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Abstract: The problem of common solutions for nonlinear equations has significant theoretical and practical
value. In this article, we first introduce a new concept of a pair of (a, ©)-type contractions, and then, we
present some common fixed point results for the contractions in complete metric spaces. Finally, our results
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nonlinear fractional differential equations.
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1 Introduction

The famous Banach contraction principle plays a milestone role in the research of fixed point theory, and it is
also widely applied in the study of the existence and convergence of solutions for nonlinear differential
equations and integral equations, control theory, fractal generation, and so on. For the purpose of theoretical
and practical application, many scholars have extended the Banach contraction principle, which mainly
focuses on more general nonlinear operators in various types of spaces, such as Kannan contraction [1],
Chatterjea contraction [2], Reich contraction [3], Ciric contraction [4], and Moosaei contraction [5,6].

In 2012, Samet et al. [7] first introduced a new concept of a-i)-contractive type mappings, and if the
mappings are continuous and a-admissible, then they established some fixed point results in complete metric
spaces and considered some applications to ordinary differential equations. Based on the notions of
a-y-contractive mappings and a-admissible mappings, Dumitru et al. [8] presented some existence theorems
for some nonlinear fractional differential equations with various boundary conditions. Jleli and Samet [9]
constructed a new variant of ©-contractive mappings and gave a new fixed point theorem for such mappings
in generalized metric spaces. Hussain et al. [10] developed a generalized contraction called the JS-contraction
and proved a fixed point result using the continuity of the mapping. Later, researchers [11,12] gave the notion
of weak O-contraction by changing or omitting some conditions posed on the function set ©, and they also

established some related fixed point theorems in complete metric spaces. Motived by [7-11], Abdou [13]
introduced the notions of orthogonal ©-contraction and orthogonal (a, ®)-contraction in orthogonally
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complete metric spaces (which can be considered as Hilbert spaces) and obtained two generalied fixed point
results, and as an application, he also investigated the solution of a nonlinear fractional differential equation.

Common fixed point results are of great significance in discussing the existence, uniqueness, and con-
vergence of common solutions for nonlinear equations. In recent years, many authors [14-18] have discussed
common fixed point theorems of nonlinear mappings and their related applications in solving nonlinear
equations. Recently, Igbal et al. [19] derived some common fixed point results for J-type mappings satisfying
certain contractive conditions and the existence results of common solutions of nonlinear fractional differ-
ential equation were developed.

In this article, we first introduce the concept of a pair of (a, ®)-type contractions in complete metric spaces
and prove some common fixed point theorems for the mappings. And then, we provide an example to
illustrate our main conclusion. Moreover, we apply our results to discuss the common solutions for two classes
of nonlinear fractional differential equations. Our results extend the main results in [9-13] and many existing
results.

2 Preliminaries

Throughout this article, let (X, d) be a complete metric space and I3, I : X — X be two self-mappings. z* € X
is a common fixed point of I} and I} if z* = [;z* = I;z". Consistent with [9-13], we denote © by the set of all
functions 6 : [0, +») — [1, +=) and give the following five conditions for the function 6:

(01): 6 is nondecreasing and 6(t) =1 < t = 0.

(62): for any {t,} € (0, +),

lim 6(¢,) = 1 © lim ¢, = 0.
n—oo n—oo

(03): 6 is continuous.
(64): there exist r € (0,1) and [ € (0, +) such that

. 0-1
lim ——— =
-0+ t7

(65): 6(a + b) < B(a) 6(b), for any a, b > 0.

We know that condition (63) and condition (64) are independent of each other (see some examples in
[11,12]). Particularly if any 6 € © satisfies condition (64), then some useful functions do not belong to the
function set ©, for example 6(t) = ef. (We will use this function to demonstrate that our mappings is a natural
extension of many existing mappings.) Now, we give the following new concept.

L

Definition 2.1. The two mappings I} and I, are called a pair of (a, ©)-type contractions if there exist the
function a: X x X — [0, +), 6 € ® and nonnegative real numbers a, b, ¢ such that for any x,y € X,
d(Tix, Ly) # 0 implies

a(x, y)6Ld(Tx, Ty)] < [0(d(x, y)I* - [6(d(x, Tx) + d(y, Ty)I’ - [0(d(x, Ty) + d(y, )], 21

where a + 2b + 2¢ < 1 and 0 satisfies conditions (61 — 63, 05).

