the same
marginal dfs as H. If both H and Q are max-stable dfs, we show that for a df F in the max-domain of attraction
of H, this dependence measure explains the extremal dependence exhibited by F. Moreover, we prove that
u(H, Q) is the limit of the probability that the maxima of a random sample from F is marginally dominated by
some random vector with df in the max-domain of attraction of Q. We show a similar result for the complete
domination of the sample maxima which leads to another measure of dependence denoted by A(Q, H). In
the literature A(H, H), with H a max-stable df, has been studied in the context of records, multiple maxima,
concomitants of order statistics and concurrence probabilities. It turns out that both u(H, Q) and A(Q, H) are
closely related. If H is max-stable we derive useful representations for both u(H, Q) and A(Q, H). Our appli-
cations include equivalent conditions for H to be a product df and F to have asymptotically independent
components.

Keywords: Max-stable distributions, domination of sample maxima, extremal dependence, inf-argmax for-
mula, de Haan representation, records, multiple maxima, concomitants of order statistics, concurrent prob-
abilities
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1 Introduction

Let H be a d-dimensional distribution function (df) with unit Fréchet marginal dfs @(x) = e l/x , X > 0. We
shall assume in the sequel that H is a max-stable df, which in our setup is equivalent to the homogeneity

property
Ht(Xl,...,Xd)=H(tX1,...,th), (1.1)

forany t > 0, x; € (0,00),1 < i < d, see for instance [2, 9, 25]. The class of max-stable dfs is very large with
the two extreme instances

d
Ho(x1,...,Xxg) = H D(x;)) and  Heol(xy,...,Xg) = {nllré D(x;),
i=1 o

the product df Hy and the upper df He., respectively. Hereafter G = 1 — G stands for the survival function of
some univariate df G. It follows easily by the lower Fréchet -Hoeffding bound that

d
- n . 7
(H(xy, . onxg)" 2 (max (0,1-" dlnxy)) = et nin(o3, @)
i=1
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= Ho(X],...,Xd), Xi € (0,00), i<d. (1.2)

Indeed, (1.2) is well-known and follows for instance using the Pickands representation of H, see [9, Eq. (4.3.1)]
or the inf-argmax formula as shown in Section 4. Consequently, any max-stable df H lies between Hy and Hoo,
ie.,

Ho(x1,...,x3) <H(X1,...,X43) € Hoo(X1,...,Xg), X;€(0,00),1<ix=d. (1.3)

From multivariate extreme value theory, see e.g. [2, 4, 9, 25], we know that d-dimensional max-stable dfs H
are limiting dfs of the component-wise maxima of d-dimensional independent and identically distributed
(iid) random vectors with some df F. In that case, F is said to be in the max-domain of attraction (MDA) of
H (abbreviated F € MDA(H)). For simplicity we shall assume throughout in the following that F is a df on
[0, o0)¢ with marginal dfs F; € MDA(®), i < d that have norming constants an = n, n € N, and thus we have

lim F'(nx) = ®(x), xcR (1.4)
n—oo

foralli < d, where we set @(x) = 0 if x < 0. Consequently, F is in the MDA of some max-stable df H if further

lim sup |F'(nxi,...,nxg)-H(xq,...,x4)| =0. (1.5)
n—° y.€R,1<isd
In the special case that F has asymptotically independent marginal dfs, meaning that for (X1, ..., X ;) with
df F
lim nP{X; > nx;, Xj > nx;} =0, Xx;,x;€(0,00), Vi=j<d, (1.6)
n—oo

then F € MDA(H,) if simply F; € MDA(®), i < d.

In various applications it is important to be able to determine if some max-stable df H resulting from the ap-
proximation in (1.5) is equal to Hy, which in the light of multivariate extreme value theory means that the
component-wise maxima My := (maxi<jcp Xi1 . - - » MAXq<jen Xjq), N 2 1 of a d-dimensional random sample
(Xi15...,X;q),i=1,...,nof size n from F has asymptotically independent components.

The strength of dependence of the components of My, or in other words the extremal dependence manifested
in F, in view of the approximation (1.5) can be measured by calculating some appropriate dependence mea-
sure for H (when the limiting df H is known).

For any random vector Z = (Z1, . .., Z;) with df Q which has the same marginal dfs as H we introduce a class
of dependence measure for H indexed by Q given by

uH, Q) =-E{lnH(Z,...,Zy)}. 1.7)

In view of (1.3), since - In H;(Z;) is a unit exponential random variable, we have

<1<

d
1= IlnayélE{—lnH,-(Z,-)} < —E{ln {Isliisl“li Hl-(Z,-)} <u(H,Q) < —E{lnHHi(Zi)} =d, (1.8)

and, in particular:
M(H(:h Q) = d; ]J(HOO’ H°°) =1. (1-9)

Clearly, u(H, Q) can be defined for any df H and it does not depend on the choice of the marginal dfs of H. In
this contribution we shall show that u(H, Q) is particularly interesting for H being max-stable.

