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Abstract: In this article, we present two new algorithms referred to as the improved modified gradient-based
iterative (IMGI) algorithm and its relaxed version (IMRGI) for solving the complex conjugate and transpose
(CCT) Sylvester matrix equations, which often arise from control theory, system theory, and so forth.
Compared with the gradient-based iterative (GI) (A.-G. Wu, L.-L. Lv, and G.-R. Duan, Iterative algorithms for
solving a class of complex conjugate and transpose matrix equations, Appl. Math. Comput. 217 (2011), 8343-8353)
and the relaxed GI (RGI) (W.-L. Wang, C.-Q. Song, and S.-P. Ji, Iterative solution to a class of complex matrix
equations and its application in time-varying linear system, J. Appl. Math. Comput. 67 (2021), 317-341) algo-
rithms, the proposed ones can make full use of the latest information and need less computations, which leads
to higher computational efficiency. With the real representation of a complex matrix as a tool, we establish
sufficient and necessary conditions for the convergence of the IMGI and the IMRGI algorithms. Finally, some
numerical examples are given to illustrate the effectiveness and advantages of the proposed algorithms.

Keywords: complex conjugate and transpose matrix equation, improved modified gradient-based iterative algo-
rithm, improved modified relaxed gradient-based iterative algorithm, convergence condition, real representation
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1 Introduction

Sylvester matrix equations are often encountered in many scientific and engineering fields, such as signal
processes, stability theory, observes design, control theory, matrix computation, pole assignment, optimal
control, prediction and stability, system theory, eigenstructure assignment, and so on, we can refer to the
related references [1-7] for details. This indicates that studying the computational methods of different kinds
of Sylvester matrix equations has become an important subject in the field of computational mathematics and
control. This motivates us to establish some effective algorithms for some types of Sylvester matrix equations
in this work.

Due to the fact that the Sylvester matrix equations widely appear in practical problems and have impor-
tant applications in many fields, in the past few decades, many researchers have devoted themselves to
deriving a great deal of different methods to solve the Sylvester matrix equations, such as the Krylov subspace
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methods, neural network methods, direct methods, and so forth. The Krylov subspace methods are one of the
classical iterative methods for the matrix equations, including the conjugate gradient method, the conjugate
direction method, and so on. Besides, unlike numerical methods, artificial neural networks have the property
of high-speed parallel operations and potential hardware implementations. Many effective neural network
methods have been developed for matrix equation problems, for example, recurrent neural network method,
zeroing neural network method. Also, by making use of matrix straightening operator and Kronecker product,
Sylvester matrix equations can be transformed into linear systems, and the exact solutions of them can bhe
calculated by applying the direct methods. However, it may lead to high-scale problems, and will consume
much more computer time and memory space with the dimensions increasing. Hence, the research of iterative
methods for the matrix equations have attracted considerable attention from many researchers.

A large number of efficient iterative methods have been developed for solving different kinds of Sylvester
matrix equations. For instance, Ding and Chen [8] proposed the gradient-based iterative (GI) algorithm for
solving the Sylvester matrix equation AX + XB = C. Ding et al. [9] derived the iterative method for the general-
ized Sylvester matrix equation AXB + CXD = E. These methods are constructed by applying the hierarchical
identification principle, which decomposes a system into some subsystems and then identifies the unknown
parameters of each subsystem successively. Based on this idea, there are a great deal of work involved in this
direction. For example, Xie et al. [10] constructed the gradient-based and least squares-based iterative algo-
rithms for the Sylvester-transpose matrix equation AXB + CXTD = F. Song et al. [11] developed the GI algo-
rithm for the coupled Sylvester-transpose matrix equation Y!_;(AyX,By; + CypX, Dip) = F; (i=1,2,..., N). By
using the hierarchical identification principle, Wu et al. [12] designed an efficient algorithm for solving the
extended Sylvester-conjugate matrix equation AXB + CXD = F. Besides, Wu et al. [13] extended the GI algo-
rithm to solve the coupled Sylvester-conjugate matrix equation Z,’;=1(A,~,,X,,Bi,7 + Ci,)}?,,Di,,) =F (i=1,2,..,N)
and derived the sufficient condition for the convergence of the GI algorithm. Subsequently, Wu et al. [14] put
forward the GI algorithm for solving the complex conjugate and transpose (CCT) matrix equation
YAXB + Y12, CXDy + Y GXTH, + Y4 MXEN, = F. Afterward, Beik et al. [1] proposed the GI algorithm
for the generalized coupled Sylvester-transpose and conjugate matrix equations over a group of reflexive
(anti-reflexive) matrices. For more iteration methods based on the hierarchical identification principle, we can
refer to [6,7,15-24] and the references therein. Moreover, the finite iterative methods are a kind of effective
algorithms for the Sylvester matrix equations, which can calculate the solutions of many kinds of matrix
equations within finite steps in the absence of round-off errors. Then many finite iterative methods have been
established. For instance, Li [25] developed a finite iterative method for solving the coupled Sylvester matrix
equations with conjugate transpose. By introducing the real linear operator, Zhang [26] proposed a finite
iterative algorithm for solving the complex generalized coupled Sylvester matrix equations. In addition, Yan
and Ma [27] designed the biconjugate residual algorithm for solving the reflexive or antireflexive solutions of
generalized coupled Sylvester matrix equations, and they also proposed a finite iterative algorithm to solve a
class of generalized coupled Sylvester-conjugate matrix equations over the generalized Hamiltonian matrices
in [28]. Quite recently, Ma and Yan [29] derived a modified conjugate gradient method to solve the general
discrete-time periodic Sylvester matrix equations.

Note that the CCT Sylvester matrix equations are quite general and include several kinds of Sylvester
matrix equations, such as the Sylvester matrix equations, the complex conjugate Sylvester matrix equations,
the Sylvester transpose matrix equations, and the conjugate transpose Sylvester matrix equations. This shows
that the CCT Sylvester matrix equations appear in many practical problems and applications, and the solving
problem of the CCT Sylvester matrix equations is worth research. For example, according to [21], the contin-
uous zeroing dynamics design of time-varying linear system can be defined as L(t) = -~AJMP ° (L(t)), and
JMP() : C™" — C™" is defined as an array of jmp functions:

Jmp(la (1) jmp(lp() - jmp(ly (1))

Jmp(La(®))  jmp(lp(t)) - jmp(bn(D))
JMP(L(1)) = : : " :

il

Jpa(®) Jmpa(®) - Jmpu(©)
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where jmp(l;(t)) = 1if [;(t) > 0 and jmp(l;(t)) = 0 if [;(t) < 0, and the time derivative is

L(t) = A((OY(O)B1(t) + A(OY (0)B1(t) + AV (O)B1(t) + A ()T (£)B(t)
+ Ay (OF (OBy(t) + A(OT(OBy(t) + As(£)YT(£)Bs(8) + As(O)Y T (O)Bs(t)
+ A3(O)YT(D)Bs(t) + A4 (6)YH(0)B4(t) + As()Y ' (DBa(t) + As()YH()B4(D).

L(t) = -AJMP - (L(t)) is substituted into the aforementioned equation, and it can be simplified as the following
time-varying linear system:

A(DY (DB + A ()Y (£)By(t) + A()Y T (OBs(t) + As(O)Y()B4(E) = G(t), @

with A4;(¢), Bi(t), Gi(t) € C™" being the smoothly time-varying matrices, and Y(t) € C™" being the unknown
time-varying matrix needs to be determined. In addition, t € [0, t7] € [0, +), and t; stands for the final time.
Then equation (1) can be rewritten as the CCT Sylvester matrix equation. Based on this fact, in this work, we
investigate the effective and feasible iterative algorithms to solve the CCT Sylvester matrix equations, whose
form is as follows:

AlZBl + AzZBz + AngBg + A4ZHB4 =H, 2

where A;,B;, HE C™" (i=1,2,3,4) are given matrices and the unknown matrix Z € C™" needs to be
computed.

Until now, some different algorithms for the CCT Sylvester matrix equations have been proposed. Apart
from the ones in [1,14,26] mentioned earlier, Zhang and Yin [30] offered a new proof of the GI algorithm for the
CCT Sylvester matrix equations by making use of the properties of the real representation of a complex matrix,
and deduced the necessary and sufficient conditions for the convergence, optimal parameter, and corre-
sponding optimal convergence factor. Then the optimal GI (OGI) algorithm is obtained. Furthermore, on the
basis of the relaxation technique used in [15,17], Wang et al. [21] introduced a relaxed factor into the GI
algorithm and developed the relaxed GI (RGI) algorithm, and necessary and sufficient conditions for guaran-
teeing the convergence of the RGI algorithm are provided. Numerical results in [21] revealed that the RGI
algorithm performs better than the GI and the OGI ones.

To improve the efficiency of the GI algorithm for the Sylvester matrix equations, many improved and
modified versions of the GI algorithm have been established. For instance, Wang et al. [20] proposed the
modified GI (MGI) algorithm for solving the Sylvester matrix equations, which uses the latest information to
compute the next result. This idea has been extended to the generalized Sylvester-transpose matrix equations
and the extended Sylvester-conjugate matrix equations in [19] and [18], respectively. In addition, to reduce the
computations and the storage spaces of the GI algorithm, Tian et al. [23] and Hu and Wang [31] derived the
Jacobi GI (JGI) algorithm for solving the Sylvester matrix equations by replacing the coefficient matrices by
their diagonal parts.

It can be seen from the iterative scheme of the GI algorithm in [14,30] that it does not use the latest
calculation result to compute the next result. Then the convergence speed of the GI algorithm is slow in many
cases, and even the optimal parameter is adopted in GI algorithm. In addition, when the coefficient matrices of
the CCT Sylvester matrix equation are large and dense, the matrix multiplication in the GI algorithm may
require a large amount of computation and storage spaces, which consumes much time and reduces the
computational efficiency of the GI algorithm. To overcome the aforementioned shortcomings and improve
the convergence rate of the GI algorithm, we first use the hierarchical identification principle to turn CCT
Sylvester matrix equation into four subsystems. Enlightened by the ideas of the JGI and the MGI algorithms, we
apply the updated technique to the GI algorithm, replace the related coefficient matrices by their diagonal
parts, and then construct the improved modified GI (IMGI) algorithm for the CCT Sylvester matrix equation (2).
Moreover, we apply the relaxation technique to the IMGI algorithm and develop the improved modified
relaxed GI (IMRGI) algorithm. We investigate some convergence properties of the IMGI and the IMRGI algo-
rithms, which indicate that the proposed algorithms are convergent under proper restrictions. Numerical
experiments are provided to demonstrate the effectiveness and superiorities of the IMGI and the IMRGI
algorithms.
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The rest of this article is organized as follows. In Section 2, some notations, definitions, and results, which
will be used in the latter parts of this article are listed. In Section 3, we put forward two new algorithms
referred to as the IMGI and the IMRGI algorithms for the CCT Sylvester matrix equation (2), and establish the
convergence theorems of the two proposed algorithms. Several numerical experiments are provided to vali-
date the effectiveness and advantages of the proposed algorithms in Section 4. Finally, some conclusions are
drawn in Section 5 to end this article.

2 Preliminaries

In this section, we review and recall some notations, definitions, and lemmas, which come from References
[11,21,30,32,33] and will be used throughout this article.

For a complex number p, Re(p) and Im(p ) denote the real and complex parts of p, respectively. Let A be a
complex matrix. A(A), AT, A, and A¥ represent the spectrum, transpose, conjugate, and conjugate transpose of
A, respectively. And |A| = (|ag|) denotes the absolute value of the matrix A. If A is a square matrix, then tr(A)
stands for the trace of A. The spectral radius, Euclid norm, and Frobenius norm of A are denoted by p(4),
lAll2 = \Amax(A7A), and ||A|| = {/tr(47 A), respectively. Let A = D - C, where D and C are the diagonal and
non-diagonal parts of A, respectively.

In addition, we present several useful definitions below.

Definition 2.1. [32] Let A = [ay, ay, ...,a,] € C™" with a; being the ith column of A. The vector stretching
function of A is defined as follows:

vec(4) = [af, af, ...,al]" € c™.

Definition 2.2. [21] The vec-permutation matrix P(m, n) is a square mn x mn matrix and can be defined as
follows:

m n

P(m,n)= ) Y E; ® E,
i=1j=1

where Ej = ee] is an elementary matrix of order m x n.

Definition 2.3. [32] For two matrices D = (dy) € C™kand F = (fij) € €™, the Kronecker product of D and F is
defined as follows:

duyF  dpF -+ dyF

D®F= = [diF lmxkc € C™VK.

dm1F dmZF dmkF

Definition 2.4. [32] Let L = L + iL, € CP*7 with L, and L, being the real and imaginary parts of L, respec-
tively. Then the real representation of L is defined as follows:

L, L

€ R%>2,
L, -Ly R

Ly =

In the following, we list several useful lemmas.

Lemma 2.1. [13] (The properties of the real representation)
(1) For G,H € C™" t € R, it has

(G+H)s; =Gy + Hs, (tG)g = tGs, ByGosh = (G)o;
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2 IfSec™™, TeC™, andU € C™P, then
(8T)o = SeBT; = SU(T)UB”! (STU)q = SU(T)UUO';

3) If F € C™™, then Q,5,Q, = F;
(4) For K € €™ it has (KT)s)T = K,, where P; and Q; are defined as follows:

L 0 0 I
0 -5} 9=|-5 of

with I; and I; being the i x i and j x j unit matrices, respectively.

