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1 Introduction and preliminaries on BC

Bicomplex (BC)-valued functions are used in many areas of mathematics, including probability theory and
mathematical analysis. Vector spaces are usually taken into account over real or complex numbers in con-
ventional functional analysis. Bicomplex scalars, on the other hand, provide a deeper framework that allows
additional possibilities for applications. The study of modules with bicomplex scalars within the framework of
functional analysis has garnered a lot of attention recently. The book by Alpay et al. [1] is a noteworthy
addition to this subject, which can present new ideas and viewpoints on this subject. It offers remarkable
findings, methods, and uses related to in the structure of functional analysis, the study of modules with
bicomplex scalars. Among other things, these conclusions cover several aspects of functional analysis,
including operator theory, function spaces, and spectral theory.

The Hahn-Banach theorem for bicomplex modules and hyperbolic modules is investigated in [2]. Topo-
logical bicomplex modules, exploring their topological properties and investigating concepts such as conver-
gence, continuity, and compactness in the sense of BC, are done in [3]. Fundamental theorems such as the
principle of uniform boundedness, open mapping theorem, interior mapping theorem for bicomplex modules,
and closed graph theorem are studied in [4]. BC-bounded linear operators and bicomplex functional calculus
are examined in [5].

In [6], in collaboration with [4], the authors delved further into the study of topological hyperbolic
modules, topological bicomplex modules, exploring the properties of linear operators, continuity, and related
topological concepts specific to these settings.
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The book authored by Luna-Elizarrards et al. provides an in-depth exploration of bicomplex analysis and
geometry [7]. It covers holomorphic functions, integration, differential equations, and geometric properties
specific to the bicomplex domain.

Besides these, bicomplex Lebesgue spaces and some of their geometric and topological properties are
defined in [8,9] and [10]. Bicomplex sequence spaces I,(B C) are defined and examined with various properties
in [11] and [12].

These references show the exploration of properties, the development of new theorems, and the applica-
tion of functional analysis techniques in the context of bicomplex numbers. Researchers and readers inter-
ested in these topics can refer to these articles and the books for detailed insights into the respective areas of
study.

We now summarize bicomplex numbers with some basic properties. The set of bicomplex numbers BC,
which is a four-dimensional extension of the real numbers, is defined as

BC = {W = wy + jwylwy, wy € C(i)},

where i and j are the imaginary units satisfying ij = ji, i* = j2 = -1. Here, C(i) is the field of complex numbers
with the imaginary unit i. According to ring structure, for any Z = z + jz,, W = wy + jw, in BC, usual addition
and multiplication are defined as

Z+W=(z+w)+j(z+wy),
IW = (zwy — W) + j(Zowy + ziwy).

The set BC forms a commutative ring under the usual addition and multiplication. It has a unit element
denoted as 1g¢ = 1 and is a module over itself.

The product of the imaginary units i and j bring out a hyperbolic unit k, such that k* = 1. This implies that
k is a square root of 1 and is distinct from i and j. The product operation of all unitsi, j, and k in the bicomplex
numbers is commutative and

jj=k jk=-i, and ik=-j.

Hyperbolic numbers D are two-dimensional extensions of the real numbers that form a number system
known as the hyperbolic plane or hyperbolic plane algebra. They can be represented in the form g = B, + kB,,
where B, and B, are the real numbers, and k is the hyperbolic unit. In the hyperbolic number system, for any
two hyperbolic numbers 8 = 5, + kB, and y = 6; + ké,, addition and multiplication are defined as follows:

B+y=(By+8)+k(B, + 62),
By = (Bi61 + By62) + k(B162 + By51).

Furthermore, BC is a normed space with the norm ||[W|lgc = +/|w1]* + |w,f* for any W = w; + jw, in BC.
In light of this, | WiWsllsc < V2 [|[Willse |Wallsc for every Wi, W, € BC, and finally, BC is a modified Banach
algebra [13].

If the hyperbolic numbers e; and e, are defined as
_1+k 1-k

and e = ——,
2 27

€

then it is easy to see that
2 _ 2 _ - - - -
ef=e, e =e, (e)=e, (=6, e+te=1 e-e=0

are satisfied and ||ei|lgc = |lezllze = g, where W* = w; - jw, is *-conjugate of W. Using this linearly inde-
pendent set {e;, e;}, any W = wy + jw, € BC can be written as a linear combination of e; and e; uniquely, i.e.,
W = wy + jw, can be written as

W=w +jw, = e1z + ez, @
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where z = wy — iw, and z, = wy + iw, [1]. Here z and z, are the elements of C(i) and the formula in (1) is called
the idempotent representation of the bicomplex number W.
Besides the Euclidean-type norm ||-||gc, another norm named with (D-valued) hyperbolic-valued norm
|W|x of any bicomplex number W = e,z + e,z is defined as
Wik = elz| + es|z)|.

