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Abstract: In this study, we investigate a nonlinear heat equation incorporating both a viscoelastic term and
areaction-diffusion term that depends on space-time variables. Initially, we establish the local Hadamard well-
posedness results using the standard Faedo-Galerkin method. Subsequently, we demonstrate that the solution
exhibits finite-time blowup for initial energy values that are both negative and nonnegative. Finally,
we establish the global existence of the solution and provide general decay estimates for the energy functions
with small initial energy, utilizing Martinez’s inequality.
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1 Introduction

In this study, we consider the following nonlinear parabolic equation:
d t 2
e = (06, D) + Ig(t = )5 (106 G, ) ds = fOu tw, (60 € (0,1) x (0, ), @D
0

associated with the homogeneous Robin boundary conditions
u (0, t) = hou(0, t) = u,(1, t) + hju(1, t) = 0, 1.2
and supplemented with initial condition
u(0, t) = up(x), (1.3)
where hg, by > 0 are given constants such that hg + by > 0, and p,, 4y, 8, f, Uo are given functions satisfying
conditions to be specified later.

Problem (1.1)-(1.3) without viscoelastic term and y,; = 1 is called heat equation or parabolic equation and
has the simple form

ur - Au = f(u), (x,t) €Qx(0,»). (14)

Problem (1.1)-(1.3) along with (1.4), together with appropriate boundary and initial conditions, arises naturally
in engineering and physical sciences. Such problems have been extensively investigated, and numerous results
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regarding existence, nonexistence, regularity, and asymptotic behavior have garnered significant attention
from mathematicians. For instance, Gazzola and Weth [1] considered the following initial-boundary value
problem

U — Au = [ufP~?u, (x,t) € Q x (0, ),
ulpg = 0, (1.5)
u(X, 0) = uO(X): X € Q,

where Q C R"is an open bounded domain with smooth boundary 0Q, and1 < p < :—3 By using potential well

method, which was first introduced by Payne and Sattinger [2], the authors studied the dichotomy between
global existence and blowup for the resulting solutions via the initial energy. Roughly speaking, the natural
phase space can be divided into three parts corresponding to three initial energy levels. Since the initial energy
level is over the mountain pass level, by exploiting comparison principle as well as strong parabolic maximum
principle, the authors gave us some properties of the resulting solution. Inspired by this celebrated research,
a vast number of research works related to parabolic equations, coupled parabolic equation or pseudo-para-
bolic equation have been investigated. Interested readers can find it in [3-10]. The common point of these
studies is that the authors just consider the equations containing the coefficient independence on spatial-time
variables. Problem (1.1)-(1.3) n is the mathematical model of many natural phenomena in physical science and
engineering. For example, in the study of heat conduction in materials with memory, to our best knowledge,
the first study that treats the heat equation with coefficient dependence on spatial-time variables is [11]. In this
study, the authors consider the following nonlinear heat equation:

t
U - %(ul(x, Dtt) + {g(t - 3)%(#2()(, ix(x, $)ds = fw), (x,t) € (0,1) x (0, ), (1.6)

associated with the homogeneous Robin boundary conditions
uX(O) t) - hou(oi t) = ux(l; t) + hlu(lx t) = Or (17)
and supplemented with initial condition.

u(0, t) = up(x), (1.8)

First, by adopting the Faedo-Galerkin method, the authors established the existence and uniqueness of the
weak solutions. Subsequently, by employing certain differential inequalities, the authors provided a sufficient
condition for finite-time blowup as well as exponential decay estimates. With the inclusion of the term g, and

the viscoelastic term Lﬁg(t - s);ix(yz(x, S)uc(x, s))ds in our equation, we cannot employ the potential well

method to identify invariant sets under the flow of our problem. Consequently, obtaining a priori estimates for

the solution becomes challenging. To address this issue, we need to utilize an alternative method first intro-

duced by Vitillaro [12]. This method has been widely employed to investigate problems involving viscoelastic
terms, as in [13-15]. However, some open questions remain related to this problem. These questions can be
stated as follows:

(1) In order to prove the blowup results, the authors just focused on the negative initial energy, i.e., E(0) < 0.
Thus, a natural question arises: can we prove that the solution blows up in finite time with nonnegative
initial energy?