Pi=

Lemma 2.2. [21] Let Y € C™", then
vec(YT) = P(m, n)vec(Y).

Lemma 2.3. [33] Let A € C™" B € C", and C € C*, then
vec(ABC) = (CT ® A)vec(B).

Lemma 2.4. [5] Let C = [Gy] be a square block matrix and D = [||Gy||]. Then p(C) < p(|C]) < p(D).

Lemma 2.5. [34] Let T be a normal matrix, then p(T) = ||T||-

3 The IMGI and the IMRGI algorithms

In this section, we will establish two new algorithms for solving the CCT Sylvester matrix equations. The
proposed methods outperform the GI one in [14] and its relaxed version (RGI) [21] from the point of view of
computational efficiency, which will be confirmed by the numerical results in Section 5. To this end, we first
introduce a lemma as follows.

Lemma 3.1. [9] Consider the matrix equation AXB = F, where A € R™", B € RS", and F € R™" are known
matrices, and X € R™ is the matrix to be determined. For this matrix equation, an iterative algorithm is
constructed as follows:

X(k+1) = X(k) + pAT(F - AX(k)B)BT, 3)
with

<u< — (4)
llAll211BIL2
If this matrix equation has a unique solution X*, then the iterative solution X (k) converges to the unique solution

X*, that is, limy_ X (k) = X*.

Let ©(Z) = A{ZBy + AyZB; + A3ZTB3 + A4ZB,. We will review the GI algorithm in [14], whose framework
is as follows.
The GI algorithm [14]:
Step 1: Given matrices A;, B, H € C™" (i = 1,2, 3,4), and two constants € > 0 and ¢ > 0. Choose the initial
matrix Z(0), and set k = 0;

_ |IH = A Z(k)By =~ A2 Z(K)By = AsZ(K)T B3 ~ Ay Z(K)HBy||

Step 2: If 8 = il < g, stop; otherwise, go to Step 3;
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Step 3: Update the sequences

Zy(k + 1) = Z(k) + uAf (H - 0Z(k)))B{,

Zy(k + 1) = Z(k) + uAy (A - ©(Z(K)))B],

Zy(k + 1) = Z(k) + uB3(HT - 07(Z(k)))4s,

Zy(k + 1) = Z(k) + uBy(E” - H(Z(k)))A4,

Zik+ D)+ Zp(k+ 1) + Zy(k+ 1) + Zy(k + 1)

Z(k+1)= 2

Step 4: Set k = k + 1 and return to Step 2.

Numerical experiments in [14] showed the effectiveness of the GI algorithm for the CCT Sylvester matrix
equations.

According to the framework of the aforementioned GI algorithm, it can be seen that Step 3 of this
algorithm may consume much time because the matrices A; and B; (i =1, 2, 3,4) may be large and dense.
To reduce the computation of the GI algorithm, according to Lemma 3.1, and inspired by the ideas of [23,24,31],
we replace the matrices 4; and B; (i = 1, 2, 3, 4) by their diagonal parts. This may reduce the computing time of
each iteration of the GI method, and the total calculation time decreases.

According to the hierarchical identification principle, we first transform the CCT Sylvester matrix equa-
tion (2) into the following four equations:

MAZBy = H,, A7ZB,=H, BJZA] =Hs, BffZAf =H, (5)

where H, = H - 6(Z) + AiZB,H, = H - 0(Z) + AyZBy, Hy = (H - ©(Z) + A3Z"B3)T, and H, = (H — O(Z) + A,ZHB,)H.
And then we split the matrices A;, B; (i = 1,2,3,4) into A; = Dy + Gy and B; = Dy + G (i = 1,2, 3, 4), with D;
and D;; being the diagonal parts of A; and B;, respectively. Then it follows from (5) that

A1ZBy = Hy = (Dy + C)Z(Dyp + Cpp) = Hy,

Ay7By = Hy = (Dy + Cu)Z(Dy + Cp) = Hy,

6
BJZA] = Hy > (D3, + C)'Z(Dy + Cy)" = Hs, ©
BfZAf = Hy = (D + Cy)"Z(Dyy + Cy)¥ = Hy,
which yields that
DuZDy, = Hy = DyZCyp = CuZDyy - CuZCyp = Hi,
DyuZDy = Hy = DyZCy - CuZDyp = CuZCy = Hy, o

pLzpl = Hy - DLzcl - cLzpl - cLzcl = i,
DEzpf = H, - DizcH - chzpl - cBzcH = A,.

Besides, Wang et al. [20] developed the modified GI (MGI) algorithm for the Sylvester equations. The
information generated in the first half-iterative step is fully exploited and used to compute the result of the
second half-iterative step, which leads to faster convergence rate. This motivates us to apply the updated
technique in [20] to (7) and construct the following IMGI algorithm based on Lemma 3.1.

The IMGI algorithm:
Step 1: Given matrices A;, B, H € C™" (i = 1,2, 3,4), and two constants € > 0 and ¢ > 0. Choose the initial
matrices Z(0) and Z;(0)(i = 1, 2, 3, 4), and set k = 0;

H - A1Z(k)By - A2Z(K)By — A3Z (k)T B3 — A4 Z(K)!B, .
Step2:1f6k=H 12008, = 4208, A7) By~ Au2(k) 4“<e,stop;o'[hel"WISe,gotoStepi*};

[IH]]
Step 3: Update the sequences

ZO(k + 1) = Z(k) + uD{{(H - ©(Z(K)))D{,

2(k) = @Ok + 1) + ZOk) + ZO(k) + ZO(k)/4,
Z@(k + 1) = Z(k) + uD}(H - 6(Z(K))D4,

Z(k) = ZO(k + 1) + ZO(k + 1) + ZO(k) + ZO(K))/4,
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ZO(k + 1) = Z(k) + uDyp(H" - 07 (Z(k)))D3,

Z) = ZO(k +1) + ZOKk + 1) + ZO(k + 1) + ZW(Kk))/4,

ZW(k +1) = Z(k) + uDp(H? - 0"(Z(k)))Da,

Zk+1D)=ZOk +1) + ZOk + 1) + ZO(k + 1) + ZW(k + 1))/4;

Step 4: Set k = k + 1 and return to Step 2.

Remark 3.1. Comparing the IMGI algorithm with the GI algorithm, it can be seen that the differences between
the two algorithms are the Step 3 of them. The related coefficient matrices in the GI algorithm are replaced by
their diagonal parts, and the next result is computed by the latest information. This leads to less computations
of each iteration and faster convergence. So we can expect that the proposed IMGI algorithm performs better
than the GI one, which will be verified by numerical results.

In the sequel, we will establish the convergence condition of the IMGI algorithm. Before that, we start with
a lemma as follows.

Lemma 3.2. [21] The CCT Sylvester matrix equation (2) has a unique solution if and only if the matrix A
is nonsingular, then the unique solution is given by
vec(Zy) = A Wec(Hy), 8)
where
A = (B(B1)o)" ® (A1)sB) + (Bo)s ® (A2)s + [(B(B3)o)" ® (A3)6R) + (Ba)g ® (A)gP(2n,2n).  (9)
And the corresponding homogeneous matrix equation AiZBy + A;ZB, + A3ZTBs + A4Z"B, = 0 has a unique

solution Z = 0.

In the following, by applying the properties of the real representation of a complex matrix and the vector
stretching operator, we study the necessary and sufficient condition for the convergence of the IMGI
algorithm.

Theorem 3.1. Suppose that the CCT Sylvester matrix equation (2) has a unique solution Z*. Then the IMGI
algorithm is convergent if and only if the parameter u is selected to satisfy p(ST) < 1, where

I 0 0 0
1
ZMZ 1 0 0
S= ERVRVANETYA L I o)
16 4 4
lM4 + iM4Mz + lM4M3 + i1\/141\/131\/[2 lM4Ms + lM4 lM4 I (10)
4 16 16 64 16 4 4
My My My M
o M M M
T=7l0 0 M M)
0 0 0 M,

with
Ml = I4nZ - HM/l) MZ = I4n2 - l’l%)
Ms =12 — uWs, My = Ip2 — uW,
Wi = (BiDE)ER ® (DA + (BoDH)E © (Df{Ay)s + [(BsDH)5R ® (D As)sB, + (BuD)E
® (Df{A4)s1P(2n, 2n),
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Wy = (BiDp)s ® (DjA)s + [(BsDyp)e ® (Djis)s + (BiDp)oh ® (D;iA4)sRIP(2n, 2n) + (BuDy)R,
® (Did)oh,

Ws = [(A{ D3)gBy ® (DuB{ )Py + (A3 Dx1)y ® (D3B3 )s]P(2n,2n) + (A3 Day)ghy ® (D3B3 oy + (Af D)y
® (D3B{)g,

Wi = [(A'Dn); ® (DizBi)s + (A" Di)ghy ® (DizBi )oRiIP(2n, 2n) + (A5'Din)g ® (DizBs')o + (A{' Dur)ghy
® (DgB)ohB.

Proof. Define the following error matrices:

72k = Z(k) - z*, Z2(k) = 2(k) - Z*, Z(k) = Z(k) - X*,  Z(k) = Z(k) - Z*, -
790 = z20k) - 7%, 29U = 20%) - 7+, Z9(k) = ZO(k) - z*,  ZP(k) = ZW0(k) - Z*.

It follows from Line 1 of Step 3 of the IMGI algorithm that
7k + 1) = Z(k) - uDH (4 Z(K)By + AyZ(K)By + AsZ(k)TBs + AyZ(k)HB,)D,
which together with the real representation and Lemma 2.1 results in
ZOk + 1))g = (Z())s — u(DF A Z(OBDY + DEAZ(K)B,DY + DI AZ(k)'BsD{ + DI ALZ(K)¥BuD s
= (Z(k))o = Ul(D{A1)ePZ(K))oPu(BiD13 )5 + (D{{A2)o(Z(K))o(B2D13 o 12)
+ (D A3)oP(Z(K)")oPu(B3D13 g + (D As)o(Z(K))o(BaD13 s -
Using straightening operator on both sides of relation (12) yields that
vec[(ZV(k + 1)o] = vec[(Z(k))o] ~ uvec (D ANRZ(K)oB(BiDE)s + (D A2)o(Z(K))o(B2D1 g
+ (D A3)s B Z(K)")sPu(B3D1; o + (D Ad)o(Z(K)")o(BuD1; )]
= vec[(Z(K))o| ~ t{(BiD)oh ® (DijA1)oh: + (B2Di)g ® (Di{Az)s 13)
+ [(BsDi})oh ® (DifAs)ohy + (BaDi})g ® (DijAs)sIP(2n, 2n)}vec((Z(K))o]
=Lz — uWhlvec((Z(k))s) = Myvec[(Z(K))s],

where

Wi = BIDHIR ® (Di{A)sP + BDH)E ® (Df{A)s + [(BsDH)LR ® (DflAs)oBy + (BaD)]

® (DiA4)s1P(2n, 2n),
My = Iy — Wi

From Line 3 of Step 3 of the IMGI algorithm, we have

2%+ 1) = 20) - uDHAZ (OB, + A,Z(K)B, + AsZ(0)"B + AZ(0)"By)D, 14

qH

= (k) - u(DEAZ(IOB.DL, + DEA,Z(K)B,DL + DEAZ () ByDL, + DEA,Z (K)HB.DL).
Taking the real representation of the both sides of (14) and using Lemma 2.1 result in
@2k + 1) = (Z(K))g - u(DEAZ(K)BDS + DEAZ(K)B,D + DEAZ(K)'BsD}, + DAEALZ(K)!BiDS),
= (Z())s - U[(DEADSZ(K))o(BiDH)s + (DHA)GPLZ))6B(BDB)o 15)
+ (D}As)eZ(K))o(BsDB)s + (DEAL)6PZ) B(BsD)s].
Applying Kronecker product and vec operator in (15) leads to
vec[(ZP(k + 1))5] = vec[(Z(K))s] — uvec[(DAA)e(Z(K))o(BiDE)s + (DEA)oRUZ(K))oRu(BDE)o
+ (DEAs)oZ(K))o(BsDE)y + (DEAL)GBZ ) B(BsD)s] (16)
= vec[(Z(K))o] - i(BiDL)T ® (DEA)s + (B.DRIR ® (DEA).R,
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+ [(BDL)L ® (DEAs)s + (BiDL)IR ® (DEA4).BIP(2n, 2n)}vec[(Z(K)),]
=Lz - uWylvec[(Z(K))s] = Mpvec[(Z(K))s],
with
Wy = (BIDHL ® (DA)s + [(BsDR)L ® (D3A3)s + (BiDH)ER ® (DAA4)sR)P(2n, 2n) + (B:D)IR,

® (DZTiAZ)GBl,
My = Ly = 4Ws,

According to Line 5 of Step 3 of the IMGI algorithm, it has

79k + 1) = Z(k) - uDs(AZ(K)By + A7 (K)By + AsZ(K)TBs + AsZ(K)1B,) Dy

]
Na

(k) - uDs(BIZ(K)' AT + BIZ(YTAT + BIZ(OA] + BIZ()A])D a7)
= ZV("’) - ‘u(D_SZBlTZ:(k)TAlTD_Bl + D_3szTZV:(k)TAzT]531 + D3ng.TZ:(k)A3TD_31 + Essz;TZv:(k)Az;TD_m)-
By making use of the real representation of the both sides of (17) and Lemma 2.1, we derive
@Ok + 1)y = (Z(K))o ~ (DBl Z(kY AT Dsy + DspBIZ (k)T A Doy + DyBIZ(K)AL Dsy + DsoBIZ(K)AL Dap)o
= Z(K))s - Ul(D2B)ePZK))oB(Af Dsrs + (DB )o(Z(K))o(Af Dir)o (18)
+ (DB)oBZ(K))P(AT D) + (D52B])o(Z(K))a(Af Dsr)o ).
By utilizing Kronecker product and vec operator in (18), we deduce that
vecl(Z¥(k + 1)y = vecl(Z(K))g] ~ vecl (DBl JoB(Z(K) )oB(AT D)y + (DB )o(Z(K))o(Af Dst)o
+ (DB )oBuZ())oBu(A Dar)o + (Ds2B])o(Z(K))o(AT D)o
= vec[(Z(K))ol - (AT Ds)iB ® (DBY)oB: + (A Da)} ® (DuB)s1P(2n, 2n) (19
+ (A Dy)iR ® (DpB])oB + (Af D)y ® (DuB])o}vecl(Z(K))s]
= Iy -~ uWslvec[(Z(K))g] = Msvec[(Z(K))o),
with
W; = [(A{ D3)pB ® (D52B{ )P, + (Af D31)g ® (D3B3 )sP(2n,2n) + (Af D31)oB, ® (D3B3 )oBy + (Af D3y,

® (DpBi)s,
Ms = Iy — uWs.