For any hyperbolic number a = B, + kB, € D, an idempotent representation can also be written asD C BC.
Thus, a = B, + kB, € D can be written as

a = ey + ey,
where @ =p,+p, and a,=p, - B, are the real numbers. If ¢y>0 and a,>0 for any a=p;

+ kB, = ey + e,a; € D, then we say that a is a positive hyperbolic number. Thus, the set of non-negative
hyperbolic numbers D* U {0} is defined by

D* U{0}={a=ﬁ1+kﬁz3ﬁ12_ﬁ222 0, B, 2 0}

={a=ea +em:a =0,a 20}
Now, let a and y be any two elements of D. In [1,2] and [7], a relation < is defined on D by

asy © y-a€D"U{0}
It is shown in [1] that this relation “<” defines a partial order on D. If idempotent representations of the
hyperbolic numbers a and y are written as a = e;m + e, and y = eg); + ey),, thena <y © @ <y, and
a; < y,. By @ <y, we mean a; <y, and a; < y,. Any function f defined on D is called D-increasing if
f(a) < f(y), D-decreasing if f(a) > f(y), D-nonincreasing if f(a) > f(y) and D-nondecreasing if f(a) < f(y)

whenever a < y. For more details on hyperbolic numbers D and partial order “<” one can refer to [1, Section
1.5] and [7].

Definition 1.1. Let A be a subset of D. A is called a D -bounded above set if there is a hyperbolic number § such
that § > a for all @ € A. If A C D is D-bounded from above, then the D-supremum of A is defined as the
smallest member of the set of all upper bounds of A [6].

Remark 1.1. [1, Remark 1.5.2] Let A be a D-bounded above subset of D, A; = {4 : e/, + el € A} and
Ay ={Ay : ety + ely € A}. Then, the suppA is given by

SuppA = e SupA; + e; SupA,.
Similarly, for any D-bounded below set A, D-infimum of A is defined as

infpA = e;infA; + ey infA,.

Remark 1.2. A BC-module space or D-module space Y can be decomposed as
Y=el+ ey, 2

where ¥} = e;Y and ¥; = e,Y are R-vector or C(i)-vector spaces. The spelling in (2) is called as the idempotent
decomposition of the space Y [1,6,7].

Definition 1.2. Let 9t be a g-algebra on a set Q. A bicomplex-valued function u = u,e; + y,e; defined on Q is called
aB C-measure on 91 if 4, and y, are complex measures on 91. In particular if 4, and u, are the positive measures
on 9, then u is called a D-measure on 9. Also, if y; and u, are the real measures on 9, then u is called
a D*-measure on 9 [14,15].

Assume that Q = (Q, 901, u) is a o-finite complete measure space and f; and f, are complex-valued (real-
valued) measurable functions on Q. The function having idempotent decomposition f'= fie; + f,e; is called as
a B C-measurable function and |f|x = |f;|e1 + |f;|ez is a D-valued measurable function on Q [14,15].
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For any B C-valued measurable function f = fie; + f,e,, it is easy to see that|f|x = |f;|e1 + |f;|e;isD -valued
measurable. Because if f= fie; + f,e; is a BC-valued measurable function, then f, f, are C-measurable func-
tions and real, imaginary parts of f; and f, are R-valued measurable. Also for any two B C-valued measurable
functions f and g, it can be easily seen that their sum and multiplication functions are also B C-measurable
functions [14,15]. More results on D -topology such as D -limit, D -continuity, D -Cauchy, and D -convergence can
be found in [2-4,6,7,15] and references therein.

Definition 1.3. Let 4 = u,e; + y,e; be a D-measure and A = Aje; + Ae; be a BC-measure on 9. Then, A is said
to be absolutely B C-continuous with respect to ¢, and denoted by A <g¢ y, if 4; is absolutely continuous with
respect to y; for i =1, 2 [15].

If for A € 90, A; is concentrated on A fori = 1, 2, then A is said to be BC-concentrated on A. Any two BC-
measures A’ = Aje; + Aje;, A” = A{’e; + A,’e, on 9 are called mutually B C-singular and denoted by A" Lg¢ A”
if A/ and A" are mutually singular fori = 1, 2 [15].

