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Abstract: In the present work, we establish a quantitative estimate for the perturbed sampling Kantorovich
operators in Orlicz spaces, in terms of the modulus of smoothness, defined by means of its modular functional.
From the obtained result, we also deduce the qualitative order of approximation, by considering functions in
suitable Lipschitz classes. This allows us to apply the above results in certain Orlicz spaces of particular
interest, such as the interpolation spaces, the exponential spaces and the LP-spaces, 1 < p < +o. In particular,
in the latter case, we also provide an estimate established using a direct proof based on certain properties of
the LP-modulus of smoothness, which are not valid in the general case of Orlicz spaces. The possibility of using
a direct approach allows us to improve the estimate that can be deduced as a consequence of the one achieved
in Orlicz spaces. In the final part of the article, we furnish some estimates and the corresponding qualitative
order of approximation in the space of uniformly continuous and bounded functions.
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1 Introduction

Bardaro et al. [1] first introduced the sampling Kantorovich (SK) operators as a development of the generalized
sampling operators (e.g., [2,3]), and later, a wide research has been conducted by some authors with the aim to
create some generalizations of these operators, making them more suitable to different fields of applications
(e.g., [4-8]). It is important to note that one of the main advantages in considering SK-type operators resides in
the possibility to approximate/reconstruct signals which are not necessarily continuous. It is worth noting that
all these sampling operators are different generalizations of the celebrated Wittaker-Kotelnikov-Shannon
sampling theorem (e.g., [9]).

Currently, the study of these operators and their variants (e.g., [10-15]) continues to be an active area of
research in the field of signal processing, since these operators are largely useful for the applications in image
reconstruction and enhancement, as for instance, in medicine (e.g., [16,17]).
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Over the past few years, SK operators have been studied from many theoretical points of view: the
convergence has been examined in [18] in the general context of modular spaces, while other approximation
results have been investigated in [19,20].

The order of approximation for these operators has been widely examined in terms of the modulus
of smoothness. Several works can be recalled in this context, as for instance, [5,21-24] for SK operators, [25,26]
for Durrmeyer-type operators and [27] for Steklov sampling operators.

In real-world scenarios, signals are often affected by various types of noise. To adapt these operators
to such situations, a version of the SK operators perturbed by multiplicative noise has been introduced
in [28]. Convergence results for these perturbed operators have been established in Orlicz spaces in [28]
and in modular spaces in [29].

However, the rate of convergence for these operators in Orlicz spaces remains an open problem and this is
the main focus of the present work.

In this study, we establish quantitative estimates for the order of approximation of the above perturbed
operators; to do this, we exploit the definition of the modulus of smoothness, defined by means of the modular
which generates the space. This allows us to apply the above results in certain Orlicz spaces of particular
interest, such as the interpolation spaces, the exponential spaces and the LP-spaces, 1 < p < +. In particular,
in the latter case, we also provide an estimate established using a direct proof based on certain properties of
the LP-modulus of smoothness, which are not valid in the general case of Orlicz spaces. Finally, we briefly
mention some examples of kernels for which the theory established in this work holds.

2 Notations

From now on, we denote with M (R) the space of all measurable functions and with C(R) the space of all uniformly
continuous and bounded functions, endowed with ||-||cw), defined as ||f|lcwr) = Sup,er If I, f € C(R).
We recall some basic useful notions as follows.

Definition 2.1. A function ¢ : R — R} is said to be a ¢-function if it satisfies the following conditions:
(1) ¢ is a non-decreasing and continuous function;
(©2) ¢(0) =0, p(u) > 0ifu > 0 and lim,-+@(u) = +o.

Now, we consider the functional I? associated with a given ¢-function ¢ and defined as follows:

1°0f1 = fo(lreonds,
R

for every f € M(R). The functional I is modular and it can be used in order to define the Orlicz space. Indeed,
the Orlicz space generated by ¢ is

L(R) = {f € M(R) : I?[Af] < +oo, for some A > 0}.

Now, we recall the notion of the modular convergence in Orlicz spaces [30-32].