(2) In order to obtain the decay estimate for solution at infinity, the authors required that the relaxation
function g satisfy the inequality

g'(t) < -&g(t), Vte|[0, ),

where & is a positive constant. This estimate, combined with the positively of the function g, yields
g(t) = exp(=¢&t). This means that the relaxation function g must be dominated by an exponential function.
Thus, a natural question arises: can we consider the generalized case

&) < ~&()g(t), Vvt €0, ).
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This work is organized as follows.

(1) In Section 2, we introduce some notations, preliminaries, and present the local Hadamard well-posedness
result.

(2) In Section 3, we introduce a novel method for proving the blowup result with both negative and non-
negative initial energy. The innovation in this section lies in our ability to address both cases simulta-
neously using the same auxiliary function;

(3) Section 4 is dedicated to proving a sufficient condition for the global existence and decay of weak solutions.

2 Preliminary results and notations

For the sake of convenience, we put Q@ = (0,1). We omit the definitions of the usual function spaces such that
LP = LP(Q) and H™ = H™(Q). Let {-,-) be the scalar product in I? and {-,-); be the scalar product in H™.
The notation ||-||, stands for the LP norm, |||| = ||*[lz, and ||-||x for the norm in the Banach space X. We denote
by X’ the dual space of X. We denote by LP(0, T; X) with p € [1, »] for the Banach space of measurable
functions u : (0, T) — R, such that

1
P

llullzeo,r; x) = for p € [1, »),

T
[ ae
0

and

lullz=o,r; x) = esssup [[u(t)||x.
te(0,T)

Let uy, 4, € C(Q x [0, T]) such that u(x,t) > 4, >0 for all (x,t) €Q=[0,T] and for all i €{1,2}.
We consider two families of symmetric bilinear forms {a;(t;-, )}o<¢<r on H! x H! defined by

ai(t; u, v) = (O, Vi) + hoti(0, Hu0)v(0) + hyr(1, Hu(L)v(d), @1
for all u,v € H, t € [0, T], and i € {1, 2}. We have the following lemmas. The proofs are straightforward,
so we omit the details.

Lemma 2.1. The embedding H' = C(Q) is compact, and we have the following estimate:
IVlle@ < V2 Vi, Vv €H
Lemma 2.2. Let uy, 1, € C(Q x [0, T]) with p(x,t) > u,>0 for all (x,t) € Q x [0, T] and for all i € {1,2}.

Then, the symmetric bilinear forms ay(t;-,"), a,(t;,-) are continuous on H! x H' and coercive on H'. Furthermore,
we have
lai(t; w, V)| < air ullg VI, it u,u) > ag ||V, (2.2)

for allu,v € H,t € [0, T], and i € {1, 2}, where

1
air = (1 +2hy + 2hy) max wix, t), ag = -y min{l, max{ho, hi}}, i€{1,2} 2.3)
x,t)€Qx[0,T] 3+t

Lemma 2.3. Let E : [0, ©) — [0, ) be a decreasing function and ¢ : [0, ) — [0, ) a strictly increasing
function of class CY([0, )) such that

®(0) =0, and }i}gw(t) = o, (2.4)
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Assume that there exist o = 0 and w > 0 such that

jfw(t)(p'(t)dt < %E"(O)E(S), VS € (0, ). 2.5)
S

Then, the function t — E(t) has the following decay property: for all t € [0, ©), we have
D) Ifa=0,then

E(t) < exp(-we(t)), VtE [0, ) (2.6)
(2) Ifa> 0, then
E(®) s (1 + wop(t))y s, VYt € [0, ®). 2.7

We conclude this section by presenting the local Hadamard well-posedness results. To achieve this,
we first provide a precise definition of the weak solution to problem (1.1)—(1.3).