Remark 2.2.
() IfT; = I, and O satisfies conditions (61, 62, 64, 65), by the symmetry, then (2.1) reduces to the (a, 8)-type
contraction in [13].
() Ifa(x,y) =11 = I, is continuous and 6 satisfies conditions (01, 62, 64, 65), by the symmetry, then (2.1)
reduces to the continuous JS-contraction in [10].
(iii) Ifa(x,y) =1, =L,,b = ¢ = 0, and 0 satisfies conditions (62, 63) or (02, 64), then (2.1) reduces to the weak
©-contraction in [12].
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(iv) Ifa(x,y) =1, = I, b = ¢ = 0 and 6 satisfies conditions (01, 62, 63), then (2.1) reduces to the ©-contraction
in [11, 13].

) Ifa(x,y) =111 = I,b = ¢ = 0 and 0 satisfies conditions (01, 62, 04), then (2.1) reduces to the ®-contractive
mappings in [9].

According to the definition of a-admissible in [7], we introduce the following concept for a pair of
mappings.
Definition 2.3. Let [}, I,: X » X and a : X x X — [0, »). Then, I[; and I} are said to be a pair of a-admissible if

x,y €X, a(x,y)=1limplies a(Tix, Iy) = 1.

Example 2.1. Let X = [0, +o). Define [}, [, : X » X and a : X x X — [0, +») by
I(x)=x and I(x)=In(x+1)
and

1, Xy,
aly) =1, X<y,

Then, I} and [; are a pair of a-admissible mappings.

3 Main results

Theorem 3.1. Suppose I, I, : X — X are a pair of (a, ©)-type contractions and a-admissible mappings. If there
exists zy such that

C((Zo, Fllo) >1 and C((Zl, rzll) >1,

where z = I zy, then I} and I, have a unique common fixed point.

Proof. Define the sequence {z,} (n = 0) by
{XO,)’O; Xl;yl ) ---;Xny_yn ) "'}) (3-1)

where Xo = 2o, Y, = Zn+1 = Iy and x, = 2y, = Iy, Since a(zp, [1zg) 2 1, a(z, Irz1) 2 1, and I; and I are a pair
of a-admissible mappings, we obtain a(I1z,, [,z,+1) 2 1 for any n = 0. If z, = z,., then

Zn = N1z = Tozper O Zy = Dzy = [1Zp41.

It is obvious that z, is a common fixed point of I; and I;. Without loss of generality, we assume that z, # z,+;
for any n = 0. We give the following four Claims to prove our result.

Claim I lim,_.d(Zp+1, Zn) = 0 for any n = 0. There are two cases.

Case 1: If n is an odd number, then by (3.1), conditions (81, 65), we have

0ld(zn+1, zn)] = O[d(T2zn, [12n-1)]
<[6(d(zn, zn-1))]"

<[6(d(zy, zn-1))]*

[0(d(zn, 2n-1))]*

<[6(d(zn, zn-1))]*

0(d(zr-1, T1Zn-1) + A(Zn, Toz))] - [0(A(20, TiZn-1) + d(Zp-1, Tozn))
0(d(zn-1, Tizn-1))1" - [0(d(2n, Tozn))]’ - [6(d(2n, Tizn-1)] - [0(d(Zn-1, Toz))]¢
0(d(zn-1, )P - [6(d(zn, Zns1 )P - [0(d(2n, 20))]° - [0(d(20-1, Zns1))]
0(d(zn-1, )1’ - [0(d(zn, Zns1)]P - [0(d(2n-1, Z0))]° - [0(d(Zn, Zns1))],

IA

-1
-1
-1
-1

which implies

at+b+c

1 < 0[d(zn+1, 20)] < [6(d(Zn, Zp-1))]F0e < [6(d(2, 20))]

a+b+c)n
1-b-c
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arbre 1, we know that lim,-.0(d(z,+1, z,)) = 1. By condition (02), we have

i <
Since 0 < 7=,

lim d(zp+1, Zy) = 0.