Definition 2.2. A net of functions (f;,)w-0 C L?(R) is modularly convergent to f € L?(R), if there exists A > 0
such that

Tim 19(f, = )] = lim [o(A1f, 00 - fO0Ddx = 0.
R

Further, in order to obtain some estimates, we introduce the following definition in Orlicz spaces [30].
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Definition 2.3. For any fixed f € L?(R), we denote by

w(f, 8)y = SUP;I‘/’[f('H) -fO), §6>0,
It]<

the modulus of smoothness in the Orlicz space L?(R) and with respect to the modular I¢.

It is well known that, since f & L?(R), there exists A > 0 such that w(Af, §), — 0, as § ~ 0*. For further
details regarding Orlicz spaces refer [30,33-35].

In order to define the operators considered in this work for any function y : R -~ R, we can define
the following useful tools. The discrete and the continuous absolute moments of order r (r = 0) of y are defined
in this way, respectively.

my(x) = sup ) [x(u = K)lju - kI
uck kez

and

00 = [x@llerdt.
R

It is well known that if y is bounded on R and y is O(Ju[""17¢), |u| - +co, & > 0, we obtain that mg(y) < +o
and Mp(y) < +o, for every0 < g <r.
From now on, the function y will be called a kernel if it satisfies the following assumptions:
(XD y € LYR) is bounded in a neighbourhood of the origin;
(x2) for some u >0

Y xwx—k)-1=0Ww™*), asw — +o
ez

uniformly with respect to x € R;
(x3) there exists > 0 such that mp(y) < +o.

From the above properties, for any given kernel y, it is possible to prove the following condition [1]:

my(y) <+o, 0=<v<§p 21

Remark 2.4. We note that rather than assuming condition (y2), we can directly suppose as true the following
(stronger) property:

z ywu-k)=1 Vu€eR. 2.2)

kez

Indeed, if condition (2.2) is satisfied, (y2) is trivially fulfilled for every u > 0.

Now, we recall the definition of the family of generalized SK operators perturbed by multiplicative noise,
(KX9),>0 [28], which will be considered in the following, as:

J‘(k:l')l)/Wg W(u)f(u)du
(KEINEO = 3 xwx = 0> ’
ot Ik/w & w(Wdu

where G = (Gw)w>o is a family of noise sequences, with Gy, = (g ,Jkez, &, : R = R* are locally integrable

. . . k+1)/
noise functions with IE/:V) ng’W(u)du # 0, for every k€ Z and w >0, and f:R — R such that g . f

are locally integrable and the above series is convergent for every x € R.

Remark 2.5. As we have already noted, there are many applications of the above theory in image reconstruc-
tion and signal processing across various fields, such as medicine and engineering (e.g., [16]). A real signal can
be affected by multiplicative noise, such as that encountered in synthetic aperture radar remote sensing
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systems, where a “Speckle”-type noise is detected. The presence of the noise does not hinder the reconstruction
process and the perturbed operator is capable of reconstructing the original signal, eliminating the effects
provided by noise sources.

3 Quantitative estimate in Orlicz spaces

In this section, we prove a quantitative estimate for the perturbed SK operators, by using the modulus
of smoothness of L?(R).

From now on, we require that the ¢-function is convex and that the following hypothesis on the bound-
edness of the noise functions g , is true:

There exist positive constants §, ¢ such that

0<65gklw(u)50, forevery u e R, k€ Z,w > 0.

In order to ensure that the operators are well-defined in L?(R), we recall the following result.

Theorem 3.1. [28] For every f € L?(R), there holds:

IIX||1
mo(x)

for every w > 0. In particular, if f € L?(R), it turns out that K}f € L?(R).

IPAKEOf] < —— 2T Amo(f 1,

Now, we can establish the following estimate in Orlicz spaces.

Theorem 3.2. Assume that for any fixed 0 < a < 1, the integral

w I [x(wy)|ldy < Kw™, as w — +o, 3.1
yP>1/we

for suitable positive constants K, y depending on a and y. Then, for f € L?(R), there exist A, Ay > 0 such that

67 pyy< L0[ma®
PKESS = VS 35 e
mo(T)

mo(y)

for every sufficiently large w > 0, where 7T is the characteristic function of the set [0, 1] and u > 0 is the constant
of the condition (x2). Choosing A > 0 sufficiently small, the above inequality implies the modular convergence
of the perturbed SK operators K}'Sf to f.

