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Abstract: Krasnoselskii’s iteration is a classical and important method for approximating the fixed point of an
operator that satisfies certain conditions. Many authors have used this approach to obtain several famous
fixed point theorems for different types of operators. It is well known that Kirk’s iteration can be seen as a
generalization of Krasnoselskii’s iteration, in which the iterates are generated by a certain generalized aver-
aged mapping. This approximation method is of great practical significance because the iterative formula
contains more information related to the operator in question. The purpose of this study is to define weak
(an, p;)-convex orbital Lipschitz operators. These concepts not only extend the previously introduced Popescu-
type convex orbital (A, §)-Lipschitz operators in Fixed-point results for convex orbital operators, (Demonstr.
Math. 56 (2023), 20220184), but also encompass many classical contractive operators. Popescu also proved a
fixed point result for his proposed operator using the graphic contraction principle and obtained an approxima-
tion of the fixed point with Krasnoselskii’s iterates. To extend Popescu’s main results from Krasnoselskii’s
iterative scheme to KirKk’s iterative scheme, several fixed point theorems are established, in which an appropriate
Kirk’s iterative algorithm can be used to approximate the fixed point of a k-fold averaged mapping associated
with our presented convex orbital Lipschitz operators. These results not only generalize, but also complement
the existing results documented in the previous literature.

Keywords: fixed point, convex orbital Lipschitz operator, weak (ay, f;)-convex orbital Lipschitz operator,
weakly Picard operator, Ulam-Hyers stability, well-posedness
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1 Introduction and preliminaries

Let (X,d) be a metric space and T:X — X be an operator. We define the nth iterate of T as
T"=T"10o T,n € {0} UN where T° = I (identity operator). An element x* € X is said to be a fixed point
of T if Tx*=x* and we denote the set of all fixed points of T by F(T). The symbol Gr(T) =
{(x, Tx) € X x X, x € X} denotes the graph of T.
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We recall some basic and important concepts in the fixed point theory.

Definition 1.1. Let (X, d) be a metric space. Then, T : X — X is said to be a Picard operator if:
@ F(T) = {x*};
(i) the sequence {T™g}nen — X* as n — o, for every xy € X.

Definition 1.2. Let (X, d) be a metric space. Then, T : X — X is said to be a weak Picard operator if for every
Xo € X, the sequence {T"xy},en converges and the limit is a fixed point of T.

If T: X—- X is a weak Picard operator, the operator T :X — F(T) given by T*x = lim,_T"(x)
is a retraction mapping (set retraction).

Definition 1.3. [1] Let (X, d) be a metric space, T : X — X be an operator such that F(T) # &. Letr : X » F(T)
be a set retraction. We say that T satisfies the retraction-displacement condition if there exists ¢ > 0 such that
for every x € X,

d(x, r(x)) < cd(x, Tx).

Definition 1.4. Let (X,d) be a metric space, T: X — X be an operator such that F(T) is nonempty,
and r : X - F(T) be a set retraction. Then,

(i) the fixed point equation x = Tx is called well posed in the sense of Reich and Zaslavski [2,3] if for each
x* € F(T) and every sequence {X;}nen in r 1(x*) for which d(x,, Tx,) — 0 as n — o, we have x; - x*
asn — o;

(i) the operator T has the Ostrowski property [4,5] if for each x* € F(T) and every sequence {X,}nen in r~1(x*)
for which d(x,+1, Tx,) = 0 as n > o, we have x, » x* asn — o;

(iii) the fixed point equation x = Tx is Ulam-Hyers stable [6,7] if there exists a constant K > 0 such that
for each € >0 and each v* € X with d(v* Tv*) < g, there exists x* € X with Tx* = x* such that
d(x*, v*) < Ke.

Remark 1.1. In particular, if F(T) = {x*}, then we obtain the classical notions of well-posedness [2], Ostrowski
stability property [4,5] and Ulam-Hyers stability [6,7].

In a recent publication, Popescu [8] proposed two novel types of operators, namely, weak convex orbital
Lipschitz operator and convex orbital (4, f)-Lipschitz operator. These operators are comparatively weaker
than the ones introduced earlier by Petrusel et al. [9].

Definition 1.5. [9] Let (X, ||-||) be a normed space and A be a nonempty and convex subset of X. LetT: A > A
be an operator. We say that T is a convex orbital A-Lipschitz operator if there exists § > 0 such that for every
A € (0,1] and every x € A,

ITx = TTx|| < BA|lx - Tx||,
where T)x = (1 - A)x + ATx.
Definition 1.6. [8] Let (X, ||-||) be a normed space and A be a nonempty and convex subset of X. LetT: A > A

be an operator. We say that T is a weak convex orbital Lipschitz operator if for every A € (0, 1], there exists
B > 0 such that for every x € 4,

ITx - TTxx|| < PAllx - Tx]l,

where T)x = (1 - A)x + ATx.
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Definition 1.7. [8] Let (X, ||-||) be a normed space and A be a nonempty and convex subset of X. LetT: A - A
be an operator. We say that T is a convex orbital (4, §)-Lipschitz operator if there exist A € (0,1] and 8> 0
such that for every x € A,

ITx = TTix|| < BAllx - Txl,

where T)x = (1 - A)x + ATx.

It has been observed that each convex orbital A-Lipschitz operator can be classified as a weak convex
orbital Lipschitz operator. Similarly, every weak convex orbital Lipschitz operator can be categorized as a
convex orbital (4, B)-Lipschitz operator. Various types of operators fall under this category, such as the Banach
contractions, Kannan contractions, Ciré-Reich-Rus contractions, Berinde contractions, non-expansive opera-
tors, enriched (b, 8)-contractions, and Lipschitz operators.

