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Abstract: In the present study, we introduce a general integral operator containing bivariate Mittag-Leffler
(M-L) kernel with respect to a function ( )τ z . This general family includes the usual, Hadamard, Katugampola,
Erdélyi-Kober, and Tempered versions for specific choices of the function ( )τ z . We investigate the main
properties of the general family by using series representation and conjugation relation.

Keywords: bivariate M-L function, bivariate fractional calculus, fractional calculus with respect to functions,
integral transforms

MSC 2020: 33E12, 26A33, 35A22

1 Introduction

Mittag-Leffler (M-L) functions play an important role in fractional calculus. However, the univariate M-L
functions do not provide the addition property

( ) ( ) ( )≠ +E x E y E x y .

1 1 1

Due to the lack of this property, bivariate M-L functions are needed in application areas. Over the past decade,
some important bivariate M-L functions were defined [1–3]. In this study, we consider the following bivariate
M-L function [3]:
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The integral operator involving the above function in the kernel is given as follows [3]:
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where α β ε δ ω ω, , , , ,

1 2

are complex numbers with ( ) ( ) ( ) >α β εRe , Re , Re 0.
In this work, in order to obtain new findings and viewpoints, we will generate this integral operator

involving the bivariate M-L function in the kernel with respect to the function ( )τ z . With the special choices of
the function ( )τ z other than the usual one, the general operator includes the Hadamard, Katugampola, and
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Erdélyi-Kober, and Tempered versions. We now proceed by recalling the necessary background to be used
throughout the study.

Definition 1.1. [4] Suppose �∈a is a constant and [ ]∈f L a b,

1 is a function. The Riemann-Liouville fractional
integral of order ν is defined by

�( )
( )

( ) ( ) ( ) [ ]∫= − > ∈ ⊂−
I f z

ν
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Definition 1.2. [4] Let �∈a be a constant, [ ]∈f C a b,

n a function. The Riemann-Liouville fractional derivative
of order ν is defined by

( ) ( ( )) ( ) ( )= ≔ ⌊ ⌋ + ≥−
D f z

z

I f z m ν ν
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The Riemann-Liouville fractional integral operator exhibits semigroup behavior with respect to the
parameters μ and ν

( ) ( )∘ = +
I I f z I f z ,

μRL

a

νRL

a

μ νRL

a

where ∘ indicates the composition of operators.

Definition 1.3. Let [ ]∈f L a b,

1 , �∈ν such that >ν 0, ϕ a monotonic [ ]C a b,

1 function, and �∈a is a constant.
Then, with respect to the function ϕ, the Riemann-Liouville fractional integral of the function f of order
ν is defined as follows:
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Remark 1.1. Setting ( ) =ϕ z z, Definition 1.3 recovers the Riemann-Liouville fractional integral operator of
order ν.

Remark 1.2. Setting ( ) =ϕ z zlog , Definition 1.3 recovers the Hadamard fractional integral operator [5]
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Remark 1.3. Setting ( ) = +
ϕ z z

ρ 1 and multiplying the resultant operator by ( )+ −
ρ 1

ν, we obtain the
Katugampola fractional integral operator [6]

( ) [ ( )]
( )

( )
( ) ( )∫+ =

+
−−

−
+ + −

+ρ I f z

ρ

ν

z z ξ f ξ ξ1

1

Γ

d .

ν

z

νa

K

ν

a

z

ρ ρ ρ ν

1

1 1 1

ρ 1

Remark 1.4. Setting ( ) =ϕ z z
σ , replacing ( )f z by ( )z f z

ση , and multiplying by ( )− +
z

σ ν η , we obtain the Erdélyi-
Kober fractional integral operator [7]
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Remark 1.5. Setting ( ) =ϕ z z, and replacing ( )f z by ( )( )− −
e f z

λ z ξ , we obtain the Tempered fractional integral
operator [8,9]
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It should be noted that the operators in (2) satisfy the semigroup property

( ) ( ) ( )( ) ( ) ( ) ( ) ( )∘ = ∘ = +
I I f z I I f z I f z .
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Definition 1.4. Suppose [ ]∈f ϕ C a b, ,

n and ( )′ >ϕ z 0. For every [ ]∈z a b, and �∈ν , with ( ) ≥νRe 0,
the Riemann-Liouville fractional derivative of order ν with respect to the function ϕ is defined as follows:
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with �( )− ≤ < ∈ +
n ν n1 Re .

According to the group theory, the fractional operators with regard to functions can be written as con-
jugations of the original fractional operators with a few compositional operators. As a result, it is simple to
illustrate different results about fractional operators in relation to functions.

Now, define Q
ϕ
by = ∘Q f f ϕ

ϕ
such that

( )( ) ( ( ))=Q f z f ϕ z .
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ϕ ϕ
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The structure of this work is as follows: In Section 2, we recall the fractional calculus properties of the integral
operator (1) and also obtain new properties via series approach. In Section 3, we generalize the operators in (1)
by taking these operators with respect to the function ( )τ z . Section 4 is devoted to the concluding remarks.

2 Analysis of the operators containing bivariate M-L function
in the kernel

In this section, we recall the main characteristics of the operators in (1). We also obtain new properties of these
operators such as product rule and chain rule.

Theorem 2.1. [3, Theorem 7] Suppose that α , β , ε , ω ω,

1 2

are parameters in � with ( ) >αRe 0, ( ) >βRe 0,
( ) >εRe 0. Then, we obtain
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where �[ ]∈ ⊂z a b, and [ ]∈f L a b,

1 .

This series formula MGMLO:series:eqn helps to give many properties of the operators �
α β ε

δ ω ω

a
, ,

; ,

1 2, which are
inherited from the Riemann-Liouville integral operator. For instance, the following composition property holds true
[3, Corollary 4]:
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where [ ]∈f L a b,

1 and α β ε δ ω ω, , , , ,

1 2

are complex numbers with ( ) >αRe 0, ( ) >βRe 0, ( ) >εRe 0.
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Moreover, representation (3) helps to prove the following semigroup property:
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1
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2 1 2

be parameters in � with ( ) >αRe 0, ( ) >βRe 0, ( ) >εRe 0

1

, ( ) >εRe 0

2

.
We continue to use the series formula (1) to obtain some useful results.

Proposition 2.1. The image of the power function under the action of �
α β ε

δ ω ω

a
, ,

; ,

1 2 is given as
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where α , β , ε , δ , ω ω,

1 2

are complex parameters with ( ) >αRe 0 and ( ) >βRe 0, are real parameters.