Theorem 1.1. (Lebesgue-Radon-Nikodym theorem) Let 90t be a o-algebra on Q. Let u be a o-finite D-measure
on M, and let A be BC-measure on 90t.
(a) There is a unique pair of BC-measures A’ and A” on 9 such that

A=+,

where X’ <g¢ t and A” Lgc u. If A is D-finite measure on 9, then A’ and A” are also so.
(b) There exists a unique h € L ~(u) such that

X () = [ndy,
E
for all E € 9 [15, Theorem 3.13].

Definition 1.4. [15] Let (Q, 90, &) be a measure space with J = S1e; + he;, §(Q, M) indicate the set of all
Mi-measurable functions on Q, and u € F(Q, M) be a BC-valued, measurable function. Let Ey =
{x € Q: ux)|x > M} for any M > 0. Since u is a 9Mi-measurable function, |ul, = |ue; + |uyle; is D-valued
measurable, ie, Ey €9 for any M >0. If the set A is defined as A={M >0:9(Ey) =0} =
{M € D* : [u(x)|x < M9 - a. e}, then essential D-supremum of u, denoted by essuppu or ||u2, is defined by

[ul® = essuppu = infp(A).

2 D-distribution and D-rearrangement functions

Now suppose that (Q, M1, ¢) is a o-finite complete B C-measure space and §(L, 90t) is the set of all B C-measur-
able B C-valued functions on Q. In a manuscript conducted recently [16], fundamental properties and related
theorems are given related to D -distribution and D -rearrangement functions. Therefore, we did not examine
these functions in this article.

Definition 2.1. Let u = wje; + use; be an element of F(Q, M) and I = e + e, be a BC-measure. Then,
B C-distribution function DE® : D* U {0} - D* U {0} of u is given by
DBC() = Dy (A)e; + Dy,(h)e;

3
=0i{x € Q1 {m(X)| > Ajey + dhix € Q 1 [up(x)]| > A}ey,

for all A = Ae; + Ayey = 0.



DE GRUYTER Weighted composition operators on bicomplex Lorentz spaces = 5

Definition 2.2. Let A € D* U {0} and u be a BC valued, measurable function in F(Q, 9t). The D-decreasing
rearrangement of u is the function ug¢ : D* U {0} » D* U {0} defined by

infp{a > 0 : DB%a) < t}
inf{a; 2 0 : Dy (ay) < }e; + inf{a, 2 0 : Dy (@) < ey 4)
=uy (e + uy (e,

Up ()

where infp@ = oop.

According to [14, Example 2.2], since
[ul® = infp{a > 0:3x € Q: [u)|x > a} = 0},
and |yl [|tz]l < [lull22, one can write [Julle = |[tallwe; + ||uzll=e; and so
upc(0) = infp{a > 0 : DEC(a) = 0}
=infp{a > 0: G{x € Q : |w;(x)| > a;} = 0,j = 1, 2} 5)

TI )
= [lulles -

Definition 2.3. The function uge : D* » D* U {0} is defined as
4

15}
* % 1 * 1 * * %k * %
e () = [t—ljul (s)dsler + | s fer = w5 We + 1" (0es ®
0 0

wheret = e, + te; and uge = uye; + uye,. This function ugp(*) is called the D -maximal function of u since it is
the D-largest of all D-average values over ugc.

Remark 2.1. Even if the value of ug(t) att = 0 is not included in the aforementioned definition, the D-limit as
t; and t, approach zero from the right for t = tje; + t,e, is defined for all rearrangements. In fact,

limpuge(t) = limp(u (e + U, (t)ey)
t,t—~0* t,t— 0"

= limu"(t)e; + limu, " (&)e;
t—0* t,—0*
=u;(0)e; + u;(0)e; = up(0)
=|lullz,
where the last equality is from (5).

Theorem 2.1. Let u = we; + uyey, v = v1€1 + vye; be two elements of F(Q, M) and § = dye; + e, be a BC-mea-
sure with resonant measures %, and 9,. Then,

(U + V() < uget) + ve (o),

for allt € D*.

Definition 2.4. Let 3 = Ye; + 1€, be a BC-measure, (2, M, 3) be a o-finite complete B C-measurable space,
and F(RQ, 71) be the set of all measurable B C-valued functions on Q. For 0 < p < « and 0 < g < o, bicomplex

Lorentz space, Ly (Q) = Lyg (2,9, 9) is the set of all equivalence classes of BC-measurable functions
f=fie1 + fre2 € F(Q, M) such that the functional [|f][,§ is D-finite, where

”f' [5,5 =€ ”fl”pq t e ”fz”pq
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and

1/q
, if0<p<oo’0<q<oo,

PRI
= |@vp : ()1—
Mmﬂ=[P{ O

sup tVPf; (1), if0<p<o,g=o
t>0

fori=1,2.