n—o

Case 2: If n is an even number, then by the similar method as Case 1, we can also obtain lim,.«d(Z,+1, ) = 0.
So, for any n > 0, we have

lim d(zp+1, Zp) = 0.

n—o

Claim II. There exists z* € X such that lim,«z, = z*. We first show that {x,, = z,} is a Cauchy sequence
in X. Suppose that {z,} is not a Cauchy sequence. Then, there exists & > 0, for any 2k (k > 0), there exist
2n(k), 2m(k) with 2k < 2n(k) < 2m(k) such that

A(Zong)s Zomy) > Eo- (3.2)
Without loss of generality, for each integer 2k, suppose 2m(k) is the least exceeding 2n(k) satisfying (3.2), that is
A(Zongry, Zom@ioy-2) < Eo. (3.3)
Then
& < d(Zony, Zom@y) < AZongy Zomepy-2) + A Zomaoy-2 Zomgo-1) + A(Zamky-1> Zom(i))-

By (3.3) and Claim I, we obtain

llgg A(Zony, Zom@y) = €o- (3.4)
Note that
|d(Zongiey, Zom@iy-1) = A(Zanckys Zomo)| < A Zom@ioy-15 Zomic))-
Then
11(152 A(Zony, Zom@oy-1) = Eo- (3.5)
Since
Old(Tizon(), DoZomioy-1)]
< [0(d(Znw)> Zomao-)1* * [00A(Zemicr-1> TeZomaier-1)) 1P
“[6(d(Zancky, Tizono)) 1+ [0(A(Zemicy-1, Tizon))1C + [0(A(Zanciey, ToZamae)-1))1°
< [6(d(Zn), Zomao-1)1* * [0(A(Zem@ior-1, Zemao NP + [0(A(Zanciey, Zon(iy+1))1?
- [0(d(Zom@o)-15 Zonao))]C - [00A(Zangieys Zonciey+1))]° - [0(d(Zonci)s Zom@io)))1
and

A(Zongky, Zamky-1) = A(Zaney TiZonciy) = A(Zem@r-1, DZomaoy-1) < dTiZongy, ToZom(iy-1)s
by the condition (01 - 63), (3.4), (3.5) and Claim I, taking k — o, we have
B(eo) < [0(g0)]™** < B(sy),

which yields a contradiction. So, {x,,} is a Cauchy sequence in X. Since X is a complete metric space, there exists
z* € X such that

lim x,, = lim z,, = z*.

n—o n—o

Similarly, we can prove that the sequence {y, = Zy.1} is also a Cauchy sequence. So, there exists y* € X such
that

limy, = rllng Zone1 = Y°.

n—o
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Since lim,-«d(Zy+1, Z,) = 0, we have d(y*, z*) = 0, i.e. y* = z". So, lim,~«z, = Z".
Claim IIL. z* is a common fixed point of [; and I, that is z* = [1z* = I;z". Since zp+; = [1X,, we have

lim Iix, = z*. (3.6)

N
Suppose z* # Ipz". Let x = x, and y = z* in (2.1), we have
1<0[d(Tixy, Trz")]
< [8(d0, 2 )] - [0(d0xa, T )] - [0(d(z", Tz )]’ - [0(d (X, Tz )] - [6(d(2", T
By (3.6), the condition (2 - 63) and Claim II, we have
1< 1152 0ld(Tixn, Iz")]
= g(d(z*, I;z"))

C

<191 - [(d(z", Tyz")] - [Hm 0(d0, Lz))| - 1

=[6(d(z", Lz))*,

which yields a contradiction. So, z* = I;z". On the other hand, by the same method, it follows from

lim,, I3y, =z that z* = [1z". So, z" is a common fixed point of I; and [;.