Popescu [8] demonstrated the existence of a unique fixed point for a convex orbital (A, B)-Lipschitz
operator T using the graphic contraction principle [10]. This fixed point can be approximated through the
Krasnoselskii’s iterates, which is defined by x,+1 = (1 — A)x,, + ATx, for every initial point x, and A € [0, 1). In
the sequential approximation is essentially the Picard’s iteration of the averaged mapping T, (refer to [11]).
Additionally, Popescu also investigated the stability properties and well-posedness of the fixed point equa-
tion x = Tx.

Theorem 1.1. (Graphic contraction principle, [10]) Let (X, d) be a complete metric space and f: X - X
be a graphic k-contraction, i.e., there exists k € (0, 1) such that

d(f 00, f200) < kd(x, f(x),

forall x € X.
If f has a closed graph, then:
(1) for each x € X, the sequence of iterates {f™ x}nen converges in (X, d) to a fixed point x*(x) of f;
@) F(f)=F(f")# D foralln €N,
(3) f is a weakly Picard operator;
@ d(x, f>(x)) < ﬁd(x, fO)), forall x € X, ie., fis a ﬁ-weakly Picard operator;
(5) the fixed point equation x = f(x) is well-posed in the sense of Reich and Zaslavski;

(6) the fixed point equation x = f(x) is Ulam-Hyers stable;

(7) ifk < 3, then d(f(x), f*(X)) S T-d(x, f*(X)), for all x € X, Le, fis a X -quasicontraction;

® ifk< % then f has the Ostrowski stability property.

Theorem 1.2. [8] Let (X, (-)) be a Hilbert space, A be a nonempty closed and convex subset of X, andT : A — A
be an operator with a closed graph. We suppose that
() T is a convex orbital (A, B)-Lipschitz operator with § = 1;
2-A(1+p%
21-2) °

(i) Re{Tu - Tv, u - v) < yllu - v|? for any u, v € A, where u <
Then, for every x, € A, the sequence {x,} C A, defined by
Xm = (1= DXxp-1 + ATXp-1, MEN,
converges to the unique fixed point x* € A of T.
Theorem 1.3. [8] Let (X, ||'||) be a Banach space and A be a nonempty closed and convex subset of X.

Let T : A — A be a convex orbital (A, B)-Lipschitz operator with B < 1. Then, the following conclusions hold:
() T satisfies the following retraction-displacement condition:

I = x*0l < ——|x - Tx]l

1-B
for every x € A;

(i) the fixed point equation x = Tx is Ulam-Hyers stable;

(ii)) if p<;and A >

3(%3), then T has the Ostrowski stability property.
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In recent times, Nithiarayaphaks and Sintunavarat [12] introduced a novel notion of weak enriched
contraction mappings along with a new variant of averaged mapping, known as a double-averaged mapping.
This mapping is defined as T, 4, = (1 = @1 = @)I + 4T + @,T?, where ¢y > 0, 2 0 and a; + @, < 1. It can be
observed that Ty, 4, is an extension of Tj, where Tj = Ty, o, &1 = A. Nithiarayaphaks and Sintunavarat [12] proved
the existence and uniqueness of the fixed point of a double averaged mapping associated with a weak enriched
contraction mapping. This can be achieved by using an appropriate Kirk’s iterative algorithm of order k = 2
described in [14]. Relevant results can be found in the following statement.

Theorem 1.4. [12] Let C be a nonempty closed convex subset of a Banach space (X, ||-||) and T : C — C be a weak
enriched contraction mapping, i.e., there exist nonnegative real numbers a, b and w € [0, a + b + 1) such that,
for any x,y € C,

llax = y) + Tx = Ty + b(T% = T%)|| < w|ix - y|.

Then, there are a; > 0 and a, = 0 with @y + a, € (0, 1] such that the following assertions hold:
(@) |F(To,a)] = 1; F(Tq,q,) is a singleton set.
(i) for every x, € C, the iteration {x,} C C given by

Xn = (1= o4 = @)Xp-1 + 0 TXpq + BT,

for alln € N converges to the unique fixed point of Ty, q,-
Recently, Zhou et al. [13] introduced the notion of a k-fold averaged mappings, which can be viewed as a
generalization of the averaged mapping [11] and double averaged mappings [12]. They then prove the existence
of unique fixed point of the k-fold averaged mapping associated with certain generalized weak enriched
contractions introduced herein.
Let K be a nonempty subset of a Banach space X and T be a self-mapping defined on X. A mapping T
defined on K is called a k-fold averaged mapping associated with T defined by

T=A-aq-a-..—@q) + &T + @&T? +...+ @§ Tk,

where @; > 0, Y¥,@ € (0,1, k2 3,k EN.

It seems useful to unify the fixed point results mentioned earlier by using Kirk’s iteration scheme with
higher-order k generated by a generalized convex orbital Lipschitz operators. This is a twofold unification: (1)
generalization of convex orbital Lipschitz operators in a way that the several existing contraction mappings
are deduced as special cases, and (2) a consideration of a Kirk’s iteration scheme with the order greater than 2.

The important contributions from this work are highlighted as follows:

(1) The concepts of a generalized convex orbital Lipschitz operators, namely, (a5, ;)-convex orbital Lipschitz
operator and weak (a,, f;)-convex orbital Lipschitz operators, which cover the Popescu-type operators and
other existing generalized contractive operators.

(2) Existence of unique fixed point of the k-fold averaged mapping associated with weak (a,, f;)-convex orbital
Lipschitz operators is proved in the framework of Banach spaces.

(3) The Ulam-Hyers stability and Ostrowski stability property of the k-fold averaged mapping are studied.

2 Main results

First, let us introduce the two generalizations of convex orbital Lipschitz operators, called (ay, ;)-convex
orbital Lipschitz operator and weak (ay, §;)-convex orbital Lipschitz operators.

Definition 2.1. Let (X, ||-||) be a normed space, A be a nonempty and convex subset of X and i, n be any positive
integers withi <n,2 <n. Let T : A — A be an operator. We say that T is an (ay, ;)-convex orbital Lipschitz

operator of type I if there exist 8 > 0,k = 1,2,..., i, such that foranya; > 0, @; 2 0,2 < j < n, with Z;Llaj € (0,1]
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and every x € A, one has
n
1T = T*T x| < By Y agllx = Tix], M
j=1

where T x = |1 - Y05 x + Yj_aTx.