Remark 2.2. For the BC-Lorentz L;',%,“IZ(Q) space, the case p = @ and 0 < q < = is not of any interest. The reason

for this is that |[f||[22 < ooy says that f= 0 (3-a.e) on Q. The BC-Lorentz L;',%(‘,D(Q) spaces can be seen as general-
izations of the ordinary B C-Lebesgue spaces, L[é’C(Q), which are examined in [10]. The reason for this is that if

one writes q = p, one can obtain Ly () = L§c(Q) for 0 < p < o,

Example 2.1. For any 9t-measurable set E of finite measure according to ¢; and J,, we have

BC _
Xz llp.g = € lIxellp.g + €2 lXellpg
1 1

=ag}mwﬁ+@g]&wﬁ

p| 1
== 3(E)r,
ke

for 0 < p, g < by [11, Definition 2.2]. If ¢ = =, then

Xz Il = ex sup tYPu;(t) + ey sup t1/Puy (1)
t>0 t>0
= e () + ey (E)
= 9(E)r

since e; - e; = 0in BC.
Theorem 2.2. The BC-Lorentz LE}ID space is a quasi-normed linear space.
Remark 2.3. The functional ||~|[5,‘,§ is a norm if and only if 1 < g < p < « or the trivial case p = © = q.

Now, we investigate the conditions under which BC-Lorentz spaces LI[E(‘IE(Q) are normed spaces. To
achieve this, we must propose a new functional, ||~||[(Bp‘?q), which, for particular values of p and ¢, is equivalent
to ||~||[l§,g. The triangle inequality will be satisfied by the new functional, which is defined by maximal function
instead of rearrangement, for more values of p and ¢q rather than ||-||[5,§. The conclusions in this part will be

important for the discussion of the topological characteristics of the normed space (Ly ¢ (), [I'[[fy) in the
section that follows.

Definition 2.5. For any f € L, (), the functional ||-[|f,;, defined by

c _
”f“[?p,q) = e fillpg + e sl

induces a norm on L;7 (%), where

IS 1/q
dt
”f” ‘% I(tllpfi**(t))qT , if 0 < p<o0<q<oo,
illo. = 0

sup tVBf (1), ifO0<p<oo,q=oo,
t>0
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Using Theorem 2.1 and the Minkowski inequality, it is easy to see that ||-||?p?q) satisfy the triangle inequality

Ly, and hence, (Lys (@), [IlIE))) is a D-normed

space if 1<p <o, 1<g<o, or p=o=gq. Moreover, the norm ||-||?qu) and the quasi-norm ||-|“§,‘§ are
D-equivalent, i.e.,

for1<p < and1<q < o Therefore, |||} is a norm on

|BC < |I-IBC . < p .|BC
llp.q < [11icp,q) p-1 lIllp,q »
where the first inequality is an immediate consequence of the fact that ugc(*) < uge(+), and the second follows
from the bicomplex version of the Hardy inequality.

Theorem 2.3. (Completeness). The B C-Lorentz space L;'f’g(Q) with the quasinorm ||~||[5y§ is D-complete for all
0<p<o,0<q<s o Nevertheless, if l1<p<ow,1<qg<o p=q=1, or p=q= >, then the normed space
Ly, I is a bicomplex Banach space.

Theorem 2.4. Let S be the set of all simple integrable functions. Then, the setS = {e1$; + €55, : 51, S; € S} is dense

inLys(Q) for0<p<wand0<q<o.

3 Characterizations of weighted composition operators

Let (Q, 91, &) be a o-finite complete B C-measure space, T : @ — Q be a BC-measurable (T™(E) € 9, for any
E € 9), non-singular (3(T"X(E)) = 0 whenever $(E) = 0) transformation, and u = e;u; + e,u, be a BC-valued
BC-measurable function defined on Q. We establish a linear transformation W = W, r mapping the
B C-Lorentz space LI[E(‘IE (Q) to the linear space encompassing all B C-valued B C-measurable functions, defined
as

W(f)x) = W, ()00 = u(TX))f (T(x))
= ey (TOO)f, (T(X)) + eaua(TX))f, (T (X))

2
=Y eu(T())f(T(X)),
i=1

forall x € Q and f = eif, + e f, € LES(Q).