Claim IV. z* is a unique common fixed point of I; and L. If there exists another point Z such that
Z#z* and Z=TZ=D7.
Then by substituting x with z* and y with Z in (2.1), we have
1< 6(d(z", ) < [0(d(z", Z)]** < 6(d(z", 2)),

which yields a contradiction. Thus, I} and I; have the unique common fixed point z*. O

Remark 3.2. By the proof of Theorem 3.1 and the symmetry, we can change (2.1) into the following type:
a(x, )Old(Tix, Ly)] < [0(d(x, y)I* - [6(d(x, )] - [6(d(y, Tw))]° - [6(d(x, Ly) + d(y, )],
witha+b+c+2d<1,or
a(x, y)Old(Tix, Ty)] < [6(d(x, y)I* - [8(d(x, TP - [8(d(y, Ty)]* - [0(d(x, Ty)l® - [0(d(y, L)),

witha+b+c+d+e<1.

Remark 3.3. Let a(x, y) = 1 and 6(t) = e’ in (2.1). Then 0 satisfies the conditions (61 - 63, 65) and we have
d(Iix, Iy) < ad(x, y) + b[d(x, Ix) + d(y, Ty)] + c[d(x, Ly) + d(y, [ix)],
which is exactly Ciric-type contraction [4] for a pair of mappings. Furthermore, if ¢ = 0, then we have
d(Iix, Iy) < ad(x,y) + bld(x, Iix) + d(y, Iy)],
which is exactly Reich-type contraction [3] for a pair of mappings; if a = ¢ = 0, then we have
d(Tix, Ly) < bld(x, Tx) + d(y, Ty)],
which is exactly Kannan-type contraction [1] for a pair of mappings, if a = b = 0, then we have
d(Twx, Ty) < c[d(x, Ly) + d(y, )],

which is exactly Chatterjea-type contraction [2] for a pair of mappings.

Remark 3.4. In Theorem 3.1, we do not need to suppose I[; and I are continuous functions.
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Corollary 3.5. Suppose I, I, : X — X are a pair of ©-type contractions, i.e., there exist 0 € 0 and k € (0, 1) such
that for any x,y € X, d(Iix, I,y) # 0 implies

0ld(Tix, Ly)] < [6(d(x, y)I¥,

where 0 satisfies condition (81 — 03). Then, I and I; have a unique common fixed point.
Proof. Let a(x,y) =1 and a = k,b = ¢ = 0 in (2.1), by the proof of Theorem 3.1, we obtain the result. O

Example 3.1. Let X = R. Define the standard metric d on X by
d(X>y) = |X _)’|’

for any x, y € X. Clearly, (X, d) is a complete metric space. Define I}, I; : X - X by
x, x€]0,1], x,  x€[0,1],
L(x) = and I(x) =

R otherwise, s otherwise.

= W=
Wl =

We observe that I; and [, are not continuous functions. Meanwhile, the mapping a : X x X — [0, +»)
is given by

) 1, xye]l0,1],
alx,y) = .
Y 0, otherwise.
In this case, there exists zy such that a(zy, I1zg) =2 1 and a(z, I,z) = 1, In fact, for z, = 1, we have
1 1 1 11
1, (D) =all, =[=1 d = Dl=ll=a=, <=1
a@, (D) =a 3] and  af< 2[3 a3 12]

Let x, y € X such that a(x, y) > 1. This implies x, y € [0, 1] and by the definitions of I3, I, and a, we have
1 1
Ix = §X €[0,1], Ly-= Zy €[0,1], and a(lix,Ty) =1

So, I}, I : X » X are a pair of a-admissible mappings.
Moreover, I}, [ : X — X are a pair of (a, ®)-type contractions with 8(t) = e’ for t > 0. In fact, there exist

1 1
a=—, b=—, and c=—,
9 9

such that

a(x, y)O[d(Tix, Ty)] = edGx) = el

1
o]

1
1 1.1°
< (e s - [elx—1x|+ly—zy|]

<[6(dCx, y)1* - [6(d(x, Tx) + d(y, Ly)P - [0(d(x, Ty) + d(y, )

for any x,y € [0, 1], where a + 2b + 2¢ = % <1
Now, all conditions of Theorem 3.1 are satisfied. Consequently, I} and I, have a unique common fixed
point. Here, x = 0 is the unique common fixed point.
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4 Applications