Definition 2.1. A function u is called a weak solution of problem (1.1)-(1.3) on the open interval (0, T)
if and only if the function u belongs to the following functional space:
Wr ={u € L0, T; HY) : u, € I*(0, T; I?)} (2.8)

satisfying the following distributional identity

t
(), v) + ay(t; u(®), v) - Jg(t = $)ay(s; u(s), v)ds = (flul(0), v), 2.9)
0
for all test function v € H, and the initial condition
u(0) = uy, (2.10)
where
flulCe ) = fx, £, ulx, ). 2.11)

To ensure the existence results, we must stipulate the following hypotheses:

[A1] up € HY;

[A2) py, ) € C(Q x [0, @) and there exists the constant g, such that g(x,t) > g, >0 for all (x,t) €
Q x [0, @);

[A3] 1, € CQ x [0, ));

[44] f€C(Q % [0,0) x R);

[45] g € C'([0, ®)).

Employing the standard Faedo-Galerkin method, we can readily establish the following result.

Theorem 2.1. Let [A;]-[A4s] be invalid. For any T € (0, »), there exists T, € (0, T] such that problem (1.1)-(1.3)
admit a local weak solution u € Wr,.
Furthermore, if in addition
[A4] For all M > 0, there exists €y > 0 such that
If(x’ ta ul) _f(X, t) uZ)' < €M|u1 - uZI) Vx € Q) te [0’ oo)’ W, U € [_Ms M];

then the solution is unique.
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3 Finite time blowup and lifespan estimates

The main goal of this section is to show that with some suitable conditions, every weak solution to problem

(1.1)-(1.3) blows up in finite time. In this section, we aim to consider problem (1.1)—(1.3) in a specific case

fx t,w) = K(x, H)f (u), u,(x, t) = u,(x). First, we posit the following assumptions:

[A5] wy, u] € C(Q x [0, »)), and there exists the constant o such that u,(x, t) = u > 0, and %(x, t)<0
for all (x,t) € Q x [0, »);

[45] u, € C(Q) and there exists the constant u, such that p,(x) = u,> 0 for all x € Q.

Now, on the product space H' x H, we consider the following symmetric bilinear forms:

a(u, v) = (U, v + hu(0)v(0) + hhu(Hv(l), VYu,v € HY,
b(u, v) = {u,uy, v) + hou(0)v(0) + u()v(1), Vu,v € HY

%(t; u, v) = (U (Oux, vx) + hopt (0, Hu(0)v(0) + hyp/(1, Hu(v(l), Vu,v € H'.

Furthermore, it is easy to prove that the forms a(:,-), b(,-) are continuous on H! x H! and coercive on H'.

On the other hand, the norms v — |[v||gz, v — ||V|ls = Ja(v,v), and v — ||v||, = /b(v, V) are equivalent.
In fact, we have the following lemmas.

Lemma 3.1. There exist positive constants a, a, [i, if, such that
@ a,v) > a||v|é, for allv € HY,;

) la(u,v)| < a |ullg|Ivilg for allu,v € HY,

3) b(v,v) = u, ||V|i; for allv € HY,;

@ b, v)| < @, llulla|Ivlle for all u,v € HY;

G) ay(t; v,v) 2 p, VI for allv € HY;

6) ai(t; u,v) < (lullo|Ivlle for allu, v € HY;

o0y

(M 5, & v,v) <0 forallv € H, t € [0, «).

Lemma 3.2. On HY, the norms v — ||v||, and v — ||v||y are equivalent and
JE Wlla < VIl € (B IVlle,  YvEH.