Next, consider the case that both H and Q are max-stable. It follows that (see Theorem 2.3) for F satisfying
(1.5) and G € MDA(Q)

,u(Q’ H) :nILn:OHH(G’Fn)a HH(G’ Fn)= n/[l_G(Xl"-'aXd)] an(le-"yxd)) (1'10)
R4
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provided that both F and G are continuous. In view of (1.10), we see that u(H, Q) relates to F under (1.5).

Let in the following W denote a random vector with df G being independent of M. We say that W marginally

dominates My, if there exists some i < d such that W; > M,;. Consequently, assuming further that W is

independent of M,, we have
M = P{W marginally dominates My} =: m,,.

Re-writing (1.10) we have limn o nm, = p(H, Q) and thus u(H, Q) appears naturally in the context of marginal

dominance of sample maxima.

Our motivation for introducing u(H, Q) comes from results and ideas of A. Gnedin, see [10, 12, 13] where multi-

ple maxima of random samples is investigated. In the turn, the probability of observing a multiple maximum

is closely related to the complete domination of sample maxima as we shall explain below.

We say that W completely dominates My, if W; > M,,; for any i < d. Assuming that F and G are continuous,

we have

An(F™, G) := n/F"(xl, ey X0) dG(xyq, . .., x4) = nP{W completely dominates M} =: n7in.
]Rd

If further F € MDA(H), G € MDA(Q) we show in Theorem 2.3 below that

Tim (6", F) = A(Q, H) = / Q1+ sxg) do(x, ..o xy), (1.11)
(0,00)4
where v denotes the exponent measure of H defined on E = [0, 0] \ (0, ..., 0), see [9, 25] for more details

on the exponent measure. Note in passing that by symmetry limp . An(F", G) = A(H, Q) follows.
Our notation and definitions of 7, and 7, agree with those in [7] for the particular case that F = G. Therein
the complete and simple records are discussed. If F is continuous and F = G we have that (n + 1)77, equals

]P{ max Xij = le,j =1,..., d},
1<isn+1

which is the probability of observing a multiple maximum, see [8, 11-13, 20, 21]. There are only few contribu-
tions that discuss the asymptotics of A,(G", F) for F/= G, see [16, 17, 19].

Since the exponent measure can be defined also for max-id df H, i.e., if H' is a df for any ¢ > 0, then as
above A(Q, H) can also be defined for any such df H and any given d-dimensional df Q. We shall show that
u(H, Q) and A(Q, H) are closely related. In particular, for d = 2 we have u(H, Q) = 2 - A(Q, H), provided that
H is a max-id df. In particular, we show how to define A(Q, H) for any H and Q.

For H being a max-id df we also show how to calculate u(H, Q) and A(Q, H) by a limiting procedure, which
relates to domination of d-dimensional random vectors, see Theorem 2.1 below.

It turns out that both dependence measures u(H, Q) and A(Q, H) are very tractable if H is max-stable
(note that such H is also max-id df). In particular, we show that u(H, Q) is the extremal coefficient of some d-
dimensional max-stable df H", i.e., u(H, Q) = -In H"(1, ..., 1). Moreover, we derive in Theorem 2.5 tractable
expressions for u(H, Q) and A(Q, H), which are useful for simulations of these dependence measures if the
de Haan spectral representation of H is known.

It is of particular interest for multivariate extreme value theory to derive tractable criteria that identify if
a max-stable df H is equal to Hy. In our first application we show several equivalent conditions to H = Hy.

In view of (1.10) and (1.11) we see that both measures of extremal dependence u(H, Q) and A(Q, H) capture
the extremal properties of F € MDA(H). Motivated by the relation between u(H, Q) and A(Q, H) we derive in
our second application several conditions equivalent to (1.6).

Both u(H, Q) and A(Q, H) can be defined for any d-dimensional df H and Q. When H is max-stable, these
are dependence measures for H, since independent of the choice of Q, we can determine if H = Hy, see
Proposition 3.1, statement ii). A simple choice for Q is taking Q = H. Alternatively, one can take Q = Hy or
Q = H... Independent of the choice of Q we show in Proposition 3.1 that u(H, Q) = 2 is equivalent to H = Hj.
In particular, this result shows that u(H, Q) is a measure of dependence of H (and not for Q).
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A summary of the remainder of the paper follows. In Section 2, we derive the basic properties of both
measures of u(H, Q) and A(Q, H) if H is a max-id df. More tractable formulas are then derived for H being a
max-stable df. Section 3 is dedicated to applications. We present some auxiliary results in Section 4 followed
by the proofs of the main results in Section 5.

2 Main Results

In the following H and Q are d-dimensional dfs with unit Fréchet marginals dfs and Z is a random vector
with df Q. The second dependence measure A(Q, H) defined in (1.11) is determined in terms of the exponent
measure v of H, under the max-stability assumption on H.

A larger class of multivariate dfs is that of max-id dfs. Recall that H is max-id, if H' is a df for an ¢ > 0. For
such dfs the corresponding exponent measure can be constructed, see for example [25], and therefore we can
define A(Q, H) as in the Introduction for any H a max-id df and any given df Q. Note that any max-stable df is
a max-id df, therefore in the following we shall consider first the general case that H is a max-id df, and then
focus on the more tractable case that H is a max-stable df.

2.1 Max-iddf H

Our analysis shows that u(H, Q) and A(Q, H) are closely related. Specifically, if d = 2, then u(H, Q) = 2 -
A(Q, H), provided that H is a max-id df. Such a relationship does not hold for the case d > 2. However as
we show below it is possible to calculate u(H, Q) if we know A(Qg, Hy) for any non-empty index set K C
{1,...,d}. Asimilar result is shown for A(Q, H). In our notation Qg denotes the marginal df of Q with respect
to K and |K| stands for the number of the elements of the index set K. Below u, and A, are as defined in the
Introduction.

Theorem 2.1. If H is a max-id df, then we have

u(H, Q) = lim pn(H'",Q), AQ.H) = lim An(Q, H'/"). 2.1)
Moreover,
pH,Q = d+> D" > AQk, Hy) (2.2)
2<i<d Kc{1,...,d},|K|=i
and
AMQ.H) = d+) (D" > u(Hg, Q. (2.3)
2<isd Kc{1,...,d},|K|=i

Remark 2.2. i) For H a max-stable df and Q = H the claim in (2.3) is shown in [8, Th. 2.2, Eq. (13)].

ii) A direct consequence of (2.3) is that we can define A(Q, H) even if H is not a max-id df by simply using the
definition of u(Hg, Qg).

iii) It is clear that u(H, Q) = u(Hg, Q) for any non-empty index set K C {1, ..., d}. Note that (2.1) shows that
exactly the opposite relation holds for A(Q, H) when H is a max-id df, namely

A(Q’ H) < A(QK! HK)'

In fact, (2.3) shows that we can calculate both u(H, Q) and A(Q, H) by a limit procedure if we assume that H
is a max-id df, see for more details (5.1). Although such a limit procedure shows how to interpret these depen-
dence measures in terms of domination of random vectors, it does not give a precise relation with extremal
properties of random samples. Therefore in the following we shall restrict our attention to the tractable case
that H is a max-stable df.
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2.2 Max-stable df H

We show next the relation of u(H, Q) and A(Q, H) with the marginal and complete domination of sample
maxima mentioned in the Introduction. Recall that in our notation F;, G;, i < d stand for the marginal survival
functions of F and G, respectively.

Theorem 2.3. If H, Q are max-stable dfs with unit Fréchet marginals and F, G are two d-dimensional continu-
ous dfs such that limy—,« F;(x)/G;(x) = ¢; € (0, o) for i < d and further F ¢ MDA(H), G € MDA(Q), then (1.10)
and (1.11) hold.

Remark 2.4. The relation limp— oo An(F", F) = A(H, H) for F ¢ MDA(H) is known from works of A. Gnedin,
see for instance [12, 13]. Explicit formulas are given in [22] for d = 2. See also the recent contributions [7, 8].

In view of [4] (recall H has unit Fréchet marginal dfs) the assumption that H is max-stable implies the follow-
ing de Haan representation (see e.g. [6, 23])

Y,
“InH(xq, ..., xg) = E{glggﬁ;}, (X1s -+ > xg) € (0,00)7, 2.4)
<1< 1

where Y;’s are non-negative with E{Y;} = 1, 1 < i < d. Asshown in [18], see also [3, 24] we have the alternative
formula

d
1
—lnH(xl,...,xd)=Z;‘I’i(xl,...,xd), (x1,...,x4) € (0,00)%, (2.5)
i=1 !
where W;’s are non-negative zero-homogeneous, i.e., ¥i(cxi,...,cxg) = Wilxy,...,xg) for any

¢ > 0,x; € (0,00),i < d. Moreover, ¥;’s are bounded by 1, which immediately implies the validity of
the lower bound in (1.2).

In the literature —In H(1, ..., 1) is also referred to as the extremal coefficient of H, denoted by 6(H), see
for example [8].
Our next result gives alternative formulas for u(H, Q) and shows that it is the extremal coefficient of the max-
stable df H* defined by

_ * _ Yi d
1nH(xl,...,xd)—E{rlggxl_Zi}, (1., Xq) € (0, 00)%, 2.6)

with Z being independent of ¥ = (Y4, ..., Y,). Note that since
E{Y;} =E{1/Z;} =1, i=<d

and Y;/Z;’s are non-negative, then H" has unit Fréchet marginal dfs and moreover also H defined by

—lnH(xl,...,xd)=IE{max

s (e xg) € (0,090, 27
1sistiZi} (X1 a) € (0, 00) @2.7)

is a max-stable df with unit Fréchet marginal dfs.

Theorem 2.5. If H is a max-stable df with unit Fréchet marginal dfs and de Haan representation (2.6) with Y
being independent of Z with df Q which has unit Fréchet marginal dfs, then we have

d
W(H,Q) = E{rlrslia;ﬁ;:}=§]E{Zli‘{’,-(21,...,zd)}, ey xg) € (0, 00)7, 2.8)

and

AQ, H) = E{{rsliiS% %} 2.9)
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Moreover, with H* defined in (2.6), we have

u(H, Q) = 6(H") > max(e(H), e(ﬁ)) >1, (2.10)
and
AQ,H) < min(]E{min Yi},IE{min 1}) <1. (2.11)
1s<i<d 1<izd Z;
Remark 2.6. i) If Z; = --- = Z; = Z with Z a unit Fréchet random variable, then the zero-homogeneity of
¥,’s, (2.5) and (2.8) imply that
d 1 d
u(H, Q) = Zl wi(1,..., 1)]E{2} - Zl ¥i(L,...,1) = E{max ¥;} = -InH(1,...,1) 2 1. 2.12)
i= i=

Further, by (2.9) we have A(Q, H) = E{min;.;.4 Y;}-
ii) In view of [8, Th. 2.2] (see also Eq. (6.9) in [22]), for H with de Haan representation (2.6) it holds that

1

A(H,H>=—E{m}’

which together with (2.10) implies that
U(Hoo, Hoo) = A(Hoo, Hoo) = 1,

and thus the lower bound in (1.8) is sharp. We note in passing that there are numerous papers where A, (F", F)
and A(H, H) appeatr, see [5, 7, 14, 15, 22] and the references therein.

iii) For common max-stable dfs H the spectral random vector Y that defines (2.4) is explicitly known. Conse-
quently, for any given random vector Z, using the first expression in (2.8) and (2.9), we can easily evaluate
u(H, Q) and A(Q, H) by Monte Carlo simulations, respectively.

3 Applications

In multivariate extreme value theory it is important to have conditions that show if a given max-stable df H
is equal to Hy. In case d = 2 it is well-known that H = Hy if and only if A(H, H) = 0, see [8, Pr. 2.2] or [12, Th.
2]. Consequently, when d > 2, in view of [9, Th. 4.3.3] we have that H = H if and only if

A(HK’HK) =0, (3.1)

for any index set K C {1, ..., d} with two elements. Therefore, in the sequel we consider for simplicity the
case d = 2 discussing some tractable conditions that are equivalent to H = Hy and (1.6).

As in Balkema and Resnick [1], for a given bivariate df H with unit Fréchet margins define & : (0, 00)? —
[0, 1] as

£4(01, x3) = lim LB~ B x0) + (b, ~hIB - H((1, x2) + (Ch, W)

2
i AT B - H( x,) = (h—h) — He,xp) + Ch . (0¥ €009 G2)

where A = H(xq, x2) and B = H(x; + h, x, + h). If H is a continuous max-id df, then in view of [1] the function
&y is non-negative, measurable and bounded by 1, almost everywhere with respect to dH.

Proposition 3.1. Let H and Q be two bivariate dfs with unit Fréchet marginals. If H is a max-id df, then we have

ANQ.H) - / [1—£H(xl,xZ)l%dH(xl,xZ). (3.3)
(0,20)2 '

Moreover, if H is a max-stable df, then the following conditions are equivalent:
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i) H=Hy;

ii) 6(H)=-1InH(1,1)=2;

iii) u(H, Q) =2 -A(Q, H);

iv) &y equals 1 almost everywhere dH;

V) ‘% = % almost everywhere dH for any t > 0.

Remark 3.2. By [12, Th. 2] we have that A(H, H) = 0 is equivalent to H = Hy and A(H, H) = 1 is equivalent to
H = H...

Moreover, statement iii) above holds for any df Q with continuous marginal dfs, and thus u(H, Q) and A(Q, H)
are both dependence measures for H.

We conclude this section with some equivalent conditions to (1.6).

Proposition3.3. Let F, G be two continuous bivariate dfs with marginal dfs F;, G;,i = 1,2 satisfying
lim;_.oo F;(£)/G;(t) = 1. If further F1, F, satisfy (1.4) and (X1, X,) has df F, then the following are equivalent:

i) F has asymptotically independent components;

ii) limp—eo nNP{X; > n, X, >n} =0;

iii) limp—oo An(G", F) = 0;

iv) limp—eo un(F, G™) = 2;

V) limp—e NP{G(X1,X5) >1-1/n} =0.

Remark 3.4. The equivalence of i) and ii) in Proposition 3.3 is well-known and relates to Takahashi theorem,
i.e., it is enough to know that the limiting max-stable df H is a product df at one point, say (1,1). See for more
details in the d-dimensional setup [9, p. 452].

Moreover, recall that the assumption F; € MDA(®) means that limp e F} (ap;x) = @(x), x € R for some
norming constants a,; > 0,n € N. For notational simplicity, in this paper we assume that a,;’s equal n.
If this is not the case, then we need to re-formulate statement ii) in Proposition 3.3 as nlimp—e nP{X; >
an1, X2 > ana} = 0. Note that if F € MDA(H) with H a max-stable df, then

nli_)m nP{X; > an1, X2 > a2} =2+InH(1,1) =2 - 6(H) =: Ap. (3.4)

In the literature, Ay is commonly referred to as the coefficient of upper tail dependence of F, see [9] for more
details.

4 Auxiliary Results

Lemma 4.1. Let (V4,..., Vy) be a random vector with continuous marginal dfs H;, i < d. If further G is a d-
dimensional df with G(x1, ..., xg) < 1 forany (xq,...,xg) € (0, o0)? and the upper endpoint of H;, 1 < i < d
equals oo, then we have

: n-1 _ . _1 _ 0o
lim nE{G" (V1 ..., Vo)} - nlgrolonp{c;(vl,...,vd)>1 n}—xe[O, ) (4.1)
if either of the limits exists. Further if
GOxr, ..., Xg) < min Hix), (X1, -5 xg) € (0, 00)%, (4.2)

thenk € [0, 1].

PROOF OF LEMMA 4.1 The proof of (4.1) follows from [16, Lemma 2.4], see also [12, Pr. 4]. Assuming (4.2), if H
denotes the df of (V1, ..., V;), then we have

0 < nE{G"YVi,...,V)}l<n / {niI;H{’_l(xi)dH(xl,...,xd)sn/H’f‘l(xl)dHl(xl)= 1,
<1<

(0,00)¢ 0
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establishing the proof. O
Proposition 4.2. Let Fy, Gn, n > 1 be two continuous dfs on [0, o0)? satisfying

HILH;OFZ(le-‘-st)=H(X1a--~’xd)s HIEEQGQ(Xlsv-‘aXd)zQ(le-‘-5xd)a (Xla--~’xd)€[0’°°)d’

(4.3)
with H, Q two max-id dfs with unit Fréchet marginal dfs @. If for all n large and some C > 0, we have
GZ(X1’~-"Xd)S Cl Z F:‘[li(xi)y (X]_,...,Xd) S (O’ oo)d, (4-4)
1<isd
where F; is the ith marginal df of Fn, then
Tim / Gltas .oy Xg) dFn(X1, -y xg) = / Qs+ s x)dv (X1, - s XQ), 4.5)
[0,00)¢ (0,00)4

where v(-) is the exponent measure pertaining to H defined on E := [0, o0]% \ {(0,...,0)}. Furthermore, if for
all n large and any x4, . .., X4 positive we have

1- Gn(le ceey Xd) < CZ Z Fm'(Xi), (4-6)
1<izd
then
Tim / [1 - Galxe, e, X)) AFR(X1, + oy Xg) = — / QG ..., x) dHO, - xg). (&)
[0,00)@ (0,00)4

PROOF OF PROPOSITION 4.2 For notational simplicity we consider below only the case d = 2. From the as-
sumptions,

lim Fp(Xn1, Xn2) = H(x1, x2),  lim GR(xn1, Xn2) = Q(x1, x2) (4.8)
n—oo n—oo

holds for every sequence (xn1, Xn2) — (X1, X2) € (0, 00)? as n — oo.
Let v be the exponent measure of H defined on E, see [25] for details. For any xg, yo positive, since by our
assumptions

lim n[1 - Fa(x1, x2)] = - In H(x1, x2)
n—oo

holds locally uniformly for (x1, x») € (0, o0)?, using further (4.8) and [18, Lemma 9.3] we obtain

im [ GiasdaFoa )= [ Q) duta,x) = T, yo)
[x0,50)x[y0,0) [x0,50)x[y0,0)
Moreover, by (4.4)

n / Gnlx1, x2) dFn(x1, x2)
[0,00)2
< ney( [ P WdRaws [ FE'0dEa0) s [ Gi ) dnFata, x)
[0,x0] [0,y0] [X0,50)x[y0,20)
= C(Fl (o) + Fls(yo)) + / 601, x2) d(nFn(x1, X2))
[XO"X’)X[YO:‘X’)
= Cy(e VX0 ety Qx1, x2) dv(x1,Xx), n— oo

[x0,00)x[y0,00)
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— / Q(x1,x2) dv(x1,x2), x010,y010,

(0,00)2

DE GRUYTER

where the equality above is a consequence of the assumption that Fn, G, have continuous marginal dfs.

Hence (4.5) follows and we show next (4.7). Similarly, for xq, yo as above, one has that

lim sup / n[1 - Gn(x1, x2)] dFp(x1, x2)

n—soo

IN

IN

hence the proof follows.

(0,00)2

lim sup n[1 - Gn(x1, x2)] dFy(x1, x2)
n—oo
([x0,00)x[y0,00))¢

+ / n[1 - Gn(x1, x2)1 dFy(xy, X2)
[x0,00)x[y0,0)
C; limsup / n[Fn1(x1) + Fpa ()1 dFy(x1, X2)
n—oo
([x0,50)x[y0,00))¢
+lim sup n[1 - Gn(x1, x2)] dF" (x1, x2)
n—oo

[Xo,m).>< [vo,00)

C, lim sup(Fp; (xo) + Fz(yo)) [nF n1(xo) + nF nz(yo)]
n—oo

- / In Q(x1, x2) dH(x1, x3)

[x0,20)x[y0,00)

C, [e’l/’“’ + e’l/y"] [i vt } - / In Q(x1, x2) dH(x1, x3)

Xo Yo
[x0,00)x[y0,00)
- / an(leXZ)dH(Xl’XZ)’ XO\LO),VO\LO)
(0,00)2

O

Remark 4.3. The validity of (4.4) has been shown under the assumption that G, is a continuous df. From
the proof above it is easy to see that (4.4) still holds if we assume instead that G is continuous and positive
such that G}; is a df. Similarly, for the validity of (4.7) it is enough to assume that F}, is a continuous df.

Corollary 4.4. If H is a bivariate max-stable df with unit Fréchet marginal dfs H, and H,, then for u, t positive

/min(H%/”()q), H;/t(xz))dv(xl,xz) = u+t+InH@Q/u,1/t).

(0,00)2

(4.9)

PROOF OF COROLLARY 4.4 The proof follows using Fubini Theorem and the homogeneity property of the
exponent measure inherited by (1.1). We give below an alternative proof. Let (V, V,) have df H and set
U; = H;(V;),i = 1, 2. By the assumptions since the df H is continuous, applying Theorem 2.3 and (4.1) with

u, t > 0 we obtain

/ min (H"(x1), Hy'(x2)) dv(x1, x2)

(0,00)?

n—oo
(0,00)2

lim n / min(Hf/”(xl),Hg/t(xz))dH(xl,xz)

. . 1
- nh_)ngo n[P’{mm(Hi/”(Vl),H;“(Vz)) >1- H}
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lim n]P’{Ul >1- %, U,>1- %} =u+t+InHQ1/u,1/t),

n—oo

establishing the proof. O

5 Proofs

PROOF OF THEOREM 2.1 For n > O set A, = Q" and B, = H'/™. Since H is a max-id df, then By, is a df for any
n > 0. Furthermore, since H; = Q;, i < d (recall H;, Q; are the marginal dfs of H and Q, respectively), it can be
easily checked that we can apply Proposition 4.2, which together with Remark 4.3 implies

n—oo

lim n/[l—Hl/"(xl,...,Xd)] dQ(xy, ..., xgq)
R4

lim n/[l—Bn(Xl,...,xd)] dAn(x1,...,xg)

n—oo
R4

- / InHxq, ..., x)1dQCx, - . xg) = u(H, Q). (5.1)

R4

The second claim in (2.1) follows with similar arguments and therefore we omit its proof.
Next, for any non-empty subset K of {1, ..., d} with m = |K| elements by (2.1) one has

u(Hg, Qg) = nh_{‘lo"/[l —Fpr(x1,...,x)1dQg(x1,...,xq)
Rm

and
AQg, Hg) = nli_>n°1° n / Qr(X1, ..., xq) dFng(x1, ..., Xg),
]Rm

where Fk, Qg are the marginals of F, and Q with respect to K. Note that for notational simplicity we write
the marginal dfs with respect to K as functions of x1, ..., x4 and not as functions of x;1, . .., Xj, where K =
{j1,...,Jjm} has m = |K| elements. By Fubini Theorem

/QK(le---de)anK(X1,~--,Xd)=/FnK(Xl’---,Xd)dQK(Xl,---,Xd)’
RrRm

Rm
where F, stands for the joint survival function of F, . In the light of the inclusion-exclusion formula
1-Falxi,o.xd) = D D™ ST Fuglea, e, xg), (xa,...,xg) € RY
1si=d KC{1,...,d},|K|=i
Using further the fact that H and Q have the same marginal dfs, for any index set K with only one element we

have

1
fim n/ﬁnK(xl,...,xd)dQ(xl,...,xd) _ nli_)rr;n/(l—t”")dt= 1,
0

n—oo
Rd

hence

pH,Q = limn [ Faa, . Xl QG )

Rd
- delimn [ STEDT S o xdQ0c, - x
R 2sisd Kc{1,...,d},|K|=i
= d+ Z(—l)i+1 lim n Z FnK(Xl,...,Xd)dQK(Xl,...,Xd)

n—oeo
2s<isd Rra KC{1,....d},|K|=i
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= d+ Z (-1)*? Z AMQg, Hg)

2¢isd KC{1,...,d},|K|=i

and thus (2.2) follows. Since by the inclusion-exclusion formula we have further

Fabcieoxd = S0 Y [-Fbnseenuxadls (a1yeeeyxa) € R
1s<isd Kc{1,...,d},|K|=i

the claim in (2.3) follows with similar arguments as above. a
PROOF OF THEOREM 2.5 The claim in (2.8) follows by the de Haan and inf-argmax representation of H.
Since by the independence of Y;’s and Z;’s and the fact that E{Y;} = E{1/Z;} = 1 we have that

E{Yi/Z;} = E{Y}}E{1/Z;} = 1 (5.2)

is valid for any i < d. Consequently, by (2.3), (2.8) and the fact that for given constants cy, ..., ¢4

d
min ¢; = -1)i* max c;
a-3E0" Y max,

1<is< -
i=1 Kc{1,...,d}:|K|=i

then we have

A(Q, H)

1l
M=~
=
—
|=
——
+
7
iR
“é.
]
=
—
©g
i
NS
——

1
=
—
58
i5
N[
H‘/—’

establishing (2.9).

Further, since (5.2) holds, then by de Haan representation of max-stable dfs we have that the dfs H", H defined
in (2.6) and (2.7), respectively are max-stable with unit Fréchet marginal dfs. Hence (2.8) implies that u(H, Q) =
O(H"). Note in passing that for Q = H this follows also from [8, Pr. 2.2].

Using again that Y;’s are independent of Z;’s and E{Y;} = 1,i < d we obtain (recall Y;’s and Z;’s are non-
negative random variables)

E{E{max%

H
M( ’Q) 1<isd 4

(zl,...,zd)}}

[\
=
—
=
[<})
ol
=
—~
SIS
—
—

v
=
——
=]
)
>
|
——
[
=
=z

v

max}E{l} =1.
1<isd

With the same arguments using now that E{1/Z;} = 1, i < d we have

- Yi
u(H, Q) = E{E{{Ei’é 7|V, Yo}
> E{max Y,-} =-InHQ,...,1)=06(H).
1<isd
The lower bound in (2.11) follows with similar arguments, hence the proof is complete. a

PROOF OF THEOREM 2.3 Suppose without loss of generality that F satisfies (1.5). If F; = G;,i = 1, 2, then
the claim follows from Lemma 4.1 and Proposition 4.2. We consider next the general case that F;’s are tail
equivalent to G;’s and suppose for simplicity that d = 2. In view of [16, Lemma 2.4] we have

timn [ GIOdRCO - cre [0,00), 1= 1,2
n—oo

[0,0)
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if and only if limy— .. nP{G;(X;) > 1 — 1/n} = ¢; or equivalently

Fi(x)
x—eo Gi(x) ¢

ie

By the assumption c; € (0, oo) for i = 1, 2. Consequently, for all x > O there exist a;, a, positive such that

a1F;(x) < Gi(x) < ay Fi(x).
Assume for simplicity that ¢; = 1, i = 1, 2. By the assumptions
nFi(nx) — 1/x, nG;(nx) - 1/x, n— oo

uniformly for x in [t, o), t > 0. Further, for i = 1, 2 we have

lim lim n / G!'(nx) dFi(nx) = lim lim n / Gi(nx) dF(nx) = 0,
tl0 n—oo t{0 n—oo
0,4 [0,6]

which implies

lim lim n / G"(nx, ny) dF(nx, ny) = 1{ij(r)1 nlgrl n / [1 - G(nx, ny)] dF"(nx, ny) = 0.

t}0 n—oo
(0,4 [0,

As in the proof of Proposition 4.2, using that F and G are in the MDA of H and Q, respectively, it follows that
for any integer k

n— oo

lim n / G"*(x1, x2) dF(x1, x2) = / Q(x1, x2) dv(xy, x2) = A(Q, H),
[0,00)2 (0,00)2

and further
lim n / [1 - F(x1, x2)] dG" ¥ (x1, x3) = - / In H(x1, x2) dQ(x1, x2) = u(H, Q),
[0,00)2 (0,002

establishing the proof. O
PROOF OF PROPOSITION 3.1 In view of Theorem 2.1, since H being a max-id df implies that H/" is a df for
any n = 1 we have, with F, = Q/", that

/Q(X1,Xz)dv(X1,Xz) lim n / Q(x1, x2) dHY™(x1, x5)

(0,00)2 (0,00)2

n—oo
[0,00)4

2- lim n / [1 - HY"(xy, x2)] dF2(x1, X2)

[2 +InH(xq, x2)] dQ(x1, x3).

(0,00)2

Since further by [1, Th. 7] the restriction of v on (0, eo)? denoted by v, satisfies

dvo _1-4p
dH H

and &y(x1, x2) € [0, 1] almost everywhere dH, then the first claim follows.

The equivalence of i) and ii) is known as Takahashi Theorem, see [9, Th. 4.3.2]. Since &y < [0, 1] almost
everywhere dH, then the equivalence of ii) and iii) is a direct consequence of (3.3) and the fact that A(Q, H) =
2 - u(H, Q), see (2.3). Clearly, by (3.3) we have thus 5 = 1 almost everywhere dH is equivalent to H = Hy,
whereas iv) is equivalent to v) is consequence of [1, Th. 7]. O
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PROOF OF PROPOSITION 3.3 If F (1.6) holds, then clearly ii) is satisfied and thus i) implies ii). If ii) holds,
then

limsup F'(nxq, nx;) = exp (hm supnlin(l - [1 - F(nxq, nxz)]))
n—oo n—oo
= exp( limsup n(1 - F(nx4, nxz)))
n—oo
< exp( lim sup[nF;(nx,) + nF,(nx;) - nP{X; > nmin(x;, x5), X, > nmm(xl,xz)}])
n—oo
= exp(-1/x1-1/x3), x1,%2>0.

As for the derivation of (1.2) we obtain further
lirgian"(nxl, nxz) 2 exp(-1/x1 - 1/x2), x1,x,>0 (5.3)
n—oo

implying that F € MDA(H,), hence i) follows.
Assuming iii) and since the marginal dfs of G are in the MDA of @, with the same calculations as in (5.3) for
the df G we obtain

\

0= lim n / G"(x1, x3)dF(x1,x3) = nle nP{X; > n, X, >n}G"(n, n)

n—soo
[0,00)2

v

¢ lim nP{X; > n, X, > n},
n—oo

for some c € (0, e72), hence ii) follows.

Next, assume that ii) holds. We have that G(x1, x3) < G1(x1)G>(x2) =: K(x1, x») and by the assumption that
G;’s are in the MDA of @ it follows that K is in the MDA of H... Further ii) implies that F ¢ MDA(Hy) and
-InH(1, 1) = 2. Consequently, Theorem 2.3 yields

lim An(K", F) = A(Heo, Ho).
n—oo

But from Corollary 4.4 we have that A(H-, Ho) = 0, hence ii) implies iii).

Let G be the joint survival function of the bivariate df G. For any positive integer n, we have that F" is a
bivariate df. Hence by Fubini theorem and the fact that F; = G;,i = 1, 2 are continuous dfs, for any positive
integer n we obtain

/ F'(x1, x)dG(x1, x2) = / Glxt, x2)dF" (1, x2)
R2 R2

anf(n+1)- / [1 - Glxw, x2)]dF (1, x5)

and thus the equivalence of iii) and iv) follows. The equivalence iv) and v) follows from Lemma 4.1 and thus
the proof is complete. a
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