In the same manner applied in (18), we can deduce that
290+ 1) = Z(k) - uDi(MZ(K)By + AZ(K)By + AsZ(K)' B + AyZ(k)"By) Dy
= Z(k) - uD(B{'Z(K)A{" + BIZ(K)TAJ! + BYZ(0AY + BIIZ(K)A] Dy 20)
= Z(k) - u(DiBH Z(K)TAF Dy + DB Z(k)T A Dy + DypB! Z (K)A¥ Dy + DpBEZ(K)AF D),
by Line 7 of Step 3 of the IMGI algorithm. Using the real representation in (20) and Lemma 2.1 yields that
29k + 1) = (Z(K))y - WDLBIZ(K) A Dy + DB Z()T A Dy + DB Z(OAY Dy + DyBIZ(OAL D)

= (Z(K))s ~ Ul(DBYo(Z(K))o(AF Dir)s + (DiBfNoPUZ(K))oPi(AY Diy)o @1
+ (DyBS! )a(é(k))o(Asﬁ Dy)s + (DppBf )aEn(Z(k))aPn(Af Dy)s]

By utilizing Kronecker product and vec operator in (21), it holds that

vec[(ZP(k + 1))5] = vec[(Z(K))o] = uvec[(DuB)o(Z()T)o(Af D)y + (DB )P (Z(K))P(AF D)y (22)
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+ (DB (Z(K))o(AF Dyy)s + (DB )oBU(Z(K))oPi(AL Dyy)o ]

= VeC[(é(k))o] - 1{[(A' D)} ® (DiB)g + (Af'Dy)iP ® (DiBy))oBJP(2n, 2n)

+ (ADYT ® (DB, + (AFDy)TR ® (DiBf)gRivec(Z(K))o]
= [ — uWalvec[(Z(k))o] = Myvec[(Z(K))s],

with

DE GRUYTER

W, = [(A'Dn)} ® (DyBi)s + (A7’ Du)iP ® (DioBs')R]P(2n, 2n) + (Af'Dyy)} ® (DypBs')g + (Af Dy)LP,

® (DuBi)oh
My = Iz - uWy.

Combining (13) with Line 8 of Step 3 of IMGI algorithm leads to
vec[(ZV(k + 1))g] = Mivec[(Z(K))o]

= Mjvec

iz(n(k) . i 7Ok) + % 79k) + % Z~<4)(k)]a}
= %Mlvec[@“)(k))o] + %Mlvec[@@(k»a]
- el 29K,
+ iMlvec[(Z(‘D(k))G].
Besides, according to (16), (23), and Line 2 of Step 3 of IMGI algorithm, we obtain
vec[(Z®(k + 1))] = Myvec[(Z(k))o]

= M,vec

%Z(D(k +1)+ %Z(Z)(k) + %Z@(k) + %2(4)(10]0]
= S Mvecl (ZV(k + )] + Movecl ZVHN,] + 3 MyvecZO 0
¢ Mvecl(ZV00,

1
= —M2

Ml Mivecl (20, ] + 3 Mivecl (220001 + - Movecl 200

: %Mlvec[(z”@(k))a]] v DMvecZ(0)
+ Mvecl ZR), ] + 3 Mavec (2K,

L MeMiveci @3] + [%Mle ¢ M fvecl (22 (k)]

1
16

+[iMM+lM
1621 42

5 1 1
vecl(Z¥(k))o] + [EMle + My

It follows from (19), (23), (24), and Line 4 of Step 3 of the IMGI algorithm that
vec[(Z®(k + 1)o] = Myvec[(Z(K))o]

= Mzvec

150 150 150 150 ]
4Z (k+1)+ 4Z k+1)+ 4Z (k) + 4Z (k)g

— S Mvecl (Zk + )]+ Msvecl 2k + D] + 3 MyveclZV 0

+ S Mvecl(ZV o))

vec[(ZY(k))o].

(23)

(24)

(25)
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1 1 . 1 1
= [aMgMle + M vec[(ZV(K))s] + [EMalVﬁ + MMMy

1 - 1 1 1 1
+ MMy vec[(ZP(k))o] + [—M3M1 + MMM, + MM, + ZM3]

vec[(ZY(K))s].

N 1
x vec[(Z®(k))o] + [—Mle S MMM, + 6M3Mz+ ne

Finally, combining (22)—(25) with Line 6 of Step 3 of IMGI algorithm leads to

vec[(ZP(k + 1))g] = Myvec[(Z(k))s]

= Myvec

1sm 150 1,0 1o ]

4Z (k+1)+ 4Z (k+1)+ 4Z k+1)+ 4Z (k)a}

- S Mavecl (200 + )] + Mavecl(ZGk + 1)1 + - Myvecl 290k + D]
¢ MiveclZ0)]

1 1
= [—M4M1 A MadEM, + M4Mle o6 MMMy vec[(ZV(k))o]

1 1 (26)
+ [EM4M1 + EMMZ + aM4M2M1 M4M3Ml M4MSMZ
o MMM, fvecl (2 00)] + [—M4M1 MM, + MM+ — MMM,
256 o7 16 16 160 7 64
1
+ —Muwle M4M3Mz T MaMMaMy vec[(Z¥(K))o]
1 1
+ [—M4M1 + —M4M2 + EM4M3 + aM4M2M1
1 1
+ —Mmle M4M3Mz T MaMaMoM, + M, vec[(Z@(K))s].
According to (23)-(26) and by some computations, we derive
vec[(ZP(k + 1),] vee[(ZP(k)),]
5(2) 5(2)
vec[(z~ e+ D)ol| _ o vec[(z~ (]| o)
vec[(ZV(k + )] vec[(Z¥(K))s]
vec[(Z¥(k + 1)),] vec[(Z®(Kk))o]

where the matrices S and T are defined as in (10). Then the matrix ST is the iteration matrix of the IMGI
algorithm, and hence, the IMGI algorithm is convergent if and only if p(ST) < 1. O

Note that the order of the matrix ST in Theorem 3.1 is very high if n is large. This results in difficulty of
computing the spectral radius of the matrix ST. To overcome this drawback, we deduce the following corollary
in terms of Lemma 2.4, which is easier to be computed compared with Theorem 3.1 because the order of
related matrix is only 4.

Corollary 3.1. Suppose that the conditions of Theorem 3.lare satisfied and let ST = [Lij]axs. Then the IMGI
algorithm is convergent if the parameter u is chosen to satisfy

ILull [ILa2ll [|Lasll [|L1all
ILaall ||L22ll [ILasll [ L2al|
Laall (1Ll [[Lssll [[L3all
ILatll [|Lazll [|Lasll [|Laall

<1,

with ||-|| being the matrix norm of a matrix.
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Although the convergence conditions of the IMGI algorithm are derived in Theorem 3.1 and Corollary 3.1,
they do not determine any interval of the step size factor u. The following theorem proposes the interval of the
step size factor y in the IMGI algorithm under proper conditions.

Theorem 3.2. Let the conditions of Theorem 3.1 be satisfied, and S and T defined in Theorem 3.1 be normal
matrices. Denote by ,-(1), ,-(2), l@, and Ei(4) (i=1,2, ...,4n?) the eigenvalues of the matrices W, Wy, Ws, and W,
respectively, and Re(Ei(j)) >0 fori=1,2,..,4n% j = 1,2,3, 4. Then the IMGI algorithm is convergent if

D <u< m 2Re(") 2Re(&”) 2Re(”) 2Re(") 08)
B I ) Rere Y2 72" Re(zO2 D72 Re(e®2 B2’ Re(r®2 @z
1sisan’ | Re(§;)” + Im(&)* Re(§;™)* + Im(&;™)* Re(§™)” + Im(§™)° Re(§)” + Im(§; ™)
Proof. Inasmuch as S and T are normal matrices, it follows from Lemma 2.5 that
p(ST) <[ISTll2 = [ISI2ITll2 = p($)p(T) = p(T)
ool oo
= ap4 1:p4 2)p4 31p4 4
- LR ON I R PSRN I SR O N I S0}
= 12}3:,‘12[ LI PR bl L | P b Gl R | i G RS0
< max (it - p&] 11 - pg®, 1 - pg 1 - pg.
This implies that p(ST) < 1 holds if
L-wg <t n-ug®l <t R-wg®I<l L-wgVl<l =12 40
which is equivalent to
(1 - uRe(G)? + pmE) <1, (1 - uRe(G®)) + pImEY <1,
(1= pRe(E7) + I <1, (1= pRe@)? + pimE? <1, 1=12, ... 4nk
Solving the aforementioned inequalities yields that
2Re(§") . 2ReE?)
Re@P + I " Re(@?P + mEPP
2Re(™) o 2ReE?)
Re@) + mEPR " Re(@®F + PP
which gives the convergence condition (28) of the IMGI algorithm. O
In the sequel, we establish the different convergence condition of the IMGI algorithm below.
Theorem 3.3. Assume that the CCT Sylvester matrix equation (2) has a unique solution Z*. If 1 satisfies
2 2 2
0 <y <min 2 2 2 7 2 ) 2 7 [ (29)
IDullz[IDellz ~ [ID2ll2[1D2ll;~ IDsull2 1Dselly |1 Daal 2] Dazllz
then the matrix sequence {Z(k)} generated by the IMGI algorithm converges to Z*.
Proof. We first define the error matrices
70k = 2(k) - 2%, Z(k) = 2(k) - Z*,  Z(k) = Z(k) - Z*, Z(k) = Z(k) - Z*, (30)

and

PO = 47(k)B;, P = 4Z2(k)B,, P = aZ(k)B, P& = aZk)B,
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QW = 4,708, QP = MZ(IOB, QY = AZ(0By, QM = AZ (K)By,

Ul = ,2700Bs, U = 42 0By, U = 42 0By, U = A7) Bs,

v = 4,208, V§0 = 4,27 (0Bs, V= 4,27 (0B, VO = A,Z(0)P B, (D
W= B+ Q0+ U+ V9, Wi = P9 + 0 + U9 + vAY,

W = B+ Q) + U+ V9, W = B+ O + U 4

Thus,

H - 0(Z(k)) = —(AZ(K)By + A, Z(K)By + AsZ" (K)Bs + AyZ" (K)By) = (P + @ + U® + {9,

H - 0Z(K)) = ~(4Z(K)B; + A2 (K)By + AsZ (K)Bs + AsZ' (K)By) = ~(5° + 0 + USD + Vi),

HT - 0T(Z(K) = ~(AZ(K)B; + AZ (K)By + AsZ (K)By + AsZ (KOBY)T = ~(BY) + 0 + U + vy, (32)
HH — 0H(Z(K)) = ~(A4Z(K)By + A7 (K)B, + AsZ(K)TBs + AyZ (OB = ~(B{ + 0 + U + v{O)H,
Then, it follows from the iteration scheme of the IMGI algorithm and (32) that

Z9%k + 1) = Z(k) - upH @ + o + U + v{)Df,

29k + 1) = Z(k) - uAPP + QP + U + Vi), -

29k +1)= Z(Jk) - uDy(P + Q0 + U + Vi) Dy,
29k + 1) = Z(k) - uDpP + O + UL + V{)HDy,.
By taking the Frobenious norm of each equation in (33) and using the properties of the norm, it holds that
1200 + DI =11Zk) - uDF P + 0 + U + Vi )DI |
=Z(OIP - pteZ (KD + @ + U + VD)
- urDp@ + Q) + U + V{)HDLZ(k)) + X IDEE + o + U + VODER (34
<Z(IP - 2uRetr[DEZHRDHPM + @ + U + v{9)]
+ 12| DulBIDelBIP + @ + U + ViR,