IXlhw

SAmaC)f WL]

—— KA flw™ + w[37lmo()()f J } + Ao flw™

Proof. Let Ay > 0 such that I?[Ayf] < +o and we choose A > 0 such that

Now, by using the properties of ¢, we can write the following:

(k+1)/w
[ g @Lf @) - £+ x - kjw)ldu

k|w

IP[ACKESf - )] = Jw Y x(wx - k)

ot (k+D/w
€ u)du
J @



DE GRUYTER Perturbed SK operators in Orlicz spaces == 5

(k+D/w
L,W S+ x - k/w)du
+ ) xwx = k) I(k+1)/w —fOO) Y xwx - k) + f(x) Y y(wx - k) = f(x) | |ax
kez

u)du kez kez
k/w gk,w( )

(k+D/w
[ g @Lf@ - fu + x - kfw)ldu

_J 9|34 kgz)((wx ko)L T i
J‘k/w gk’w(u)du
(k+1)/w
1 o SewOf @+ x = kjw)du
* §Iq) 31 2 xwx -k G Diw - OO | |dx
R kez ‘[k/w gk’W(u)du
1
+ §_|'<P37l FOOl Y x(wx - k) - ll ]dx
R kez

= Il+Iz+Ig,W>0.

Now, we estimate I;. By using the Jensen inequality twice, the condition on the noise functions g,
and the Fubini-Tonelli theorem, we have

(k+D)/w

G wWIf (W) = f(u + x - k/w)ldu
3 < _[<p Y x(wx - )|~ — dx
kez J;(/W gk,w(u)du
(k+D)/w
[s N
Ly (wx = K)lo[3Amo(x) 7w dx
mo()() = kez J:,l; D/ g (0
(k+1)/w
J S OEAMOCOIF @) = £ + x = kiw)du
mo(X) > Ix(wx - k)| T dx
kEZ Ik/w gk’w(u)du
(k+1)/w
< Sy ] L =Rl [ p@mo0lf e - fw + x = kiwhaux
R kKEZ k/w
(k+D)/w
6m0 ) kz Jwwx -0 | p@rmanIf@) - fau+ x - kjw)ldulax.
€ZR k/w

Now, denoting by 7(u) the characteristic function of the set [0, 1], with the change in variables y = x - k/w
and the Fubini-Tonelli theorem, we obtain

34 Sy (X) kEZZJD((W)I IT(Wu - K)o m(O)If () - f(u + y))duldy
aw
= e O _[D((wy)li kezr(wu - k)]go(SAmo(X)[f(u) - f(u + y)|)dudy

ow my(7) B
5 Mot i X@IP[3AmeGO(F () = FC+yDIdy = ], w > 0.
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Let now 0 < a < 1 be fixed. We split the integral ] as follows:

7= G [ [ OmIBm ) - a0y =, + I
WM yisiwe yp1/we
For J;, we obtain
h= s lﬂiwamwy)m[smooor v
g my(7) 1
g mo(y) [3Am0(X)f’ W](plul:[}lal)((u)ldu
< Gl S moof, ] . w o
Regarding J,, we have
- oW mo(7) N
b= 5 men) ly|>£WHM(Wy)II¢[31moQ)(f( ) = DIy
<SR[ e)PEImf) + GOl
y>1/we
for w > 0. It is easy to prove that
19[6Amo(Y)f (- +y)] = I?[6Amo(x)f |,
for every y € R. Now, by taking into account assumption (3.1), we can obtain
B § S emoe | iy
Mol lyP>1/we
< o my(7) g mo(T)

——=I?[6Amy(Y)f [Kw™ < —

I9[Ao f1IKW™Y,

mo(x) mo(x)

for sufficiently large w > 0.