To derive blowup results, we also need to specify the following set of assumptions:

[Ki] K, K, € C(Q x [0, )) satisfying
@i 0 < K(x,t) for all (x,t) € Q x [0, ©);
(i) K/(x,t) >0 forall(x,t) €Q x [0, »).
[Fi] fe€ CYR) and there exists a constant p > 2 such that

uf (u) > pr(z)dz =pFW) >0, YueR.
0

[G] g € CY([0, »)) with the following properties:
(i) g(t)>0forallt € [0, x);
(i) g’(t) < 0forallt € [0, »);

P(p-2) &y
(p-1* @,

(i) Gn < with G = lim.«G(t), where G(t) = [,g(s)ds.
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Let us introduce the modified energy functional

G(t)

6O |, WO
7 WOl + ==

1
E@®) = %al(t; u(t), u(t)) - - _[K (6 OF (u(x, H)dx, @D
0

where

t
(gu)t) = [g(t - $)lluc®) - u(s)lRds. (3.2)
0

Lemma 3.3. Let [A1], [A5] [A3], [Kil, [F1], and [G4] be in force. Then, we have the following estimate:

t
d
L|Fo + Illu’(s)llzds <0, Vtel[0,T.). 3.3)
0
Moreover, the following energy inequality holds
t
E(t) + I||u’(s)||2ds < E0), Vte][0,T.). (3.4)
0

Proof of Lemma 3.3. By using u, as a test function to equation (1.1) and integrating both sides on Q, we obtain

a _1oa g w® _s®
dt =2 o b uO U+ 2

t 1
E@) + [l s)lPds a1} - [Kex, OF @ux, D)ax, (35)
0 0

for any smooth solution u. We can extend (3.5) to weak solutions by employing density arguments.
By combining (3.5) with [4;], [K], [F1], and [G4], we completely obtain the result of Lemma 3.3. O

In the next theorem, we will prove that the weak solution u blows up in finite time, provided the initial
energy is negative.

Theorem 3.1. Assume that [4], [4;] [A3], [Kil, [Fil, and [G1] hold. If the initial energy E(0) < 0, then the weak
solution of problem (1.1)-(1.3) blows up at finite time.

Proof of Theorem 3.1. By the last statement in Theorem 2.1, it is enough to prove that no global solution in
[0, ») can exist. Therefore, we proceed by assuming, for contradiction, that weak solutions exist across the
entire time domain [0, «). Next with T, > 0, § > 0 and 7 > 0 specified later, we define the auxiliary functional

M(t) = IIIM(S)IIZdS + (T = Olluol® + Bt + 7%, Vt €0, Tl. 3.6)
0

By direct computation, we find that
t
M(©) = [u@®IP = lluol® + 2Bt + 7) = 2_[<u’(8), u(s))ds + 2B(t + 7). @7
0

From (3.6) and (3.7), it is easy to check that M(t) > 0 for all t € [0, To] and M’(0) = 287 > 0. By direct calcula-
tion, it follows from (3.7) that

M(t) = 2'(6), u(t)) + 2. (3.8)

On the other hand, testing the equation in (1.1) with u, integrating both sides on Q and plugging the previous
result into the expression of M”(t), we discover

t
M”(t) = 2B = 2ay(t; u(t), u(t)) + ZIg(t = $)b(u(s), u(t))ds + 2KOf (u(t)), u(t)). 3.9)
0
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Now, we put
() = [jnu(s)uz ds + B(¢ + r)Z][Juu'(sst + ﬁ]. (3.10)
0 0

Note that by utilizing Cauchy-Schwarz inequality, we can assert that

2

t
L OF =| [as), usds + pe + 0
0

2
< \/qu'(s)nzdsJjnu(s)ust + Bt + r)]
0 0

<|[Iwe)fds + ﬁ”j||u<s)||2 ds + (¢ + r)Z'.
0 0

This estimate, combined with (3.6) and (3.10), entails
t
%[M’(t)]z <9(t) < M(t)‘_[||u’(s)||2ds + B’. 3.11)
0
Hence, it follows from (3.6), (3.9), and (3.11) that
M/ OM(E) - g[M’(t)]z > IM(OD(L), (312)
where D : [0, Ty] — R is the function defined by
t t
D(t) = f - at; u(t), u(®)) + [g(t = )b(u(s), u(t)ds + (K(OF (), u(t)) - p‘juu'(s)uzds + B]- (313)
0 0