1290 + DIP = 12(k) - uDF P + 0 + U + VIO)DL P

X ~H
=1Z(O|P - ute(Z (K)DLEPP + @ + U + v{)pL)

- utr(Dp(PF + QM + U + VENTDuZ () + u2|DEPSP + Q00 + Ui + viO)DL | 35)

X ~xH
<|IZUO|R - 2uRetr[DHZ (K)DHPSY + Q0 + Ui + v
k k k
+ 12| DalBIIDRIBIPS + QR + U + ViR,
290+ DIF =11Z0K) = uDs (P + Q5 + U + Vi) Dy P

< cH _ —
=||ZUO|R - ute(Z (K)Dyp(PS + QM + UL + V)T Dy

- utr(DH(PO + Q) + USE + vINDLZ () + || Dp(PSF + Q) + U + VT Dy 2 (36)

< _ ¢H _
< || Z(k)|P - 2uRetr[DynZ (K)Dyp(PS” + QK + UL + VINT] + 12| D3y 3| Do) BI1PSE + QL
+ U0+ VO,
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and

1200 + DIP = 1Z(K) - uDip(P{O + QO + UL + V)i Dy P
=IZGOIP - ute@" (DO + QX + U + VYD,
- utr (PP + QI + UL + VIODEZ(K)) + 1Dy + Q0 + U + VYD 12 37
<|IZAOIE - 2uRetr[DuZ” ()DPR + Q) + U + vy
+ 12| Dy BIIDgl BIIPEO + Q0 + U + v

In view of (34)-(37) and Cauchy inequality, it has

N 1, 1, 1, 1, 2
IZ(k + 1| = H ZZ(D(k +1) + Zz@(k +1) + Zz<3>(k +1) + ZZ(“)(k + 1)H

s[

1.
{len

+ + +

1.0
‘42 k+1

1.0
4Z k+1

1.0
4Z k+1

1.4
4Z (k+1)

]2

2 2 2 1. 2
+ + + 22(4)(]( + 1)H

1~(2)
—Z7(k+1
FRARGEE

1~(3)
—Z7(k+1
ARG

1 5 1 - 1 - 1 -
= 2200+ DIP + 1200+ DIP + L2V + DIP + 120K+ DIP

15 Il 5 w
< JIZ00IF - SRetr[DEZ" (D P + @ + U + V)] + - |IDul Dl lIP + QF + 17

1 3 u xH u?
k k k k
+ VIR + JIZGOIE - SRet(DLZ (DL(PLY + Q5P + UL + Vi) + ~-||DalFlID2l

1 = u _ gH
* B+ @ + UF + VIUIE + JIZGOIE - S RewlDn (DB + Q4 + U5 + V)]

uZ k k k 1 =
+ DB IDIEIPS + Q50 + TS + ViUl + 2G|
>H
) gRetr[DLnZ (P + Q) + U + V)]

HZ

k k k
+ < IDulBIDwlFIP + QF + UL + Vi

2
k k k u k k k
1B+ Q0 + U + VIOUP + ~-IDulIDeIB P + 0 + U + v{|p

1 - u
< = 2 - =
<Lzl - 3|

5 Mk k k w k k k
+ IZGOIF =SB + 0 + T + ViVl + - IDalBIDI 1P + @FF + U7 + ViV

L

+

2
4 TG k k u 3 3 k
ZUOIE = SIS + Q50+ T + VIO + T DslFlIDlFIIPSY + Q5 + U + ViVl
1z u [12
+ 22O = 1P + 0 + U3 + VIOIP + T |IDu 1Dl I1PE + O + U3 + VIV
1.5 u K 1.5 U k
= 1201 - S - wIDulBIDeDIWIE + JIZEIF = @ = Dl 1D2l ) WP

1 = u k 1 = u k
+ JIZGOIF = Z@ - uliDalID=IWSP + ZIZGOIE = 5@ = pliDalBlIDelDIW|P

. u 1 5 u
<ZGOIE - 5@ = plIDulBIDRBIWIIP + ZIZGOIE = @ = plIDalBlID2IBI W2

1.z U K 1.z [ K
+ 12001 = 5@ - uDalID=DIWSIP + ZIZ00IF = 5@ = | Dal Il I WA

5 u 2 I 18 5. U 2 e OO
<||IZ(O)|P - 22" 1Dl BlIDwlB) Y |WH|? + 1 Y IZ@IP - nis LD B11D2I ) X 1|W5"|P
i=0 i=0 i=0

+

k k

s U 4
S IZOIP - 2 - ulDs I Y 11w
=0 i=0

N
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1 k > . u K ;
+ 5 2IZQIF - 5@ - uliDalEIDal) Y W3-
i=0 i=0

By the analogous methods in [19,20,24], we can obtain
18 5 18 5 18 -
T2IZQDIP <+, 23 ZQOIP <+, 23 JZDIP <+,
i=0 i=0 i=0
Thus, if the parameter u satisfies the following condition

2 2 2
IDulIDalls " 1Dl 1Dl " IDstl 1 Ds2lls” 1Dl 31| Daal 3 )

then (38) implies that Y ;|| W "|* < +oo, which results in lim;. ..||W;"|| = 0, that is,

0 < 4 < min

lim Wi = lim A, Z(i)B; + A, Z(i)B, + AsZ" (i)Bs + A4Z" (i)B, = 0.
1—+o00

=+

- 15

(39)

(40)

(41)

Having in mind that the CCT Sylvester matrix equation (2) has a unique solution, then it follows from (41) and

Lemma 3.2 that lim;.,.Z(i) = 0, i.e., lim;_+Z(i) = Z*. The proof is completed.

O

In [17], Niu et al. introduced a relaxation parameter into the GI algorithm and established the RGI
algorithm. And the numerical results of [17] illustrated that the RGI algorithm outperforms the GI one with
proper relaxation parameter. Then it motivates many researchers to derive the relaxed versions of some
existing algorithms for several kinds of matrix equations, see [15,16,19] for details. Recently, Wang et al. [21]
constructed a RGI algorithm for the CCT Sylvester matrix equation (2). The framework of the RGI algorithm is

as follows.
The RGI algorithm [21]:

Step 1: Given matrices 4;, B, H € C™" (i =1,2,3,4), two constants &, u > 0 and a relaxed factor 0 <y < 1.

Choose the initial matrices Z(0) and Z;(0)(i = 1,2, 3,4), and set m = 0;
_ |IH - A1Z(m)By - A, Z(m)B, ~ AsZ(m)" B3 = A4 Z(m)H'By||

Step 2: If &, = I < ¢, stop; otherwise, go to Step 3;

Step 3: Update the sequences
20 + 1= Z0(m) + 5 yuaf!(H - 0Z(m)BY
20 + 1) = 20m) + S yual (A - OZNB,
20 + 1= 200m) + LB - 07z,
Z00n + 1) = 200m) + = LB, - 0% Z(m)A,
Zm+ 1) =50 = 2O + 1) + 20 - PZOM -+ 1) + JyZOm + 1) + 2yZOm + 1)

Step 4: Set m = m + 1 and return to Step 2.

Numerical results of [21] validated that the RGI algorithm with proper w is faster than the GI one in [14]. To
further improve the computational efficiency of the IMGI algorithm, by making use of Lemma 3.1, and

enlightened by the idea of [17,21], we propose the following IMRGI algorithm.
The IMRGI algorithm:

Step 1: Given matrices A;, B, H € CV" (i =1,2,3,4), two constants &, ¢ > 0 and a relaxed factor 0 < w < 1.

Choose the initial matrices Z(0) and Z;(0)(i = 1, 2, 3, 4), and set k = 0;

_ |IH = AiZ(k)By = Ay Z(K)By ~ AsZ(k)TB3 ~ Ay Z(K)HBy||

Step 2: If 8 = il < g, stop; otherwise, go to Step 3;
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Step 3: Update the sequences
200k + 1) = 2(K) + SauDf{(H - OZR)DE,
Z(k) = %(1 - W)ZO(k + 1) + %(1 - W)ZA(k) + %wZ@(k) + %wZ“)(k),
200 + 1) = 2(0) + SouDA(A - 6ZI)D},
Z(k) = %(1 - W)ZO(k + 1) + %(1 - W)ZO(k + 1) + %wZ@)(k) + %wZ(‘*)(k),
ZO(k +1) = Z(k) + %(1 - W)U Dxm(HT - O7(Z(k))) Da,
Z(k) = %(1 - w)ZOk +1) + %(1 - w)ZP(k+1) + %wz@(k +1)+ %wz(“)(k),
ZW(k +1) = Z(k) + %(1 - w)uDy(HY - ©1(Z(k)))Dyy,
Z(k+1) = %(1 - w)ZDk +1) + %(1 - wZ®k+1) + %wZ(”(k +1) + %wZ(‘*)(k +1);

Step 4: Set k = k + 1 and return to Step 2.
In what follows, we establish the convergence theorem of the IMRGI algorithm.

Theorem 3.4. Assume that the CCT Sylvester matrix equation (2) has a unique solution Z*. Then the IMRGI
algorithm is convergent if and only if the parameters u and w are chosen to satisfy p(UV) < 1, where

I 0 0 0
-0, I 0 0
2 2
(1 - w)? 1-w 1-w
4 I
. GG+ Gs 7 Gs 0’
1- 1- w)? 1- 1- w)? 1-
O+ D66, YW o Am0r o n 1706 9o
2 4 4 2
w(l-w)?
+¥G4G362
8 (42)
1 1 1
(- w6 ~(- w6, ~wG, ~wG
2( w)Gq 2( w)Gq W61 506G
0 L1-we, fo, tuc
. g T Wh W S0y
= 1 1}
0 0 E(L)Gg E(L)Gg
0 0 0 Ltuc
2 4

with
1 1
G1= Lz = JOUWE, Gy = e = S0U

1 1
G = Ly = 5 (1= W3, Gy = Iy = 5 (1= 0)uWh,
Wi = (BiDE)ER ® (Dff AR + (BDEDE ® (DffAs)s + [(BsDf)ER © (Df{A3)oP, + (BaDf3)}
® (Df{A4)s1P(2n, 2n),
Wy = (BIDHL ® (DHA)s + [(BsDL ® (D3A3)s + (BiDH)ER ® (DAA4)sR)P(2n, 2n) + (B:D)IB,
® (DZEAZ)UPH)
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W; = [(A{ D3)oB ® (DB )P + (Af D31)g ® (D3B3 )slP(2n,2n) + (Af D31)gB, ® (D3B3 )oBy + (Af D3y,
® (D3B{)q,

W, = [(A{'Du)g ® (DizB{")g + (A3' Dun)gB ® (DizB; )sBi]P(2n, 21) + (A{'Diy); ® (DizB3')s + (A4 Dir)ghy
® (DuBi)oh.

Proof. The proof of this theorem is similar to that of Theorem 3.1, and hence, we omit it here. O

Theorem 3.4 gives the convergence condition of the IMRGI algorithm, but it does not propose the intervals
of the parameters w, i, and their optimal expressions. The reason is that the matrices Gy, G3, G3, and G, in the
matrices U and V of Theorem 3.4 contain the parameters w, i, and they cannot be separated from the matrices U
and V. Hence, it is difficult to obtain the expression of the iteration matrix of the IMRGI algorithm with respect to
w, i, and the optimal values of the parameters w, 1. Nevertheless, we can derive the intervals of the parameters
w, 4 contained in the IMRGI algorithm and the quasi-optimal expression of w under some suitable conditions.

Theorem 3.5. Let the conditions of Theorem 3.4 be satisfied, and U and V defined in Theorem 3.4 be normal
matrices. Denote by )li(l), /1,-(2), Ai@, and /11-(4) (i = 1,2, ...,4n%) the eigenvalues of the matrices Wy, Wy, W3, and W,

respectively, and Re(/li(j)) >0 for i=1,2,..,4n% j=1,2,3,4. Then the IMRGI algorithm is convergent if
0<w<1and

, 4Re(A) 4Re(A?)
0<p< min D2 2y’ @z @y’
1sisa? [ w(Re(A;7)* + Im(A;7)7)  w(Re(4;7)* + Im(A;)?) 43)
4Re(A?) 4Re(A)
1 - @)Re@A)? + ImAP)?)” A - w)Re(A ) + Im@A ™)) |
Besides, if all the eigenvalues of the matrices Wy, W,, W3, and W, are real, then w* = ﬁ = Wi or
w*=1- ﬁ = ). If ®(wy) < (wy), then w* = w. Otherwise, w* = w;. Here, Anax and Ayin denote

the maximum and minimum eigenvalues of two matrices Wy, Ws, respectively, and Apax and Anin denote the
maximum and minimum eigenvalues of two matrices Wz, W, respectively.