Proof. Using the following formula [10,11]:
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which is the desired result. □

Example 2.1. By selecting specific parameter values and plotting � ( )−
z

α β ε

δ ω ω

a
, ,

; ,

1 2

1

2 , we can examine how
the resulting functions behave and use this to illustrate the conclusion of Proposition 2.1.
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whose red (upper) curve is shown in Figure 1.
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whose blue (middle) curve is shown in Figure 1.
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whose green (lower) curve is shown in Figure 1.
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The graphs in Figure 1 are the result of plotting all three of these functions collectively. Figure 1 was
created with Maple18 by considering truncated sums ≤ ≤k n0 , 20. From the graph, the following conclusions
can be drawn.

As z increases, the red function ( =α
1

2

, =β
1

2

, =ε
1

2

) grows faster than the other two. At least for ≤ ≤z0 5,

the magnitudes of the other two functions are more similar; nonetheless, the blue function ( =α
1

2

, =β 1, =ε
5

2

)

is significantly greater than the green one ( =α 1, =β
1

2

, =ε
7

2

).

This is understandable as raising the values of α , β , and ε will increase the value of the gamma function,
which reduces the value of the function. At least when z is large, increasing its exponents will typically have
the opposite effect. However, since gamma functions are known to increase at a rate faster than power
functions, the main determinant of size comparisons between these functions will be the variations in the
gamma function’s argument.
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where [ ]∈z a b, and α , β , ε , ω ω,
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, μ are complex parameters with ( ) >εRe 0, ( ) ( ) >α βRe , Re 0 and ( ) >μRe 0.

Proof. Using the known formula [7]

( ) ( )= > >∞
−

I e μ e μ ν, Re 0, Re 0,

νRL μz ν μz

and (3), we obtain

�
( )∑ ∑=−∞

=

∞

=

∞
+ + +

−∞e

δ ω ω

k l

I e

! !

α β ε

δ ω ω μz

k l

k l

k l

αk β l εRL μz

, ,

, ,

0 0

1 2

1 2

Figure 1: Graph for Example 2.1.
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Thus, the result is proved. □

Proposition 2.3. The image of the three parameters M-L function under the action of �
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which is the desired result. □

Example 2.2. By selecting specific parameter values and plotting � ⎟⎜
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resulting functions behave on a graph and use this to illustrate the conclusion of Proposition 2.3.
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whose blue (lower) curve is shown in Figure 2.
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• For =ε
6

5

, we have
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• For =ε
4

5

, we have
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Figure 2 illustrates the abovementioned three cases. Figure 2 was created by considering truncated

sums ≤ ≤k n0 , 20.

As z increases, the fastest growing function is the green function ( =ε
8

5

), followed by the red function

( =ε
6

5

), and finally, the blue function ( =ε
4

5

).
This is understandable as raising the values of ε will increase the value of the gamma function, which

reduces the value of the function. At least when z is large, increasing its exponents will typically have the
opposite effect. However, since gamma functions are known to increase at a rate faster than power functions,
the main determinant of size comparisons between these functions will be the variations in the gamma
function’s argument.

Now, we continue to prove the product value and chain rule by using representation (3).

Theorem 2.2. Suppose that f and g are functions such that f is continuous and g is differentiable. Then,
the following product rule holds true:

Figure 2: Graph for Example 2.2.
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� ( ( ) ( ))
( ) ( ) ( )

( ) ( )
( )∑ ∑ ∑=

⎡
⎣⎢

+ + − − −
− − − −

⎤
⎦⎥=

∞

=

∞

=

∞
+ + +

f z g z

g z

z

δ k l αk β l ε ω ω

δ αk β l ε m k l m

I f z

d

d

Γ Γ 1

Γ Γ 1 ! ! !

.

α β ε

δ ω ω

c

m

m

m

k l

k l

αk β l ε mRL

c
, ,

; ,

0 0 0

1 2

1 2

Proof. Using the series formula and the product rule for the Riemann-Liouville integral operator [10,20],

� ( ( ) ( ))
( )

( )
( ( ) ( ))

( )

( )
( )

( )

( ) ( )

( )
( )

∑ ∑

∑ ∑ ∑

∑ ∑ ∑

⎜ ⎟

⎜ ⎟

=
+ +

=
+ + ⎡

⎣⎢
⎛
⎝
− − − ⎞

⎠
⎤
⎦⎥

=
⎡
⎣⎢

+ + ⎛
⎝
− − − ⎞

⎠
⎤
⎦⎥

=

∞

=

∞
+ +

=

∞

=

∞

=

∞
+ + +

=

∞

=

∞

=

∞
+ + +

f z g z

ε δ k l ω ω

δ k l

I f z g z

δ k l ω ω

δ k l

αk β l ε

m

I f z

g z

z

g z

z

δ k l ω ω

δ k l

αk β l ε

m

I f z

Γ ! !

Γ

Γ ! !

d

d

d

d

Γ

Γ ! !

.

α β ε

δ ω ω

c

k l

k l

αk β l εRL

c

k l

k l

m

αk β l ε mRL

c

m

m

m

m

m

k l

k l

αk β l ε mRL

c

, ,

; ,

0 0

1 2

0 0

1 2

0

0 0 0

1 2

1 2

Since ( )

( )

⎛
⎝

⎞
⎠ =− − − − − −

− − − −
αk β l ε

m

αk β l ε

m αk β l ε m

Γ 1

! Γ 1

, we obtain the result. □

Theorem 2.3. Suppose that f and g are functions such that f is continuous and g is differentiable. Then,
the following chain rule holds true:

� [ ( ( ))] ( )
( )[ ( ) ] [ ( ) ]

( ) ( )

( )

( )

( ( ))

( ) ( )

( )

∑ ∑ ∑

∑ ∑ ∏ ⎜ ⎟

= −
+ + − −

+ +
−

+ + +

×
⎡

⎣
⎢

⎡

⎣⎢
⎛
⎝

⎞
⎠

⎤

⎦⎥
⎤

⎦
⎥

=

∞

=

∞

=

∞

= =

f g z z c

δ k l ω z c ω z c

δ αk β l ε k l

c z

m αk β l ε m

f g z

dg z

j

P j

g z

z

Γ

Γ Γ ! ! !

d

! !

d

d

.