By utilizing the Cauchy-Schwarz inequality, with § > 0, we obtain

t t
[t - 9)beucs), u)ds = GO} + [g(t - buts) - u(e), u)ds
0 0

(314
> [1- S5 eomo - Sewo
U 28 b2 ’
and by [Kj] and [F,], we also deduce that
1
(KOf (u(t)), u(t)) = pIK (x, OF (u(x, t))dx. (3.15)
0
Combining (3.1), (3.4), and (3.13)-(3.15), we may conclude that
1) § 1
D(t) > B(1 - p) - pE(0) + [5 = Uay(t; u(®), u(®)) - [5 t o5 T 1]G(t)llu(t)lli
(3.16)
)
+ [g - 5 |(@t u@, u©) - GO + Euw).
Now, we estimate the right-hand side of (3.16) as follows. By recalling Lemmas 3.1 and 3.3, we easily obtain
-2
& - 1Jests w0, un > % lu(®lf;, vt € [0, ).
)
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Thus, it follows from the fifth property of Assumption [G,] that

(p - 1)? , (-2 5
Go [UD|f € ——==— [Ju(®)
2 lu(®llp 2, lu®ll5

1
[g i 1]G(t)||u<t>||% <

< [g - 1]a1(t; u(t), u(t)).

_PE®

b1 ] from (3.12) and (3.16), we obtain

Thus, by choosing § = p, 8 € [0,

2
p p e
M(t) 2 [1 - g]Mi(O)M’(O)t+ M1'2(0)l , VYte|[0,T].
2W(0) Br? .
If we choose 7 € w-2p and T € [m, oo], then we will have
M1=3(0 2M(0 2,%(0) + Br2
T, = 200 _ (), _ 2D (0) + Br € (0, ],
[g _ 1] mwe  (p-2)M(0) (p - 2)pr
2 M)

DE GRUYTER

3.17)

(3.18)

Therefore, from (3.17) and (3.18), we deduce that lim; 7, ||u(t)||z1 = . This is a contradiction with the fact that
the solution is global and it shows that the solution blows up at finite time. This completes the proof

of Theorem 3.1.

O

Next we state the blowup result when the initial energy is nonnegative and small enough. In this case,

we make the following assumptions:

[K;] K, K; € C(Q x [0, »)) such that
(i) 0<K(x,t) <K for all (x, t) € Q x [0, ©) with K; being a positive constant;
(i) K:(x,t) =0 for all (x,t) € Q x [0, ).

[F,] f€ CYR) and there exist constants d, > 0,d, > p > 2, ¢, > p for all i € {1, ...,N} such that

@ ufw) > pf,f(2)dz = pF(w) > 0 for all u € R;

N
[ufP + 3iq|ul

() uf(u) < dF(u) < dody for allu € R.

First, we put

y(t) = Jaut; u(®), u(®) - GONWOIE + (g=u)e), VYt € [0, T).
and note that if [G4] holds, then
y(t) = Ve lu®llp, VtE 0, T,

where
P R AR B RN
Uy (-1 Uy
On the other hand, we have
1
1 G(t *u)(t)
E(6) = 5 ax(t; u(0), u(t)) - % o + & 2~ JKO DF O, 0)ax
0

1 —
> E)’Z(t) - Ky,

N
ol + Znu(t)nZ:i]
i=1

N .
> %ﬁ(t) - I@az[s,?e-?ym) + Zs;?e-‘i’yut)’

i=1
=A((0),
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where Sp = suvaHl\{o}” : ll:i for all 0 € [1, ®] and .# : [0, ©) — R is the function defined by

2 N oo
HW) =5 - K, Speiaw + Y sfieaq

i=1

Before stating our main results, we give a useful lemma as follows. The proof of this lemma is not difficult,
S0 we omit it.