Definition 2.2. Let (X, ||*||) be a normed space, A be a nonempty and convex subset of X and i, n be any fixed
positive integers with i <n,2 < n. Let T : A —» A be an operator. We say that T is an (an, ;)-convex orbital

Lipschitz operator of type II if there exist f, > 0,k =1,2,..,i,and a; > 0,a; 2 0,2 < j < n with Z;-l:laj € (0,1]
such that for every x € A, one has

n
| T%x = TFTX|| < B 2 ajlix = Tx|l, @)
j=1

_ n n i
where T, x = |1 - X qax + 2jqaT/x.

Definition 2.3. Let (X, ||||) be a normed space, A be a nonempty and convex subset of X and i, n be any fixed
positive integers withi < n,2 < n.LetT : A — A be an operator. We say that T is a weak (ay, 5;)-convex orbital
Lipschitz operator of type I if there exist B, >0,k =1,2,...,1, such that for any & > 0, a;20,2<j<n,

with Z;-’:laj € (0, 1], and for every x € A, one has

Y ai(x - T, (3)

Jj=1

IT*x = T¥Tp,X]| < By

where T, x = |1 = Yja5lx + YjaTx.

Definition 2.4. Let (X, ||-||) be a normed space, A be a nonempty and convex subset of X and i, n be any fixed
positive integer withi < n,2 < n.LetT : A — A be an operator. We say that T is a weak (ay, 5;)-convex orbital
Lipschitz operator of type II if there exist ; > 0,k =1,2,...,i,and a; > 0,a; 2 0,2 < j < n, with Z;Llaj € (0,1]
such that for every x € A, one has

ITxx = T¥T, x| < By : @

n
Y ai(x - Tix)
=1

where T, x = |1 = Yi05x + XjaTx.

It is evident that any weak (ay, B;)-convex orbital Lipschitz operator is also a (ay, B;)-convex orbital
Lipschitz operator. However, the converse of the previous statement does not hold. It is important to note
that the aforementioned definitions exhibit an implication relation where a weak (an, ;)-convex orbital

Lipschitz operator of type I implies a weak (ay, 5;)-convex orbital Lipschitz operator of type II.

Remark 2.1. The (ay, B;)-convex orbital Lipschitz operators mentioned earlier are an extension of the convex
orbital Lipschitz operators presented by Popescu [8]. The Popescu-type operators can be viewed as (@, f,)-convex
orbital Lipschitz operators, where T; can be considered as a specific case of T,, forn =1, a; = A € (0, 1], and
By = B > 0. It is known that the k-fold averaged mappings can be viewed as a generalization of the averaged
mappings T;.

Remark 2.2. By the definition of T;,,, we can rewrite (3) as
IT%x = T¥Tu x| < Blix = Toull- ©)

This concept is weaker than the definition of uniform k-Lipschitz mapping provided by K. Goebel and W.A.
Kirk in 1973 in their seminal work [15], defined in a normed space.
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Given a normed space (X, ||‘||), @ mapping T : X - X is said to be uniformly k-Lipschitzian if there exists
some k > 0 such that

[[T™ - T"|| < k|jx - y|, forallx,y €X and n €N. 6

It is clear that every uniform k-Lipschitz mapping produced by Geobel et al. is also uniformly continuous,
and therefore continuous. However, our definition is weaker than the definition of uniform k-Lipschitz. In
Geobel et al’s definition, x € X is selected and a corresponding y € X is chosen to satisfy condition (6). In
contrast, our definition selects x € X and recursively generates the other element y as y = Tx. If we substitute
y = Tp,x and B = max{p,}, for all k into (5), we obtain the definition of k-Lipschitz by Geobel et al. Therefore,
the concept of (3) is broader than the concept of uniform k-Lipschitz. This definition can be seen as a potential
generalization of Geobel et al.’s definition, with weaker conditions.

On the other hand, the motivation of providing the aforementioned definitions is to generalize the notions
provided by Popescu [8], in which it contains the convex combination of T/x(j = 0, 1, ..., n). In algorithm design
to solve practical engineering or physics problems, it is necessary to obtain more information about the
iterative function, such as its various order function values, which may represent certain specific observa-
tions. Therefore, considering such operators and approximation algorithms of its fixed points is of great
practical significance.

Example 2.1. Let (X, ||-||) be a normed space, A be a nonempty and convex subset of X, and T: A - A
be an L-Lipschitz operator, i.e., L > 0, and for any x,y € A,

ITx = Tyl < Lilx = yl|.

Then, T is a weak (a,, B,)-convex orbital Lipschitz operator of type I, (also a (ay, B,)-convex orbital Lipschitz
operator of type I), where 8, = L. Indeed, if we choose y = T, x in the aforementioned inequality, we have

n
< L) ) ajflx - Tix]|

J=1

n
2 a(x = Tx)
j=1

ITx = TTo,X|| < Llix = Tox|| = L

>

for any a > 0, @; 20, j=2,3,..,n, with Yj_;a; € (0,1] and for all x € A.

Example 2.2. Let (X, ||-||) be a normed space and A be a nonempty and convex subset of X, andT: A —> A
be an Kannan contraction, i.e., there exists y € [0, %) such that for any x,y € A,

ITx = Tyl < yllx = Tl + |y - Tyll]-

Then, T is an (an, f,)-convex orbital Lipschitz operator of type I, provided that y < % €
choose y = T, x in the aforementioned inequality, we obtain

0, % . Indeed, if we

I Tx = TToxll < yllix = Tl + || Tox — TTox|[]

n
1-Yq

J=1

n
X + ) a;T/x - TT,x
j=1

=y|lbx = Tx|| +

n
< V‘ZIIX - Tl + 2 ajllx - Tix| + ||Tx = TTx]|
j=1

Therefore

n n
A = PITX = Tl < @y + yapllx = Tx|| + y Y allx = Tixl| < (1 + p) Y ajllx - Tx]|,
j=2 j=1

for any a; > 0, a; 2 0,2 < j < n with 2?:101}- € (0,1] and x € A. Hence,

1+yp )
2 ajix - x|,

ITx = TTox]| <
1-via
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Consequently, T is an (ap, f;)-convex orbital Lipschitz operator of type I, provided that y < % < %

1+
where g, = 1_5.