DE GRUYTER

Now, we can estimate ,. We use Jensen’s inequality twice, the upper and lower boundedness of the noise

functions, the change in variables y = u — k/w and Fubini-Tonelli theorem in order to have

dx

(k+1)/w
o gl + x = kw) - 00l
3L < I(p 31 kz x(wx - k)| W dx
R | Kz J  Swwau
(k+D/w
.[ 5 GiewWIf (u + x = kjw) - fOOldu
|X(WX k)|‘/—7 3)lm0(X) (k+1)/w
mo(X) R KkKEZ J’k/w gk,w(u)du
(k+1)/w
(3 8 WPEAMAONIF (u + x = kjw) = FOODdu
wx = 101~ G
mo(X) R k€Z J;(/W gk,w(u)du
(k+D/w
S I Y lrwx = OIS [ o@moolf s x - kiw) = 0oDdud
k/w
1/w
mo(){) J| 3 e - k>|l— J o@ImGIf0x + y) - FOODdydx
RLkEZ

dx
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1/w

<z [ [ o@maoiroc+ ) - FeoDdyax
R 0

1/w

= w [ JoaamaGolroe + y) - feoDaxay
0 R

1/w

-—ij B ) = FONy < Sefsimor, |

4

for w > 0. For L, we denote by Ty C R the set of all points of R for which f# 0 almost everywhere, and by
the convexity of ¢ and by the condition (y2), we obtain

3[3 = J—(P ]
T,

< [o@mawf (oDdx < w [pEAMY (0)dx

B B

= wt [QGAMICODAx = wHPBAMS] < WHPlAof] < +e,

3 f(X¥)

Z x(wx - k) - ll

kez

for positive constants M and p and for sufficiently large w > 0. This completes the proof. O

In case the kernel y satisfies the strong condition (2.2) instead of (y2), we can deduce the following
corollary.

Corollary 3.3. Let x be a kernel satisfying (2.2) and assume that for any fixed 0 < a < 1, the integral

w I x(wy)|dy < Kw™, as w — +oo,
y>1/w®
for suitable positive constants K, y depending on a and y. Then, for f € L?(R), there exist A, Ay > 0 such that
my(7)

mo(y)

mo( )

mo(y)

la
26

PSS - Pl <

rhef2imeor, o]

?

KI?[Aoflw™ + w[ﬂmo(x)f ] ’
for every sufficiently large w > 0 and where 7T is the characteristic function of the set [0, 1].

Proof. Here we can split the term I?[A(KX9f - f)] in this way

(k+1)/w
[ g Lf@ = fu + x = kfw)ldu

IP[AGKESf - )] <—j¢m Y xwx - k)= o dx
kez L/W 8 w(W)du
O + x - Kfw)d
G (U + x - k/w)du
+ —J'(pza > x(wx - k)= TDiw - fOO | dx
kez J; 8w (W)U
w

=L+ w>0.

With the same steps of the proof of Theorem 3.2, we can estimate ; and I, in order to obtain the thesis. [J
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We note that assumption (3.1) is satisfied, for instance, by kernels having a sufficiently rapid decay,
as kernels y with compact support. Indeed, if we suppose that suppy C [-B, B], B > 0, we can write

wo [ wldy= [ rldu=o

ly|>1/we Ju|>wi-e
for sufficiently large w > BY(-® and 0 < a < 1. So, Theorem 3.2 can be reformulated in this way.
Corollary 3.4. Let y be a kernel with compact support and let f € L?(R) be fixed. Then, for every 0 < a <1,
there exist positive A and A, such that

g my(7)

38 mo(x)

for sufficiently large w > 0, where T is the characteristic function of the set [0,1] and u > 0 is the constant
of the condition (x2).

PPIAKESf - )l <

e hafsimof, o]+ aaimoor, o)+ Gt
4

Remark 3.5. If the kernel also satisfies condition (2.2) instead of (y2), the thesis of the Corollary 3.4
can be rewritten as:
For every 0 < a < 1, there exists a positive A such that

g my(7)

26 mo(y)

for sufficiently large w > 0 and where 7 is the characteristic function of the set [0, 1].