Lemma 3.4. Let

2 Yo
HW) =T - Kl Speiap + Y sfie~aqa

i=1

Then, we have
(1) The equation #’(A) = 0 has a unique positive solution A, satisfying

1 - K,

N .
i=1

(ii) »(0) = 0 and lim;_o #(A) = —o0;

(iii) »#’(A) > 0 ifand only if A € (0, Ag), and #”’(A) < 0 if and only if A € (A, ).

The following lemma will play an essential role in this study, and it is similar to the lemma used first
by Vitillaro in [12].

Lemma 3.5. Suppose that the assumptions [Ai], [45], [A3], [K;], [F;], [G41] hold and
4 b <

E(0) < #(A) = Koy [E - 1]sg€-z + )

i=1

qi ]q~ _%
— = 1|5;¢
P A

We have
() If a1(0; ug, up) < AZ, then there exists A € [0, A) such that

)<k, Vte]0,T).
(i) If a(0; up, up) > A§ and E(0) > 0, then there exists A € [Ag, ®) such that
y) 2 A, Vte|o,T).
Proof of Lemma 3.5. Since 0 < E(0) < s#(0), there exist two constants 4 € [0, A¢) and 4, € (44, *) such that
EQ0) = #N) = H(A).

First, we assume that a;(0; uo, ug) < )loz. We have

A (M) = EQ0) 2 #(y(0)) = #'(Ja(0; o, Uo) ). (319)

By Lemma 3.5, (3.19) leads to a;(0; ug, up) < AZ. We claim that y(t) < A for all t € [0, T.). Suppose, by contra-
diction, there exists ty € (0, T.,) such that y(¢;) > A;. By the continuity of y, without loss of generality, we may
assume that y(tp) € (4, A¢). By Lemmas 3.1 and 3.4, we obtain

E(to) 2 A ((to)) > A (M) = E(0),

which is a contradiction, because of E(ty) < E(0) for all t € [0, I.,). Using the same argument as above we
obtain the second statement. This completes the proof of Lemma 3.5. O



10 — Ngo Tran Vu and Dao Bao Dung DE GRUYTER

Theorem 3.2. Assume that the assumptions [Aq], [45], [A3], [K:], [F»], and [G4] hold. For any initial conditions
uy € H* such that ay(0; ug, ug) > A¢ and

0 < E(0) < miny#(0),

(p = 8N
2p ’

%‘2;‘5__1)22) = G, then the weak solution of problem (1.1)-(1.3)
2

where 8, € (2, p) is a unique solution of equation
blows up at finite time.

Proof of Theorem 3.2. We will assume that the weak solution of problem (1.1)—(1.3) exists in the whole interval
[0, »). By Lemma 3.5, we have

p_é6
2 2

(@(t; u(®), u®)) - GONUOI + gw®) [g - g]lzz vt € [0, ).

Hx(x-2)
iy (x= 1?

With the same notation and calculation in the proof of Theorem 3.1, estimate (3.16) holds. Since ¢(x) =

is continuous and strictly increasing in [2, p], so that

LHplp-2)
I, (p - D*’

it follows that there exists a unique constant 8, € (2, p) such that ¢(6s) = Gw.

0=02)<Gs<q(p) =

(p - 8.)Af = 2pE(0)

Choose § = 6, and B € 2p-1

0)

], we deduce from (3.16) that

M/ (OM() - g[M’(t)]z >0, Vie o).

This is also a contradiction, hence the solution blows up at finite time. Theorem 3.2 is proved completely. [

4 Global solution and decay estimates

First, we make the following assumptions:
[G,] g, 0 € CY([0, »)) with the following properties:
(i) g()>0forallt € [0, x);
(i) g'(t) < 0forallt € [0, );
(i) ¢ >o0.

According to (3.1), we have

1)

=2 @1
p

E(t) = [ ](a1(t; u(t), u(®) = GONuIl; + gw®) +

1.1
2. p
where
1
I(®) = ai(t; u(®), u(®) - GOu®If + (gw)(®) - pIK(X, OF (u(x, t))dx. (4.2)
0
We are now in a position to prove the global existence of solutions starting with suitable initial data.