α β ε

δ ω ω

c

ε

k l

α k β l

m

m

r

m r

r

P P j

m

j

P

j

j

P

, ,

; ,

0 0

1 2

0

1 , … , 1m

j

j

1 2

1

Proof. Applying Theorem 2.2, we obtain

� [ ( ( ))]

( ) ( ) ( )

( ) ( )
( )

( ) ( ) ( )

( ) ( )

( )

( )

( ) ( ) ( )[ ( ) ] [ ( ) ]

( )

( )

( )
( ) ( ) ( )[ ( ) ] [ ( ) ]

( )

( )

( )
( ) ( )[ ( ) ] [ ( ) ]

( )( ) ( )
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( )[ ( ) ] [ ( ) ]

( ) ( )

( ) ( )

( )

( )
( )[ ( ) ] [ ( ) ]

( ) ( )

( )

( )

( ( ))

( ) ( )

( )

( )

( ( ))
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( ( ))

∑ ∑ ∑

∑ ∑ ∑

∑ ∑ ∑

∑ ∑ ∑

∑ ∑ ∑

∑ ∑ ∑

∑ ∑ ∑

∑ ∑ ∏ ⎜ ⎟

=
∘ ⎡

⎣⎢
+ + − − −

− − − −
⎤
⎦⎥

=
∘ ⎡

⎣⎢
+ + − − −

− − − −
−

+ + + +
⎤
⎦⎥

=
∘ ⎡

⎣
⎢
⎢

+ + − − − − − − ⎤

⎦
⎥
⎥

= −
∘ ⎡

⎣
⎢
⎢

+ + − − − − − − ⎤

⎦
⎥
⎥

= −
∘ ⎡

⎣⎢
+ + − −

+ + + + +
− ⎤

⎦⎥

= −
+ + − −

+ +
∘ −

+ + +

= −
+ + − −

+ +
−

+ + +

×
⎡

⎣
⎢

⎡

⎣⎢
⎛
⎝

⎞
⎠

⎤

⎦⎥
⎤

⎦
⎥

=

∞

=

∞

=

∞
+ + +

=

∞

=

∞

=

∞ + + +

=

∞

=

∞

=

∞

+ + +
+ + +

+

=

∞

=

∞

=

∞

+ + +
+ +

=

∞

=

∞

=

∞

=

∞

=

∞

=

∞

=

∞

=

∞

=

∞

= =

f g z

f g

z

δ k l αk β l ε ω ω

δ αk β l ε m k l m

I

f g

z

δ k l αk β l ε ω ω

δ αk β l ε m k l m

z c

αk β l ε m

f g

z

δ k l αk β l ε ω z c ω z c

δ π

z c

m

z c

f g

z

δ k l αk β l ε ω z c ω z c

δ π

c z

m

z c

f g

z

δ k l ω z c ω z c

δ αk β l ε m αk β l ε k l

c z

m

z c

δ k l ω z c ω z c

δ αk β l ε k l

f g

z

c z

m αk β l ε m

z c

δ k l ω z c ω z c

δ αk β l ε k l

c z

m αk β l ε m

f g z

dg z

j

P j

g z

z

d

d

Γ Γ 1

Γ Γ 1 ! ! !

1

d

d

Γ Γ 1

Γ Γ 1 ! ! ! Γ 1

d

d

Γ Γ 1

Γ

!

d

d

Γ Γ 1

Γ

!

d

d

Γ

Γ Γ ! ! !

Γ

Γ Γ ! !

d

d !

Γ

Γ Γ ! ! !

d

! !

d

d

,

α β ε

δ ω ω

c

m

m

m

k l

k l

αk β l ε mRL

c

m

m

m

k l

k l αk β l ε m

m

m

m

k l

α k β l

αk β l ε m

π αk β l ε m k l

ε m

ε

m

m

m

k l

α k β l

αk β l ε m

π αk β l ε k l

m

ε

m

m

m

k l

α k β l m

ε

k l

α k β l

m

m

m

m

ε

k l

α k β l

m

m

r

m r

r

P P j

m

j

P

j

j

P

, ,

; ,

0 0 0

1 2

0 0 0

1 2

0 0 0

1 2

sin ! !

0 0 0

1 2

sin ! !

0 0 0

1 2

0 0

1 2

0

0 0

1 2

0

1 , … , 1m

j

j

1 2

1

which is the desired result. □
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3 Operators with respect to functions

Erdélyi introduced the idea of taking fractional integrals with regard to a power function in 1964 [14]. In a 1970
publication [15], Osler presented the entire extension of this concept to Riemann-Liouville fractional calculus.
This construction and its characteristics are covered in greater detail in textbooks [4,7,11]. The popularity of
“Ψ-fractional calculus” has increased in recent years, referring to the study of fractional operators with
respect to a function ( )zΨ , since Almeida introduced a Caputo version in 2017 [16]. Other fractional operators,
such as tempered [17], Hilfer [18], and operators with general analytic kernels [19], have also been taken with
regard to functions, in addition to the classical Riemann-Liouville and Caputo.

The operators with bivariate M-L kernel, which were summarized and studied in Section 2, will be
generalized in this section by taking them with respect to a monotonic function of C

1. It is then easy to apply
many of the findings from Section 2 to the generalized operators by using conjugation relation.

Definition 3.1. Let [ ]∈f L a b,

1 and [ ]∈g C a b,

1 be two functions with g positive and monotonically increasing.
Let α β ε δ ω ω, , , , ,

1 2

be parameters in � with ( ) >αRe 0 and ( ) >βRe 0. The fractional integral operator
containing bivariate M-L kernel of the function f with respect to the function τ is defined by

� ( ) ( ( ) ( )) ( ( ( ) ( )) ( ( ) ( )) ) ( ) ( )( ) ∫≔ − − − ′−
f z τ z τ t E ω τ z τ t ω τ z τ t f t τ t t, d .

α β ε τ z

δ ω ω

a

a

z

ε

α β ε

δ α β

, , ;

; ,

1

, ,

1 2

1 2 (5)

Remark 3.1. Setting ( ) =τ z z, (5) recovers the integral operator involving ( )E z y,

α β ε

δ

, ,

in the kernel, as given
in (1).

Remark 3.2. Setting ( ) ( )=τ z zlog , (5) reduces to the Hadamard-type version of bivariate M-L integral operator:

� ( )
( )

( )( ) ∫ ⎜ ⎟= ⎛
⎝

⎞
⎠

⎛
⎝

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎞
⎠

−
f z

ε t

z

t

E ω

z

t

ω

z

t

f t t

1

Γ

1

log log , log d .

α β ε z

δ ω ωH

a

a

z
ε

α β ε

δ

α β

, , ;log

; ,

1

, ,

1 2

1 2

Remark 3.3. Setting ( ) = +
τ z z

ρ 1 and multiplying the resultant operator by ( )

( )

+ −
ρ

ε

1

Γ

ε

, we obtain the Katugampola-

type version of bivariate M-L integral operator:

�
( )

( )
[ ( )]

( )

( )
( ) ( ( ) ( ) ) ( )∫+

=
+

− − −
− −

+ + − + + + +
+

ρ

ε

f z

ρ

ε

z z t E ω z t ω z t f t t

1

Γ

1

Γ

, d .

ε

α β ε z

δ ω ωK

a

ε

a

z

ρ ρ ρ ε

α β ε

δ ρ ρ α ρ ρ β

, , ;

; ,

1

1 1 1

, ,

1

1 1

2

1 1

ρ 1

1 2

Remark 3.4. Setting ( ) =τ z z
σ , replacing ( )f z by ( )z f z

ση , and multiplying by
( )

( )− +
z

εΓ

σ ν η

, we obtain the Erdélyi-

Kober-type version of bivariate M-L integral operator:

�
( )

( )
( )

( ) ( ( ) ( ) ) ( )
( )

( )
( )

∫⎡

⎣⎢
⎤

⎦⎥
= − − −

− + − +
+ − − + +z

ε

f z

σz

ε

z z t E ω z t ω z t f t t

Γ Γ

, d .

σ ν η

α β ε z

δ ω ωε

a

σ ν η

a

z

σν σ σ σ ε

α β ε

δ σ σ α ρ ρ β

, , ;

; ,

1

Γ

1 1

, ,

1 2

1 1

σ

1 2

Remark 3.5. Setting ( ) =τ z z, and replacing ( )f z by ( )
( )

( )− −
f z

e

εΓ

λ z ξ

, we obtain the Tempered-type version of

bivariate M-L integral operator:

� ( )
( )

( ) ( ( ) ( ) ) ( )( )∫= − − −− − −
f z

ε

z t E ω z t ω z t e f t t

1

Γ

, d .

α β ε z

δ ω ωT

a

a

z

ε

α β ε

δ α β λ z ξ

, , ;

; ,

1

, ,

1 2

1 2

Definition 3.2. We consider [ ]∈τ C a b,

1 to be a positive function that increases monotonically, and [ ]a b, to be
a fixed real interval. Suppose that �∈α β ε δ ω ω, , , , ,

1 2

have ( ) ≥αRe 0 and ( ) >βRe 0. Consequently, �∈N

is the natural number such that ( )− ≤ <N α N1 Re . For a function [ ]∈f C c d,

N , the fractional derivative
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with bivariate M-L kernel with regard to the function g is defined by

� �( )
( )

( ( ))( ) ( )
⎜ ⎟= ⎛
⎝ ′

⋅ ⎞
⎠ −

−
f z

τ z z

f z

1 d

d

.

α β ε τ z

δ ω ω

a

N

α β N ε τ z

δ ω ω

a
, , ;

; ,

, , ;

; ,

1 2 1 2

Theorem 3.1. The following representation holds true:

� � ( )( ) ( )= ∘ ∘ −
Q f z Q ,

α β ε τ z

δ ω ω

a τ α β ε

δ ω ω

τ a τ, , ;

; ,

, ,

; ,
1

1 2 1 2 (6)

� � ( )( ) ( )= ∘ ∘ −
Q f z Q ,

α β ε τ z

δ ω ω

a τ τ a α β ε

δ ω ω

τ, , ;

; ,

, ,

; ,
1

1 2 1 2 (7)

where the inner composition of τ is defined as the operator Q
τ
, working as

( ) ( )( ) ( ( ))= ∘ =Q f f τ Q f z f τ z, i.e. .

τ τ

Proof. For functions, the proof can be comparable to that of the classical Riemann-Liouville fractional calculus
[4,7]. As we already know, the relevant operational identity is satisfied by the simple first-order derivative with
respect to a function

( ) ( )( ) = =
′

⋅ = ∘ ∘ −
D

τ z τ z z

Q D Q

d

d

1 d

d

.

τ z

RL

τ

RL

τ

1 1
1 (8)

We set a function [ ]∈f L a b,

1 for fractional integrals and then take the following steps:

� �

� �

( )

( ( ))

( )( )

( ( ))( ( ))

( ) ( )

( ) ( )

↦
↦

∘ ↦ ∘

∘ ∘ ↦ ∘

− −

− −

− −

f z f z

Q f z f τ z

Q f z f τ z

Q Q f z f τ τ z

: ;

: ;

: ,

: .

τ

α β ε

δ ω ω

τ a τ α β ε

δ ω ω

τ a

τ α β ε

δ ω ω

τ a τ α β ε

δ ω ω

τ a

1
1

, ,

; ,
1

, ,

; ,

1

, ,

; ,
1

, ,

; ,

1

1 2 1 2

1 2 1 2

According to the definition (1), we have

� ( )( )

( ) ( ( ) ( ) ) ( ( ))

( ( )) ( ( ( )) ( ( )) )( ( ( )) ) ( ) ( )

( )

( )

( )

∫

∫

∘

= − − −

= − − − − ′

−

− −

−

−

f τ z

z t E ω z t ω z t f τ t t

z τ u E ω z τ u ω z τ u ω z τ u f u τ u u

, d

, d ,

α β ε

δ ω ω

τ a

τ a

z

ε

α β ε

δ α β

a

τ z

ε

α β ε

δ α β β

, ,

; ,

1

1

, ,

1 2

1

1

, ,

1 2 1

1 2

1

where ( )= −
u τ z

1 . Finally, we substitute ( )τ z for z and we obtain

�

�

( )

( ( ) ( )) ( ( ( ) ( )) ( ( ) ( )) ) ( ) ( )

( )

( )( )

( )( )

∫

∘ ∘

= − − − ′

=

−

−

Q Q f z

τ z τ u E ω τ z τ u ω τ z τ u f u τ u u

f z

, d

,

τ α β ε τ z

δ ω ω

τ a τ

a

z

α

α β ε

δ α β

α β ε τ z

δ ω ω

τ a

, , ;

, ,
1

1

, ,

1 2

, , ;

, ,

1 2

1 2

which proves (6). N times repeatedly use of (6) and (8), we obtain the desired expression (7) for fractional
derivatives. □

Theorem 3.2. The following series formula holds true:

�( )( )
( )

( )( )( ) ( )∑ ∑=
=

∞

=

∞
+ + +

f z

δ ω ω

k l

I f z

! !

.