Proof. Inasmuch as U and V in Theorem 3.4 are normal matrices, according to Lemma 2.5, it has

pUV) =[OVl < |U][[VIl2 = p(U)P(V) = p(V)

= max 1(1 - w)G ] [1(1 - )G ] [le ] [le J
P 9 1, P 2 2|, P 7 Wos s P) oW
1-w 1 1-w 1 w 1-w W 1-w
- o 22— L] [ - L) | - )] | - o)
ér}fﬁz[ 2 [ Pk 2 22 2 M)l 2 WA a4)
1 1 l1-w 1-w
< 1- A, |1 - ZwpA?|, |1 - ——uA® - —m®
1@33;2[ 5 WHA; 5 WA 5 M 5 HA
1 1 1- 1-
= max| max [ 1- oA, [1- Sour? ] max [ 1- —wy)ml@ |1 - —wy/li(4) ’ )
1<isdn? 2 2 1<isdn? 2 2

in view of 0 < w < 1,% <1land 1_7‘” < 1. This means that p(UV) < 1 if

1

1 -w
‘1 - Ewy)li(l) <1, ‘1 - TM’@

1
<1, ‘1 - Ewy/lim

1-w
< 1, ‘1 - 2 HAI(B)

<1, i=1,2,..,4n%

which can be equivalently transformed into the following inequalities

1 o1 1 o1
[1 - EwyRe()ti(l))] + szyzlm(ﬁia))z <1, |1- EwyRe(Ai(Z))] + szyzlm(ﬁl@)z <1,
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1-w 2 1-w)?
1- —2uReG®)| + =5

wIm(A Py <1,
i=12, .., 4n%

By solving the above inequalities, it has

4Re(A)
O<u< @ Dy’
w(Re(A;7)? + Im(A;)?)
®
<p< 4Re(A;™)

DE GRUYTER

(1 - w)?
4

1-w @) @
1- THRe(ﬂi )|+ pAIm(A;)* < 1,

. 4Re(A?)
ORe(AY + M)’ 45)
3
<u< 4Re(A)

(1 - @)(ReAPP + @A) (1 - @)ReA) + AP

Then we obtain the convergence condition (43) of the IMRGI algorithm in terms of (45).
Besides, if all the eigenvalues of the matrices W;, W, Wi, and W, are real, then it follows from (44) that

l-w =~
1- T‘U/lmax

1 - 1 - 1-w =~
1- Equmax , (1= Ew[«Mmin ’ s ‘1 - T.U/\min

p(UV) < max{ l 46)

= max{/h (w), 4;(w)} = P(w),

where Apax and Ay, denote the maximum and minimum eigenvalues of two matrices W, W, respectively,
and /Tmax and Ay, denote the maximum and minimum eigenvalues of two matrices Wi, Wy, respectively.

|

%wy)tmax -1, which leads to

1
1- Equmin

And 4;(w) = max ’1 - %wy)l_max , 1= 1_Twﬂ)fmm

and 4,(w) = max“l - PT“uXmaX

To minimize A;(w), the parameter w should satisfy 1 - %wlu)_lmm =

4 o e e . . 1-w 7 1-w 7 .
Wy = T T In addition, the parameter w minimizing 4,(w) satisfies 1 - Ty/lmin = T,u/lmax -1, which
__ 4
F(Xmax + Xmi.n) '

Otherwise, w* = wy'. O

results in w; =1 - Substituting w;* and w;* into ®(w), if P(w;") < P(wy), then we take w* = w;".

Remark 3.2. Theorem 3.5 gives the convergence conditions for the parameters u, w of the IMRGI algorithm.
However, it is involved in the real and imaginary parts of the eigenvalues of the matrices W, (i = 1, 2, 3, 4), and
it is not easy to compute it. Moreover, the assumptions that the matrices U, V are normal matrices, and all the
eigenvalues of the matrices W; (i = 1,2, 3,4) are real are somewhat strong. Besides, (43) is a sufficient con-
dition for the convergence of the IMRGI algorithm, and the assumption is stronger than Theorem 3.1. So we will
study a more practical convergence condition for the IMRGI algorithm in the future.

In addition, we deduce another convergence theorem of the IMRGI algorithm as follows.

Theorem 3.6. Suppose that the CCT Sylvester matrix equation (2) has a unique solution Z*. If 0 < w <1
and u satisfies

. 4 4 4 4
0 < g < min 2 7 2 77 2 2 2 2 [ “7
W||Dull||Di2llz* wl[Dall||D2ll; (1 = W)lIDalz]|Dzll; (1 = w)||Dallz]|Dall2
or the parameters y and w satisfy
. 4 . 4
maxi0,1 - min 5 , > > < @ < min 5 s 5 , 1t
LDzl [1Dsally il Daallz || Dazllz LDl D2l tliDallz |1 D2ll; 48)
. 4 4 . 4
min > , > -1 + min . , . 71> 1,
WDullzlDr2llz l[Dallz ||D2allz WDzl |IPsllz ]| Dasllz || Dazllz

then the matrix sequence {Z(k)} generated by the IMRGI algorithm converges to Z*.
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Proof. Again using the notations in (30)-(31), we have

H - 0(Z(k)) = ~(4Z(K)By + A Z(K)B, + AsZ" (k)B + A, 2" (k)By) = (P + Q) + U + v,

7 - 0Z(K) = -(AZ(k > (k 5T 0B + A (KB = (PP + 00 + g® 1 o
H = 0(Z(k)) = ~(MZ(k)By + Ay Z(K)By + AsZ (K)Bs + AyZ (K)By) = —(Py + Q0 + Uy + V),

HT - 7(Z(K) = ~(AZ(K)B; + A2 (K)By + AsZ (K)By + AsZ (K)BR)T = (B + 0 + U + v§ONT, w
H — 0H(Z(K)) = ~(A4Z(K)By + A7 (K)B, + AsZ(K)Bs + Ay Z()F By = ~(B{ + 0 + U + v{O)H,
Then it follows from the IMRGI algorithm and (49) that

290+ 1= 2(5) - Sounf{B + o + U + VD,

290+ 1) = 2(K) - SoupP0 + o + U + vip, o

290+ 1) = 2K) - 31 - 0D + Q)+ U + VOB,
290+ 1) = ZK) - 0 - 0P + o0 + U + VO)Dy,
Taking the Frobenius norm in (50) yields that
12 + DIE = 1200 - SouDf PP + 0 + U + VIDEE
= I1ZG0IF - JounZ" (ODF P + 0 + U + VD)
- JoutrDu(e + 0 + UY + VD2 + L IDEEY + @ + U + VDR

~ ~ 1
< IIZUOIF - wuRetDEZ" (ODH PP + @ + UfX + Vi) + Lo DulIDulfp® + 0 OV
+ U+ VP

~ 1
k k k k k k
<ZGOIP - wulP + @ + U + ViVl + S| DulIDullIP + @ + 11 + ViV

g 1 X
=IZGOI - w1 = ZoulDulB 1Dl I WP,

~ 5 1
2 k k k
120Kk + DIF = 12() - SouDAEE + @ + U + Vi)DJIP

x 1 *H
=IZ(o| - Swutr@ (ODAPL + 0 + 13 + v;*)Dj)

1 _ _ oz 1
- Soutr(DpP + O + U1 + VIOV DaZ()) + L IDAP + QfF + U3 + ;)DEIP

X xH 1
< |ZWOIE - wuRetr[DAZ” (ODAEL + QP + UP + Vi)l + L whlliDulIDBIB° + 0 O
+ U+ P

5 1
k k k k k k
<ZGOIP - wullPr” + @ + U + ViVl + S |DalID2IIPE” + QFF + U + VP

5 1 k
= 12001 - wul1 - JoulDulB 1Dzl || W2 P,

- 4 1 = D
1290+ DIF =11230) = 5 - DB + Q) + U + Vi) Dyl

4 1 cH — _
= 2G| - 51 - wputrZ (k)Dx@Y + Q4 + T + Vi) Da) (53)

1 <
- (1 - utr P + Q) + U + Vi )DEZ(K)
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+ 50 - DB + 0 + U + V)T Dy
<IZOIF - (1 - wRetr[DyZ " (k)DuP + Q% + UK + VY]
¢ 0= D BIDsBIPY + 0 + U + VIO
<IZGOIF - (1 - wul|P + 0 + U + v
+ 5 (1- RIDa BIDSIBIEY + 00 + U + Vi
= IZ0IF - @ - it - 30 - D D= IWSOTE
and
1290+ DI =200 = 501 = uDa(B + 00 + U + VO)D [P
=201 - 51 - " (0D + QX + U + Vo)D)
- 501 - (B + o + U + Vi)DliZ(0)
+ 0= WHAHDLP + o + U + V{OyID P
<JZWOIE - (4 - wyuRetr[DyZ" (DR + I + U + vy (54)
+ (0= 0P IDaBIDIEIP + 0 + U + VEOlp
<IZWOIP - @ - w)ul|PF + o + U + vV
¢ 0= OHIDABIDLIBIEY + 0 + U + ViOJe
=201 - @ - w1 - 31 - w)unanu%||D4z||%]||wi’”||2.
By making use of Cauchy-Schwarz inequality and (51)—(54), we derive
1Z(k + DI = H %(1 - 7Yk + 1) + %(1 - 7%k +1) + %wZ(g‘)(k +1) + %wZ(‘D(k + 1)H2
= 1= WPV + DIE + £ - P12+ DIE + SO0+ DIE + SaIZO K+ DI
+ %(1 - w)?Retr(ZVk + D))HZPk + 1) + %w(l - W) Retr(ZPk + 1)HZk + 1))
+ %w(l - ) Retr(ZPk + D)HZW(k + 1)) + %w(l - ) Retr(ZPk + D)HZ¥k + 1)
+ %w(l - ) Retr(ZPk + D)HZW(k + 1)) + %szetr((Z(s)(k + )HZW Kk + 1))
<20 - WPV + DIE + +0 - P10 + DIE + IO + DIE + FaIZO K+ DI
+ %a - wP|IZV%k + DINZZ K + D) + %wa - )12V + DIIZVK + )|
+ %wa - IZVKk + DINZDK + D)|| + %w(l - )1 Z%%k + DNIZVK + )|

1 - - 1 . N
+ Sl = 0IZPk + DIIZDk + D + S| ZV 0k + DIIZV K + D)
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<10 - P20+ DIF + 70~ wPIZO0 + DIE + 7200+ DIF + 7|2k + DI
& 0= 0R(ZO0+ DIE + 1290k + DIP) + 701200 + DI + 12Kk + DIP)

#7001 = (20 + DI+ 1200+ DI + 0t - )2+ DIE + 1290+ DIP)
#0020+ DIE + 1290+ DI+t - 0)IZ70 + DIE + 1290+ D)
= 1= ZO e+ D + 3 - WO+ DI + F0HZO 0+ DI + 020K+ D

& 0= 0R(ZO0+ DIE + 1290k + DIP) + 70200 + DI + |29k + DIP)

1 5 5 ~ -
+ 0 = O@IZV+ DIF + 212Kk + DIF + 21270 + DIF + 220K + DIP)

= %(1 - W|IZPkK + D) + %(1 — |2 + DI + %wHZ(S)(k F DI+ %w||2(4)(k |
<5~ OGP - 50 - w)wu[l - iwunDnn%||D12||%]||Wf’“||2

+ 30 - IOl - 3 - w)wu[l - iwuann%||Dzz||%]||w§">n2

+ SOIZGOE = 3001 - o1 - 0 - DB WSl

1 = 1 1
+ S0lZ0OIF - Sl - w)ull -La- w>u||D41||%||D4z||%]||WE"HZ

~ 1 1
<20 - 50 - ot - JoulDuBIDIE| 1w
1 ~ 1 1
* - @Iz - 50 - w)wﬂ[l - ZCUHHDHH%”DZZH%]“Wz(k)Hz
]. g 1 1
+ JOIZGOF - 3001 - WK1 - 1L - oD D W

1 > 1 1
+ SOIZWIP - o - w)u[l - - w).“||D41||%||D42||%]||Wz§k)||2

~ 1 1 k ) (55)

<|IZO)F - 5 - w)wu[l = 2 OuIDullIDwlE| X 11w
i=0

1 < S L 1 ke
0= DT VO - 50 worlt - ZnDalfIDE) 3 15
=0 i=0
+1§Zc'z-l 1- )1 - 21 - )y DxIBID Ziwﬁﬁz

5. 0|| OIF = F0@ -yl = 71 = 0)ul|Dall|IDsll; ‘0|| o

i= 2

k

> 1 1 k ;
+ 2w 2 IZQIF - Jw - w)u[l - 2 - oulDalBlIDelf) X W3-
i=0 i=0

-

According to the methods applied in [19,20,24], it follows that
1 Ko 1 X . 1 X
A=Y IZDOIP <+, ) [IZDIF < +o,  Sw) |Z@|P < +. (56)
2 =0 2 i 2 %
Hence if
1 1 1
1- ZquIDnII%IIDnII% >0, 1- ZwulanII%IIDzzII% >0, 1-20- w)u||Ds1|}3|| D > 0,

. (57)
1= (1 =~ @)ullDaliz[1Deelfy > 0,



22 =— Zhengge Huang and Jingjing Cui DE GRUYTER

then (55) implies that Z§10||W1(i)||2 < +00, According to the convergence theorem of series, we have
limioo||[ W) = 0, ie.,

lim Wi = lim A,Z(i)By + A, Z(D)B, + AsZ" (D)Bs + AyZ" (i)B, = 0. (58)
11—+

i—+00

Inasmuch as the CCT Sylvester matrix equation (2) has a unique solution, it follows from (58) that
limy+Z(k) = 0 by Lemma 3.2. This means that lim_.Z(k) = Z*. From (57), we have

0 < u < min (59)

4 4 4
@|IDullIPwl” DDl (1 = @)IDstlflIPzllz” (1 = w)|IDaal 1Dl ]

or

4 4 4 4
<W<——————, 0<w<ﬁ, e wp— W< —
LD ullz || D12l UIDalz]|Da2zlz UIDs1l2 || Dallz U|Dallz | Daally

which results in

. 4 4 . 4 4
1 - min > = > 1 < @ < min > , > =1 (60)
LDl 11Ds2lly el Daalfz || Dazllz UIDull2|1D2llz wl|Dalfz || D222

Inequality (60) holds if

. 4 4 . 4 4
min > , > > + min > , > 1> 1, (61)
UIDullz|IDe2llz ul|Dalfz || D222 UIDzllz|1Dsally~ tl|Daallz || Daally

then combining (60)-(61) with 0 < w < 1 gives (48). O

4 Numerical experiments

This section gives several numerical examples to validate the effectiveness of the IMGI and the IMRGI algo-
rithms, and compare their numerical performances with those of the GI, OGI, RGI, and MGI ones, in terms of
the number of iteration steps (IT) and the elapsed time in seconds (CPU).

