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Abstract: The primary focus of this work lies in the exploration of the limiting dynamics governing fractional
stochastic discrete wave equations with nonlinear noise. First, we establish the well-posedness of solutions to
these stochastic equations and subsequently demonstrate the existence of periodic measures for the consid-
ered equations.
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1 Introduction

The aim of this study is to establish the existence of periodic measures for a fractional stochastic discrete wave
equation with nonlinear noise on �
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where >α λ, 0, u̇i denotes the first-order time-derivative of ui, −Δd

s( ) is the fractional discrete Laplacian,
∈s 0, 1( ), = ∈a ai i �( ) and = ∈ ∈b bi j i j, ,� �( ) are two random sequences depending on time t, = ∈ ∈σ σi j i j, ,� �( )

is given in 2ℓ , →f g, ˆ :
i i j,

� � are locally Lipschitz continuous functions for all ∈i � and ∈j �, and ∈W tj j �( ( ))

is a sequence of mutually independent two-sided real-valued Wiener processes, defining on a complete filtered
probability space ∈Ω, , ,t t ��� �( { } ).

The discrete partial differential equations (PDEs) are commonly derived from spatial discretizations of
continuum PDEs defined on unbounded domains, which have extensive applications in modeling real pro-
blems involving random phenomena in physics, biology, and chemistry [1,2]. The investigation of traveling
wave solutions for such equations has been conducted by researchers in [3–6]. The examination of chaotic
properties in the solutions has been carried out by scholars in [7,8] and references therein. For a comprehen-
sive investigation into the random attractors of discrete PDEs, we recommend consulting the literature on
first-order equations in [9–14] and second-order equations in [15–17]. Currently, in order to effectively handle
stochastic equations with nonlinear noise, the concept of weak pullback mean random attractors was
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introduced by Kloeden and Lorenz [18] and Wang [19,20]. Subsequently, this concept has been extensively
applied in numerous studies on stochastic equations by various scholars [21–39].

The fractional discrete Laplacian, extensively investigated in previous studies [40–42], explores the frac-
tional powers of the discrete Laplacian. In [42], the examination of discrete equations involving the fractional
discrete Laplacian led to the derivation of pointwise nonlocal formulas and various properties associated with
this operator. Furthermore, Schauder estimates were established in discrete Hölder spaces, ensuring the
existence and uniqueness of solutions for the considered system. The theories of analytic semigroups and
cosine operators successfully established existence and uniqueness of solutions to Schrödinger, wave, and heat
systems with the fractional discrete Laplacian in [43]. Recent research has primarily focused on investigating
the existence, uniqueness, and upper semi-continuity of random attractors for fractional stochastic discrete
equations with either linear or nonlinear multiplicative noise [12,44].

Our objective is to obtain a periodic measure for equation (1.1) in the presence of time-dependent func-
tions that exhibit periodicity. Periodic measures serve as counterparts to invariant measures for dynamical
systems and can be utilized to characterize the long-term periodic behavior of stochastic systems. A probability
measure μ on the natural function class for equation (1.1) is referred to as a periodic measure if its initial
probability distribution, equal to μ, generates time-periodic probability distributions of the solution. Conver-
sely, it is called an invariant measure if it yields time-invariant probability distributions of the solution.
An invariant measure can be derived by projecting the periodic measure onto a cylinder and considering its
average over one period. Extensive investigations on the periodic measures of stochastic differential equations
have been conducted by numerous experts in [26,27,45–49]. In particular, a study was carried out in [46]
to examine the existence of periodic measures for a stochastic delay reaction-diffusion lattice system with
globally Lipschitz continuous nonlinear drift and diffusion terms.

Themain challenge of this study lies in proving theweak compactness in ×2 2ℓ ℓ of a specific set of distribution
laws for solutions to equation (1.1) defined on the unbounded integer set � , which is analogous to the case of
stochastic PDEs on unbounded domains where Sobolev embedding is no longer compact, as discussed in [49–52].
Following the approach used in [20–25] for invariant measures of lattice systems, we will demonstrate the desired
weak compactness of distributions for solutions to equation (1.1) in ×2 2ℓ ℓ by employing Krylov-Bogolyubov’s
method along with Feller property, Markov property, T -periodicity, and uniform tail estimates.

The study is organized as follows: Section 2 introduces some basic concepts, assumptions, and lemmas and
discusses the well-posedness of equation (1.1). