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Abstract: We derive the exact distributions of order statistics from a finite number of, in general, dependent
random variables following a joint ln,p-symmetric distribution. To this end, we first review the special cases of
order statistics from spherical as well as from p-generalized Gaussian sample distributions from the literature.
To study the case of general I, ,-dependence, we use both single-out and cone decompositions of the events
in the sample space that correspond to the cumulative distribution function of the kth order statistic if they
are measured by the I, »-symmetric probability measure. We show that in each case distributions of the order
statistics from I, p-symmetric sample distribution can be represented as mixtures of skewed l-y,p-symmetric
distributions, v € {1,...,n-1}.
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1 Introduction

Order statistics are a useful tool in numerous scientific areas with a wide-ranging applicability. In order to
mention just a few areas where order statistics are needed, we refer to applications related to health data, mul-
tiple decision rules, multiple comparison problems, tests of hypotheses and digital image processing which
are presented in [15], [18], and [28], respectively. More recent applications to goodness-of-fit testing, predic-
tion in financial markets and outlier detection techniques for EEG signals are considered in [14], [36], and
[13], respectively. Many other examples such as the life time of k-out-of-n systems or linear estimation based
on order statistics can be found in standard references like [6], [7], and [11].

It is outlined in [37] that a preliminary analysis of independent realistic simulations of a string signal
being of interest in radio interferometry allows to show that the random process from which a certain string
signal arises is well modeled by generalized Gaussian distributions in wavelet space. The exponent parame-
ters can be considered as a measure of compressibility of the underlying distribution. Values of these param-
eters close to zero yield very compressible distributions being of particular interest for compressed sensing
imaging techniques in radio interferometry where astrophysical signals are probed through incomplete and
noisy Fourier measurements. Similarly, generalized Gaussian distributions are used to model signal gradi-
ent in compressed sensing reconstruction of a string signal from interferometric observations of the cosmic
microwave background in [38]. Moreover, the convergence of the so called peeling algorithm for wavelet de-
noising is proved in [23] under the usual assumption of signal processing that the wavelet coefficient of a
signal from an independent and identically distributed (iid) family of generalized Gaussian variables. Gener-
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alized Gaussian distributed variables are also used as balanced multiwavelet coefficients in digital image wa-
termarking in [21], and in scalar quantization of transform coefficients obtained by modulated lapped trans-
form or modified cosine transform filter bank in [22]. Heavy tailed distributions, examples of which include
long memory processes being appropriate for financial time series or telecommunication traffic flows, can be
modeled, according to [27], as a generalized Gaussian distribution having suitable variance and shape param-
eters. Due to the need of continuous monitoring of the respiratory mechanics during the acute exacerbations
of chronic obstructive pulmonary disease, respiratory signal modeling under non-invasive ventilation is of
interest in biomedical signal processing. Modeling of the measurement noise in the respiratory system has
been done in [35] with the help of the generalized Gaussian distribution. This approach appeared there to be
flexible and robust enough to deal with departs of the measurements noise from the Gaussian noise to the
sub-Gaussian area.

Note that within the general study of order statistics from a finite number of, in general, dependent ran-
dom variables special emphasis is in the literature on the particular case of extreme values and their distri-
butions. In the background of related studies, the event in the sample space R", Aj(t) = {(xl, cooxn)t e
R": x;<ti=1,..., n}, t € R, has been considered in different ways. While part of authors make (directly
or indirectly) use of the single-out decomposition

n

AZ(t)=U{(x1,...,xn)TeR":xmn = X;, X; < t} 6))]

i=1
where xn:n denotes the maximum of x4, . . . , xn, the event A}j(¢) is represented in [26] for every v € {1,...,n-
1} as a union of v + 1 cones such that each of them, which is an intersection of n half spaces from R", con-
tains the origin in the boundary of v of its intersecting half spaces. Invariance properties of I, ,-symmetric
measures allow then to represent the probability of A}(¢) as the (v + 1) multiple of the I, p-symmetric mea-
sure of an arbitrary element of a class Cp-v,v (E(l"’"); tln_v> of cones being parameterized by the matrix

E(lv’") € R("Y) whose first column is 1, = 1,...,1)" € R and whose remaining columns are equal the
zero vector. Each such representation can be interpreted as a measure-of-cone representation of a certain
skewed I,-v,p-symmetric distribution generalizing the results for two- and multivariate skewed elliptically
contoured distributions in [16] and [34], respectively.

Let us emphasize at this point that, on the one hand, the sets {(xl, . ,xn)T € R": xpin = Xj, X; < t}
are not cones. On the other hand, studies making use of decomposition (1) nevertheless commonly also
end up with representations of the distribution of the maximum of the components of the considered ran-
dom vector as skewed distributions. However, these representations are different to that just discussed and
they are only comparable if one considers there the particular case v = n - 1. Moreover, we remark that
according to [5] a skewed In-v,p-symmetric distribution can be dealt with as the conditional distribution
of XM = (X1,...,Xnv)" given the linear random selection condition X? < E(l"’")X(l) is satisfied where
x® = (Xn—v+1s ..., Xn)", the sign of inequality is to be read componentwise, and the random variables
X1, ..., Xn being generally not independent follow a joint In,p-symmetric distribution.

The sketched way of deriving exact extreme value distributions will be extended in the present paper to
the case of arbitrary order statistics if a sample vector is In,p-dependent, i.e. it follows a joint I, p-symmetric
distribution. Different methods of deriving exact distributions in this case may be distinguished with respect
to how to (possibly indirectly) decompose the set to be considered in the sample space R",

AR(D) = {(xl, ..., Xxn)" € R": x; < tfor atleast k valuesi € {1,..., n}} ,

when studying the distribution of the kth order statistic.

In [2, 3], the cumulative distribution function (cdf) and the probability density function (pdf) of linear
combinations of order statistics of a finite number of arbitrary absolutely continuous dependent random vari-
ables are determined in terms of a product of marginal pdfs and conditional distributions where particularly
the special cases of arbitrary exchangeable, of elliptically contoured, and of exchangeable elliptically con-
toured sample distributions are examined. Using exclusively skewed distributions to represent their results,
[19] present the exact distribution of order statistics and of linear combinations of order statistics of a finite
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number of jointly elliptically contoured distributed random variables. For some more detailed information on
this work see Section 3.1.1. The consideration of order statistics in I, ,-symmetrically distributed populations
started in [17] by obtaining the joint pdf of the vector of order statistics. A versatile study of different meth-
ods for deriving exact extreme value distributions in different ways can be found in [10] and [24-26]. More
generally, [8] considers multivariate order statistics from dependent and nonidentically distributed random
variables.

The present paper extends the results from [26] to the case of an arbitrary order statistic of n jointly ln,p-
symmetrically distributed random variables, and at the same time extends certain results in [2, 3] and [19]
from spherical dependence to the case of I,,p-dependence. To pursue this aim, on the one hand, we follow a
single-out decomposition of the random event Aj(¢) as it is applied in [19] and several references cited therein.
On the other hand, we follow a cone decomposition of A(t) being analogously to that of A}(f) mentioned
above, and employ an advanced geometric method by using measure-of-cone representations of skewed In,p-
symmetric distributions derived as well as applied in [26]. One might ask why it is useful to have different
representations of one and the same cdf. A part of the answer is that sometimes different representations
have different numerical and mathematical properties. For another part of the answer, we refer to [16] where
it is shown that four differently motivated approaches to the skewed normal distribution can be unified from
a geometric point of view. Now, given this unified approach, it has the potential property of helping to identify
otherwise motivated applications of skewed distributions.

The rest of the paper is organized as follows. In Section 2, we introduce the families of I, p-symmetric and
skewed ln,p-symmetric distributions. In Sections 3.1.1and 3.1.2, we review known results on the distribution of
order statistics for spherical and power exponential sample distribution, respectively. In Sections 3.2 and 3.3,
we present our main results on exact distributions of order statistics from continuous In,p-symmetric sample
distributions based upon the two different approaches of single-out and cone decompositions of the event
AR(D), t € R, to be measured when deriving the cdf of the kth order statistic. Additionally, some visualizations
and an application are shown in Section 3.4. In order to strengthen the presentation of our main results, their
proofs and some discussions are given separately in Section 4 and the derivation of the pdf concerning the
cdfresulting from the second approach and its proof is outsourced to Appendices A.1and A.2. In particular, in
Section 4.5, we discuss a second way of achieving our main results based upon the single-out decompositions.
In Section 5, some conclusions are drawn from the present paper and further scopes are outlined.

2 The classes of 1, ,-symmetric and skewed 1,, ,-symmetric
distributions

Let p be a positive real number and denote |-|, the p-functional in the n-dimensional Euclidean space R"
1
p

n
defined by ||, = (Z |x;|P ) x=(xq,...,xn)" € R". Additionally, let us denote the I, ,-generalized surface
i=1

content of the Iy, p-unit sphere Spp = {x € R": |x|p = 1} by wn,p. For the local definition and calculation of
1

r

or "
the value wn,p = M see [29], and for a global or differential geometric approach to this notion see [30].

prir(e
We remark that extensions of this basic notion to ellipsoids, norm and antinorm spheres as well as to more
general star spheres are given in [31-33], respectively.

A function g: (0, o0) — (0, o) satisfying 0 < In(g) < oo is called a density generating function (dgf) of an

n-variate distribution where In(g) = [ r"1g(r) dr. For achieving uniqueness of this notion we assume that
0

In(g) = ﬁp Such dgf is called a density generator (dg) and denoted by g™.
An n-dimensional random vector X: Q — R" defined on a probability space (Q, 2, P) and having the pdf

00,00 = 8" (1xI,), xR, @



224 —— K. Miiller and W.-D. Richter DE GRUYTER OPEN

is said to follow a continuous I, p-symmetric distribution with dg g™ and shape parameter p > 0 (also tail
parameter). Particularly, note that the class of I, ,-symmetric distributions, n € N, coincides with that of
spherical distributions. Further, the probability law of X is denoted by Doin) )y and the components of X are
uncorrelated but generally dependent. In particular, they are independent if and only if X is n-dimensional

p-generalized Gaussian distributed. That is an important special case of I, ,-symmetric distributions which

is realized by choosing the dg g™ as g(") where
-1\ "
-1 »
ggg(r) _|.P . exp {—5} , r>0. 3)
2r ( ;,)

Concerning these and more details on l,, ,-symmetric distributions, references to the literature and examples
of dgs, we refer to [17], [30] and [25, 26], respectively, and references cited therein.
To introduce the skewed [ ,,-symmetric distributions, let In be the m xm unit matrix and On, the zero vec-

T T
tor in R™. Furthermore, let X = (X", X"} be a random vector following a continuous liom,p-symmetric

distribution with dg g**™ where XV: Q@ — R¥ and X?: Q — R™. Recalling the minor change of notation
in [32] compared to earlier publications, described for the particular case of I,,p-symmetric distributions in
[25], and taking this subsequently into account, according to [5], the dg g(k) of the marginal distribution of

XW in R¥ allows the representation

f0m@ =2 [ -5 )y, 2 € (0,09) @)

Additionally, for A € R™K T' = (A,~-In), and £ = IT" = I, + AA", the cdf of I'X will be denoted by

F £,$3p (x; z, ggﬁ)m)), x € R™, Moreover, for every x'! € R, the conditional density of X given XV = x(¥) is

g e/ XD + |x@ |§)

g, (X P1p), XD € R ©)
k (1) pJs ’
CHTCRR
and the corresponding distribution law is @ . Let Y be a random vector following this distribution,
[1x@ 1"
Y~®D , then its cdf satisfies

1@ 1"
. .
F:(n,)p (X g[‘x(1>| ]) /g[|x(1)| (|X_ u|p> du = / gﬁfﬁ?nm(IVIp) dv, xeR™
R’" V<X

A k-dimensional random vector Z having a pdf of the form

_ 1 *®) ) . om) K
1) = Ly o Bl (121,) Fp (Azsg ). z€ R, (6)
m,p ms )

(k+m)

is said to follow the skewed l; ,-symmetric distribution SSy , , (A, g(k”")) with dimensionality parameter m,

dg g®**™ and skewness/ shape matrix-parameter A. Further, the parameter k is called the co-dimensionality
parameter and the cdf of Z is denoted by Fy p, , (-; A, g(k”")). If ¥'is a diagonal matrix, the normalizing con-

stant in (6) is F 5,2,,)1, (Om; X, gm)m)) = 27", In the present framework, however, it will not be necessary to
determine this constant explicitly even for rather arbitrary matrix X.
As skewed [} ,-symmetric distributions are constructed via selection mechanisms from Iy, ,-symmetric

distributions in [5], using the above introduced notations,
e (x ‘ X® < 2xV) =SS,y (4,8%™) @)

where £(Y) denotes the distribution law of the random vector Y.
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Let us denote the set of all n x n permutations matrices by IT,. Note that, according to [26], if Z ~
SSim,p (A,g“‘”'”) and My € IIn, then M1Z ~ SSi (AM{,g(k”")) where AM] arises from A by inter-

changing columns. Moreovet, if M, € ITm, then, for z € RX, Fimp (z; MzA,g(k”")) = Fmp (z;A,g(k”")),
i.e. SSim,p (MzA, g(k”")) =SSim,p (A, g(k”")) where M, A arises from A by interchanging rows.

3 Distributions of order statistics from continuous 1, ,-symmetric
sample distributions

3.1 Review of results from the literature
3.1.1 Spherically distributed sample distribution

In this section, we concisely review specific results on exact distributions of order statistics from the literature
especially concentrating on spherical sample distributions and on the work [2, 3] and [19]. As it is mentioned
in Section 2, the class of I,,,,-symmetric distributions, n € N, coincides with that of spherical distributions.
Hence, our present task to determine the exact distributions of order statistics from In,,-symmetric sample
distributions is already done for the special case p = 2 in the three papers mentioned above. Moreover, spher-
ical distributions are centered elliptically contoured distributions with unit matrices as dispersion matrices,
i.e. exchangeable elliptically contoured distributions with parameters y = 0, ¢ = 1 and p = O in the nota-
tion of the previous works. Let us denote the pdf and the cdf of an n-dimensional spherical distribution with
density generator R by fs(-; h™)and F s(+ R, respectively. The pdf f;,, of the kth order statistic from an
n-dimensional spherical distribution with functional parameter h™ according to [2, page 1889], [3] and [19,
Remark 5] (with results of both papers being specialized to the case y = 0, 0 = 1 and p = 0) is

fien(® = (Z) kfs(t A FsUnats g ™), teR, (8)

where J,1 = (15_;,-1%)" € R™ with 1m = (1,..., 1)T € R™,

/u%’lh(n)(u +v)dv, u>0,
0

5
r(*7)

is an univariate marginal density generator and

K (w) =

_ Ry + 2
HE () = h((l)(tZ) L wso,
an (n-1)-dimensional conditional density generator. Note that k") and hg‘_l) are special cases of the marginal
and conditional dgs (4) and (5), respectively, given in Section 2 having in mind the minor change of notation
in [32].

Arellano-Valle and Genton achieve the above formula (8) by certain steps of specialization. Their most
general results deals with the pdf of linear combinations of order statistics from arbitrary absolutely continu-
ous sample distributions which is represented as a sum of products whose factors each are a specific marginal
pdf multiplied with a specific conditional distribution. Note that these conditional distributions are different
from that used in the definitions of skewed distributions in [19] and Section 2, respectively, and that their de-
termination may be nontrivial. Next, on the one hand, this result is specified to the case of arbitrary exchange-
able absolutely continuous sample distributions where the connection of distributions of linear combinations
of order statistics from such sample distributions to fundamental skew distributions, see [1], is stated. On the
other hand, the special case of elliptically contoured sample distributions is considered there for which the
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conditional distributions are calculated explicitly yielding specific elliptically contoured distributions with
conditional functional parameters. Note that the corresponding pdf of a linear combination of order statistics
from elliptically contoured distribution was corrected by [19, Remark 10]. Finally, both specializations are si-
multaneously considered resulting in a representation of the pdf of a linear combination of order statistics
from exchangeable elliptically contoured sample distribution having parameters y € R, ¢ with ¢ > 0 and
p € [0, 1) and a certain functional parameter. The latter representation yields (8) by specializing the linear
combination to a single order statistic and considering u =0, 0 =1 and p = 0.

After considering various special cases in their previous work, [19] deal with distributions of order statis-
tics and linear combination of order statistics from elliptically contoured sample distributions in term of mix-
tures skewed distributions. To be concrete, these are unified multivariate skew-elliptically contoured distribu-
tions being defined in this paper as specific conditional distributions and being special cases of multivariate
unified skew-elliptically contoured distributions, see [4]. As it is indicated before, these conditional distribu-
tions differ from those considered in [2, 3]. With the help of these skewed distributions, on the one hand, it
is shown in [19] that the distribution of an arbitrary order statistic from an elliptically contoured sample dis-
tribution is unified univariate skew-elliptically contoured distributed where the corresponding parameters
are given. This result is specialized to exchangeable elliptically contoured sample distributions yielding (8) if
U =0,0=1,andp = 0 as well as to the cases of multivariate normal and ¢ sample distribution, respectively.
On the other hand, the distribution of an linear combination of order statistics from an elliptically contoured
sample distribution is established to be a mixture of unified multivariate skew-elliptically contoured distribu-
tions having specific parameters. Note that this result, combined with Remark 10 in [19], coincides with that
in [2] if the skewed distributions are dissolved. Finally, the three special cases of exchangeable elliptically
contoured, multivariate normal and multivariate ¢ sample distributions are discussed in [19].

3.1.2 Power exponential sample distribution

In this section, let the random vector & = (&1,...,&,)" follow the n-dimensional p-generalized Gaussian
distribution, & ~ th(m . It is already mentioned in Section 2 that the components of an continuous Iy p-
PE”>

symmetrically distributed random vector having dg g™ are independent if g(") = ggg and only in that case.

Furthermore, they are identically distributed due to their [; ,-symmetrically distributed univariate marginals
with dg ggrll; according to [5] and to permutation invariance of D0, according to [26].
The cdf F;., and the pdf f;.,, of the kth order statistic of X7, ..., X, being i.i.d. random variables having

cdf F and pdf f, respectively, are

Fron(t) = (2) k / ) (F0) ™ (1-F)"™ dy ©)
_ nk (;‘) (FO) (1-F@)", teR, (10)
<
and
fren(® = (2) KF(O) (FO) T (1-F0)"™, teR, (11)

see [11]. We note that there are two representations of F}_, being structured differently.
Let us denote the pdf and the cdf of the univariate distribution of &; by ¢@p(t) = gﬁ}E)(\tD and @p(t) =

t
[ ®p(s) ds, respectively. Then, because of continuity and symmetry with respect to the point (0, %) , we have

_1 - @p(t) = Op(-t) and the pdf of the kth order statistic of the components of ¢ follows from (11) with F = @
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and f = ¢p,
fen(® = (Z) kop(®) (@p(0) " (@p(-0)"", teR. (12)

For visualizations of f;m and f3* .4, for different values of p > 0 we refer to Figures 5 and 6. Additionally, analog
representations can be achieved for the cdf of the kth order statistic of the components of ¢ according to (9)
and (10), respectively.

In the next Sections 3.2 and 3.3, we provide our main results (Theorem 1 and Theorem 2).

3.2 The general case of I, ,-dependence making use of single-out decompositions
of A}(t)

For the rest of the paper, let the random vector X = (X4,..., Xn)T follow the I, p-symmetric distribution with
an arbitrary dg g("), X~ <Dg(n] . and denote the cdf and the pdf of the kth order statistic of X1, . . . , Xn, Xj.n, bY
Fy.p and f}.,, respectively, k = 1, ..., n. Moreover, we put EmD -1, 1%, where 1,1 = (1,...,1)" e R*1,

Theorem 1. Fork € {1,...,n}andeveryset] C {1,...,n - 1} consisting of k — 1 (different) elements, F.,
allows the representation

n _ — _ _
Fin) - (k>kpgz_>1,p (Ou-si s + PR DD, gl
Fin1p (t; S}"’l)ln_l,g(")> , teR,

1 ,je]

where S}”’l) = diag(s1, . .., Sp-1) is a diagonal matrix with s; = .
-1 , otherwise

The following corollary is an immediate consequence of Theorem 1.

Corollary 1. Fork € {1,...,n} andeveryset] C {1,...,n -1} having k — 1 elements, f;., allows the repre-
sentation

n - -
fien(0) = <k>kg8,§(ltl)Ff,l_)1,p (" P1natgff”), ter. (13)

The above representation of the distribution of the kth order statistic conforms well with earlier results in the
literature. Note that the representation of f>., is derived first in [10]. Moreover, the general results of Theorem 1
and Corollary 1 coincide in the case k = n with those derived in [26] if one puts there v = n—1. For the particular
case p = 2 and the particular choice of diagonal matrix S;"’l) such that S;"’l)ln_l = (1f-1s —1f[7k)T = Jn-1,
the result of Corollary 1 coincides with (8) and thus is covered by [2, 3] and [19], respectively. Aside from that
[19] also proved Theorem 1 in the special case of p = 2 but allowing more general moments.

Notice that the result of Theorem 1 can be reformulated without referring to skewed distributions as

t
n 1 1 -1 -1
Fyen(t) = (k)k/gﬁ,j (Iv1p) B2 p (SF" 1wyl y) dy, e, (14)

—oco

where g&; is the one-dimensional marginal dg of any component of X and F 511—)1,17 is the (n — 1)-variate cdf

defined in Section 2. In some sense, the mathematical structure behind the representations (14) and (13) is
thus close to that behind (9) and (11), respectively.
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3.3 General representations in case of I, ,-dependence based upon cone
decompositions of A}(t)

It was discussed in Section 1 that different decompositions of the event A7 (t) lead to different representations
of Fu:n(t), t € R. Similarly, Fy.,(t), t € R, allows additional representations if one uses cone decompositions
of Aj(t) instead of single-out ones. To this end, for v € {1,...,n - 1} recalling the notation E(lv’") of the
v x (n - v) matrix whose first column is 1, and whose remaining elements are equal to zero, see Section 1, for
vie{l,...,n-k-1}andv, € {1,...,k-1} withv; +v, > 0, let

,n-k
E(lvll,vZ,n,k) _ E(lh " (0 0 c RO1Hv2)x(n-vi-v,)
B V2,
0 E3?

be a block matrix with O denoting each time a suitably sized zero matrix. If v; = 0 or v, = 0, then the first or

oT EW2)
n-1
denotes a block (diagonal) matrix. Additionally, in the sequel, we define the sum " to be zero.
j=n

(v1)
second block row in E(lv’ll"’z’"’k) is omitted, respectively. Moreover, EV1>"2) = ( E 0 ) € RWi+va)x(vi+va)

Theorem 2. Fork € {1,...,n},everyv;1 € {0,...,n-j-1}andv;, € {0,...,j- 1} withv; = v; 1+v;, >0
forj=k,...,n—-1,andeveryvy € {1,...,n— 1}, the cdf Fy., allows the representation

n-1
n s .
Fn®) =" (}) i1 + D2 + DFY, (ov,.;Ivj + EWinvia) gE;’)))
j=k

1 o
* Fnov;v,p << t1n~ TV ) ;El\i’f’v"z’n’l),g(n))
J7Vj,2

+ (Vn + 1)F$/i)’p (Ovn;IVn + E(Vn)’gEZr)l)) anvn,v",p (tlnfvn;E(lvmn), g(i’l)) N t S R.

If k = n, then Theorems 1 and 2 lead to the same results if one puts v, = n -1 in Theorem 2. Additionally, note
that the last summand in the representation of Fy.,(t) in Theorem 2 is already well known from [26] to be the
maximum cdf in In p-symmetrically distributed populations. We recall that the representation of Fy., given
in Theorem 1 makes use of a skewed distribution with dimensionality parameter n — 1 and co-dimensionality
parameter 1. The result of Theorem 2 means that Fy.,, can also be represented as a mixture of n - k + 1 skewed
In-v;,p-symmetric distribution functions with dimensionality parameters v; each being smaller than n - 1 for
j=k,...,n-1and vy (and co-dimensionality parameters n-v; as well as matrix parameter A; forj = k, ..., n,
respectively). Note that A; = E(lv,"’ll’v"’z’"’j) ifje {k,...,n-1}and A, = E(l""’"). Wherever, vice versa, one meets
elsewhere some quantity expressed as such a mixture of skewed distributions one thus may think there about
a comprehensive representation in terms of a single skewed distribution similar to the one given in Theorem
1.

Furthermore, notice that the mathematical structure of the representation given in Theorem 2 is in a way
linked to that of (10), since the ith summand of both formulae represents the probability that exactly i + k— 1

of the random variables X1, ..., X, and X;, ..., Xyarelessthant,i=1,...,n-k+1, respectively.
Because of symmetry with respect to the origin and continuity of the probability distribution of X, ®@ga) ,,,
fork=1,...,nandevery t € R, the well-known relation
Fn—k+1:n(t) =1- Fk:n(_t)x te R’ (15)

is fulfilled. This relation may be used to reduce the number of summands when applying the representation
of Theorem 2. More precisely, denoting the floor and the ceiling function by || and [-], respectively, if 1 < k <
L%lj , then, using first relation (15) and afterwards Theorem 2, the cdf consists of n—(n-k+1)+1 =k < L"zﬂj
summands whereas the cdf from the straightforward use of Theorem 2 consists of n-k+1 > n+1-| %1 | > | 21 |
summands. In order to reduce both the computational expense and time, this fact may be succesfully used

when implementing Fy., as given in Theorem 2.
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Moreover, notice that, according to the representation of the cdf Fy.,, from Theorem 2, the pdf of the kth
order statistic Xy.,,, fi.n(f), t € R, is considered for k = 1, ..., n in Appendix A.

At the end of this section, in view of what was said in Section 1 on the potential usefulness of a variety of
representations of one and the same numerical quantity, we present further representations of F.,, according
to the approach via cone decompositions of the event Aj(t), t € R. In order to do this, extending the notation
of the matrix E(l"’"), fori=1,...,n-v,let Eg"’”) be the v x (n — v) matrix whose ith column is 1, and whose

remaining columns are 0. Analogously, fori; =1,...,n-k-vyandi, =1,..., k - v,, the block matrices
(v1,n-k)
vk _ [ Ej 0 W1 v2)x(n-v-v,)
E‘il,li2 2 — ( 11 0 El(.;/z,k) > e R 1 2 1 2

extend the abvoe notation of E (1V’11"’2 k) Recalling the notation IT, of the set of all n x n permutation matrices,

Theorem 2 is a special case of the following theorem.

Theorem 3. Fork € {1,...,n}, every Vi1 €1{0,...,n-j-1}andv;, € {0,...,j - 1} such that v; = v; 1 +
Vj2 > 0,everyij; € {1,...,n-j-vj 1} andij, € {1,...,j-Vj,}, every Mj € IIn-v; and M; , € Il,; for
j=1,...,n-1,andeveryvy € {1,...,n-1}andin € {1, ..., n—vn}, the cdf Fy., allows the representation

n-1
n . . .
Fin() =) <1> Vi1 + D2 + DEY, (Ovi;IVi + Eiia), gg{)))

j=k
—t1, iy, (Vi 1,Vi 2,1,))
v p (Mj’1 ( i ) M MJ'T,l’g(n)>
J7Vj2

+ (Vo + 1)}:%)’1) (Ov,,;lvn + E(Vn)’g?;lr)l)> Fr-va,vn,p (tln—vn;El(.:"’")’g(")) , telR.

3.4 Visualization and an application

In the present section, on the one hand, we visualize the pdf of the maximum statistic and the third order
statistic from 1, 3-symmetric Kotz type and Pearson Type VII sample distributions, respectively, see Figures
1-4. For the definitions of the corresponding dgs g}é‘t); M.Br and gﬁf‘%k My of these subclasses of continuous I, -
symmetric distributions, we refer to [26]. Note that the choice of parameters M, B, v in Figures 1 and 2 and
M, v in Figures 3 and 4 coincides with that in Figures 2d and 3d in [25] (where the median is considered for
sample size three) as well as with that in Figures 4d and 5d in [26] (where the maximum is considered for
sample size three), respectively. We recall that p-generalized Gaussian distributions are particular cases of
the class of light tailed Kotz type distributions and Student-t as well as Cauchy distributions belong to the
family of heavy tailed Pearson Type VII distributions. It turns out that the corresponding graphs of f5., and
f4.4 seem to be more similar to each other if the sample vector distribution is heavy tailed than if it is light
tailed. For a study of certain domain quantiles of I, p-symmetric distributions, n € {1, 2, 3}, we refer to [26].

On the other hand, assume data suggest that, as appropriate after centering and standardization, the
largest wavelet coefficient of each of n signals, n € {2, 3, ...}, follows one and the same symmetric distribu-
tion having a pdf Dg(|x|), x € R, for some D > 0. Moreover, assume that an additional visual inspection of
the level sets of their joint density indicates a joint pdf

n 1/p
Cuh <|x|p) = Cuh <Z |xl-|1’> , X=(X1y...xn) €R,
i=1

could be true for some p > 0, a function h: [0, eo) — [0, o) satisfying 0 < [ " 1h(r) dr < oo, and a suitable
0

normalizing constant C, > 0. Then, an independence assumption with respect to the n signals is supported
jid »

by the data if and only if h can be chosen as h(r) = e” » and in consequence g(r) = e” 7 . Let us consider the

n = 4 largest wavelet coefficients in an independence model for different values of p. Figures 5 and 6 then
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show the density f;., of the maximum and the density f3., of the second largest order statistic, respectively.
For comparison, in the special case of p = 3 we refer again to the specific visualizations of f,., and f3.4 in light
tailed dependence models of Kotz type in Figures 1 and 2 and in heavy tailed dependence models of Pearson
Type VII in Figures 3 and 4.

Summarizing this section, numerous comparisons regarding these visualizations can be made. First, Fig-
ures 1-4 show the effects of different choices of distributional parameters on the pdf of the maximum statistic
and the second largest order statistic in l4,3-symmetric Kotz type and Pearson Type VII modelings, respec-

251
—M=2,4=2,y=2
—M=2,4=2,1=5
- - -M=2,3=2,7=10
2 M=2,3=5,7=2
M=2,3=10,7=2 .
——Ms=5,4=2,1=2
- - -M=10,8=2,7=2
15F
1L
05
O 77777 \\ J
-1 0.5 0 0.5 1 15

Figure 1: Maximum pdf from I, 3-symmetric sample vector distribution, fs.4, if the dg is g%‘t),M Byt

_Mzzvﬂzz’r«/zz
—M=2,3=2,1=5
- - -M=2,3=2,/=10
M=2, 4=5,1=2
M=2,3=10,,=2
——M=5,3=2,7=2
- - -M=10,4=2,7=2

Figure 2: Pdf of the third order statistic from l4 3-symmetric sample vector distribution, f3.4, if the dg is g%‘t),M iy
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0.8
0.6
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Figure 3: Maximum pdf from I 3-symmetric sample vector distribution, fs.4, if the dgis gg’%rM v
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Figure 4: Pdf of the third order statistic from l4 3-symmetric sample vector distribution, f3.4, if the dg is gEf’%kM’v.

tively. Moreover, in these figures, one can compare f;., and f3.4 for a particular choice of the type of depen-
dence model and of the corresponding distributional parameters. Second, the impact of the parameter p > 0
on the graphs of f;., and f3., with F = @p and f = ¢p, see (12), is shown in Figures 5 and 6. Third, as it is
stated before, one can draw comparisons between independence modeling and light as well as heavy tailed
dependence modeling in Figures 1, 3 and 5 and in Figures 2, 4 and 6 if p = 3.

Additionally, because of (30), we remark that the visualizations of f;., for k € {1, 2} can be achieved by
reflecting the graph of f., for k € {3, 4}, respectively, with respect to the ordinate axis.
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Figure 5: Maximum pdf from 4-dimensional p-generalized Gaussian sample distribution, f; ,, forp € {%, 1,2,1,3,2,3, 3}.
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Figure 6: Pdf of the third order statistic from 4-dimensional p-generalized Gaussian sample distribution,f;:4, forp €
{1 1349355 3}
3 b35,2,35,30.
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4 Proofs and discussions

4.1 Proof of Theorem 1

Due to the single-out decomposition of A}(t),

n

AR() = U {(Xl, cesxn) €R": X < by Xjp = xi},

i=1
we have .
Fien(t) = PXpn <) = > PX; <t, Xi=Xp), teR. (16)
i=1
The vector remaining after eliminating the ith component of X will be denoted by X[i], and the matrix after
eliminating both the ith column and the ith row of the quadratic matrix M by M[i]. Furthermore, Y 4z

means that the random vectors Y and Z follow the same distribution law. We recall that S}")[i]X [i] dx [i] for
i=1,...,nandJ C {1,...,n}\{i}, thus

PXi<t.Xi=Xpn) = > P(Xi<t,max{Xj:je]1}<X,-,Xi<min{X1:le]1C\{i}})

J1 C{1,.n}\{i}
1 1=k-1

S (X<t Xlil <SPl )

J1C (LN}
|J11=k-1

3 P(X[i] < s}g”[i]ln_lx,-) P(x,- <t | X[i] < s}’l’)[ihn_lxi)
/lgﬁl{\'l’k’i}l\{i}
where | f = {1,...,n} \ J; is the complementary set of J; with respect to {1,..., n}. From the stochastic
representation of the skewed l,..m,p-symmetric distribution, see (7) in Section 2, with > = 1, m = n - 1,
xW = x;, X@ = X[iland A = Sg‘)[i]ln,l fori=1,...,n, it follows that

2(X; | Xl < SPPlLn1X) = SS1ne1p (S0 Ln1:8™) -

Hence,
Pl(X;<t, X;=X = F(z) 0, 1:1 F(n—l) (n-1)
i s Aj k:n Z n-1,p n-15dp-1 + i ,g(n)
1 g‘{ll,.:,kri}l\{i}
i “Fin1p (t; S}T)[i]ln_l,g("))

T
where I}V = (SP[151) (SP151) = SPME" DSl Fori € {1,...,n}and Ji, Ja € {1,...,n} \

{i} with |J1| = k-1 = |J2| and n x n matrix Mx’)]z being the permutation matrix describing the permutation

of",, with o) (1) = J2 it follows SS1,n-1,p (S{[11n-138") = SS1,n-1,p (M, - SPlil15-138™ ). Here, |
denote the number of elements of the set J. Fori € {1,..., n}, there are (Zj) possible choices of index sets
](l) - {1, ceey n} \ {l} with U(l)‘ =k- 1, thus

n-1 - - .
P(X;<t, X;=Xjp) = (k _ 1) F;Z_)lyp (On—I;In—l + Flgyn/(l_)l), gEZ) 1)) Finp (t§ S}Z))[l]ln—l,g(n)) .

Because P(X; < t, X; = Xj.) = P(X]- <t Xj= Xi.p) foralli,j e {1,...,n}, it follows

Frn(©) =nPXn <t, Xn=Xp.n)
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_(n-1)\ 2 . (0 1,1 (n-1) o(n) (n-1)
=n ( . 1) FO, (0,,_1, It + S [EC D5 [n], g )
Fratp (650011,8"), teR,

where ], is an arbitrary subset of {1, ..., n - 1} having k - 1 elements. On using n (Zj) = (§)kand SH')) [n] =

S}:’)‘D, the assertion follows.

4.2 Measure-of-cone representations of skewed [, ,-symmetric distributions

Because the derivation of the results on Section 3.3 makes basically use of so called measure-of-cone repre-
sentations of skewed l,,,-symmetric distributions, the present section deals with results of this type which
may be of independent interest, too. Measure-of-cone representations of elliptically contoured distributions
are derived in [16] and [34] for dimension two and for arbitrary finite dimension, respectively. A representation
of more general type is proved in [26] for I, p-symmetric distributions.

For € Nand m € N, let A = (4;;) b be a matrix from R™*, and I = {i1,...,ix} C {1,...,+m}
with |I| = ». Furthermore, let us denote the set of all (5« + m) x (3¢ + m) signs matrices by 8,.+m and assume
that D is an element of this set. Moreover, for z = (z1, ..., 2.) € R*, weput V; p(A;2) =D - (vq, ..., Vierm)®
wherev; =z forl=1,...,xandv;, = (Az), = i/lv,lzl forjy € {1,...,5c+m}\Ilandv =1,..., m. It turns
out that the set o

C[,D(A;Z) = {DX S R* ™. Xi, <z, l= 1,...,x,

X;j, < ZAVJX,-I,)'V e{l,...,+m}i\l,bv=1,...,m}
=1
is a cone with vertex in V; p(A; 2), for every z € R*. The class of all such cones will be denoted by C..,m(4; 2),
i.e.
Coem(A;2) ={Crp(A;2): I C{1,...,c+m} with |I| = 5¢,D € 8;c4m}.

Recalling the notation II,..m for the set of all (3¢ + m) x (s« + m) permutation matrices from Section 2 and
denoting the particular cone Cyy,. . .1, .., (A; z) with vertex in Vi, A;2) = (zT, (AZ)T)T by Ag(2), it
follows that C,..m(A;z) = {MDAy(z): M € IL,cxm, D € 8sc4m}-

Making use of this notations, in [26], the following measure-of-cone representations of skewed [,. p-
symmetric distributions are derived.

-;%};I;ﬁm

Proposition 1. Let Z ~ SS..m,p (A, g("“")). For every element C; p(A; 2) of C..,m(A; 2), the cdf of Z satisfies
the representation

1
F@,(Om; I + AAT, g™

(J»t+m)

F%,m,p (Z;A,g(;ﬁ-m)) - (I)g(;ﬁm)’p (CI,D (A,Z)) N zZ e R”‘.

4.3 Proof of Theorem 2

The event in the sample space R" which is measured by the value of the cdf Fy.,(t) can be represented for
each k € {1,...,n} as follows:

A= |J {xeR":x<tvieJ} (17)
JC{1,...,n}
[7|=k
= U {xeR":x;<tvje], xy2tvle{1,...,n}\J}. (18)
JC{1,...,n}
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Note that these decompositions make use of intersections of half spaces being pairwise disjoint in (18) but
not in (17). For a visualization of the set A} (¢) for some low-dimensional cases, see [24, 25]. Furthermore, A}(t)
is an open cone with vertex in t1,.

Forve {1,...,n-1},tc Randeveryic {1,...,n-v}, let us denote BE""’)(t) = B(.”é‘”)(t) and

i,
B0 = {x € R™: Xpj < £, xq, < Xy V1 € {H, ., i} \{i 4},
Xy, <X, Ve {i+j, ..., i+Vv}I\{i+j},
X, <t,Vize{l,...,n}\{i,...,i+Vv}}
forj =0,1,..., v which are cones with vertex in t1, being neither open nor closed. According to the proof
of Theorem 1in [26], for t € R and every v € {1,...,n - 1}, the cone Aj(t) can be decomposed into v + 1

disjoint cones such that each of them, which is an intersection of half spaces of R", contains the origin in the
boundary of v of its n intersecting half spaces,

v
An6) =B u | JBE (0 (19)
j=1

where the parameter i can be chosen arbitrarily from {1, ..., n - v}. Hence, the parameterv € {1,...,n -1}
describes a certain degree of decomposition. Moreover, according to [26], it follows that

Dy ,(AR(O) = v+ 1) Dy, (BV(0), LR, (20)

Unless for the just considered case of the maximum statistic, in Lemma 1, we provide a recursive result
on the cdf Fy., of the kth order statistic Xy., of the I, p-symmetrically distributed random vector X with the
help of the cdf Fy, ., of Xi,1.,. To this end, we define

D™R(E) = Fyn(t) - Frapn(®), teR, forke {1,...,n-1}.

The following lemma will form the basis of the proof of Theorem 2.

Lemmal. Fork € {1,...,n—-1}andeveryv,; € {0,...,n—-k—-1}andv, € {0,...,k—-1} such thatv =
V1 + V5 > 0, the function D™(¢), t € R, allows the representation

DmR(f) 2 ( 1, )
=F, (0 s v+ E VI’VZ), (V)) Fn- n-k-vi ;E(VerZ,n; )’ M
i+ D +1) PPV 8wy v t1yy, 11 8

Proof of Lemma 1. Fork = 1,...,n - 1, according to the disjoint decomposition (18), Aﬁ(t) can basically be
partitioned into the following disjoint recursive union

AR = Ag (DU U {xeR" : xj<tVje ]y, x;2tVle{l,...,n}\]1}, teR.

Hence, with Fy.,(t) = P (X € Aj(t)), we have that

D(n’k)(t) = (Dg(m,p({x S R": X;j < th S ]1, Xy 2 tvl e {1, ey Yl} \]1})
Jic{1,...,n}
[J1l=k

For two sets J1,J> C {1,...,n} with |J1] = |J2], let 0}'1“]2 be the permutation such that a}j’)]z (J1) = J2, and let

M}T,)IZ denote the corresponding permutation matrix. Furthermore, we recall the definition of the sign matrix
S}T) from Theorem 1. For the rest of this proof, let ] = {n-k+1,...,n} be fixed with |J| = k. Because of
the permutation and sign invariance of the I, ,-symmetric probability measure, see [26], and its continuity,
it follows that

D™R(p) = Dy (Mg")]{x ER": x;<tVje], xy2tvVle{l,...,n} \]1})
Jic{1,...,n}
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= (Z) (Dg(,,),p<{x ER™: Xy jo1 <byer s Xn <EX1> b oy Xk > t})
= (Z) (pg("),p (S}"){X € R": Xp_ks1 <tyeveyXn < t,x; <-t,... s Xn—k < —t})

= (Z) CDg("),p ({X cR": (X1yeees X"*k)T c AZ:k(—I’), (Xn—k+1’ cees Xn)T c A;:(t)})

In the following, at least one of the cones AZ:%(—t) and A’,ﬁ(t) will be decomposed. To this end, according to
(19), forvy € {0,...,n-k-1}and v, € {0, ..., k- 1} with vy + v, > 0, we choose

Vi
ARK(-t) = BIOn o (BT @)
j=1
and
V2
A0 =B u [ JBY 0 | )
j=1

Here, vi = 0 and v, = 0 means that AZ:’;(— t) and A,’j(t) are not decomposed, respectively. Hence, (20) implies

D(n’k)(t) n T (n-k,v1)
o Dz D - e (€ ) € B0,
kst oo )" € BE(O}). 23)

Note that the set measured by CDg(n) p

—t1, )
enivlivzyvlﬂ/z E(l\/’ll,vz,n,k); n-k-vq . (24)
tlyy,

T
Because of the identity E(l‘fll’VZ’"'k)E(l"fl"’z’”’k) = EVv2) and v = v + v,, the measure-of-cone representation
from Proposition 1 yields

in (23) is an element of the class of cones

‘Dg(n)’p ({X c R™. (Xl, ey Xn—k)T c B(lfl—k,w)(_t)’ (Xn—k+1’ s, Xn)T c B(lk’VZ)(t)})

—t1,_4_
2 sy B, 400 F(( Lok );Eata’vz’"’k),gm)
k-v;

and the assertion follows from (23). O
In order to proof Theorem 2, we start from the representation
n-1 .
Fien®) = ( YD) | + Fun(t), t€R, (25)
j=k

being a telescoping sum. Applying Lemma 1 to each summand DmA(p), j=k,...,n-1,ineach step the two
parameters v;; € {0,...,n—-j-1}andv;, € {0,...,j- 1} satisfying v; = v; ; + v;, > 0 can be chosen
differently. The assertion of Theorem 2 follows by inserting the cdf Fn.n of the maximum statistic derived in
[26] and based upon the cone decomposition (19) as well.

4.4 Proof of Theorem 3

Looking through the proof of Theorem 1in [24] once again, there appear representations of the cdf Fp., of the
maximum statistic Xn:n in In,p-symmetrically distributed populations not used so far, see Lemma 2.
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Lemma 2. Foreveryve {1,...,n-1}andi € {1,...,n - v}, the cdf Fn:n allows the representation

Frn(f) = (v + 1)F\(,2,2, <0v;2, g&))) Fn-v,v,p (tln—v§E,(-v’n), g(")) , teR,
T
where X =1, + EE"’")EI(.V’") =1, +EY.

As stated in [24], because of the exchangeability of the components of I, ,-symmetrically distributed random
vectors, the additional parameter i has no numerical impact when evaluating the cdf Fn.n. Nevertheless, these
alternative representations may be helpful in identifying a maximum distribution if particular skewed In,p-
symmetric distributions occur in other contexts.

Recall that the cones Aﬁj’,ﬁ(—t) and A’,j(t) are decomposed in relations (21) and (22) with the help of (19),
choosing in both cases particularly i = 1. Using now the entire variety of decompositions in (19), for every
ipe{l,...,n-k-vi}tandi, €{1,...,k-vy},

Vi

ARk(=0 =Bl u [ JBIE (-0 (26)
j=1
und
V2
AKD =B u [ B0 | . (27)
j=1

Following the rest of the proof of Lemma 1, but using now decompositions (26) and (27) instead of (21) and
(22), leads to the following result.

Lemma3. Fork € {1,...,n-1}, everyvy € {0,...,n-k-1}andv, € {0,...,k—-1} such thatv =
vi+Vvy>0,andeveryi; € {1,...,n-k-vi}andi, € {1,...,k-v;,}, the function DR(f) t € R, satisfies
the representation

DR 2) W1v2) o(V) ~t1ykey ruvaml) ()
(M1 +1)vy +1) =Fp (OV;IV + EVvuv ,g(n)) Fnovyp s ) s B g )
—V2

In the same sense as we commented the role of the parameter i in the representation of Fp., in Lemma 2, the
additional parameters i; and i, in Lemma 3 do not have any numerical impact on the evaluation of DY,
Subsequently, a further extension of the Lemmas 1 and 3 is considered. Both, after the first third of the proof
of Lemma 1 and of the complete proof of Lemma 3, respectively, using the permutation invariance of @

g(n)’p’
an arbitrary subset of {1,..., n} with k elements is specialized to ] = {n-k+1,...,n}. This choice in-
fluences the positioning of both the rows of matrix parameter Egl“i’z"z’"’k) and the negative components of
(-1, 4y, t1}_, )" of the cone

(v1,va2,n,k), _tln—k—v
e"’vl’VZ’Vl“’z <Ei1,ll'z ’ < tlk—vz 1 >> .

By the application of the measure-of-cone representations of skewed I, p-symmetric distributions, see Propo-
sition 1, this impact is transmitted to the resulting difference function D™ in Lemma 3. In Corollary 2, this
restriction is subsequently removed using the properties of skewed I, ,-symmetric distributions concerning
the permutation of the columns and the rows, respectively, in the matrix parameter described in the last
paragraph of Section 2.

Corollary 2. Fork € {1,...,n-1},everyv,; € {0,...,n-k-1} andv, € {0,...,k—-1} such thatv =
vi+Vvy, > O0,everyiy € {1,...,n-k-vi}andi, € {1,...,k-v,}, every M1 € IIn_y and M, € I, the
function DX satisfies the representation

D™R(t) = (Z) (v1+1)(vz + 1) F2), (OV;IV + E(Vl’“),g%)
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< Frvwp (Ml ( —tlp v, ) ;MzEgvli,vZ,n,k)M{,g(n)) , teR.
t1iy, b2

Note that a possible inclusion of permutation matrices in the representations of Fn:, in Lemma 2 would not
yield any new results since permuting the rows of 1,_, and E g"’"), respectively, would not yield any numerical
changes, and the effect of eventually permuting the columns of EE"’") would be covered by the effect of varying
the additional parameter i € {1,...,n - v}. Using Lemma 2 and Corollary 2 instead of Theorem 1 from [26]
and Lemma 1 in the proof of Theorem 2, see (25), we achieve the results of Theorem 3 on the cdf Fy., of the
kth order statistic in I, p-symmetrically distributed populations.

4.5 Discussion of combining Proposition 1and the single-out decomposition of
AR(D)

In this section, the consideration of the approach via single-out decomposition of the event A}(t) is extended
concerning the usage of measure-of-cone representations of skewed I, p-symmetric distributions.

As it is established in [20] for the case of order statistics of two jointly I, ,-symmetrically distributed
random variables, the approach in [19] and others which is based upon the single-out decomposition of A3(t),
see Section 3.2, yields the same result as applying the geometric measure representation in [30] directly, see
[24], and transforming the results into terms of skewed distributions, see [10]. In higher dimensional cases,
analogous relations are not yet investigated. However, applying the advanced geometric method of proof
using measure-of-cone representations of skewed I, p-symmetric distributions yields more representations
of the cdf of an arbitrary order statistic than the direct application of the geometric measure representation.

According to Section 4.1, and further using the P-almost sure uniqueness of order statistics from the
components of absolutely continuous random vectors defined on a probability space (Q, 2, P), we have

n

Ag(t) = U{x eER":x;<t, x; = Xk:n}
i=1
n

= {x € R": x; < t, exactly k - 1 components of x are less than x;

i=1

and exactly n — k are greater than x,-}

n
-U U {xeR":xi<t,xj<x,-Vje]1,x,~<x1VIe{1,...,n}\(]1u{i})}. (28)
i=1J;C{1,....n}\{i}

[J1|=k-1
Note that (28) is a decomposition of Aj(¢) into cones such that each of them contains the origin in the bound-
ary of n—1 of its intersecting half spaces. Further, representation (28) does not follow from the decompositions
in (17) and (18), and vice versa. Moreover, for the particular case k = n, (28) is covered by (19) forv =n - 1,

i.e.
n

n-1
U{xe R xi<t, < xivieLnl\ (it} = BP" Do u | BT (29)

i=1 j=1
where i = 1 is implicitly given by v = n - 1.

Remark 1. In view of (28), Theorem 1 can also be achieved applying the measure-of-cone representations
from Proposition 1.