All the computations were performed in MATLAB (version R2016b) on a personal computer with Intel (R)
Pentium (R) CPU G3240T 2.870 GHz, 16.0 GB memory and Windows 10 system. For all tested algorithms, the
initial matrices are taken to be Z(0) = Z0) = L, x 107 (i = 1,2, 3, 4).

Example 4.1. [21] We consider the CCT Sylvester matrix equation (2) with the following coefficient matrices:

A1=

1B3+2i 1+2 B=15+7i 2 + 5i A = 9+20i 5+ 3i
2-1 16+8i)f) "1T|9+7 18+10i) P |2+2 2+09if

B=9i+19 4i+5 A=11i+3 5i+ 7 =1+12i 5 - 5i
2701+5i 16+16i) 2 (5+10i 13+19i) 2 |6+2i 19+ 18i/
A o(16+70 TH8i) o (204180 7+5i) L _(706+1397i 126 - 2886
T+ 7i 12+13i) Y| 5+20 14 +10i) -2294 - 1179i -426 — 4404i)

The unique solution of this matrix equation is

3+1 1-1i
* =
z [—5+i —2+3i]'
For this example, all runs are terminated once, and the number of iterations k exceeds 20,000,
1Z(k) - Z*|
(12|

< § (denoted as “ERR”) with § being a positive number.
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In Table 1, we compare the proposed IMGI and IMRGI algorithms with GI, OGI, RGI, and MGI ones with
respect to IT and CPU times. Here, the parameters of the GI, OGI, and RGI algorithms are taken as in [21]. And
the parameters of the MGI, IMGI, and IMRGI algorithms are as follows:

. 1 1 1 1
Uhicp = Min , , , ] = 1.6317 x 107,
Mot ALl 1Az I11Bals " 11AsI1IBsl; ™ 11A4lf]|Bal3
Unpep = MiN 2 2 2 2 =55089 x 10°%, w =
= ) ) ’ = I > IMRGI = 7 o
et IDulB Dl 1D2l311D2IE " 1Dsil3 1Dl 1 Daall3] Daally 18

4 4 4 4
w||IDulBlIDl;” wl[Dal|ID2ll” A - )||IDxlElD3l} (1 = w)||Dl 3] Dall3

Unyrer = Min ] =2.4790 x 1075,
According to Table 1, we see that all tested methods are convergent within the maximum number of iterations
for all cases, and the IMGI and the IMRGI algorithms outperform the other ones with respect to IT and CPU
times. The growth rates of the IT for the IMGI and the IMRGI algorithms are slower than the other ones, which
reveals that the proposed algorithms are more stable than the other tested ones. Besides, the IMRGI algorithm
performs better than the IMGI algorithm with proper relaxation factor w. This means that the relaxation
technique can improve the efficiency of an algorithm.

With the parameters in Table 1, the iterative sequences {Z(k)} generated by the IMGI and the IMRGI
algorithms with the changing of IT are reported in Table 2. We conclude from Table 2 that with the increases of
IT, the iterative sequences {Z(k)} produced by the IMGI and the IMRGI algorithms are gradually tended to the
exact solution Z*. This validates the proposed algorithms can work out the approximate solution of the CCT
Sylvester matrix equations effectively.

To compare the tested algorithms fairly, we test the algorithms with the same values of ¢ in Table 3. We
adopt three different values of u for the tested algorithms, which are obtained by the weighted combinations
of u used for the tested algorithms in Table 1. And the expression of u is u = kg + kollgg + Kallggy +
kattyor + Ksttpar + Kellyrgr Where Uy, Hocr Mrer Muvcr Mver @A e are the values of p used in the GI,
OGI, RGI, MGI, IMGI, and IMRGI algorithms, respectively, and Zleki = 1(k; 2 0). We take three group numbers
(ki, ko. ks, ka, ks, k) = (1/6,1/6,1/6,1/6,1/6,1/6), (0.4,0.2,0.1,0.25,0, 0.05), and (0.3,0.25,0, 0.3, 0, 0.15). By
direct computations, it has g = 7.0990 x 1075, 3.3924 x 1075, and 5.1411 x 1075, respectively. The numerical

Table 1: Numerical results of the tested iterative algorithms for Example 4.1

Method S 0.1 0.01 0.001 0.0001 0.00001
IT 250 819 1389 1959 2529

GI CPU 0.0265 0.0957 0.1378 0.2177 0.2299
ERR 9.97 x 102 1.00 x 102 9.99 x 10~* 1.00 x 10~* 1.00 x 105
T 196 634 1,075 1,516 1,957

0oaI CPU 0.0190 0.0604 0.1023 0.1319 0.1698
ERR 9.95 x 102 1.00 x 102 9.98 x 10~* 9.99 x 105 9.99 x 10-6
T 94 238 403 569 735

RGI CPU 0.0157 0.0261 0.0405 0.0584 0.0714
ERR 9.86 x 102 1.00 x 102 9.91 x 10~* 9.89 x 105 9.89 x 10-6
IT 59 149 251 354 457

MGI CPU 0.0099 0.0166 0.0275 0.0449 0.0493
ERR 9.96 x 102 9.90 x 1073 9.89 x 10~* 9.85 x 10-5 9.83 x 106
IT 19 42 70 98 127

IMGI CPU 0.0041 0.0083 0.0097 0.0133 0.0142

§ = 5.5089 x 10-6 ERR 9.48 x 1072 1.00 x 102 9.63 x 10~* 1.00 x 104 9.68 x 1076
IT 17 38 63 91 116

IMRGI CPU 0.0019 0.0045 0.0073 0.0089 0.0121

w =1/1.8, u = 24790 x 10-° ERR 7.21 x 1072 8.20 x 103 9.44 x 10~* 8.38 x 10~° 9.33 x 10-6
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Table 2: The iterative solutions for IMGI (¢ = 5.5089 x 10-%) and IMRGI (w = 1/1.8, u = 2.4790 x 10-5) algorithms for Example 4.1

Algorithm

k

Zn

Zy2

Zn

Zy

IMGI

IMRGI

30
60
90
120
150
30
60
90
120
150

Solution

3.0034 + 1.0028i
2.9999 + 1.0010i
3.0000 + 1.0001i
3.0000 + 1.0000i
3.0000 + 1.0000i
3.0018 + 0.9786i
2.9995 + 1.0005i
3.0000 + 1.0001i
3.0000 + 1.0000i
3.0000 + 1.0000i
3+

0.9357 - 1.0784i
0.9961 — 1.0066i
0.9997 - 1.0006i
1.0000 — 1.0001i
1.0000 - 1.0000i
0.9493 - 1.0854i
0.9968 — 1.00501
0.9998 —1.0003i
1.0000 - 1.0000i
1.0000 - 1.0000i
1-1

-4.8978 + 0.9072i
-4.9937 + 0.9903i
-4.9995 + 0.9991i
-5.0000 + 0.9999i
-5.0000 + 1.0000i
-4.9112 + 0.9117i

-4.9961 + 0.9930i
-4.9997 + 0.9996i
-5.0000 + 1.0000i
-5.0000 + 1.0000i
-5+1

-2.0080 + 2.9096i
-2.0006 + 2.9967i
—-2.0001 + 2.9998i
-2.0000 + 3.0000i
-2.0000 + 3.0000i
-1.9906 + 2.9054i
-2.0012 + 2.9970i
-2.0000 + 2.9999i
-2.0000 + 3.0000i
-2.0000 + 3.0000i
-2 +3i

Table 3: Numerical results of the tested iterative algorithms for Example 4.1 with three different values of u

Method T 0.1 0.01 0.001 0.0001 0.00001
i = 7.0990 x 105 GI T Fail Fail Fail Fail Fail
CPU — — — — —
0GI T Fail Fail Fail Fail Fail
CPU — — — — —
RGI T Fail Fail Fail Fail Fail
CPU — — — — —
MGI T Fail Fail Fail Fail Fail
CPU — — — — —
IMGI T Fail Fail Fail Fail Fail
CPU — — — — —
IMRGI T 52 113 196 284 372
w=05 CPU 0.0064 0.0134 0.0224 0.0322 0.0463
u =3.3924 x 1078 GI T Fail Fail Fail Fail Fail
cPU — — — — —
0GI T Fail Fail Fail Fail Fail
CPU — — — — —
RGI T 178 454 769 1086 1403
w=05 CPU 0.0203 0.0501 0.0849 0.1224 0.1543
MGI T 29 73 122 7 220
CPU 0.0035 0.0089 0.0145 0.0203 0.0257
IMGI I 29 63 107 153 199
CPU 8.0020 x 104 0.0039 0.0129 0.0189 0.0226
IMRGI T 108 231 403 586 770
w=05 CPU 0.0124 0.0279 0.0459 0.0671 0.0868
u = 51411 x 10-8 GI IT Fail Fail Fail Fail Fail
cPU — — — — —
0GI T Fail Fail Fail Fail Fail
CPU — — — — —
RGI T 118 300 507 716 924
w =05 CPU 0.0134 0.0336 0.0558 0.0806 0.1239
MGI T Fail Fail Fail Fail Fail
CPU — — — — —
IMGI T 20 45 74 105 135
CPU 0.0025 0.0057 0.0090 0.0131 0.0152
IMRGI IT 72 154 268 389 510
w=05 CPU 0.0091 0.0178 0.0324 0.0442 0.0584




DE GRUYTER IMGI and IMRGI algorithms for the Sylvester matrix equations == 25

results of the tested algorithms with these three values of y are listed in Table 3, and the relaxation factor w
used in the RGI and the IMRGI algorithms are the experimental optimal ones. From the numerical results
shown in Table 3, we see that the GI and the OGI algorithms are invalid for all cases. For u = 7.0990 x 1075, all
algorithms are not convergent except for the IMRGI one. And for u = 3.3924 x 1078, the IMGI algorithm per-
forms the best, and the IMRGI algorithm outperforms the RGI one in terms of IT and CPU times. In addition, for
u = 5.1411 x 1075, the proposed IMGI and IMRGI algorithms are superior to the other ones. Although the IMGI
algorithm has better numerical behavior than the IMRGI one for some cases, the latter one is convergent for all
cases.

The graphs of ERR(log10) against the IT of the tested algorithms for four different values of § are plotted in
Figures 1 and 2. As shown in Figure 1, the IMGI and the IMRGI algorithms are superior to the other ones
because they require less IT to achieve the termination criterion. And the numerical performances of the IMGI
and the IMRGI algorithms are comparable, and the latter one is slightly better than the former one.

Example 4.2. [30] We consider the CCT Sylvester matrix equation (2) with the following parametric matrices

13 + 10i 6+6i]

15+17i 8 +5i 19 + 20i 5+3i]
2+1 16 +18i ’

9+7i 18 +10i) A2=[2+2i 20 + 19i
B, = (19 * 19i 5+4i] A=[13+11i T+50) [11+12i 5+5i]
270 1+5i 16+16i) 2 |5+10i 13+ 19 ST16+2i 19 +18i)
16 + 17i 7+8i] 20 +13i 7 + 5i 633 + 2558i —1304—42671']
1+7i 12 +13i) 5+2i 14 +10i 665 — 6248{ -556 — 7565i |

A1= Bl=

bl
bl

A4=

By = [ H= [:
The unique solution of this matrix equation is

A

3 -1
-5+1i -2+ 3if

In this example, we take

|E = A\ Z(K)By — Ay Z(K)By — AsZ(k)'Bs — AyZ(K)HB|| <7

RES =
I1H]|

bl

as the termination condition with a positive number 7 > 0. And the prescribed maximum iterative number
kmax 1S set to be 20,000.