Theorem 4.1. Assume that [Aj], [A7], [A4], [Kz], [F2], and [G,] hold. For any initial condition uy € H' such that
a;(0; ug, Up) < AZ and E(0) < #(Ay), the weak solution of problem (1.1)-(1.3) is global.
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Proof of Theorem 4.1. First, we have
1
I(t) = ay(t; u(®), u(t)) - GOlu®f + (gru)t) - PIK (6, OF (u(x, t))dx
0

> yX(t) - pKod;

N .
slg’g-gyp(t) + ZS;{fg-Z’yqf(t)]

i=1

. (4.3)

> |1 - pkady|SPET2A T + Zsc;{ie-’i"Aff‘z]LZ(t)
i=1

- P N 4 2

> |1 - pEady|SPe=2AP ™2 + Y Sqte AT e lu(o)l}.

i=1
We note that |1 - pKﬁzlsge‘gﬁlp 2y zﬁls;ffe-%f'z]]e > 0. It follows from (4.1) and (4.3) that
2p
o 213(0) > 2E(t) > y2(t) 2 € lu@®lE, vVt € [0, T.). 4.4)

By the last statement in Theorem 2.1, the solution has to be globally defined. The proof of Theorem 4.1 is now
complete. [

We provide the decay results of solution of problem (1.1)-(1.3) with conditions
[G2] g, 0 € CY([0, »)) with the following properties:

@ g >0
(ii) g’(t) <0 forallt € [0, );
(iii) ¢ > 0;
(iv) there exists a function ¢ : [0, ) — (0, ) such that
g0 <-E0g0), §<0, Vte[o,®) [foyd =,
0

Theorem 4.2. Assume that [A], [A7], [A4], [K2], [F;], and [G4] hold. For any initial condition uy € H' such that
a1(0; U, Uo) < AZ, E(0) < #(A9), and
— L —2
p(dy — 2)dKs| ., - 2PECO) | © g 2pE(0) | *
- —_— 45
)2 Spee == lzlsql b2 >0, 4.5)

there exists y, > 0 such that

E(t) s exp Vs € [0, »). (4.6)

-nfEs)as|,
0
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Proof of Theorem 4.2. The global existence result is obtained from Theorem 4.1 directly. We only need to prove
the decay estimate (4.6). Multiplying equation (1.1) by &(t)u and then integrating it over the spatial-time
cylinder Q x (¢, t;), we obtain

t t
[eoa@, uenae + [g0as uw, uw

o . i . @7
= [ew gt - biuts), uendsde + [EOEOF @), o).
4 0 4
We have
t t
[ew gt - ybeucs), uydsde
e . (48)
= [ew]a(t - bes) - uw), uepdsae + [g06OluwIdr.
t 0 4
Combining (4.7), (4.8), and (3.1), we obtain
15} 15} t t
2 [e@E®de = - [eexa o, uwyd + [0 gt - )buis) - uto), ue)dsat
4 4 t 0
b t t 1 (49)
+ [egawmd + [eexrr@o), uwyt - 2 [&o[Ko, OF @, H)dxde.
4 4 4 0
Now, we estimate the terms of right-hand side of (4.9) as follows:
Estimate for I, = —jtfs(txu'(t), u(t))dt.
By utilizing Cauchy-Schwarz inequality and (3.4), (4.4), for any positive constant € > 0, we obtain
t 12} &
I = - [eu @, uw)dt = e [E0E@® - c@ [ ©dt
[:1 o o (4.10)
< SIE(t)E(t)dt + C(O)E(t).
1
Estimate for I, = jff(t)jgg(t — 9)bu(s) - u(t), u(t))dsdt.
First, by utilizing Cauchy-Schwarz inequality, we have
t t
[t = $)bucs) - ue), u)ds < [g(t - $)lucs) - u®)lyds u(oly
0 0 t ,
<ellullf + Ce) Ig(t = S)lluls) - u(®llds
0
t
< eE(t) + C(s)J'g(t - $)ds(g+)(t)
0
S eE(t) + C(e)(g*u)(0).
Hence, we obtain
t 6 6
L=< ejf(t)E(t)dt + C(e)IE(t)(g*u)(t)dt < e[E(mar + ceE®). 4.11)