Proof of Remark 1. For k € {1,...,n} and for an arbitrary but fixed indexset J C {1,...,n-1} with k-1
elements, the application of (28) and of permutation and sign invariance property of Dy yields

Fen(t) = <Z>k®g‘"”1’<{x ER":xn<t, xj<xnVj€J, xp<-xnVle{l,...,n- 1}\]}).
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Since the above argument of CDg(n),

Theorem 1 is achieved by the application of Proposition 1. O

» is a member of the class €1 -1 (S}"‘l)ln_l; t) of cones, the result of

5 Conclusion and outlook

Exact distributions of order statistics of a finite number of independent and identically distributed random
variables are studied extensively. For the cases of dependent random variables, on the one hand, [2, 3] deter-
mine the distribution of order statistics of the components of arbitrary absolutely continuous random vectors
in terms of conditional distribution and, particularly, emphasize the case of elliptically contoured distribu-
tions. On the other hand, in [19], considering elliptically contoured distributed populations as well, the distri-
butions of order statistics are represented as mixtures of unified skew-elliptical distributions. In the present
paper, extending our studies from [26] and references cited therein, we examine the distributions of order
statistics from I, p-symmetric distributions in terms of mixtures of skewed [,.,,-symmetric distributions, thus
generalizing part of results from [2, 3] and [19] to the case of I, p-dependence.

Just to give a short outlook, in the future, one could study exact distributions of multivariate order statis-
tics as considered under another type of model assumptions in [12] as well as [9]. Furthermore, an extension of
our approaches to uni- or multivariate order statistics from dependent and nonidentically distributed random
variables is conceivable where studies on such model assumptions are made in [8].

Acknowledgement: The authors are grateful to the reviewers for their valuable hints leading to various im-
provements of exposition and making the paper more accessible to a broader readership.

A Additional remarks

A.1 Pdf fi., according to Fy., from Theorem 2

In this section, the pdf of the kth order statistic X;.p, fi.n(f), t € R, is determined for k = 1, ..., n according
to the representation of the cdf Fy.,, from Theorem 2. In order to represent this density in a concise manner,
forn € N, adgg("), parameters k € {1,...,n-1},v; € {0,...,n-k-1}andv, € {0,...,k-1} or

n-1
parameters k = nand (vi,v;) € J {(1,0), (0, )} and with v = v; + v, > 0, we put
=1

X

G(vl,vz,n,k) (X' t) - (nv) (1) ( k) v)
(Z)(v1 D), D) / g(n) < | |p It] v,p j g[ \z\§+|t\p}

—oco

fort ¢ Randx € RV, j e {1,2,3}. Here, for z = (z1,...,2p.1)" € R"1, a(l‘“"’z’”’k)(z; t) =
z11 -t1 z11 .
1w , a(z"l’VZ’"”‘)(z; t) = Vi , and agvl’VZ’"’k)(z; t) = 11 ) For the particular case
Zn-v-11v, Zn-v-11v, t1,,

of k =nand (vi,v,) € {(n-1,0),(0,n-1)}, we put
GO (¢amyers ) = g (EDFL, , (lwrsgl) s teR,

and assume that G(l"’o’"’") (t1,_y_1; t) is finite.

Corollary 3. Fork € {1,...,n},everyvj; € {0,...,n-j-1} and v;, € {0,...,j— 1} such that v; =

Vi1 +Vj2>0,j=k,...,n-1,andeveryvp € {1,...,n - 1}, the pdf fi., allows the representation
n-1 1
fin® =Y |(k=vj,-1) G2l kv ot
j=k tlk—vi,z—l
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—(n-k-vi;-1) G(lvj,1,vi,z,n,k) _tln—k—v,-,l—l ot
o tlyy,,
_ G(Vj,l,\/j,zyrl,k) —tln,k,vl.’l,l )+ G(Vj‘l’vj'z’n’k) —tln,k,vj’l .t
2 t]‘k—ijz 3 tlk—V}"z—l

+ <(n — v = DGO (1, 15 6) + GOV (81,0, g t)> , teR.

Note that the sum within the brackets (-) is equal to the maximum pdf fn., derived in [26]. Moreover, choosing
k =nand v, = n - 1 yields the representation from Corollary 1.

In order to implement f}.,, according to Corollary 3, as in the case of F}.,, the number of summands of
fi:n can be reduced making use of the general relation

frir1n(®) = fien(=0),  teR, (30)

if 1 < k < %31 | in advance of applying Corollary 3.

Considering the particular case of order statistics from an n-dimensional p-generalized Gaussian dis-
tribution, i.e. the particular dg g(") = gng), see (3), for every k € {1,...,n} and any choice of parameters
vij1 € {0,...,n—j-1}yandv;, € {0,...,j-1} such thatv; = v;; +v;, > Oforj = k,...,n-1and
vn € {1,...,n- 1}, the representation of f.,, from Corollary 3 admits the form (11). Recalling the notations
@p(t) and @p(t) of the cdf and the pdf of the one-dimensional p-generalized Gaussian distribution, respec-
tively, we get the following result.

Remark 2. For g™ = gg'E) and k € {1,..., n}, the pdf f;.,, from Corollary 3 attains the representation in (12)
being nothing else then f;.,, for F = @p and f = @p.

A.2 Proofs of Corollary 3 and Remark 2

As before, for a™ € R"and i ¢ {1,...,n},let ag”) denote the ith component of a™ and a™[i] the (n - 1)-
dimensional vector after eliminating al(.") out of a®™. The following remark is useful for the derivation of the
pdffk:n'

Remark 3. If Z™ is an n-dimensional random vector having pdf fzm, then

1) (1) -
g(p (Z(”) < a(n)t)> _ a fZ(U(a t) ,n=1 , teR,
dt Dn(fz(n), a(n)y t) , N2 2

for a” ¢ R" where

n
Dnlf 7005 a"™,¢) = Z aE") /fz<n)(Z1, e Zis, aﬁ”)t, Zis1y -+ -5 2n) dz
i-1

Dl(n)
()
n a [z]t
n n T
= Zag ) / fZ(n](zl,...,zi,l,al(. )t,zi+1,...,zn) d(Z1, ..y Zic1s Zisds - -+ s Zn)
i=1 .

andfori=1,...,n
D = DP(a®, 0) = {z= (z1, ..., Zi1, Zivts -+ > 20)' €R" iz <a™li] ).

Proof of Remark 3. This proof will be given by induction. If n = 1, the assertion follows immediately applying
the chain rule. If n = 2, the Leibniz integral rule yields

a(lz)t a(zz)t a(zz)t

d 0
= (P (Z(Z) < a(z)t)) = / St / frolz1,22) dzy | dzs + P / fro(z1, a?0) dz;

—oo
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) ()
a,’'t a;'t

=a? /fzm(a(lz)f,zz) dz; +a®? /fz(zJ(Zl,a(zz)t) dz;

= Dz(fz(z), a(z), t), teR.
The step of induction from n — 1 to n reads as

a(j,)tasl”)t
d . o) - 4 T
E P|Z <a't _a fz[n)(21,---,Zn7]_,Zn)dZn d(Zly"-’anl)
amt

= a’ / frm(Z1, .0y 201, a0 d(zy,...,zn0)"

° a™¢

n

+Dp1 /fZ(n)(',---,',Zn) dzn ,a(fﬁl),t

= agln) / frm(Z1s .0y 201, agzn)t) d(zi,...,zn-1)"
oo (a(_"n)) Ltang

n-1
+ Z (a(—r;z)> fz<n)(Z1, ceesZi1, (a(—r;,)) L Ziv1s 005201, Zn)
i1 1 1

- T
e dzn d(zy, ..., Zi-1,Zis1 -+ » Zn-1)

= ®n(fz(n)) a(n): t)’ te R,

T T
as (a(")[n])i = aE") and ((a(")[n][i]) ,aﬁ,”)) =a[ifori=1,...,n-1. O

Note that the integrands f,m(z1, ..., Zi_1, al(.")t, Zis1,--+52n), 1 = 1,..., n, appearing in the above integral
representation of Dn(f,um, a™, ¢) simplify to fym (a(ln)t, Zy, ... zn) and fym(z1, ..., Zn-1, at)ifi = 1 and
i = n, respectively. Furthermore, the particular case of a™ = 1, is already proven in [26].

Denoting the derivative of DL (¢) with respect to t by d™(¢), we have

d(n’k)(t) :fk:n(t) _fk+1:n(t) fork € {1’ SRR L 1} :

The following lemma provides a significant step for the derivation of the representation of the pdf f;., in
Corollary 3.