6=0.1 6=0.01
¥
3, —&—Gl —&—Gl
0. *i oGl oGl
02 - RGI —#+—RGl
g 7 MGI MGI
04 g — %= IMGI — %~ IMGI
s [ —+—IMRGI s —+—IMRGI
b= % b=
< 06 S
14 k3 e
I, * w
-0.8 ¥
| *
+
1.2 2.5
0 50 100 150 200 250 0 200 400 600 800 1000

IT IT

Figure 1: The logarithmic of the ERR of the tested algorithms for Example 4.1 with § = 0.1 (left) and § = 0.01 (right).
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Figure 2: The logarithmic of the ERR of the tested algorithms for Example 4.1 with § = 0.001 (left) and § = 0.0001 (right).

Numerical results for different values of 7 are reported in Table 4. In this table, we list the parameters, IT,
CPU, and RES of the tested algorithms. The parameters taken in the tested algorithms are determined by using
the same methods in Example 4.1. It is found in Table 4 that the GI and the IMGI algorithms are divergence for
all cases, and the OGI and the RGI algorithms are not convergent for 7 = 0.00001, while the MGI and the IMRGI
algorithms are convergent for all cases. With the proper parameter y, the IMGI algorithm outperforms the GI,
OGI and RGI ones in terms of IT and CPU times. In addition, the IMRGI algorithms performs the best among all
algorithms. The exception is that the MGI algorithm needs less IT than the IMRGI one for 7 = 0.1. Finally, the

Table 4: Numerical results of the tested iterative algorithms for Example 4.2

Method T 0.1 0.01 0.001 0.0001 0.00001
IT Fail Fail Fail Fail Fail
GI CPU Fail Fail Fail Fail Fail
U =6.9817 x 1077 RES — — — — —
IT 4,363 9,450 14,537 19,624 Fail
0GI CPU 0.4973 1.2514 1.7253 2.2924 Fail
U =6.9801 x 10~7 RES 1.00 x 10! 1.00 x 102 1.00 x 10-3 1.00 x 10~* —
IT 4,363 9,450 14,537 19,624 Fail
RGI CPU 0.5793 11722 1.6961 2.2689 Fail
U =31411 x 108 RES 1.00 x 10! 1.00 x 1072 1.00 x 10-3 1.00 x 10~* —
IT 5 91 198 306 413
MGI CPU 0.0103 0.0137 0.0236 0.0343 0.0500
u =1.0360 x 108 RES 9.42 x 1072 1.00 x 102 9.94 x 1074 9.80 x 10-3 9.95 x 10-¢
IT Fail Fail Fail Fail Fail
IMGI CPU Fail Fail Fail Fail Fail
u = 3.6401 x 10-8 RES — — _ _ _
IT 5 100 227 355 482
IMGI CPU 6.5790 x 104 0.0115 0.0256 0.0373 0.0508
u =1.8200 x 1076 RES 8.40 x 102 9.90 x 102 1.00 x 10-3 9.79 x 105 9.82 x 10-6
IT 14 77 165 254 343
IMRGI CPU 0.0039 0.0096 0.0185 0.0283 0.0377
®=1/4,u = 14690 x 10-5>  RES 717 x 1072 1.00 x 102 9.88 x 10~* 9.91 x 1075 9.97 x 108




DE GRUYTER IMGI and IMRGI algorithms for the Sylvester matrix equations == 27

IMRGI algorithm is more stable than the MGI one, due to the fact that the changing scope of the IT of the IMRGI
algorithm is smaller than that for the MGI one.

Table 5 lists the same items as those in Table 2. The results in Table 5 indicate that the iterative solutions
generated by the IMGI and the IMRGI algorithms are gradually tended to the exact solution Z* as the IT
increases.

Furthermore, to further show the advantages of the IMGI and the IMRGI algorithms over the other tested
ones, the performances of the tested algorithms with three different values of u are exhibited in Table 6. And
the three values of u are determined in the same manner as we used in Example 4.1. It is observed from Table 6
that the RGI and the IMRGI algorithms are convergent, while the other tested ones are invalid for
¢ = 3.6805 x 1076. And the IMRGI algorithm is superior to the RGI one with respect to IT and CPU times. In
addition, as u = 1.7265 x 1075, the GI and the OGI algorithms are divergence, and the RGI, IMGI, and IMRGI
algorithms always outperform the MGI one. The IMRGI algorithm is less efficient than the RGI one except for
the case of 7 = 0.1, and the IMGI algorithm leads to much better performance than the RGI one, and the
advantage of the IMGI algorithm becomes more pronounced as 7 decreases. Finally, the proposed IMGI and
IMRGI algorithms have advantages over the other ones for g = 2.8983 x 1075, and the IMGI algorithm is more
stable than the IMRGI one for this case.

Figures 3 and 4 display the convergence curves of the GI, OGI, RGI, MGI, IMGI, and IMRGI algorithms for
four different values of 7. From these two figures, we observe that the IMRGI algorithm converges faster than
the other ones, and the IMGI algorithm outperforms the GI, OGIL, and RGI ones with respect to IT.

Example 4.3. [30] Consider the CCT Sylvester matrix equation (2) with

(16 -2 (6-20 2 o
Al_[B—i 9—2i]’ Bl‘[ i 15+3i]’ AZ'BZ‘[
I _(6+10i -1 _[ 16 s
A3'B3'[0 o]’ A4'[10—i Si]’ By [1—31‘ 5]’
585 - 235i 1079 + 318i ~2+5( 3-i
401 - 5160 453 + 232i 1 3

00
0 0f

e

=

1Z(k) - Z¥|

i <Swithé>0ork

In this example, we adopt the termination criterion as in Example 4.1, i.e., ERR =
exceeds the prescribed maximal number of iteration steps 20,000.

The numerical results of the tested algorithms for Example 4.3 are shown in Table 7. It follows from Table 7
that the GI algorithm has the slowest convergence speed, and the IMGI and the IMRGI algorithms have advan-
tages over the other ones except for the case of § = 0.1. The OGI and the RGI algorithms have the same numerical
performances, and they outperform the GI one. Also, the MGI algorithm is better than the IMGI and the IMRGI
ones when § = 0.1 and 0.01, whereas the latter ones are superior to the former one when § becomes small.

Table 5: The iterative solutions for IMGI (u = 1.8200 x 10-%) and IMRGI (w = 1/4, u = 1.4690 x 10-%) algorithms for Example 4.2

Algorithm k Zn Zyy Zn Zy

IMGI 100 2.9781 - 0.0219i -0.1105 - 1.1006i —4.7773 + 0.6409i —-2.0645 + 3.1367i
200 2.9930 - 0.0661i -0.2367 - 1.0113i -4.6391 + 0.9976i -2.0944 + 2.8720i
300 2.9910 - 0.0652i -0.2182 - 1.0370i -4.6550 + 0.9220i —-2.0933 + 2.8583i
400 2.9911 - 0.0641i -0.2187 - 1.0338i -4.6554 + 0.9313i -2.0927 + 2.8688i
500 2.9911 - 0.0644i -0.2190 - 1.0339i -4.6549 + 0.9311i -2.0929 + 2.8667i

IMRGI 100 2.9894 — 0.0333i -0.1913 - 1.0051i —4.6948 + 0.9957i —2.0727 + 3.1052i
200 2.9912 - 0.0663i -0.2197 - 1.0372i —4.6530 + 0.9219i —-2.0940 + 2.8504i
300 2.9911 - 0.0642i -0.2190 - 1.0336i -4.6550 + 0.9318i -2.0928 + 2.8680i
400 2.9911 - 0.0643i -0.2189 - 1.0340i -4.6550 + 0.9308i -2.0928 + 2.8668i
500 2.9911 - 0.0643i -0.2190 - 1.0340i -4.6550 + 0.9309i -2.0928 + 2.8669i
Solution 3 -i 5+ -2+ 30
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Table 6: Numerical results of the tested iterative algorithms for Example 4.2 with three different values of u
Method T 0.1 0.01 0.001 0.0001 0.00001
u =3.6805 x 1076 GI T Fail Fail Fail Fail Fail
CPU — — — — —
0aGI IT Fail Fail Fail Fail Fail
CPU — — — — —
RGI T 89 230 481 741 1,005
w =025 CPU 0.0118 0.0299 0.0612 0.0968 0.1284
MGI T Fail Fail Fail Fail Fail
CPU — — — — —
IMGI T Fail Fail Fail Fail Fail
CPU — — — — —
IMRGI IT 4 189 439 689 938
w=05 CPU 6.2360 x 104 0.0251 0.0587 0.0922 0.1005
u = 17265 x 10-6 GI T Fail Fail Fail Fail Fail
CPU — — — — —
0GI T Fail Fail Fail Fail Fail
CPU — — — — —
RGI T 15 356 769 1,186 1,608
w=05 CPU 0.0021 0.0450 0.0994 0.1139 0.2084
MGI IT 51 803 1998 3161 4356
CPU 0.0071 0.1022 0.2652 0.3000 0.5491
IMGI T 5 105 239 373 507
CPU 8.0020 x 104 0.0137 0.0321 0.0388 0.0645
IMRGI T 7 394 923 1455 1986
w =05 CPU 0.0013 0.0549 0.1221 0.1413 0.2534
u =2.8983 x 10-6 GI T Fail Fail Fail Fail Fail
CPU — — — — —
0GI T Fail Fail Fail Fail Fail
cPU — — — — —
RGI T Fail Fail Fail Fail Fail
CPU — — — — —
MGI IT Fail Fail Fail Fail Fail
CPU — — — — —
IMGI T 14 105 306 397 605
CPU 0.0019 0.0107 0.0386 0.0506 0.0765
IMRGI T 5 238 554 87 1188
w =05 CPU 7.1740 x 104 0.0245 0.0706 0.1114 0.1514
7=0.1 1=0.01
Oi‘é
-0.2
‘1
"
-0.4
s £
= —A—Gl
(73, -06 oGl
| ——
05 —%-- IMGI
f —+— IMRGI
-1 i
1.2 Ti -2
0 200 400 600 800 1000 200 400 600 800 1000

Figure 3: The logarithmic of the RES of the tested algorithms for Example 4.2 with 7 = 0.1 (left) and 7 = 0.01 (right).
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Figure 4: The logarithmic of the RES of the tested algorithms for Example 4.2 with 7 = 0.001 (left) and 7 = 0.0001 (right).

Table 7: Numerical results of the tested iterative algorithms for Example 4.3

Method s 0.1 0.01 0.001 0.0001 0.00001
T 27 138 489 841 1194

GI CPU 0.0390 0.2016 0.7073 1.3760 1.6753

@ = 14041 x 10-5 ERR 947 x 1072 1.00 x 102 9.97 x 10~* 9.99 x 103 9.950 x 10-6
IT 24 15 205 296 387

0GI CPU 0.0304 0.1610 0.3625 0.4663 0.6565

{ = 5.4000 x 1075 ERR 9.81 x 102 9.80 x 103 9.95 x 104 9.89 x 1073 9.84 x 10-6
IT 24 15 205 296 387

RGI CPU 0.0805 0.2041 0.3431 0.4895 0.8332

@ = 2.4300 x 104 ERR 9,81 x 10-2 9.80 x 103 9.95 x 10~ 9.89 x 105 9.84 x 10-6
T n 77 189 306 425

MGI CPU 0.0188 0.1115 0.2632 0.4301 0.6852

§ = 2.6145 x 1075 ERR 8.84 x 10-2 9.80 x 103 9.81 x 1074 9.95 x 105 9.82 x 10-¢
IT 47 99 132 194 221

IMGI CPU 0.0052 0.0116 0.0141 0.0194 0.0954

§ = 3.3387 x 10~5 ERR 9,93 x 10-2 9.80 x 103 9.53 x 10~* 9.65 x 10-° 9.51 x 106
IT 43 90 130 176 204

IMRGI CPU 0.0054 0.0091 0.0125 0.0163 0.0178

w=1/3,u=17233 x10* ERR 9.80 x 102 9.40 x 103 9.32 x 1074 9.88 x 103 9.92 x 1076

Moreover, the IMRGI algorithm performs better than the IMGI one, and it is the most stable among all tested
algorithms, because the change amplitude of the IT of the IMRGI algorithm is the lowest.

In Table 8, we list the same items as those in Tables 2 and 5. And we can obtain the similar conclusions
from Table 8 as in Tables 2 and 5.