If W is D-bounded with range in LE,;:(Q) subsequently, this transformation is termed a weighted compo-

sition operator on LjT(Q). If u = e; + e, then
W r(F)X) = et fi(T(0) + e f,(T(X)) = (f » T)(x)

is called a composition operator Cr induced by T. If T is the identity mapping, then W = M,, will be a multi-
plication operator induced by u. The study of these operators on Lebesgue spaces has been carried out in
[17-22] and references therein. Composition and multiplication operators on the Lorentz spaces, weighted
Lorentz spaces, Lorentz-Karamata spaces were studied in [23-28] and [29].

This study characterizes non-singular measurable transformations T from Q into itself, along with
B C-valued B C-measurable functions u on Q, which induce weighted composition operators. Subsequently,
their compactness and closedness within the range of B C-Lorentz spaces L;',%(‘IE(Q), wherel<p <,1<q < o,
are fully identified.

Theorem 3.1. Let (Q, 9, ) be a o-finite complete BC-measure space and u : Q » BC be a BC-measurable
function. Suppose that T : Q — Q is a BC-measurable, non-singular transformation such that the Lebesgue-
Radon-Nikodym derivative f; = e\ f; + e, f7 = dOT™)/d9 is in Lgc(9). Then,

Wyr:feoueT foT

is D-bounded on Lyg(Q) for 1< p < o,1<q < ®ifu € Lge(9).
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Proof. Assume that f; is in Lge(9) and |If; 2 = y. Then, |If} llo = y; and [IfZ [l =y, for y = ey, + ezp, > 0.
For any f = eif, + e,f, € L, ¢ (@), the D-distribution function of W(f) satisfies

for all A = Ae; + Ae, =
+ ety = 0, we have

6
[/1 >0: “u”[Df(/D e1 + V_ez

This inclusion says that

and

W(ie® < llulllfe

DA = Dul(T)fl(T)(Al)el + Dyyry,m(A)ez

Z X € Q : |u(TOO(TOO)| > Aide;
1{X EQ: |u1(x)f(x)| > A }el
THx € Q: |luillo [ O] > Adey

19{X € Q! |luills[f; COI > Aitey

'ﬁMN HM[\J IIMN

= (e 1)/1 + €29, (Djuy. £(A)€1 + Dy, 1, (A2)€2)
IIuII'D @,

0, where Wf = W, r(f) = eqn(T)f{(T) + equp(T)f,(T). Therefore, for each t = ey

C{A>0: DW(f)()l) < el + ey}

2

W(f)pe(®) =infp{d > 0 : W(f)@) t}

< infu)

t
Az0: D”u”ugf(A) 91 + y—zezl

2
=) inf
i=1

t.
Ai 2 0 & Dy (Ai) < ;l]ei
i

= ||u1||m(f1)m[ e+ ||u2||oo(f2)[so:1; ]92
2

41

(“u ”oo + ||ll ||w€g)[(ij)BC[ ]e (f)BC[ l 2]
= 1 E] 2 yl yZ
_]

t] (lugfloes + ||u2||ooez)1(f1)uac[t ]e1 + (fz)[Bc[t ]ez]-
N Vo

- D £*
= llulle fgc

Therefore, for 1 < g < o,

WGy = €1 (T (Dl + €2 (T (Dllp,q)
1/q

Il
T MN

1 I(t””(ul(T)f(T))**(tl))q—

7|

M

1/q
dg;

ti

<Z luy ||”‘f[q | [ rry
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2 2
< Y e lluillo y &ODYIf llpay

i=1 i=1
= [1ull2 2 1f 1)

and

WS Iy = €1 1T (Dllp,eoy + €2 12T (Dllep,co)

= Zei sup /P (u(T)f,(T))" (&)

i=1 >0

2
e ]l SUP t””(f)**[y’]

t>0 i

[Zei ||ui||m] Zei(yi)“mmu(p,m)]
= w2 Y7 1

can be written. As a result, W is a D-bounded operator on LBC(Q) forl1<p<w,1<q<o, and

IWIGg) < llull2y*?

by (7) and (8).

®

O

Theorem 3.2. Let u be a BC-valued measurable function and T : Q — Q be a non-singular measurable trans-
formation such that T(E,) C E. for each e;g; + e;g;, = € > 0, where E; = {x € Q : |u(x)|x > €}. If W is D-bounded

onLyg(Q) for1<p<,1<qs< oo, thenu € Lyc(9).

Proof. Assume that u & Lg(93). Then, for each N > 0, the set Ey = {x € Q : |u(x)|x > N} has a D-positive
measure. It means there exist N;, N, > 0 such that |uy(x)| > N; and |uy(x)| > N, for all x € Ey where N =
Nie; + Nye, and 3(Ey) > 0. Using the definition of D-distribution function and the property Xpy €1t Xp, €23

Xr-i(gy)€1 + X1y €2 ONe obtain

Djl?fi(/l) = DXEN(Al)el + DXEN(AZ)EZ

2
=2 X € Q1 [y, )] > Ade;

i=1

Zl?{x € Qg | > Aje:
i=1
2

Z X EQ: |ul(T(X))XT’1(EN)| > AiNje;.
i=1

Therefore,
(Wxg, Jpe(®) =infp{d > 0 : D WXE M) <t} = W(T OO, (TOp(®)

2

=) inf{; 2 0: Doyt < tide;
i=1

]

=) Niinf{; 20: D (TN (TN < tide
i=1

2
> (Niey + Noey) Y inf{d; 2 0: Dy, (A) < tide;
i=1

= N(xg, ()

9
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by (9). Thus, we have

(Wig Die(6) = Z1 . _[(ul(T(X))XEN(T(X))) (s)dsle;
i=
2 1 G
>INl {(xfms)ds 2
= (Niey + Noeo)(xg, Jp (D)
and ||W)(EN||(p o Z N llxg, ||(p - This contradicts the boundedness of W = W, 7. O

Combining the previous two theorems, we obtain the following.

Theorem 3.3. Let u be a B C-measurable, B C-valued function, and T be a non-singular measurable transforma-
tion on Q such that the Lebesgue-Radon-Nikodym derivative f, = d(9T™1)/d9 is in Lgc(9) and T(E) C E,

for each €= eg + e, >0, where E; = {x: |u(x)|x > €}. Then, W =W, r is D-bounded on LE,Q{C(Q) for
1<ps<so1<sqg<oifandonlyifu € Lgc(d).

4 Compactness and closed range

We are prepared to examine the compactness and closed range properties of the weighted composition
operator W(f) = W, r(f) = u(T) - f(T) on the BC-Lorentz spaces L, (Q) for1<p < ,1<q < o,

Let T: Q — Q be a non-singular B C-measurable transformation such that the Lebesgue-Radon-Nikodym
derivative f, = e;f; + ey ff = d(OT™1)/d9 is in Lgc() with [If;I2 = e1 [Iftllo + €2 If2]lo = y. Then, [Iff [l =,
and ||ff |l =y, for y = ey, + ezy, > 0. For each f= ey f; + e;f, € Ly T(Q) and t = eyty + ety > 0,

(Wf)pc(yt) = infp{a > 0 : Dif(a) < yt}

2

= 2 inf{a; 2 0 2 Dyrpoyfron) (@) < ptie
i=1

2
= Z inf{a; > 0 : 9%ix € Q : |[w(TX)) f(TCK))| > ai} < ptile;

[\

= Z inf{g; 20: 9T ¥x € Q: |(w;- f)(x)l > q} < Vltl}el

[}

<Y infla; 2 0: 9{x € Q: |- 0| > ai} < tde;

o
W fpc®) = My fpe(®)
can be written. Therefore,

IWFII s < WP 1My fillESper + 1,72 1My, flIES g ez = v2 IMufIIES) (10)

by [11, Definition 2.2]. Now, let U = {x : u(x) # 0} and assume that f; is bounded away from zero in the
D-metric onU. It means f;>6 (9-a.e.) for some § = e;6; + e;6, > 0. Then, for all E € 9t with E C U, we obtain

ITHE) = 0(T™(E))ey + 9(TH(E))e,
= elJ'f;dﬁl +e J'ledﬁl
E E

2 §101(E)ey + 6:04(E)e; = §G(E)
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and so || WG > 8V |Myfllty- As a result, with (10),
61/1] ”Muf”[?p?q) < “Wf”(p q) 1/p ”M f”(p q) (11)

can be written for each f € LBC(Q) whenever f; € Lge(9) is bounded away from zero in the D-metric and
1<p<o1<q< oo By (11) and [23, Theorem 3.1], we can write the following theorem.

Theorem 4.1. Let T : Q — Q be a non-singular B C-measurable transformation such that the Lebesgue-Radon-
Nikodym derivative f; = e; le + e sz = d(OT™Y)/dd is in Lge () and bounded away from zero in the D-metric.
Let u be a B C-valued, measurable function on Q such that W, r is bounded on the B C-Lorentz space L}'f,g (Q) for
1<p<o,,1<q< o Then, the following are equivalent:

(1) W,r is compact,

(i0) M, is compact,
(i11) L[BC(HM s) are finite dimensional for each 6 = e;6, + e;5; > 0, where

LES(Huo) = {fity,,  fELES(Q. M, 9)} and Hys={x € Q: [uCOlk > 8.

Given that W), r = CrMy, a condition sufficient for the compactness of the weighted composition operator
W,,r on L7 (Q) for 1 < p < 0,1 < q < o can be inferred using [28, Theorem 3.1].

Theorem 4.2. Let T : Q — Q be a non-singular B C-measurable transformation such that the Lebesgue-Radon-
Nikodym derivative f; = e le + e fT2 = d(OT™Y)/dd is in L () and u be a B C-valued, B C-measurable function
on Q such that u € Lg(3). Let {U,} be the set of all atoms of Q with $(U,) = $1(Uy)e; + 92(Up)e, > 0 for each n.
Then, W, r is compact on the B C-Lorentz space L;',?;f(gz) forl<p<o,1<q<oifd and §, are purely atomic
measures and

ST (W)
VT ey T

forj=1,2.

Theorem 4.3. If § is non-atomic measure, i.e., 9, and 9, are non-atomic measures and W, r is bounded on the
B C-Lorentz space LE“ID(Q) for1<p <o 1<q< oo, then W, r is compact if and only ifu - f; = 0 (J-a.e.).

Proof. It is easy to see that whenu - f; = 0 (J-a.e.), W, is compact. Now, let W = W[,y be compact and assume
that u - f; # 0. Then, there exists a unit positive hyperbolic number a = e;a; + e;a; > 0 such that the set

U={xeQ: uk>a}N{x€Q: |k >at
has D-positive measure. Since J; and ¢, are non-atomic measures, there exists a decreasing sequence {Uy}
of BC-measurable subsets of U such that

8(Th) = or, 0 < a; < S(U),

2”’

for j=1,2. Let v, = eV + e;u® = (e1 + €5). Then, {v,} is a D-bounded sequence in Ly¢ (). For any

|I)(u,l |pq
n €N, let m = 2n. Then, for t = eyt; + ext; = 0,

= inf[D

« [t t
(W;n—vm)[sc[E A>0: D(Wv,l W) < E’

2

t.
2 nf‘/li 2 0 Dyroo)-of0-ixron @) < j_"-’i
i=1 i
2

nf[ﬂl- 20 9{x € Q: u(TX)) - (W = T > A} < ;— e
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2
) . {;
= Zlnf Ai20: ﬁiT‘l{y el,: |ui(Y) : (Vrgl) - Vrsql))()’)l > A} < El i
i

i=1

2
2 Y Inf{A; 2 0: 9y € Uy : [ - v > N} < tide

i=1

2
1. . )
= 3 —inf{h 2 0: 8y € Uy 1 [ - vi)0)I > A} < tile
i=1 %
21 o
> Z;imf{ﬁi >0 9y € U\Up : [P = v > A} < tide;
=14

I 1 (XUH\Um)[EC(t)
I V! &2, BC
[¢5] a | |)(U,l ”[de,:q)

can be written. Hence,

1/q
1 1 1
||an—va||Fp‘Fq)>[;el+ 7[ : ] 8T\ U
1

o \P ~ 1
1/p
lel + lez —3(Un\Um)] > &,
o @ I(Un)

for some ¢ > 0 and large values of n. The absence of a convergent subsequence in {Wv,} contradicts the
compactness of W. Hence, u - f; = 0 (3-a.e.). |

The subsequent theorem provides a characterization for a weighted composition operator to possess
a closed range on Ly ¢ (Q).

Theorem 4.4. Let T : Q — Q be a non-singular B C-measurable transformation such that the Lebesgue-Radon-
Nikodym derivative f; = e le + ey fT2 = d(OT™)/dd is in Ly () and bounded away from zero in the D -metric.
Let u be a B C-valued, measurable function on Q such that W, r is bounded on the B C-Lorentz space L;',?(;C(sa) for
1<p<oo,1<q< oo, Then, W,r has D-closed range if and only if there exists a B = eif; + ey, > 0 such that
[u)lk = B (-a.e) onU = {x € Q : u(x) # 0}.