IPIAKEEf - ] < II)(Illw[Zﬁmo(X)f . %L [ZAmo(X)f ]

25 o

If the kernel y does not have compact support, we may require this assumption on the continuous
absolute moment

My(x) < +», for q> 0.
Under this assumption, we obtain that condition (3.1) is true with y = (1 - a)q and K = f,(x) and so the thesis
of Theorem 3.2 holds. For more details and for examples of kernels y with unbounded support satisfying (3.1),
refer, e.g., [24,36].
In order to deduce also the quantitative order of approximation of the function f through the operators

(KX9f)ws0, we recall the definition of the Lipschitz class in Orlicz spaces, denoted by Lip,(v),0 <v <1
and defined as follows:

Lip,(v) =1f € L?(R)[FA > 0 : I?[A(f() - f(+D))] = _[(D(AIf(X) - fx + Hhdx = O(|t]"), t = 0y.
R

From the previous result, we can immediately deduce the following:

Corollary 3.6. Under the assumptions of Theorem 32 with 0 <a <1 and for any f€ Lip,(v),0<v <1,
there exists a positive A such that

PPAKEf = )] = 0w™), w - +o,
with € = min{av, y, u}.

Remark 3.7. If (2.2) is fulfilled instead of (¥2), we can obtain that € in the thesis of Corollary 3.6 is minimum
only between av and y.
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In the literature, there are many examples of remarkable Orlicz spaces. Indeed, the g-function defined as
o(u) = uP,1 < p < +o generates the well-known LP-spaces, or with a ¢-function in the form @(u) = u®logf(u + e),
for a = 1, B > 0, we obtain the L% logf L-spaces or Zygmund spaces largely used, for instance, in the theory of
partial differential equations. If instead we consider the ¢-function as follows: ¢(u) = et -1, Yy > 0,u = 0, we have
the exponential spaces used in embedding theorems between Sobolev spaces. In all the above cases, the results
developed here are valid.

4 Quantitative estimate in LP-spaces

We have just noted that the theory established in Section 3 continues to be satisfied in the specific case
of LP-spaces. In this setting, if we consider the problem of the order of approximation by a direct approach,
we can obtain a sharper estimate than the one deduced by what was achieved in Section 3. In order to do this,
we will use the following well-known inequality:

w(f,A8) <A+ Mw(f,8), A 6>0, 4.1
that is true in LP-spaces (but not in Orlicz spaces). In order to reach this goal, we consider the definition
of the modulus of smoothness in LP(R):

1/p
w(f, 8)p = sup [[f(+h) = f()llp = sup

|h|<8 |h|<8

s

[irce + m - popar
R

with § > 0 and f€ LP(R),1 < p < +o,
With this definition we can prove the following quantitative estimate.

Theorem 4.1. Let x be a kernel such that fy(y) < +e,1 < p < +oo, then for every f € LP(R), it turns out:

g
+ mo(){)gw

1/p 1 1
KT~ Pl < S (oGO ma(@) il + 000 e f, fos] i
p p

for every sufficiently large w > 0, where T is the characteristic function of the set [0,1] and M,y >0
are the constants of the condition (x2).

Proof. At first, we can proceed as in the first part of the proof of Theorem 3.2 and by using Minkowski
inequality and the sub-additivity of the function ||/, p = 1, we obtain

(k+1)/w p \Up
o SO =+ x = kjw)ldu
IKESF = flp<|f| ¥ becwx - k) e ax
R|kez _L/W g, (Wdu
(k+D)/w p \Up
L SO+ x = ki) = fooldu
] Z wowx - o . dx
R|keZ .[k/w 8, (Wdu
p VP
+|roor| T xawx -1 -1 &x| =L+L+5
R kez




10 — Danilo Costarelli et al.