In this section, by using Theorem 3.1, we discuss the common solutions of two classes of nonlinear fractional
differential equations [8,13]:
Let X = C([0, 1], R) be a set of real continuous functions defined on [0, 1] with the Bielecki metric

d(u,v) = g{g}(ﬂ{lu(t) - v(t)le™, @1
where 1, v € X and A > 0 is a constant. It is well-known that (X, d) is a complete metric space.
Case I. Considering the following two nonlinear fractional differential equations:
Dx(t) + DBx(t) = f(t, x(t)), te€[0,1,0<p<a<]1, (4.2)
with boundary value condition x(0) = x(1) = 1, and
DYy (t) + DPy(t) = g(t,y(t)), t€[0,1],0<pB<a<1, 4.3)

with boundary value condition y(0) =y(1) =1, where f,g:[0,1] x R - R are continuous functions,
and D* denotes the Caputo fractional derivative of order p, which is defined by

1
I'(n-p)

t
DPh(t) = I(t — s P-Ip(s)ds, 4.4)
0

where I'(z) = J(; “sz-lg=sds is the Gamma function, h:[0,+) - R is a continuous function and
n-1<p<n,n=[p]+ 1 The Green function of (4.2) or (4.3) is given by [8]

G(t) = ta_lEa—ﬁ,a(_ta_ﬁ):

where E, 4(z) = X P, q > 0. We know that x(t) € X is a solution of (4.2) is equivalent to x(t) € X

o zm
m=0T(mp +q)’
is a solution of the integral equation

t
x(t) = [G(¢ - $)f (s, x(s))ds,
0

for any t € [0, 1]. Similarly, there exists also an integral equation with the same structure for a solution
y(t) € X of (4.3). Now, we introduce the following two self-mappings on X:

t
@) = [6(t - $)f (s, x(s))ds
0
and

t
(0 = [6(t - $)g(s,y(s)ds,
0

Theorem 4.1. Suppose that
(i) there exist a function & : R? —» R and three nonnegative real constants A, B, C such that for any t € [0, 1]
and ¢, 9, €R

If(t, 1) — g(t, @) < Alg; = @] + Bllo; — Tipy| + |9, — Lp,|] + Cllo; - Loyl + |9, - Tigy]]  (4.5)

with A + 2B + 2C < Aa and £(¢y, 9,) 2 0;
(ii) there exists zy € X such that £(zo(t), (T1zo)(t)) = 0 for any t € [0, 1];
(iii) for anyt € [0,1] and x,y € X, E(x(¢), y(t)) = 0 implies

§(x (1), Ty(1)) 2 0.
Then, the fractional differential equations (4.2) and (4.3) have a unique common solution in X and the Picard-type
algorithm (3.1) converges uniformly to the unqiue common solution.
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Proof. By (4.5), for any x(¢), y(t) € X, we obtain
[Tix(¢) = Ly(0)]

I\

[t = 5)-1f (s, x(s)) - gGs, y(s)lds
0

I\

_[G(t = 8) {Alx(6) - y(O)I + Blx(t) - Tix(O)] + [y(t) - Ly(0l]
0

+ ClIx(®) - Ty (0] + [y(t) - Tix(6)[]3ds

I\

_[G(t = 8) - {AIX(®) - y(©)le™ + BlIx(6) - Tix(D)le™ + [y(t) - Ty(0)]| - €]
0

+ ClIx() = Ly(©le™ + [y(©) - Tx(0)]e™]} - eXds.

Note that supte[oxujéG(t - s)ds < % [8]. By (4.1) and (4.6), we have

t
ITix - Tyl S% {Ad(x,y) + Bld(x, Iix) + d(y, Ly)] + Cld(x, Ly) + d(y, Tix)]} - J'e“ds
0

At

S% “1Ad(x,y) + Bld(x, Iix) + d(y, Ty)] + Cld(x, Ty) + d(y, [ixX)]} - 87,

which implies
d(hix, Ty) < i “{Ad(x,y) + Bld(x, [1x) + d(y, Ty)] + Cld(x, Iy) + d(y, [x)]}.
Define 6(t) = e! (t > 0) and a : X x X — [0, +) by

L i EM(0), y(0) 2 0,
axy) = 0, otherwise.