Example 2.3. Let (X, ||-]|) be a normed space and A be a nonempty and convex subset of X, and T: A — A
be a Berinde (a, L)-contraction, i.e., there exist a, L € [0, «) with a < 1 such that for any x,y € A4,

ITx = yl| < allx = Tx]| + Llly = Tx]l.
Then, T is an (an, B,)-convex orbital Lipschitz operator of type I. Indeed, if we choose y = T x in the afore-
mentioned inequality, we obtain
ITx = TTox|| < aflx = ToX|| + L||Ta,x — Tx||
< alx = ToX|| + LI Tex = x| + [Ix = Tx][)
n
=[(a + L)ay + L]|}x = Tx|| + (¢ + L) ) ajl|x - Tx]|

j=2

n
< (a+2L)) ajlx - Tix],
j=1

for any @ > 0,02 0,2 <j < n with Yj_;a; € (0,1] and x € A.

Therefore, T is an (ay, B;)-convex orbital Lipschitz operator of type I, where 8, = a + 2L.

Example 2.4. Let (X, ||-]|) be a normed space, A be a nonempty and convex subset of X, and T: A - A
be an enriched (b, 6)-contraction, i.e., there exist b > 0, 8 € (0, b + 1] such that for any x,y € 4,

[Ib(x = y) + Tx = Ty|| < 6||x - y||.

Then, T is a weak (ap, f;)-convex orbital Lipschitz operator of type I. Indeed, if we choose y = T, x
in the aforementioned inequality, we obtain

n n
bl Y aj(x - TIx)| + Tx - TTx || < 0| Y aj(x - TIx)||,
j=1 j=1
)
n n
1 Tx - TTx|| - b|| 2 ai(x - Tix)|| < 0| Y aj(x - Tix) ||,
j=1 j=1

for any a1 > 0,42 0,2 < j < n with ¥}_,a; € (0,1] and x € A. Hence, we obtain

n
< (b+0)Y ajlx - Tix|],
j=1

n
Y ai(x - Tix)
j=1

[|Tx = TT,x|| < (b + 0)

showing that T is a weak (ay, B;)-convex orbital Lipschitz operator of type I with the coefficient §; = b + 6.

Example 2.5. Let (X, ||||) be a normed space, A be a nonempty and convex subset of X, and T: A~ A
be an enriched Kannan contraction, i.e., there exist b > 0, y € [0, %) such that for any x,y € A,

Ib(x = y) + Tx = Ty|| < y(lx = Tx|| + |ly = Ty[D.
Then, T is an (ay, f,)-convex orbital Lipschitz operator of type I, provided that y < % € [0, %]

Indeed, if we choose y=T,x in the aforementioned inequality, we obtain that for any
@ >0,4;20,2<j<nwith Yjq € (0,1],

b + Ix - TT x

n
> ai(x - Tix)
i1
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n
< Y|lix = x| + || 2 a(Tx = x) + (X = TT,X)
j=1
n
< yllx- Tl + Y aillx - Tx]| + [x - Td)| + [|Tx - TTx]||.
j=1

Therefore

(1= WITx = TTx| < @y + yan + bap)lx = Tx|| + (v + b) Y ayllx = Tix|| < (1 +y + b) Y ajflx = Tix]|.

j=2 j=1
provided that y < % < % We thus obtain
11 - T < X2 S - iy,
j=1
Consequently, T is an (ap, ;)-convex orbital Lipschitz operator of type I, where f; = 12;17, provided

451
thaty < - €

1
0]

Example 2.6. Let (X, ||-||) be a normed space, A be a nonempty and convex subset of X, and T : A - A be an
enriched Cirié-Reich-Rus contraction, i.e., there exist b = 0, k, [ = 0 with k + 21 < 1 such that for any x,y € A,

[0 = y) + Tx = Tyl| < kllx = yl| + lx = Tx|| + |ly = TyID.

Then, T is an (ay, B;)-convex orbital Lipschitz operator of type I.
Indeed, if we choose y = T x in the aforementioned inequality, then for any a; > 0,¢;20,2<j<n

with Y,a; € (0, 1],

n n n
bl Y aj(x - TIx)| + Tx = TTx || <k || 2 ax = Tx)|| + {||Ix = Tx|| + || 2 a(Tix = x) + (x = TT,x)
j=1 j=1 j=1
n n
<k || X a0c=T)|| + Illx = Txl| + Y ajflx = Tix|| + |lx = Tx|
j=1 j=1

+ [ITx ~ TTX||

Hence,

(1 - D||Tx = TTx|| < (kay + 2L + lay + bay)||x = Tx|| + (k + L+ b)Y ajlx - Tix]| < (2 + b) D ajl|x - Tx].

j=2 j=1
Thus, we obtain
2+b ,
ITx = TTxI| < S— X ajllx = Tx]|.
1-15
Therefore, T is an (ay, B;)-convex orbital Lipschitz operator of type I, where 8, = %

Example 2.7. Every weak enriched contraction produced in [12] is also a weak (ay, f,)-convex orbital Lipschitz
operator of type I provided by the assumption (W) being fulfilled.
(W) For any x, y € A, there exists K > 0 such that

IT% - T%]| < Klx - y]. ™
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Let A be a closed convex subset of a normed space (X, ||-||) and T : A — A be a strong enriched contraction
mapping, i.e., there exist nonnegative real numbers a, b, and w € [0, a + b + 1) such that for any x,y € A,

llax = y) + Tx = Ty + b(T* = T%)|| < wl|x = y||.