Proof. Let Ly C(U) = {fyyer + fxyer : f € Ly ¢ (Q)}, where U = {x € Q : u(x) # 0}. First, assume that W = W,y
has D-closed range. Then, there exists an € = e;& + e,& > 0 such that

WSty > (eier + exe)IfIICrg)
for all f€LpS(U). Let B >0 such that y“PB <g for j=1, 2, where y = |If/IR. If possible, E =
xeEQ: |u(x)|k < B} has D-positive measure, ie., 0 < 3(E) < ®p, then y; € L (U), and so
||WXE||(p,q)< Vllp ”ML(XE”(p Q= 1/p |lu 'XE”(p,q)
< plP(es, + ezﬁz)”XE”(p D
= (en’? + eqy) ') (e, + ey lIxe onsy

<& ”XE ”(p,q):

by (10). This contradiction implies that [u(x)|x = B (J-a.e.) for all x € U.
Conversely, if |[u(x)|x > p (J-a.e) for all x € U, then using the property of f; > 6 (J-a.e) for some
6 = 16, + e,6; > 0, bounded away from zero in the D-metric on U, we obtain

||Wf||?pcq) z 51/1) ”M f”(p qQ ~ 61/[1 “u 'f”[(Bqu)
> (@81 + 28, "€, + eBy)IIf Iy
= é‘llllﬁ |V||(p,q)!

for any f € L,s(U) by (11). As a result, W, r has D-closed range being ker(W,,r) = L (Q\U). O
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Corollary 4.1. If T'Y(E.) C E. for each € > 0 and W,,r has D-closed range, then [u(x)|x > B (3-a.e.) on U =
{x € X :u(x) *# 0} for some B = eiff; + eyf8, > 0.

The subsequent theorem can be directly derived utilizing observation (11) and using the modified version
of [23, Theorem 4.1].

Theorem 4.5. Let T : Q — Q be a non-singular B C-measurable transformation such that the Lebesgue-Radon-
Nikodym derivative f; = e; le + e sz = d(dT™V)/dd is in Lge () and bounded away from zero in the D-metric.
Let u be a BC-valued, measurable function on Q such that W, r is bounded on the BC-Lorentz space LE,(‘ID(Q)
forl1<p< o 1<q< o, Then, the following are equivalent:

(1) W, r has D-closed range,

(2) M, has D-closed range,

(3 [uCOlk = B (F-a.e) for some = e;f; + e, > 0onU = {x € X : u(x) # 0}.

Theorem 4.6. If & is non-atomic measure, i.e., 9; and 9, are non-atomic measures and W, is bounded on the
BC-Lorentz space Ly (Q) for1 < p < 0,1 < q < o, then W, 1 is injective if and only ifu o T # 0 (J-a.e)) and T is
surjective.

Proof. First, let W], r be injective. Assume that T is not surjective. Then, there exists a measurable set
FC Q\T(Q) such that 0 # y, € L},fff(sz) and W, 7(x;) = 0. This means W],y is not injective, which is a contra-
diction. Furthermore, suppose that there exists a measurable set E = {x € Q : |u(T(x))| = 0} such that $(E) > 0.
Then, a measurable set E; can be found such that T7Y(E;) C E and &(E;) < «p. Then, X, € L;',%;}(sz) and
(e T xg ° Tpc() = 0 for all ¢ > 0. This gives a non-trivial kernel of W, r, which is a contradiction. Hence,

u o T# 0 (J-ae). The converse is easy. O

5 Conclusion

In this article, we study weighted composition operators on B C-Lorentz spaces, characterizing their behavior
and exploring their key properties. Our work highlights the relationship between bicomplex numbers, Lorentz
space geometry, and the action of these operators.

A key result is identifying conditions under which these operators are bounded, compact, or exhibit other
important properties. We demonstrate that their behavior depends heavily on the weight functions and the
structure of the underlying function spaces. Additionally, we expose connections to areas such as operator
theory and harmonic analysis.

This research advances the understanding of operators on function spaces with B C-valued functions and
Lorentz norms, offering insights that could benefit fields such as signal processing, quantum mechanics, and
mathematical physics. After reading this article, one can examine the spectral properties of such operators
and obtain more results. Additionally, he can explore connections between weighted composition operators
and other operator classes, such as Toeplitz, Hankel, or Lambert operators.

Further research could also be focusing on the injectivity and Fredholm properties of these operators.
Examining conditions for injectivity, characterizing their kernels and ranges, and studying their Fredholmness
would be interesting problems. These investigations could connect to integral equations and other function
spaces.
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