Then, by (4.7) and condition (i), we have

a(x, )Old(Tix, Ty)] < [0(d(x, y)ie - [0(d(x, Tx) + d(y, Ty))}a - [0(d(x, Ty) + d(y, T))}ia,

where

A 2B 2C
— + — + — < 1.
Aa  Aa  Aa

So, I; and I, are a pair of (a, ®)-type contractions.

(4.6)

4.7

Forx,y € X,ifa(x,y) 2 1,then(x, y) = 0. From condition (iii), we obtain a(Iix, I;y) = 1. Therefore, I; and

I, are a-admissible mappings.

It follows from condition (ii) and Theorem 3.1 that I} and I; have a unique common fixed point z*; i.e., the
fractional differential equations (4.2) and (4.3) have a unique common solution z* € X and the Picard-type

algorithm (3.1) converges uniformly to the solution.

O

Remark 4.2. Based on the determined values of A, B, C and a, we can select the appropriate real number A > 0

to satisfy the parameter condition

>A+2B+2C
a

A
in Theorem 4.1.

By Corollary 3.5, we can also give the following result.
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Corollary 4.3. Suppose f and g are a pair of L-Lipschitz functions with respect to the second variable, i.e.,
lf(t; (p1) - g(t; (pz)l = L|(P1 - (pzl

for any t € [0,1] and ¢,, ¢, € R, where 0 < L < Aa. Then, the Picard-type algorithm (3.1) converges uniformly
to a unqiue common solution of the fractional differential equations (4.2) and (4.3).

Case II. Considering the following two nonlinear fractional differential equations:
Dix(t) = f(t,x(t)), t€(0,1), 1<n<2 4.8)
with the integral boundary conditions x(0) = 0, x(1) = If x(s)ds, (0 <p<1),and
Dy(t) = g(t,y(t)), t€(0,1),1<n<2 4.9)

with the integral boundary conditions y(0) = 0, y(1) = Jf y(s)ds, (0 < <1),where f,g:[0,1] xR = R are
continuous functions. We know that x(t) € X is a solution of (4.8) is equivalent to x(t) € X is a solution of the
integral equation [8]

t 1
1 i} 2t B
x(t) = T]])J{:(l’ - s lf(S, x(s))ds - m{(l - s 1

- f(s, x(s))ds + j(s - m)T"Yf (m, x(m))dm|ds
0

2t j’i
2= BT |

for any t € [0, 1]. Similarly, there exists also an integral equation with the same structure for a solution
y(t) € X of (4.9). Define two self-mappings by (Iix)(t) = x(¢t) and (Ly)(t) = y(t).
By Theorem 7 in [13] and the proof of Theorem 4.1 (let a(x, y) = 1), we obtain the following result.

Theorem 4.4. Suppose there exist nonnegative real constants A, B, and C such that
f(t, 91 - &t )l < Alpy = @yl + Blloy — Tigy| + |9y ~ o[l + Clloy — Topy| + 19, — Tipy|]  (410)

for any t € [0,1] and ¢,, 9, € R, where

_ Q-+ )+ 2+ B+
2 = BHn(n + DI(n)

Then, the fractional differential equations (4.8) and (4.9) have a unique common solution in X and the Picard-type
algorithm (3.1) converges uniformly to the unqiue common solution.

A
A+2B+2C<Fa and 9

Remark 4.5. We omit the condition “p, - ¢, 2 0” in Theorem 7 of [13] and give the more general contractive
condition (4.10) to discuss the existence and uniqueness of the common solution of (4.8) and (4.9).

5 Conclusions

The purpose of this article is to discuss the existence and uniqueness of a pair of (a, ®)-type contractions in
general complete metric spaces. We mainly use the Picard-type algorithm (3.1) to approximate a unique
common fixed point for the mappings, our results are more general than several previous results. Moreover,
as some applications of our fixed point results, we consider the existence and uniqueness of the common
solutions for two classes of nonlinear fractional differential equations. Our results can also be used to study the
common solution problem of other types of fractional differential equations.
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