Indeed, if we choose y = T, x in the aforementioned inequality, then for any @ >0,q;20,2<j<n
with Y405 € (0,1],

lla(x = Tp,x) + Tx = TTy,x + (T - T*T,x)||

n
a ) aj(x - Tix) + Tx = TTyx + b(T% - T?T,x)
=1

IA

w

n
2 ai(x - Tix)
j=1

From (7), there exists K > 0 such that |T% - T?T, x|| < K||x - T,,x||. Then,

n n
+ > wajl|(x - TX)|| < (a + bK + w) ) ajl|x - TIx]||.
j=1 j=1

ITx = TTe,x|| < +

n n
> agi(x - Tix) > bKaj(x - Tix)
j=1 j=1

Hence, T is a weak (ay, f,)-convex orbital Lipschitz operator of type I with the coefficient B, = (a + bK + w).
Our main results will now be presented in the following theorems.

In what follows, for a nonempty closed and convex subset A of a normed space and some fixed positive
integers 2 < n, i < n, we denote by T;, the operator T, : A — A given by

n
x + z aT/x,
j=1

n
1-)q

j=1

T, =

where @ > 0, @ 2 0, 2 < j < n with 3}_,a; € (0, 1].

Theorem 2.1. Let (X, ||-||) be a Banach space, A be a nonempty closed and convex subset of X and n be any
positive integer with 2 < n. Let T : A - A be a weak (ay, B,)-convex orbital Lipschitz operator of type II with

closed graph, where 0 < B, <1,k =1,2,...,n. Then, for every x, € A, the sequence {x,,} C A defined by

n
1- Zaj

j=1

n
-1+ 2 T Xn-1, MEN,
=

Xm =

where @y > 0,a; 2 0,2 < j < n with Z;Llaj € (0, 1], converges to a fixed point of Ty, .

Proof. For x,y € A, we have

n
Ix = yll + 2 alITix = TH|.
j=1

(x=y) + 2 a(T/x - Tly)
j=1

n
1-)q

Jj=1

| Tex = Tyl =

[1z

J=1

Taking y = T, x in the aforementioned inequality, it follows from (2) that

n n
T = TEXI<|1 = Y aflX = Toxll + 2 allTx - TIT x|

j=1 j=1
n n
<|1- 2ailllx = Toxll + 2 aBilix = Tl
j=1 j=1
n n
= 11 - Zlaj + Zlﬁjaj lIx = To.X||.
j= j=
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Since B; < 1 for j = 1,2,..., n, if we denote y = (1 - ¥j-1aj) + Yj1j;, then y < 1 and
1 Tex = Taxll < ylix = Tyxl,
for all x € A. This implies that T, is a graphic y-contraction. Hence, it follows from the graphic contraction

principle (Theorem 1.1) that T, is a weakly Picard operator, i.e., the sequence {x,,} defined earlier converges
to a fixed point of T,. O

Theorem 2.2. Let (X, ||*||) be a Banach space, A be a nonempty closed and convex subset of X, and i, n be any fixed
positive integers withi <n,2 < n.LetT: A — A be a weak (ay, B;)-convex orbital Lipschitz operator of type II
with closed graph, where 0 < B, <1,k =1,2,...,i. Suppose that the following assumption is satisfied:

(W") for any x,y € Aandr € {i + 1, ...,n} there exists 0 < L, <1 such that

IT™x = Tyl < Lyllx = yl|. @
Then, for every x, € A, the sequence {x,} C A defined by

n
Xm-1 + ZajTij—l, meN,
j=1

n
1-Jq

Jj=1

Xm =

where a; > 0,a; 2 0,2 < j < n with Z}'zlaj € (0, 1], converges to a fixed point of T,.

Proof. For x,y € A we have

n
Ix = yll + 2 @l|Tix - Thy)|.
j=1

(x = y) + D a(T'x = Tly)
j=1

1 Tex = Tyl =

[1 - iaj

Jj=1

511— iaj

j=1

Taking y = T, x in the aforementioned inequality, it follows from (2) and (8) that

n n
Tk = Taxl < |1 = 2 aflix = Toxll + 2 gl Tix = TVTx|

j=1 j=1
n n i n n

<|1- Zaj ai(x - TIx)|| + Zakﬁk Zaj(x -TX)| |+ z arLr||x — T X||
j=1 j=1 k=1 j=1 r=i+l

n

i
+ Zakﬁk + Z arLr

k=1 r=i+l

lx = Taxll.

n
= [1 - Za]'
j=1

Since B, <1fork =1,2,.., 1, if we denote y = (1 - Z}’zla]-) + Zﬁ{zlakﬁk + 3Ly, theny <1 and
1 Tex = Taxll < ylix = Tyxl,

for all x € A. This implies that T, is a graphic y-contraction. Hence, it follows from the graphic contraction principle
that T, is a weakly Picard operator so the sequence {x,,} defined earlier converges to a fixed point of T, O

Theorem 2.3. Let (X, ||-||) be a Banach space, A be a nonempty closed and convex subset of X, and n be any fixed
integer withn = 2. LetT : A — A be a weak (an, B)-convex orbital Lipschitz operator of type II with closed graph
and 0 < B < 1. Suppose that the following condition is satisfied:

(W”) for any x,y € A, there exists 0 < L <1 such that

IT% - T%]| < Lijx - ylI. ©
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Then, for every x, € A, the sequence {x,} C A, defined by

n
Xm = 1—2(1]'

J=1

X1+ ) @ T Xno1, mMEN,
j=1

where @y > 0,a; 2 0,2 < j < n with Z}':laj € (0, 1], converges to a fixed point of T, .

Proof. For x,y € A, one has

n
Ix = yll + 2 al|Tix = Thy|.
j=1

n
< 1—Zaj

J=1

(x=y) + 2 a(T/x = Tly)
j=1

n
1- Zaj

J=1

| Tox = Tyl =

Taking y = T, x in the aforementioned inequality, it follows from (9) that we have
Casel.Ifn=2,l€N.

21
1= Y ajfllx = Txll + 2 ql|Tix = T x|
P

2
1Tax = Toxll <

< [1 = 2.6 [IIx = Toxl| + apllx = Toxl| + aLiix = Tl + asBLiix = Tl + aulllx = Tox]|

+..+ ay|| T? 2 - T22T, x||

l 1
<|1- Za] X = Tl + | 2 craBL 7 lIx = Tox| + | 2 @l [lIx = Toxll
r=1 r=1
1- Za] Zay B+ ZaZrLr lIx = To,x||-
r=1 r=1
Case 2. Ifn=2l+1,l€EN.
20+1 20+1
1T = Taxl|S|1= X aifllx = Toxll + 2 il Tx = T'T x|
j=1 j=1
21+1
<[1- Y ajllx = Toxll + aiflix = Toxll + aLlIx = Toxl| + asBLlX = Toxl| + aul?||x = Tox|
+ o+ || T2 X = T2, ||
20+1 l 1
<[1- Y ajflix = Toxll + | 2 azreBL |IIX = Toxll + | 2 al! [IIx - Tx|
j r=0 r=1
21+1 1 1
=|[1- Zaj + ZazmﬂU + ZaZrLr Ix = TeX]I.
j=1 r=0 r=1

Since B < 1, if we denote

21

1—2(1]' +

j=1

21+1

1- Zaj +
j=1

!
y = max + Y ayli,

j=1

l l l
Z aZr—],BLr_1 Z ayl’ |, Z Qor1BLT | +
r=1 r=1 r=0

then we easily obtain y <1 and
(1T = Tl < plix = Tl

for all x € A. This implies that T;, is a graphic y-contraction. From the graphic contraction principle it follows that
T, is a weakly Picard operator; hence, the sequence {xn,} defined earlier converges to a fixed point of T, . O



12 =—— MiZhou et al. DE GRUYTER

Theorem 2.4. Let (X, (-)) be a Hilbert space, A be a nonempty closed and convex subset of X, and T: A — A
be an operator with a closed graph. Let n be an integer with n > 2. We suppose that
() Tis a weak (ay, B,)-convex orbital Lipschitz operator of type Il with 0 < ;< 1,i=1,2,...,n;

(i) Re(x -y, T/x = Tly) < pjllx = y|P, for any 1 < j < n and x,y € A, where y; € (0, %).

Then, for every x, € A, the sequence {X}nen C A, defined by

n
Xm = Xm-1 + ZdjTij-l, meN,

j=1

n
1-2q

Jj=1

where @ > 0,02 0,2 < j < n with Z;Llaj € (0, 1], converges to the unique fixed point of T,.

Proof. For every x,y € A, we have

2
n n
1T = TeylP = [||1 = 2 aj|0x = ) + Y a(Tix - Ty)
j=1 j=1
n 2 n 2 n n
<|1- Y a|lIx -y + || 2a(Tix - Thy)|| + Y 2a1 - ) aj|Re(x -y, Tix - Tly)
j=1 j=1 j=1 j=1
n 2 n 2 n n
<|1- Za]- Ix = y|* + Zaj||fo - Thy||| + ZZaj 1- Zaj Re(x -y, Tix - Tly).
j=1 j=1 j=1 j=1

Taking y = T, x in the aforementioned inequality and using (ii) and the assumption imposed on T, we have

n 2 n 2 n n
ITex = ToxiP < |1 = 2 af Il = TP + | 2 By I1x = T + | 2. 20511 = 3 X = T x|
j=1 j=1 j=1 j=1
n 2 n 2 n n
=t - 2a| +| 28| + 2 2aui1 - 3 allx - TxP.
j=1 j=1 j=1 j=1
2
Let denote § = 305 and y = /(1 - §)% + [Z;Llﬁjaj + Z;-'=12ajyj(1 - 8.
2
From hypothesis, one has Z;Llajyj < % and Z?zlﬁjaj < &2 < €. Hence,
n 2 n
2 - 2 2 $ _
Vi= -+ | 2B + 22 - ) <12+ {+21-8) o =1,
j=1 j=1

Consequently, we have y <1 and
1T = Tl < plix = T,

for all x € A. Thus, by the graphic contraction principle, T, is a weakly Picard operator and the sequence
{T; Xolnen converges to Ty Xo = x* € F(T,) for any xp € A.

Now, assume that there exist x* y* € F(T,,) with x* # y* Then, we have x* = T, x* and y* = T, y*
Taking x = x*, y = y* in (ii), we obtain

Re(x* - y*, qi(T/x* - Thy*)) < pajlx* - y*|%,j = 1,2,..., n.
Hence,

n n
Re <x* - y*, Y a(Tix* - Tfy*)> < D aulx* - y*|P
j=1

j=1
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n n
5 R< -y, za]w>—Re<x*-y*,zamy*>szaju,-nx*-y*nz
j=1

j=1
n n
> < V¥, T x* - 1-Ya ]y > Za]u] |x* = y* |2

x*> - Re<x* - y*, T x* -
j=1

n n
S Re<X* ¥, Za]x*> -Re<x*-y*,za,y*> < 2 alix* - y*|P

Jj=1

n
1-2q

j=1

n
> Za,Re<x* V5 XF = y*) < Y aulxt - y*|P
f—l J=1

= Z%IX* YHIP < Za;u] [ = y* |12
j=1

Since 0 < y; <1, we have||x* - y*|| = 0, which is a contradiction. Thus, F(Tg,) is a singleton and T, is a Picard
operator. O

Theorem 2.5. Let (X, (-)) be a Hilbert space, A be a nonempty closed and convex subset of X, and T: A — A
be an operator with a closed graph. Let i, n be two positive integers with i < n, 2 < n. We suppose that:

()) Tis a weak (ap, f;)-convex orbital Lipschitz operator of type Il with B, > 0,k =1,2,..., i;

(ii) the assumption (W) is satisfied;

(ii)) Re(x -y, T/x = Tly) < yj|x - y|?, for any 1< j < n and x,y € A, where y; € (0, %).
Then, for every x, € A, the sequence {Xm}men C A, defined by
n

Xm = 1—2(1]'

j=1

n
Xm-1 + Zaijxm_l, meN,
j=1

where a; > 0,a; 2 0,2 < j < n with Z}':laj € (0, 1], converges to the unique fixed point x* € A of T,

Proof. Consider the operator T, : A — A defined by

n
x + ) aT/x,x € A,
j=1

n
1-q

Jj=1

T"Inx =

where @ > 0,a; 2 0,2 < j < n with Yj_,a; € (0,1].
For every x,y € A, by (ii), we have

2
n n
1Tt = TuyIP = |||1 = 2 aj{0c =) + 2 a(Tx = Thy)
j=1 j=1
n 2 n 2 n n
<|1- Y a|lx -y + Z G(TIx - Thy)|| + D 2a|1 - ) aj[Re(x -y, T)x — Tly)
j=1 j=1 J=1 J=1
n 2 n 2 n n
S|t 2a| - yIP + |2l Tix - Tl + ¥ 2ai1 - 3 aj[Re(x - y, Tix = Thy).
j=1 j=1 j=1 j=1

Taking y = T, x in the aforementioned inequality and using (iii) and the assumption imposed on T, we have

2 2

i
X = T XIP + | 2 Btk | IIx = Tox]P

k=1

n
1- Zaj

J=1

2
1T = ToXIP <
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2 n
lIx = T,x|P + 3 2ai;

n
Z L,a;,

n
+ 1= ajfllx - TP
r=i+l j=1 j=1
n 2 i 2 n 2 n n
=1 2a| +| 2Ba| +| 2 Lear| + 2 2001 = ¥ afllx = T x|
i=1 k=1 r=i+l j=1 j=1

2 2
+ Z’}=12aj.uj(1 - Z?:ﬂj) and ¢ = Z?:laj'

2 .
+ [Z;(=1ﬁkak + [z;l=i+1Lrar

In the same manner as in the proof of Theorem 2.4, we deduce easily that y < 1. Also, we have by (ii)

that Y aju; < 3

So, we have y <1 and

We denote y = \/ [l - Y

1T = Tl < ylix - Toxll,

for all x € A. Thus, by graphic contraction principle, T, is a weakly Picard operator and the sequence
{TyXo}men converges to T, xo = x* € F(T,,) for every x, € A.

We can prove the uniqueness of the fixed point of T, , similar to the preceding theorem.

Thus, F(T;,) is a singleton and T;, is a Picard operator. O

Theorem 2.6. Let (X, (-)) be a Hilbert space, A be a nonempty closed and convex subset of X, and T: A — A
be an operator with a closed graph. Let n be an integer with n = 2. We suppose that

() Tis a weak (an, B)-convex orbital Lipschitz operator of type II,

(i) the assumption (W”) is satisfied,;

(iii) Re{x -y, T/x = Tly) < ujl|x - y|% for any 1 < j < n and x,y € A, where y; € (0, %).
Then, for every x, € A, the sequence {x,;} C A, defined by
n

1-q

J=1

n
X1+ 2 T X1, M EN,
=

Xm =

where a; > 0,02 0,2 < j < n with Z;Llaj € (0, 1], converges to the unique fixed point x* € A of T,

Proof. In much the same way as in the proof of Theorem 2.5, we have for any x,y € A,

2
[Ix =yl +

2 n
+ 2 20
j=1

n
1—2(1]'

Jj=1

n
> al|Tix - Thy||
j=1

n
1T x = T | < ‘1 X Re(x - y, Tix - Tly).

Jj=1

Taking y = T, x in the aforementioned inequality and using (ii), (iii), and (2), we have:
Casel.Ifn=2,lEN.

2 2

2l 1 1
T = Tex|P < |1~ Y | |Ix = T X|P + [Zay_lﬁv-l +| 2 ayLd|| lIx = TxIP
j=1 r=1 j=1
n n
+| 220501 = Y oyl llx — T x|
j=1 j=1
n 2 l 1 2 n n
=l|1- Yai| + || X aBL | + | Y agld || + Y 2af1 - Y alx — TP
i=1 r=1 j=1 j=1 j=1
Case 2. Ifn=2l+1,l€N.
a Y I I 2
T = TaxIP < (1= Y aj lIx = ToXIP + || 2 aareaBLT| + | 2 agl || [IX = Tox]P
j=1 r=0 j=1
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n n
| 221 - 3 ol |llx - Ty
j=1 j=1
n 2 l l n n
=P—Zm +|| 2 Bl | + | 2 LI || + Y 2aui1 = Y afllx = ToxiP.
i=1 r=0 j=1 j=1 j=1

We denote y, = \/ (1 - 31 a)? + [ e Bl + (lezlasz/)]Z + Yj-2au;(1 - Yjoqa) in the first case

and y, = \/ (A= S a)? + (L gaoreiBLT) + (lezlaszi)]Z + Yj2aj;(1 = ¥j-1@) in the second one. We also set

y = max{y,, y,}-
In the same manner as in the proof of Theorem 2.4, we deduce easily that y <1 and thus,

1T = Taxll < yllx = T,

for all x € A. Consequently, by graphic contraction principle, T, is a weakly Picard operator and the sequence
{TgXolmen converges to T, xo = x* € F(T,) for every xo € A.

We can prove the uniqueness of the fixed point of T, similar to those of Theorem 2.4. Thus, F(T,,)
is a singleton and T, is a Picard operator.

Now, we present some additional properties of the fixed point equation x = T, x. O

Theorem 2.7. Let (X, ||-||) be a Banach space, A be a nonempty closed and convex subset of X, and n be an integer
withn 2 2. LetT : A — A be a weak (ay, B,)-convex orbital Lipschitz operator of type II with closed graph, where
0<pB,<1,k=1,2,..,n. Then, the following conclusions hold:

() T, satisfies the following retraction-displacement condition:

1
[lx = x*x)|| < 1= y”X - T,x||, for every x € A,
where y = (1 = Y1) + YxoBax and x*(x) = Tyx (the fixed point of T,, starting from x);

(it) the fixed point equation T, x = x is Ulam-Hyers stable;

PP . 1 2 . Lae
(i) if min{Byli- < 5 and Y Qi > ECETTATnE then T,, has the Ostrowski stability property.

Proof.

() By the proof of Theorem 2.1, the operator Ty, is weakly Picard. By graphic contraction principle (Theorem 1.1),
we have

1
I = X*COll < 7= Ik = Tl

A

for every x € A, where {T; x},en converges to x*(x) and y = [1 = Y keqx

+ Y 1Bl

(ii) Lete> 0 and v € A such that ||v - T, v|| < &. Then, we have

1 £
- x* < - T < —.
lv = x*()| 1= yllv aVll < 77 )

Hence, the fixed point equation T, x = x is Ulam-Hyers stable.
(iii) From the graphic contraction principle, we know that T, has the Ostrowski stability property if y < %

This implies that (1 - Yj-1@k) + Zp=1B < % Thus,

n
[l - z ax
k=1

n
+ min{BHe ) ax
k=1

IA

- 1
+ D B < 3
k=1

n
[1 - Zak
k=1
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2

= <1- min{ﬁk}ﬁzl
n
3[Zk=1ak
2 n
= — < a.
3(1 - min{B}) ,Zl «

Since min{f,}-1 < % we have ZL’:lak < 1; therefore, there exist a; > 0,a; > 0,1< k <n, such that
2

n . . . y . .
——— < R — -
30— min{B 2j=10k. Also, in this case, T, is a -~ 7-quasi-contraction. O

Theorem 2.8. Let (X, ||-||) be a Banach space, A be a nonempty closed and convex subset of X and i, n be any
positive integers withi <n,2 < n.LetT: A — A be a weak (ay, B;)-convex orbital Lipschitz operator of type II

with closed graph, where B, > 0,k =1, 2,..., i. Suppose that the assumption (W’) is satisfied. Then, the following
conclusions hold:

() T,, satisfies the following retraction-displacement condition:

1
[]x = x*(x)|| < 1 ||x - To,x||, for every x € A,

-y
where y = (1~ ¥iia) + Shik + SroiuiLots;
(it) the fixed point equation T, x = x is Ulam-Hyers stable;

(i) if min{B,, Ly} < 5 and Yqq; > z

30— L))’ then T,, has the Ostrowski stability property.

Proof. The conclusions follow using similar arguments stated in the proof of Theorem 2.7. O

Theorem 2.9. Let (X, ||*||) be a Banach space, A be a nonempty closed and convex subset of X, and n be any
integer withn > 2. LetT : A — A be a weak (ay,, )-convex orbital Lipschitz operator of type Il with closed graph
with B > 0. Suppose that the assumption (W”) is satisfied. Then, the following conclusions hold:

() T, satisfies the following retraction-displacement condition:

[[x = x*)|| < —Ix = To,x], for every x € A,
where
2l ! !
y=|1- Zai + ZGZr—ﬁU_l +| ) ayl)
i=1 r=1 j=1
or
20+1 1 1
y= 1= Y a|+| Y aaBl | +| Y ayl|,
i=1 r=0 j=1
withl €N;

(it) the fixed point equation T, x = x is Ulam-Hyers stable;

(i) if min{B, L} < % and Yiqq; > m then T, has the Ostrowski stability property.

Proof. The conclusions may be proved in much the same way as Theorem 2.8. O



DE GRUYTER FP results for generalized convex orbital Lipschitz operators = 17

3 Conclusion

This study introduces the concepts of (ay, B;)-convex orbital Lipschitz operators, weak (ay, B;)-convex orbital
Lipschitz operators, which can be seen as generalizations of the concepts of convex orbital A-Lipschitz opera-
tors, weak convex orbital Lipschitz operators, and convex orbital (4, 8)-Lipschitz operators previously intro-
duced by Popescu [8] and Petrusel et al. [9]. Furthermore, many well-known classical contractions, such as
Banach contractions, Kannan contractions, Ciré-Reich-Rus contractions, Berinde contractions, non-expansive
operators, enriched (b, 8)-contractions, and Lipschitz operators, can be viewed as special cases of our concept.
A fixed point of a self-mapping T can be approximated using Krasnoselskii’s iterates, which are equivalent to
the Picard iteration of the averaged mapping associated with T defined by X;+1 = (1 — A)xn + ATXx, for every
initial point xp and A € [0, 1). It is well known that Krasnoselskii’s iteration is a generalization of Picard’s
iteration. Recently, Popescu [8] proved a fixed point for a convex orbital (A, §)-Lipschitz operator T using the
graphic contraction principle and obtained an approximation of the fixed point with Krasnoselskii’s iterates.
On the other hand, the Kirk iteration [14] can also be seen as a generalization of Krasnoselskii’s iteration, in
which the iterates are generated by the k-fold averaged mapping, a generalization of classical averaged
mappings and double-averaged mappings. This approximation method is full of great practical significance
because the iterative formula not only contains Tx but also T¥(k = 2). These higher-order items may represent
many useful information in practical engineering and physical problems. Based on this, we extend Popescu’s
main results from Krasnoselskii’s iterative scheme to Kirk’s iterative scheme. This motivation leads to the
introduction of new notions of operators and new fixed point theorems proved in this study.
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