In addition, in Table 9, we list the same items as those in Tables 3 and 6. As observed in Table 9, besides the
RGI and the IMRGI algorithms, the other tested ones are not convergent for g = 9.0484 x 1075, Furthermore,
the IMRGI algorithm has better convergence behaviors than the RGI one as § < 0.001, and the changing scope
of the IT of the former one is smaller than the latter one. According to the results of y = 5.5869 x 1075, we can
assert that among the tested algorithms, the IMGI one is the best one as it requires the least IT and CPU times,
and the IMRGI algorithm outperforms the RGI one as &§ < 0.001. Finally, by comparing the results of
¢ = 5.1405 x 1073, it can be seen that all tested algorithms are convergent except for the MGI one. And the
IMGI algorithm is the most efficient as § < 0.001. Moreover, the GI and the OGI algorithms need less IT and CPU
times than the RGI and the IMRGI ones, and the IMRGI algorithm is superior to the RGI one for most cases.
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Table 8: The iterative solutions for IMGI (u = 3.3387 x 10-%) and IMRGI (w = 1/3, u = 1.7233 x 10~%) algorithms for Example 4.3

Method k

X11

X12

X21

X22

IMGI 50
100
150
200
250

IMRGI 50
100
150
200
250

Solution

-2.2638 + 5.3661i

-1.9741 + 4.9711i

-2.0017 + 5.0022i
-1.9999 + 4.9998i
-2.0000 + 5.0000i
—-2.1447 + 5.22241

-1.9908 + 4.9890i
-2.0003 + 5.00061
-2.0000 + 5.0000i
—-2.0000 + 5.0000i
-2 + 50

2.9773 - 0.9517i

2.9953 - 0.9913i

3.0003 - 1.0000i
2.9999 - 0.9999i
3.0000 - 1.00001
2.9300 - 0.92801
3.0031 - 0.9989i
2.9997 - 0.9997i
3.0000 — 1.0000¢
3.0000 — 1.00001
3-1i

0.7559 + 0.1147i
0.9915 + 0.0320i
0.9987 - 0.0012i
0.9999 + 0.0003i
1.0000 - 0.0000i
0.8022 + 0.3178i
0.9964 — 0.0069i
0.9994 + 0.0015i
1.0000 - 0.00001
1.0000 + 0.0000i
1

-0.0281 + 3.0737i
0.0200 + 2.9892i
-0.0001 + 3.0001i
0.0001 + 3.0000i
0.0000 + 3.0000i
0.0028 + 3.07501
0.0093 + 2.9913i
0.0001 + 3.0003i
0.0000 + 3.0000i
0.0000 + 3.0000i
3i

Table 9: Numerical results of the tested iterative algorithms for Example 4.3 with three different values of u

Method ) 0.1 0.01 0.001 0.0001 0.00001
u =9.0484 x 1075 GI T Fail Fail Fail Fail Fail
CPU — — — — —
0GI T Fail Fail Fail Fail Fail
CPU — — — — —
RGI T 17 86 304 522 740
w=05 CPU 0.0068 0.0084 0.0217 0.0474 0.0733
MGI IT Fail Fail Fail Fail Fail
CPU — — — — —
IMGI T Fail Fail Fail Fail Fail
CPU — — — — —
IMRGI T 68 144 205 282 322
w=05 CPU 0.0122 0.01M 0.0161 0.0223 0.0240
U = 5.5869 x 105 GI IT Fail Fail Fail Fail Fail
CPU — — — — —
0GI T Fail Fail Fail Fail Fail
CPU — — — — —
RGI T 27 139 492 846 1,200
w=05 CPU 0.0028 0.013 0.0453 0.0621 0.1513
MGI T Fail Fail Fail Fail Fail
CPU — — — — —
IMGI T 30 62 89 120 145
CPU 0.0031 0.0073 0.0099 0.0155 0.0347
IMRGI T 108 231 328 451 519
w =05 CPU 0.01M 0.0229 0.0327 0.0464 0.0697
u = 5.1405 x 1073 GI T 9 39 134 229 324
CPU 0.0010 0.0036 0.014 0.0185 0.0246
0GI T 9 39 134 229 324
CPU 9.5780 x 104 0.0029 0.0103 0.0183 0.0249
RGI T 29 150 534 919 1,305
w =05 CPU 0.0027 0.0119 0.0383 0.0682 0.1095
MGI T Fail Fail Fail Fail Fail
CPU — — — — —
IMGI T 32 67 96 130 154
CPU 0.0026 0.0057 0.0080 0.0103 0.013
IMRGI T 118 251 355 489 564
w=05 CPU 0.0110 0.0182 0.0252 0.0405 0.0396
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Figure 5: Comparison of convergence curves for Example 4.3 with § = 0.1 (left) and § = 0.01 (right).
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Figure 6: Comparison of convergence curves for Example 4.3 with § = 0.001 (left) and § = 0.0001 (right).

The graphs of ERR(log10) against the IT of the tested algorithms for four different values of § are displayed
in Figures 5 and 6, respectively. The two figures show that although the IMGI and the IMRGI algorithms are less
efficient than the other ones when the value of § is large, and they are more efficient than the other ones as the
value of § is small. This is in accordance with the results in Table 7. Besides, we can conclude that when the IT
increases, the convergence rates of the GI, OGI, RGI, and MGI algorithms are fast first, but become slow later.
And it is the opposite for the IMGI and the IMRGI algorithms.

Example 4.4. [18] Consider the CCT Sylvester matrix equation (2) with

(1+20 2-i (2-4i i
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Table 10: Numerical results of the tested iterative algorithms for Example 4.4
Method § 04 0.01 0.001 0.0001 0.00001
T 53 255 726 1362 1,998
GI CPU 0.0766 0.4319 11939 1.9604 2.7920
p=0.0028 ERR  9.88 x 102 9.90 x 102 9.97 x 104 9.97 x 107 9.99 x 10-6
T 46 269 499 729 959
0GI CPU 0.0737 0.4681 0.8855 11386 1.4615
¢ = 0.007607 ERR 9,99 x 10-2 1.00 x 102 9.97 x 1074 9.98 x 10-5 9.99 x 10-6
T 46 269 499 729 959
RGI CPU 0.0702 0.4569 0.8565 11687 1.4533
©=01,4=008452  ERR 999 x 102 1.00 x 102 9.97 x 104 9.98 x 10-5 9.99 x 10-6
T 26 126 360 677 994
MGI CPU 0.0433 0.2135 0.6016 1.2261 1.6008
= 0.0035 ERR  9.84 x 102 9.90 x 103 9.97 x 104 9.96 x 105 9.95 x 10
IT 56 127 194 262 329
IMGI CPU 0.0072 0.0158 0.0189 0.0235 0.0332
u=0.0077 ERR  9.85 x 102 9.70 x 1073 9.90 x 104 9.69 x 105 9.80 x 10-6
T 36 80 122 164 205
IMRGI CPU 0.0037 0.0071 0.0129 0.0175 0.0171
w=01,u=01538 ERR 977 x 10-2 9.60 x 103 9.60 x 10~ 9.53 x 1075 9.98 x 10-6
Let § > 0, we set
_ *
rpp < 20O =27

Il

to be the termination condition. And the prescribed maximum iterative number is 20,000 as in
Examples 4.1-4.3.

For Example 4.4, we compare the IMGI and the IMRGI algorithms with the GI, OGI, RGI, and MGI ones in
Table 10. The parameters adopted in the tested algorithms are obtained by utilizing the methods in Example
4.1. From the results listed in Table 10, we can conclude some observations: First, the IT of the OGI and the RGI
algorithms are the same, and they perform better than the GI one. Second, the MGI algorithm outperforms the
GI, OGI, and RGI ones except for the case of § = 0.00001. Third, the IMGI algorithm has faster convergence
speed than the GI, OGL RG], and MGI ones as § < 0.001. Fourth, the IMRGI algorithm performs the best in terms

Table 11: The iterative solutions for IMGI (u = 0.0077) and IMRGI (w = 0.1, u = 0.1538) algorithms for Example 4.4

Method k X11 X12 X1 X22

IMGI 100 1.0155 + 2.0425i 0.0054 - 0.9530i 1.9630 + 0.9980i -1.0365 + 0.9909i
200 1.0005 + 2.0014i 0.0002 - 0.9984i 1.9987 + 0.9999i -1.0012 + 0.9997i
300 1.0000 + 2.0000i 0.0000 - 0.9999i 2.0000 + 1.0000i -1.0000 + 1.0000i
400 1.0000 + 2.0000i 0.0000 - 1.0000i 2.0000 + 1.0000i -1.0000 + 1.0000i
500 1.0000 + 2.0000i 0.0000 - 1.0000i 2.0000 + 1.0000i -1.0000 + 1.0000i

IMRGI 100 1.0021 + 2.0055i 0.0008 - 0.9939i 1.9951 + 0.9997i -1.0048 + 0.9988i
200 1.0000 + 2.0000i 0.0000 - 1.0000i 2.0000 + 1.0000i -1.0000 + 1.0000i
300 1.0000 + 2.00001 0.0000 - 1.0000i 2.0000 + 1.0000i -1.0000 + 1.0000i
400 1.0000 + 2.00001 0.0000 - 1.0000i 2.0000 + 1.0000i -1.0000 + 1.0000i
500 1.0000 + 2.0000i 0.0000 - 1.0000i 2.0000 + 1.0000i -1.0000 + 1.0000i
Solution 1+2i —i 2+1i -1+




DE GRUYTER IMGI and IMRGI algorithms for the Sylvester matrix equations === 33

Table 12: Numerical results of the tested iterative algorithms for Example 4.4 with three different values of u

Method ) 0.1 0.01 0.001 0.0001 0.00001
u = 0.0433 GI IT Fail Fail Fail Fail Fail
CPU — — — — —
0GI T Fail Fail Fail Fail Fail
CPU — — — — —
RGI IT Fail Fail Fail Fail Fail
CPU — — — — —
MGI T Fail Fail Fail Fail Fail
CPU — — — — —
IMGI IT Fail Fail Fail Fail Fail
CPU — — — — —
IMRGI IT 40 90 138 186 233
w=05 CPU 0.0053 0.0169 0.0156 0.0195 0.0242
u = 0.0197 GI IT Fail Fail Fail Fail Fail
CPU — — — — —
0GI T Fail Fail Fail Fail Fail
CPU — — — — —
RGI IT 30 143 408 764 121
w=05 CPU 0.0034 0.0156 0.0492 0.0803 0.1694
MGI T Fail Fail Fail Fail Fail
CPU — — — — —
IMGI T Fail Fail Fail Fail Fail
CPU — — — — —
IMRGI IT 87 198 304 410 515
w =05 CPU 0.0109 0.0204 0.0444 0.0477 0.0750
u = 0.0269 GI T Fail Fail Fail Fail Fail
CPU — — — — —
0GI IT Fail Fail Fail Fail Fail
CPU — — — — —
RGI IT 22 105 298 558 819
w=05 CPU 0.0024 0.0107 0.0297 0.0555 0.0795
MGI T Fail Fail Fail Fail Fail
CPU — — — — —
IMGI IT Fail Fail Fail Fail Fail
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Figure 7: Comparison of convergence curves for Example 4.4 with § = 0.1 (left) and § = 0.01 (right).
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Figure 8: Comparison of convergence curves for Example 4.4 with § = 0.001 (left) and 6§ = 0.0001 (right).

of IT and CPU times except for the case of § = 0.1. Finally, the proposed IMGI and IMRGI algorithms are more
stable than the other ones, because the changing scopes of the IT of the former ones are less than those of the
latter ones with the decreasing of §, and the IMRGI algorithm is the most stable for this example.

In Table 11, the iterative solutions {Z(k)} generated by the IMGI and the IMRGI algorithms are listed. We
can see from Table 11 that with the increasing of IT, the iterative solutions {Z(k)} are gradually tended to the
exact solution Z*.

Furthermore, the same items as those in Tables 3, 6 and 9 are exhibited in Table 12. From the results of
u = 0.0433, we conclude that the GI, OGI, RGI, MGI, and IMGI algorithms cannot achieve the stopping criterion
within the largest admissible number of iteration steps, while the IMRGI one is valid. Meanwhile, for
u = 0.0197, the proposed IMRGI algorithm has better numerical performances than the RGI one when
6 < 0.001, and the former one is more stable than the latter one in view of the variation range of IT. Finally,
for the case of y = 0.0269, we can obtain the similar conclusions as the case of y = 0.0197. All in all, the
techniques utilized in the IMGI and the IMRGI algorithms can improve the convergence rates of the GI, OGI,
RG], and MGI ones from the point of view of computing efficiency.

In Figures 7 and 8, we depict the error curves of the tested algorithms for four different values of §. Figures
7 and 8 clearly show that the convergence rates of the IMRGI and the IMGI algorithms are faster than the other
ones for most cases. This reveals that the proposed algorithms are efficient and feasible for solving the CCT
Sylvester matrix equations.

5 Conclusions

In this article, by replacing the coefficient matrices with their diagonal parts and making use of the updated
technique, we first construct the IMGI algorithm for the CCT Sylvester matrix equations. Then we further apply
the relaxation technique to the IMGI algorithm and establish the IMRGI algorithm. By making use of the real
representation of a complex matrix and the vector stretching operator, we give the convergence conditions of
the IMGI and the IMRGI algorithms. Some numerical examples are presented to validate the effectiveness and
superiorities of the IMGI and the IMRGI algorithms. Compared with the GI, OGI, RGI, and MGI algorithms, the
proposed IMGI and IMRGI algorithms can own higher computational efficiencies by adjusting the values of the
relaxation factors and the step size factors. Then it is more conducive to solving Sylvester matrix equations in
pole assignment, control theory, signal processes, prediction and stability, and so forth.
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It is noteworthy that only one step size factor u is used in the IMGI and the IMRGI algorithms. We will
consider to take different step size factors into the IMGI and the IMRGI algorithms and propose their con-
vergence analyses. Aside from that, we have not deduced the optimal parameters of the IMGI and the IMRGI
algorithms in theory at present, which deserves to be investigated in the future.
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