α β ε τ z

δ ω ω

a

k l

k l

k l

τ z

αk β l εRL

a
, , ;

; ,

0 0

1 2

1 2
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Proof. According to (5), we obtain

�( )( ) ( ( ) ( )) ( ( ( ) ( )) ( ( ) ( )) ) ( ) ( )

( )

( )
( ( ) ( )) ( ) ( )

( )
( )( )

( )

( )

∫

∫∑ ∑

∑ ∑

= − − − ′

=
+ +

− ′

=

−

=

∞

=

∞
+ + + −

=

∞

=

∞
+ + +

f z τ z τ t E ω τ z τ t ω τ z τ t f t τ t t

δ ω ω

αk β l ε k l

τ z τ t f t τ t t

δ ω ω

k l

I f z

, d

Γ ! !

d

! !

.

α β ε τ z

δ ω ω

a

a

z

ε

α β ε

δ α β

k l

k l

k l

a

z

αk β l ε

k l

k l

k l

τ z

αk β l εRL

a

, , ;

; ,

1

, ,

1 2

0 0

1 2

1

0 0

1 2

1 2

□

Proposition 3.1. The following composition property holds true:

� � �( ( )) ( ) ( )( ( ))( ) ( ) ( ) ( )= =+I f z f z τ z I f z; ,

τ z

σRL

a α β ε τ z

δ ω ω

a α β ε σ τ z

δ ω ω

a δ ω ω

α β ε

a τ z

σRL

a
, , ;

; ,

, , ;

; ,

; ,

, ,
1 2 1 2

1 2

where [ ]∈f L a b,

1 , monotonic function [ ]∈τ C a b,

1 , and ( ) ( ) ( )α β ρ ω, , ,

i i i are complex parameters with ( )εRe

> 0, ( ) >αRe 0, and ( ) >βRe 0

i
for all i.

Proof. Using (4) and Theorem 3.1, we have

� �

�

�

�

( ( ))

( )

( ) ( ) ( ) ( )

( ) ( )

( )

( )

= ∘ ∘ ∘ ∘ ∘

= ∘ ∘ ∘

= ∘ ∘

=

− −

−

+
−

+

I f z Q I Q Q Q

Q I Q

Q Q

f z

τ z

σ

a α β ε τ z

δ ω ω

a τ

σRL

τ a τ τ α β ε

δ ω ω

τ a τ

τ

σRL

τ a α β ε

δ ω ω

τ a τ

τ α β ε σ

δ ω ω

τ a τ

α β ε σ τ z

δ ω ω

a

, , ;

; ,
1

, ,

; ,
1

, ,

; ,
1

, ,

; ,
1

, , ;

; ,

1 2 1 2

1 2

1 2

1 2

and

� �

�

�

�

( ( ))

( )

( ) ( ) ( ) ( )

( ) ( )

( )

( )

= ∘ ∘ ∘ ∘ ∘

= ∘ ∘ ∘

= ∘ ∘

=

− −

−

+
−

+

I f z Q Q Q I Q

Q I Q

Q Q

f z .

α β ε τ z

δ ω ω

a τ z

σ

a τ α β ε τ z

δ ω ω

a τ τ

σRL

τ a τ

τ α β ε τ z

δ ω ω

a

σRL

τ a τ

τ α β ε σ

δ ω ω

τ a τ

α β ε σ τ z

δ ω ω

a

, , ;

; ,

, , ;

; ,
1 1

, , ;

; ,
1

, ,

; ,
1

, , ;

; ,

1 2 1 2

1 2

1 2

1 2 □

Proposition 3.2. The following result

� �( ( )) ( )( ) ( )

( )= −
D f z f z

τ z

σRL

a α β ε τ z

δ ω ω

a δ ω ω

α σ β ε τ z

a
, , ;

; ,

; ,

, , ;

1 2

1 2

(9)

holds true for any function [ ]∈f C a b,

k , ≔ ⌈ ⌉k ε , any monotonic function [ ]∈τ C a b,

1 , and any complex para-
meters α β ε ω ω, , , ,

1 2

with ( ) >αRe 0 and ( ) >βRe 0.

Proof. The proof of (9) comes from Theorem 5.1 in [3], once more utilizing the classical relation and
Theorem 3.1.

( ) ( )= ∘ ∘ −
D Q D Q .

τ z

σRL

a τ

σRL

τ a τ

1 □

Theorem 3.3. The following semigroup property holds true:

� � �( ( )) ( )( ) ( ) ( )= +
+

f z f z ,

α β ε τ z

δ ω ω

a α β ε τ z

δ ω ω

a α β ε ε τ z

δ δ ω ω

a
, , ;

; ,

, , ;

; ,

, , ;

; ,

1

1 1 2

2

2 1 2

1 2

1 2 1 2

where [ ]∈f L a b,

1 , [ ]∈τ C a b,

1 is a monotonic function, and α β ε ε δ δ ω ω, , , , , , ,

1 2 1 2 1 2

are complex parameters
with ( ) >αRe 0, ( ) >εRe 0 and ( ) >βRe 0

i
for all i.
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Proof. Since

� �( ) ( )= ∘ ∘ −
Q Q ,

α β ε τ z

δ ω ω

a τ α β ε

δ ω ω

τ a τ, , ;

; ,

, ,

; ,
1

1 2 1 2

we have

� � � �

�

�

( ( ))( ) ( ) ( ) ( )

( )

( )

= ∘ ∘ ∘ ∘ ∘

= ∘ ∘

=

− −

+
+ −

+
+

f z Q Q Q Q

Q Q

.

α β ε τ z

δ ω ω

a α β ε τ z

δ ω ω

a τ τ a α β ε

δ ω ω

τ τ τ a α β ε

δ ω ω

τ

τ τ a α β ε ε

δ δ ω ω

τ

α β ε ε τ z

δ δ ω ω

a

, , ;

; ,

, , ;

; ,

, ,

; ,
1

, ,

; ,
1

, ,

; ,
1

, , ;

; ,

1

1 1 2

2

2 1 2

1

1 1 2

2

2 1 2

1 2

1 2 1 2

1 2

1 2 1 2 □

Theorem 3.4. The action of the operator � ( )α β ε τ z

δ ω ω

a
, , ;

; ,

1 2 on � ( )a α β ε τ z

σ ω ω

, , ;

; ,

1 2 is given by

� � �( ( )) ( )( ) ( ) ( )

( )= −
−

f z f z ,

α β ε τ z

δ ω ω

a α β μ τ z

σ ω ω

a α β μ ε τ z

σ δ ω ω

a
, , ;

; ,

, , ;

; ,

, , ;

; ,

1 2 1 2 1 2

where [ ]∈f L a b,

1 , [ ]∈τ C a b,

1 is a monotonic function, and α β ε μ ω ω, , , , ,

1 2

are complex parameters with
( ) ≥αRe 0 and ( ) >εRe 0.

Proof. The semigroup property for fractional integrals in this context is given by Theorem 3.3, Definition 3.2 for
the fractional derivative with bivariate M-L kernel with respect to a function, and Proposition 3.2 for composi-
tion with a standard fractional derivative with respect to a function. □

Example 3.1. The following method can be used to apply the bivariate M-L integral operator with regard to
a power function to another power function:

� ( ) ( ) ( ( ) ( ) )( ) − = ⎛
⎝ + ⎞

⎠ − − −−
+

+ +
z a

μ

σ

z a E ω z a ω z aΓ 1 , ,

α β ε z a

δ ω ω

a

μ μ σε

α β ε

μ

σ

δ σα σβ

, , ;

; ,

, , 1

1 2
σ

1 2

where α , β , ε , δ , ω ω,

1 2

are complex parameters with ( ) >αRe 0 and ( ) >βRe 0 and >σ 0, >μ 0 are real
parameters.

Remark 3.6. Setting ( ) =τ z z
σ , Example 3.1 contains a generalized version of Erdelyi-type version of the

bivariate M-L integral operator.

Proof. By using Definition 3.1, we suppose ( ) ( )= −τ z z a
σ and ( ) ( )= −f z z a

μ. Then, with the help of the
Example 3.1, such that

� �( ) ( ) ( )= ∘ ∘ −
Q Q ,

α β ε τ z

δ ω ω

a τ τ a α β ε τ z

δ ω ω

τ, , ;

; ,

, , ;

; ,
1

1 2 1 2

we have

� �( ) ( )( ) − = ∘ ∘ −−
−

z a Q Q z a .

α β ε z a

δ ω ω

a

μ

τ α β ε

δ ω ω

a τ

μ

, , ;

; ,

, ,

; ,
1

σ

1 2 1 2

Clearly,

( ) ( ) ( ) ( ) ( )− = − ∘ = − ∘ + = =− −
Q z a z a τ z a z a z z .

τ

μ μ μ μ1
1 σ σ

μ

σ

Then,

� ( ) ( ( ) ( ) )

( )

( )
( )

( )
( )

( )

( ) ( )

∫

∫∑ ∑

∑ ∑

= − − −

=
+ +

−

= ⎛
⎝ + ⎞

⎠ + + + +

= ⎛
⎝ + ⎞

⎠

−

=

∞

=

∞
+ + + −

+

=

∞

=

∞
+

+

+
+ +

z z t E ω z t ω z t t t

δ ω ω

αk β l ε k l

z t t t

μ

σ

z

δ ω ω z

αk β l ε k l

μ

σ

z E ω z ω z

, d

Γ ! !

d

Γ 1

Γ 1 ! !

Γ 1 ,

α β ε

δ ω ω

a

a

z

ε

α β ε

δ α β

k l

k l

k l

a

z

εk β l ε

ε

k l

k l

k l αk β l

μ

σ

ε

α β ε

μ

σ

δ α β

, ,

; ,

1

, ,

1 2

0 0

1 2

1

0 0

1 2

, , 1

1 2

μ

σ

μ

σ

μ

σ

μ

σ

μ

σ

1 2
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and

� � ( )

( ) ( ( ) ( ) )

( )∘ ∘ = −

= ⎛
⎝ + ⎞

⎠ − − −

−
−

+
+ +

Q Q z a

μ

σ

z a E ω z a ω z aΓ 1 , .

τ α β ε

δ ω ω

a τ α β ε z a

δ ω ω

a

μ

μ σε

α β ε

μ

σ

δ σα σβ

, ,

; ,
1

, , ;

; ,

, , 1

1 2

σ

1 2 1 2

□

Example 3.2. By selecting specific parameter values and plotting � ( )z
α β ε

δ ω ω

a
, ,

; ,

1 2

1

2 , we can examine how the
resulting functions behave and use this to illustrate the conclusion of Example 3.1.

Setting =δ 1, = =ω ω 1

1 2

, =α 1, =β
1

2

, and using the function ∕
z

1 2 with =a 0 and =μ
1

2

, we consider the
following cases:

• For =σ
1

2

, we have

� ( ) ( )
( )

( )
∑= =

+ +
∕ ∕

∕
∕ ∕ +∕

+

z zE z z z

z

k k l

,

1

Γ 3 ! !

,

z

k l

k l

n1; 1,1

1,1 2,1;

0

1 2

1,1 2,3

1
1 2 1 4

,

2

k n

1 2

2

4

whose blue (lower) curve is shown in Figure 3.

• For =σ
2

3

, we have

� ( ) ( )
( )

( )
∑= ⎛

⎝
⎞
⎠ = ⎛

⎝
⎞
⎠ + +∕

∕ ∕
∕

∕ ∕ ∕ +
∕

+

z z E z z z

z

k k l

Γ

7

4

, Γ

7

4

1

Γ ! !

,

z

k n

k l

n1,1 2,1;

1; 1,1

0

1 2 7 6

1,1 2,

11

4

1 2 3 1 3 7 6

,

11

4 2

k n

2 3

2

3

whose red (middle) curve is shown in Figure 3.

• For =σ
3

4

, we have

� ( ) ( )
( )

( )
∑= ⎛

⎝
⎞
⎠ = ⎛

⎝
⎞
⎠ + +∕

∕ ∕
∕

∕ ∕ ∕ +
∕

+

z z E z z z

z

k k l

Γ

5

3

, Γ

5

3

1

Γ ! !

,

z

k n

k l

n1,1 2,1;

1; 1,1

0

1 2 5 4

1,1 2,

8

3

1 3 4 3 8 5 4

,

8

3 2

k n

3 4

6 3

8

whose green (upper) curve is shown in Figure 3.

Figure 3: Graph for Example 3.2.
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Figure 3 illustrate the abovementioned three cases. Figure 3 was created with Maple18 by considering
truncated sums.

The fastest growing function is the green function ( =σ
3

4

), followed by the red function ( =σ
2

3

), and finally

the blue function ( =σ
1

2

).
This is understandable as raising the value of σ has two effects: it decreases the argument of the gamma

function in the denominator and increases the exponent of x in the numerator.

Example 3.3. The following is an application of the bivariate M-L integral operator with regard to a logarithm
function to a power function:

� ( ) ( )( )

( )

⎟⎜− =
⎛
⎝

−
−

− +
−

⎞
⎠

−−
−

−

−
−

− +

−

−

z a μ

ω μ

ω μ

ω μ

ω ω μ

ω μ

z a1

1 1

,

α β ε z a

δ ω ω

a

μ δ

α

β

β

α β

β

δ

μ

, , ;log

; ,
1

2

2

1 2

2

1 2

where α , ( )β β, …,

n1

, ( )ρ ρ, …,

n1

, ( )ω ω, …, n1

are parameters in � with ( ) >αRe 0 and ( ) >βRe 0

j
for all j and

>μ 0 is a real parameter.

Remark 3.7. Setting ( ) ( )=τ z zlog , Example 3.3 contains a generalized version of Hadamard-type version of
the bivariate M-L integral operator.

Proof. An example of a monotonically growing function on any interval ( ]a b, is ( ) ( )= −τ z z alog , where
( ) → −∞τ z is → +

z a . Additionally, ( ) ( )− =z a e
μ μτ z is the function to which we are applying the fractional

integral operator. Thus, applying Theorem 2.2’s finding, we obtain

� �

� �

( )

( )

( )

( )

( )

( )

⎟

⎟

⎜

⎜

↦ −
↦

∘ ↦

=
⎛
⎝

−
−

− +
−

⎞
⎠

∘ ∘ ↦ −

=
⎛
⎝

−
−

− +
−

⎞
⎠

−

−

−∞
−

−∞

−
−

−
−

− +

−

−

−

−
−

−
−

− +

−

−

f z z a

Q f z e

Q f z e

μ

ω μ

ω μ

ω μ

ω ω μ

ω μ

e

Q Q f z z a

μ

ω μ

ω μ

ω μ

ω ω μ

ω μ

z a

: ,

: ,

:

1

1 1

,

:

1

1 1

,

μ

τ

μz

α β ε

δ ω ω

τ α β ε

δ ω ω μz

δ

α

β

β

α β

β

δ

μz

τ α β ε

δ ω ω

τ α β ε g z

δ ω ω

a

μ

δ

α

β

β

α β

β

δ

μ

1

, ,

; ,
1

, ,

; ,

1

2

2

1 2

2

, ,

; ,

0

1

, , ;

; ,

1

2

2

1 2

2

1 2 1 2

1 2 1 2

which is the desired result. □

Example 3.4. By selecting specific parameter values, we can examine the resulting functions and use this to
illustrate the conclusion of Example 3.3.

Setting =δ 1, = =ω ω 1

1 2

, =α
1

2

, =β
2

3

, =ε
3

2

with =a 0, we consider the following cases:

• For =μ
1

3

, we have

� ( )
( )

( )
( )

( )

( )
( )( )

( )

⎜ ⎟= ⎛
⎝

⎞
⎠

⎛
⎝

−
∕

− ∕
− ∕ +

∕
− ∕

⎞
⎠∕ ∕ ∕

∕
− ∕ − ∕

− ∕
− ∕

− ∕ + ∕

− ∕

− ∕
∕

z z

1

3

1

1 3

1 1 3

1 3

1 3

1 1 3

,

z1 2,2 3,3 2;log

1; 1,1

0

1 3

3 2
1 2

2 3

2 3

1 2 2 3

2 3

3 2

1 3

whose blue (lower) curve is shown in Figure 4.

• For =μ
2

5

, we have

� ( )
( )

( )
( )

( )

( )
( )( )

( )

⎜ ⎟= ⎛
⎝

⎞
⎠

⎛
⎝

−
∕

− ∕
− ∕ +

∕
− ∕

⎞
⎠∕ ∕ ∕

∕
− ∕ − ∕

− ∕
− ∕

− ∕ + ∕

− ∕

− ∕
∕

z z

2

5

1

2 5

1 2 5

2 5

2 5

1 2 5

,

z1 2,2 3,3 2;log

1; 1,1

0

2 5

3 2
1 2

2 3

2 3

1 2 2 3

2 3

3 2

2 5

whose red (middle) curve is shown in Figure 4.
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• For =μ
1

2

, we have

� ( )
( )

( )
( )

( )

( )
( )( )

( )

⎜ ⎟= ⎛
⎝

⎞
⎠

⎛
⎝

−
∕

− ∕
− ∕ +

∕
− ∕

⎞
⎠∕ ∕ ∕

∕
− ∕ − ∕

− ∕
− ∕

− ∕ + ∕

− ∕

− ∕
∕

z z

1

2

1

1 2

1 1 2

1 2

1 2

1 1 2

,

z1 2,2 3,3 2;log

1; 1,1

0

1 2

3 2
1 2

2 3

2 3

1 2 2 3

2 3

3 2

1 2

whose green (upper) curve is shown in Figure 4.
When these three functions are plotted together using Maple18 by considering truncated sums, the graphs

are obtained in Figure 4.

As the value of μ increases, the green function ( =μ
1

2

) decreases the slowest, followed by the red function

( =μ
2

5

), while the blue function ( =μ
1

3

) decreases the fastest.

Theorem 3.5. Consider the complex functions f and h. Then, the integral operator (5) satisfies the following
product rule:

� ( ( ) ( ))
( ) ( ) ( )

( ) ( )
( )( ) ( )∑ ∑ ∑=

⎡
⎣⎢

+ + − − −
− − − −

⎤
⎦⎥=

∞

=

∞

=

∞
+ + +

f z h z

h z

z

δ k l αk β l ε ω ω

δ αk β l ε m k l m

I f z

d Γ Γ 1

Γ Γ 1 ! ! !

.

α β ε τ z

δ ω ω

c

m

m

m

k l

k l

τ z

αk β l ε mRL

c
, , ;

; ,

0 0 0

1 2

1 2

Proof. Using the series formula (3.2) and known results [10,20], we obtain

� ( ( ) ( ))
( )

( )
( ( ) ( ))

( )

( )
( )

( )

( ) ( )

( )
( )

( ) ( ) ( )

( ) ( )
( )

( )

( )

( )

( )

∑ ∑

∑ ∑ ∑

∑ ∑ ∑

∑ ∑ ∑

⎜ ⎟

⎜ ⎟

=
+ +

=
+ + ⎡

⎣⎢
⎛
⎝
− − − ⎞

⎠
⎤
⎦⎥

=
⎡
⎣⎢

+ + ⎛
⎝
− − − ⎞

⎠
⎤
⎦⎥

=
⎡
⎣⎢

+ + − − −
− − − −

⎤
⎦⎥

=

∞

=

∞
+ +

=

∞

=

∞

=

∞
+ + +

=

∞

=

∞

=

∞
+ + +

=

∞

=

∞

=

∞
+ + +

f z h z

δ k l ω ω

δ k l

I f z h z

δ k l ω ω

δ k l

αk β l ε

m

I f z

h z

z

h z

z

δ k l ω ω

δ k l

αk β l ε

m

I f z

h z

z

δ k l αk β l ε ω ω

δ αk β l ε m k l m

I f z

Γ

Γ ! !

Γ

Γ ! !

d

d Γ

Γ ! !

d Γ Γ 1

Γ Γ 1 ! ! !

.

α β ε

δ ω ω

c

k l

k l

g z

αk β l εRL

c

k l

k l

m

g z

αk β l ε mRL

c

m

m

m

m

m

k l

k l

g z

αk β l ε mRL

c

m

m

m

k l

k l

g z

αk β l ε mRL

c

, ,

; ,

0 0

1 2

0 0

1 2

0

0 0 0

1 2

0 0 0

1 2

1 2

□

Figure 4: Graph for Example 3.4.
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Theorem 3.6. Consider the complex functions f and h. Then, the integral operator (5) satisfies the following
chain rule:

� [ ( ( ))] ( )
( )[ ( ) ] [ ( ) ]

( ) ( )

( )

( )

( ( ))

( ) ( )

( )

∑ ∑ ∑

∑ ∑ ∏ ⎟⎜

= −
+ + − −

+ +
−

+ + +

×
⎡

⎣
⎢

⎡

⎣⎢
⎛
⎝

⎞
⎠

⎤

⎦⎥
⎤

⎦
⎥

=

∞

=

∞

=

∞

= =

f h z z c

δ k l ω z c ω z c

δ αk β l ε k l

c z

m αk β l ε m

f h z

dh z

j

P j

h z

z

Γ

Γ Γ ! ! !

d

! !

d

d

.

α β ε

δ ω ω

c

ε

k l

α k β l

m

m

r

m r

r

P P j

m

j

P

j

j

P

, ,

; ,

0 0

1 2

0

1 , … , 1m

j

j

1 2

1

Proof. It yields that

� [ ( ( ))]

( ) ( ) ( )

( ) ( )
( )

( ) ( ) ( )

( ) ( )

( )

( )

( ) ( ) ( )[ ( ) ] [ ( ) ]

( )

( )

( )
( ) ( ) ( )[ ( ) ] [ ( ) ]

( )

( )

( )
( ) ( )[ ( ) ] [ ( ) ]

( )( ) ( )

( )

( )
( )[ ( ) ] [ ( ) ]

( ) ( )

( ) ( )

( )

( )
( )[ ( ) ] [ ( ) ]

( ) ( )

( )

( )

( ( ))

( ) ( )

( )

( )

( )

( ( ))

( )

( ( ))

∑ ∑ ∑

∑ ∑ ∑

∑ ∑ ∑

∑ ∑ ∑

∑ ∑ ∑

∑ ∑ ∑

∑ ∑ ∑

∑ ∑ ∏ ⎟⎜

=
∘ ⎡

⎣⎢
+ + − − −

− − − −
⎤
⎦⎥

=
∘ ⎡

⎣⎢
+ + − − −

− − − −
−

+ + + +
⎤
⎦⎥

=
∘ ⎡

⎣
⎢
⎢

+ + − − − − − − ⎤

⎦
⎥
⎥

= −
∘ ⎡

⎣
⎢
⎢

+ + − − − − − − ⎤

⎦
⎥
⎥

= −
∘ ⎡

⎣⎢
+ + − −

+ + + + +
− ⎤

⎦⎥

= −
+ + − −

+ +
∘ −

+ + +

= −
+ + − −

+ +
−

+ + +

×
⎡

⎣
⎢

⎡

⎣⎢
⎛
⎝

⎞
⎠

⎤

⎦⎥
⎤

⎦
⎥

=

∞

=

∞

=

∞
+ + +

=

∞

=

∞

=

∞ + + +

=

∞

=

∞

=

∞

+ + +
+ + +

+

=

∞

=

∞

=

∞

+ + +
+ +

=

∞

=

∞

=

∞

=

∞

=

∞

=

∞

=

∞

=

∞

=

∞

= =

f h z

f h

z

δ k l αk β l ε ω ω

δ αk β l ε m k l m

I

f h

z

δ k l αk β l ε ω ω

δ αk β l ε m k l m

z c

αk β l ε m

f h

z

δ k l ε αk β l ε ω z c ω z c

δ π

z c

m

z c

f h

z

δ k l αk β l ε ω z c ω z c

δ π

c z

m

z c

f h

z

δ k l ω z c ω z c

δ αk β l ε m αk β l ε k l

c z

m

z c

δ k l ω z c ω z c

ε δ αk β l ε k l

f h

z

c z

m αk β l ε m

z c

δ k l ω z c ω z c

δ αk β l ε k l

c z

m αk β l ε m

f h z

dh z

j

P j

h z

z

d

d

Γ Γ 1

Γ Γ 1 ! ! !

1

d

d

Γ Γ 1

Γ Γ 1 ! ! ! Γ 1

d

d

Γ 1

Γ

!

d

d

Γ Γ 1

Γ

!

d

d

Γ

Γ Γ ! ! !

Γ

Γ ! !

d

d !

Γ

Γ Γ ! ! !

d

! !

d

d

,

α β ε

δ ω ω

c

m

m

m

k l

k l

g z

αk β l ε mRL

c

m

m

m

k l

k l αk β l ε m

m

m

m

k l

α k β l

αk β l ε m

π αk β l ε m k l

ε m

ε

m

m

m

k l

α k β l

αk β l ε m

π αk β l ε k l

m

ε

m

m

m

k l

α k β l m

ε

k l

α k β l

m

m

m

m

ε

k l

α k β l

m

m

r

m r

r

P P j

m

j

P

j

j

P

, ,

; ,

0 0 0

1 2

0 0 0

1 2

0 0 0

1 2

sin ! !

0 0 0

1 2

sin ! !

0 0 0
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which is the desired result. □

4 Conclusion

The generalized fractional integral operators in this study are related to the bivariate M-L function in the
kernel. In the process, we have examined a recently defined bivariate M-L and its corresponding integral
operator. Numerous features and consequences of the integral operator are recalled by the series formula.

Then, we have defined the generalized version of integral operator with bivariate M-L function in the
kernel with respect to function ( )τ z . In the special choices of ( )τ z , this generalized integral operator contains
the usual, Hadamard, Erdélyi-Kober, Katugampola, and Tempered-type version of the bivariate M-L integral
operator. We have examined the fundamental properties of the general integral operator using series repre-
sentations and conjugation relations.

In the future study, we will define and investigate the Hilfer derivative and integral versions of this
general family.
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