DE GRUYTER

Now, we estimate ;, by exploiting Jensen’s inequality twice, the boundedness of the noise functions

and Fubini-Tonelli theorem

(k+1)/w P
o BenOIFQ) ~ f+ X = jw)du
=I z |X(WX - k)l (k+1)/w dx
R|kE€Z L/W G w(Wdu
(k+D/w P
I 5 G wWIfF (W) — f(u + x = kjw)|du
wx = k)|l mo(r) = Tw dx
mO(X) = kez L(/];}D/ Gw(wdu
(k+1)/w
G W) — f(u+ x - kiw)lPdu
< mo) [ ¥ rwx - k)1~ - dx
R kE€Z J;/W G w(W)du
(k+D/w
< 2 moer [ 3 xwx = ol| [ @) - fw+ x - kiwyPaujax
IRkEZ kiw
(k+1)/w
= 2 mog 3 [ixwx =l [ 1FG0 = fws x = kiw)Pdulax
kezgr k/w

= 2 me0»" 3. flewx = b

keZy

Ir(wu - Ifw) - f(u+ x - kiw)|Pdu|dx

R

where 7 is the characteristic function on the interval [0, 1].

Now, we use the change in variables y = x —

k/w, Fubini-Tonelli theorem, property (4.1) with A = wly|

and 6 = % the convexity of the function |-, p =2 1 and the change in variables wy = z in order to have

= 2 oG 1_[I)((W)f)|_[

R
O'

O;

< oty oo,

< S a0 mooef £

= %(mo()())l”‘lmo(r)2’"1 W

= SO (02w

T(wu - k)

kez

Ifw) - f(u + y)lPdudy

(Mo 1mo(r)_[WI)((Wy)|(w(f IyDp)Pdy

3 iwvc(wyn(uwwnpdy

1 p

) [ Jwomzra s animay
P R

p
1
|| @i+ izpaz
miBL

1 p
f. ;]J (el + 00

for every w > 0, where ||x|l; and /,(x) are both finite.
Then, we estimate the integral L, where we use the boundedness of the functions g ,, the change

in variables y = u - k/w, Jensen’s inequality twice and Fubini-Tonelli’s theorem:

(k+1)/w
J Sl x = kiw) = FO0ldu

p

= {| 3 wawx -

r|kez

(k+D/w dx

jk/w 8., (Wdu
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1/w P

< J| 3 weowr = kiGw [ e+ ) - fooldy] ax
r|*ez 0
1/w p
<[5 wtwe-Kofw [ mooZirec+ ) - Fooldy| dx
mo(x) R kez 0 6
oP 1/w
< moG) | 3 e = olwg| [ 1F0c+ ) = foopdyfax
rlrez 0
ob 1/w
< (MO0 s.[w { F G+ ) = FOOPdy fdx
ob 1/w
= (MY 5 { w !m +) = foPdx|dy

1 P

< (mo(x))”g—z[w[f, ;]p

Finally, we also estimate I3 by using the property (x2):

p
Y xwx-k)-1

kez

dx < [IflpMPwte,

1 = iroor
R

with M >0 and for sufficiently large w > 0. By combining the estimates on L, L, and I, we obtain
the thesis. O

If we assume that the kernel y satisfies condition (2.2), as noted in Section 3, we obtain the following
corollary.
Corollary 4.2. Let x be a kernel satisfying (2.2) such that fit,(y) < +o,1 < p < +o, then for every f € LP(R)

EF - Flly < o @maG)? DR Pl + 00)“’"”[/’ l] wm (X)g“’[f l]
w p = 61/17 0 0 1 14 s w , 0 S > w p)

for every w > 0 and where 7 is the characteristic function of the set [0, 1].

Now, if we consider the Lipschitz class in LP(R), defined as follows:
Lip(v, p) = {f € LP(R) : [If(+h) = f()ll, = O(|hI"), h ~ 0},
with 0 < v <1, p 21, we can establish this result as a consequence of the previous theorem.
Corollary 4.3. Let y be a kernel such that my(y) < +»,1 < p < +w, then for every f € Lip(v, p), with0 <v <1
and 1< p < +oo;
IKESf = fllp = OW™),  w =+,
where € = min{v, u}.

In case the kernel satisfies the strong condition (2.2), it turns out that ||[KX9f - fllp =0W™),w - +oo,
where v is the constant arising from the class Lip(v, p).