4 4 4
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Estimate for I, = ftizf(t)(g*u)(t)dt.
By using (3.6), we have

k= [&0guxodt < E®).

Estimate for I, = jff(t)(K(t)f(u(t)), u(t))dt - zjff(t)j;K(x, F (u(x, t))dxdt
First, by [K;], we have

1 1
(KOF @), u(®) - 2 [Kx, OF @, H)dx < (d - 2)[Kx, DF@x, 0)dx
0 0

N
< (- Z)C_iszlllu(t)HZ vy ||u<t>||3:ﬁ] < (dy - DK,

i=1

N
SElu®ly + Y Sqt llu@li
i=1
) -2 < -2 -2
=(dz-2)dez[s;’ NP ™ + Y ¢ Nulif yuu(oui
i=1

¢ W= DEK| o, L0_12»[211)715_((;)]2 Z y ql[ZpE((;)]

TR ().

Consequently, we obtain

p2
2

2p(d; - 2)doke| . o[ 2pE(0) < q,a[ 2DE(0)
R N Z[p—Z] Z [ ] JE(I)E(t)dt

Choose ¢ > 0 sufficiently small, from (4.9)-(4.13), we obtain

10}

[ewE®ar < Ew), vanelo,@),6<0

4

- 13

(4.12)

(4.13)

By letting ¢, go to infinity in the left-hand side in the aforementioned inequality, one can easily deduce that

JE(t)E(t)dt <E(®), V&[0, ).

4

Thus, by adopting Lemma 2.3, (4.6) holds. Theorem 4.2 is proved.

O

Remark 4.1. We provide examples to illustrate our results. Based on the general assumption 4, we derive
various decay rates, where exponential and polynomial rates are specific instances. Here, we consider exam-

ples of the function g with o is a positive constant function.

D g(t) = aexp(-pt), where a, B > 0, then (t) = . Consequently, from (4.6), we obtain the following expo-

nential decay
E(t) = exp(-),D),

where y, > 0.

(2) g(t) = aexp(-B(1 + t)¥), where a,B >0,y € (0,1], then &(t) = By(1 + t)¥"\. Consequently, from (4.6),

we obtain the following exponential decay:
E(t) s exp(=Ci(1 + 1)),

where C, > 0.
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v

Q) g = ﬁ, wherea, y > 0, then £(t) = 1.

decay:

Consequently, from (4.6), we obtain the following polynomial

1
E@®) s o

where k > 0.

4 g(t) = aexp(-flnv(1 + t)), where a, >0,y € (0,1], then &(t) =
we obtain the following decay estimate:

E(t) = exp(—Ciln’ (1 + 1)),

Byl t(+1)

PP Consequently, from (4.6),

where C; > 0.

_ _ yln@+0+p
(5) g(t)=(2+t)y1aw, where a>0 and y>1 and SER or y=1 and B >1, then E(t)—m.

Consequently, from (4.6), we obtain the following decay estimate:

E(®) <[+ 6 In@ + DG

5 Conclusion

In this study, we investigate both finite-time blowup solutions and globally existing solutions of a class of
nonlinear viscoelastic heat equations. Our primary results concentrate on the finite-time blowup and the long-
term behavior of the global solution. Specifically, we demonstrate that, under certain conditions, the solution
can still blow up in finite time even with nonnegative initial energy. Furthermore, for solutions that exist
globally over time, we provide decay estimates for the weak solution. Notably, these decay estimates are
heavily influenced by the behavior of the relaxation function.
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