Lemma4. Forke {1,...,n—1}andeveryv, € {0,...,n-k-1}andv, € {0,..., k- 1} withv = vi+v, >
0, the function d™K allows the representation

dm(E) = (- vy - 1) G ([ ke
tlk—Vz—l
-(n-k-vi-1) G(lvl,vZ,n,k) 1y gv;-1 t
t1y,
_ G(2v1,Vz,n,k) << _t]li)i—k—vl—l ) ;t) + G(Bvl,vz,n,k) (( _tl;lln—k—vl > ;t) , t e R.
k-v, k-vy,-1

-1, . . _
Proof of Lemma 4. Let a"™") = ( 1" kv ), and the (n - v)-dimensional random vector Z"™¥) follow the
k—Vz

distribution SSy-v,v,p (E(l‘fll"’z’"'k), g(")) having pdf f,u-». According to Lemma 1 and Remark 3, for t € R, it
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follows
1
(Z) (V]_ + 1)(V2 + 1)

FR) (0vs1,+ BV, g0y & (p (7m0 < gt

d(n,k)(t)

dt

= F1(/2,})a <0v; I, + E(vl’VZ), g&))) Dnv (fz(n—v), a(n—v)’ t)
n-v a(n7V)[J] t

- Y a / () < {00 + 1" e + 120 2)‘10)
j=1 —oo

. T R N (G,1)
-F(VB, E{pvanh (z(”l) ,al"™t, 20:) ) ;g d Z(j L
’ J [</|z(iv1)|§+\a;""’)t|l7+|z(1‘,2)|g] zv

where 20D = (z,... ,zj-1) € R and 202 = = (Zjs1,...,2nv) € R"J forj = 1,...,n - v. With regard
to the particular form of the vector ¢ and the matrix E(lv’ll’”’"’k), we distinguish the four cases j = 1,
je{l,...,n-k-vi}\{1},j=jandje {n-k-v;+1,...,n-v}\{j"} wherej" =n-k-v; + 1. On the
onehand,wehavea](.”’v) =-1ifje{1,...,n-k- vl}anda(" v o =1lifje{n-k-vi+1,...,n-v}.0On

. T
the other hand, the matrix vector product E7 (Vl"’z’”’k) (z(”l) a" ¢, z(”z)T> takes the value (zl 17,5 zjs 132)T

ifje{1,...,n-v}\{1,j7}, (—tlEl,z]«ﬂz) 1f] =1,and (Z11v1, tlEZ)Tifj =j". Thus,

n-k-vq

1 40 / (n-v) (
t)=- Z0DP + | —t)p + |20:2 |8
o e ¢ Z {12005 + | - tip + 12025
O 2SR ) af 2P
v,p 2.1 ,g[ . . G,2)
i 1v, {/\ZU»”\g+|—t\p+|z(1v2)|§} z
G
- [ el (¢fi-er i)

—o0

-t1
FO Vi ;g(V) dz(1:?)
VP zj 1y, [Q/\—ﬂm\z(ll)\g}

n-v &
o X [aly (¢f00ge i o)
j=n-k-vi+2_ o

FO z1ly, | W) d 201
v,p 38 . . G,2)
zj 1y, [ \20’1)\E+|I\P+|z(/'2)|5} z
e}
+ /gg:ll)—v) (</|Z(f*,1)|g + |t‘P + |Z(I'*’2)|§>

—oo

g0 [ A ), w af 20
v.p 8 - m G2
tly, [mzo DDt t]p+] 20 ,z>|§;} z

where §; = (- tln Kvyo1? 1>‘1,TH,2)T and §; = (-t1,;_, ,t1};_, ) T. The assertion follows by renaming the
T

variables (z(f’l) ,z(’ 2) Y,j=1,...,n-v,toz € R, respectively, and the associated cancellation of

sums. O

According to (25), the pdf f., satisfies

n-1
fin@® = | S d™@) | + fan(0), teR.

j=k
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By the application of Lemma 4 to each of the summands d(”’j)(t), j=k,...,n-1, associated with the cor-
responding parameter choices of v;; and v;, and of fn:n derived in [26] but represented here in terms of
Gvivank i1 9o 3

i ’ ’ ’ ’

fan@® = (n=v = DGO (¢, 15 6) + GOV (41, 158), teR.

Thus, the assertion of Corollary 3 is established.

Remark 4. Choosing in each case the largest possible parameters v;; = n-j-1landv;, =j-1forj =

k,...,n-1,and vy, = n - 1, according to Corollary 3, the representation of f;., simplifies as
Ry i @ (1) Zln-j1 (n-2)
fren(®) —;( )(n J))/ (W)Fn 2p<< (s ):g[w]) dz
S t @.p) v+ zp) FO “njo1 ) yn-2) d
> ( >(n ng (Vi +12p) F, (( . )’ﬂW}) 2

ng V() Py, (nasgly), teR,

In order to strengthen the proof of Remark 2, the following specialization of Lemma 4 to the case of the n-
dimensional p-generalized Gaussian sample distribution is considered.

Remark 5. For the particular dg g(") and k € {1,...,n -1}, Lemma 4 asserts that

d™P(f) = ( >(pp(t) (@) (@p(-1)" (kCDp(—t) ~(n- k)CDp(t)), teR.

Proof of Remark 5. Because of the independence of the components of X where X ~ (Dg<n) » for x; € R** and
PE>
X, € R*2, the dg is factorable such that

(se1+322)

goar )¢/ xa b+ X2 18) = g5 (1x11p) 852 (X2 ).

Thus, it follows F(j,)p <§ ng[‘ b ]) H Dp(&)forxe{1,...,n-1},y e R"*and & = ({1,...,&)" e R

Using this product structure, the functlons G)(.‘“"’Z’"’k) (x;t),j € {1,2,3},forvy € {0,...,n-k-1} and
v, €{0,...,k-1}satisfyingv=v; +v,>0,x € R™V!andt € R allow the representations

G(1Vl’vz’n’k) (0 r iy 2 V2
(1 +Dva+1) __z o0 E op(z) | (Pp(z1)) " (Pp(zn-v-1)) " dz

n-v-2 X1 Xn-v-1
= @p(t) < H (Dp(xi)) /(PP(S) (®p(s))™ ds / Pp(s) (@p(s))" ds
i-2 e oo

and

n-v-2 Xny-1
G(ZV1,Vz,n,k) (x;t) = (Z) (v1+ D(vy + 1) @p(t) (Pp(- t) ( H @p(x; )) / ©p(s) (ch(s))Vz ds
as well as

n-v-1

GYrvan) (x; f) = ( )(vl +1)(v2 +1) @p(8) (Pp(1)) ™ ( IT @i )) /fpp(S) (@p(s))"
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y
By integration by parts, [ @p(s) ((Dp(s))m ds = 15 (Pp(y)) ™1 for m € N. Hence,

n-v-2

(v1,v2,n,k) .
G st Pp() (Pp(x1))"" ™ ( I @i )) (@pGny-1))™,

(k)
G(zvl,vz,n,k) (X; l')
(Z) (V1 + 1)

n-v-2

= @p(t) (Pp(- t) (H Dp(x; )) q’p(xn—v—ﬂ)vfr1

and
G(}vl,vz,n,k) (X' l’) ’ _— n-v-1
AN g ) (D) (@ ! Dp(x;) | .
(Z) o+ 1) @p(6) ( p( )) ( p(Xl) g p(Xi)
Choosing the values of x; with view to Lemma 4 finishes the proof. O

Proof of Remark 2. By Remark 5, relation @p(t) + @p(-t) = 1, t € R, and using properties of binomial coeffi-
cients, forall t € R,

n-1
fk:n(t) = fn:n(t) + Z d(n’j)(t)
j=k
n-1

=n (Pp(t) cDp(t) + <n> QDp(t) CDp( t))n K ((Dp(t)) (j(Dp(_t) -(n _j)q)p(t))

j=k

= n@p(t) (Pp(t)" " +n <pp(t)z (" 1) (p(-0)"7 (@p(1))

j=k

1n1

- np(e) | (Pp(-0) + Dp(6))™ ;

) (@p(-0)""7 (@p(0))

]

:0
k-1 n-
=ngut) (q:p(t))"‘1 —n@ut)+n @yt ( ;
j=0

+n(pp(t)<k 1) (Dp(- t)) ((Dp(t))k—l
(n ) Dp(- t))n—l—i ((Dp(t))i:|

=n@p(t) <Z : 1) ((pp(_t))"*k (d)p(t))k—l

n-1
+ngp(t) [ (Dp(t) et
i=k
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