12 —— Danilo Costarelli et al. DE GRUYTER

5 Quantitative estimate in C(R)

In order to provide a quantitative estimate for the operators (KZ9),so in C(R), we recall the definition
of the modulus of continuity in this space:

w(f,6) =sup{[f(xX) - fOI: X,y ER, |[x - y| < 6}, 6>0.

It is well-known that also in C(R), the following property w(f, A6) < (1 + Dw(f, ), A, § > 0, mentioned before,
is true.
We start with the following.

Theorem 5.1. Let y be a kernel satisfying condition (x3) with B = 1, then for f € C(R), it turns out

1
K87 e < of 12 21+ S0 + S| + W,

for every sufficiently large w > 0 and where M, i > 0 are the constants of condition (x2).

Proof. Let x € R be fixed. We have
(k+D)/w
SO - F0ldu
IKLSH00 = FOOI< Y. r(wx - k)| T
kez L/W gk,w(u)du

Z)((WX—k)—l

kez

+ [fCOl =L + b

I, turns out to be

(k+1)/w
I gk,w(u)w(f’ |Ll - XI)du

L< ) x(wx - k)| = k+D)jw
kez J;/W gklw(u)du
[ g, 0+ wi - xpa
+ wlu - x)du
1 k) gk,w u
< ‘”[f, w] 2 b= Iy
€Z
L/W gk’w(u)du
J—(k+1)/W ww| Id
1 k) gk,w wwiu - xjdu
- w[f: ) 2 = ol + =
L/W gklw(u)du
. (k+1)/w
sw[f’_] Y lx(wx - L+ Zw I wiu = xiduy,
W) yez 6 kiw

for every w > 0, where the previous inequalities are consequences of both the property on the modulus
of continuity w(f,A8) < (1 + Dw(f, §), with A = wju - x| and 6 = % and of the boundedness of the noise
functions.

k k
Now, we observe that for everyu € [w, %] and x € R:
k k 1 |wx-k
[u-x|<fju-—|+|—--x|s—+ ,
w w w w
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so, we obtain the following estimate:

(k+1)/w
w? I lu - x|du <1+ |wx - k|,
kiw

and by using this inequality, we finally conclude

noff, ot + off |5 3 trwr - o1+ wx - k)

kez

[[1 + %]mo()() + %ml()()l,

sw[f,%

for w > 0. For L, by using condition (y2), we can obtain the following inequalities:
L < [fOOIMW™ < |[fllcgyMw™,

for M > 0 and for every sufficiently large w > 0 and this completes the proof. O

Since Theorem 5.1 holds if mg(y) < +o, with B 2 1, it is quite natural also what happens if 0 < < 1.
In case of 0 < 8 <1 in condition (x3), we can state the following result.

Theorem 5.2. Let y be a kernel satisfying condition (y3) with 0 < B < 1. Then, for f € C(R), it turns out:
2.6 1o p+1 g -5 -
IK&Zf = fllew) < @| f+ 75 |5 @moGo) + mp(0) + 27 fllew) 5 mpQOW™ + [l Mw™,
for every sufficiently large w > 0 and where M, i > 0 are the constants of condition (x2).

Proof. Let x € R be fixed. We can write

I(KXSFH(X) = FOO

(k+1)/w
[ gl - ool
> x(wx - k) JDjw 00| S xwx - k) - ‘]
e J;/W gk,w(u)du kez

(k+D/w

Y wx=olgw [ 1@ - feoldu + ool

kEZ kw

‘Z+Z

|wx=k|sw/2 lwx=k|>w/2

IA

Zx(wx—k)—l

kez

(k+1)/w

w [ If@) - fooldu

kiw

e = 1015

Y x(wx - k) -1

kEZ

+ |f OOl

=L+L+h

for w > 0. Regarding the estimate on I;, we observe that, for everyu € [%, %
k 1 |Jwx-k
< —+—x

1
Z _xl< il
w w w w

] and if jwx - k| < w/2, one has

lu-x| < + <1, (5.1)

k
u-=
w
for sufficiently large w > 0 and so, for 0 < 8 < 1, the following inequality is true:

Ct)(f, |u - Xl) < w(f’ |u - Xlﬂ)

Now, thanks to the property on the modulus of continuity w(f,A8) < (1 + Dw(f,§) with A = wh |u - x|
and 6§ = w?, we obtain

(k+1)/w
hs Y |)((Wx—k)|%w [ ot u-xp)du

lwx=k|sw/2 klw
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(k+D)/w
1
< ) Ix(wx - k)|%w I A+ wh Ju - x| f, —ﬁ]du
[wx=k|<w/2 Kw w
1\o (k+D)/w
= w[f, W]E Y xwx - w J whu - xPdu+ ) [y(wx - k)|
lwx-k|sw/2 k/w |lwx=k|sw/2

1\o
=w|f, —Z|=lh1t+ L2l
[f Wﬁlé[ 11+ I1]
For the estimate of the term I ;, we use (5.1) and the sub-additivity of |-|f, with 0 < 8 < 1, in order to obtain

(k+1)/w 1 |W k|ﬁ
X —
L, < Z |X(WX - Kw I Wﬁ[m + T]du

lwx=k|sw/2 klw

= Y wx-kl+ Y y(wx-K)|lwx - k|

lwx=k|sw/2 lwx=k|sw/2

<mo(x) + mp(y),

which is a finite quantity thanks to conditions (y3) and (2.1) of kernels. On the other hand, for I, ,, it is trivially
proved that ;2 < my(y). Moreover, for what concerns I, by using that f € C(R), we conclude that

B 2flewyg ¥ Wwx K|

lwx=k|>w/2
o |lwx - k|f
<Al 2 g wx = K|
8 |x—kpw2 IWX = k|P

N g1
<2k 1||f||C([R)EWmﬁ(X) < 4o,

Finally, by condition (y2), we obtain
L < |[fllegyMw™,

for M > 0 and for sufficiently large w > 0. By combining previous estimates and by passing to the supremum,
we have the thesis. O

If the kernel satisfies hypothesis (2.2), we obtain the following results for =1 and for 0 < g <1,
respectively.

Corollary 5.3. Let y be a kernel satisfying (2.2) and condition (x3) with B = 1, then for f € C(R), it turns out

1 g g
IKXES =~ fllew) < w|f, w [1 + g]mo()() + gml(X)’,
for every w > 0.

Corollary 5.4. Let y be a kernel satisfying (2.2) and condition (y3) with0 < B < 1, then for f € C(R), it turns out:

1\o N g 1
UK~ Plesy < of £, 5] S @mate) + my) + 287w S0,

for every sufficiently large w > 0.

In order to study the rate of approximation for the operators in C(R), we define the Lipschitz class
Lip,(v), 0 < v <1 as follows:
Lip,(v) = {f € CR) : If() = fFC+Dllew) = O(t]"), t = 0},

and we establish these results as a direct consequence of previous theorems. The first corollary is for § > 1.
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Corollary 5.5. Let y be a kernel satisfying condition (y3) with f > 1 and f € Lip,(v), 0 < v <1, then
IKESf = fllewy = Ow™®),  w — +o,

where 0 = min{v, u}.

Remark 5.6. If the kernel satisfies condition (2.2), we obtain that the qualitative order of approximation
isw™,asw — +oo,

The second one is for 0 < g < 1.

Corollary 5.7. Let y be a kernel satisfying condition (y3) with0 < f <1 and f € Lip,(v), 0 <v <1, then
KL = fllew) = Ow™),  w = +oo,

where | = min{pv, u}.
Remark 5.8. If property (2.2) is fulfilled, the order is w, as w — +co

As examples of kernels satisfying assumptions (y1)-(y3), we recall the well-known central B-splines of
order n € N, which have compact support and so, for those kernels, it is possible to apply Corollary 3.4 instead
of the general Theorem 3.2. Moreover, we mention Fejer kernel and de la Vallée Poussin kernel, for which
condition (y3) is satisfied for every § <1 (e.g.,, [1,2]) and therefore, Theorem 5.1 cannot be applied, while
Theorem 5.2 holds. For other examples of kernels, the reader can refer [37].
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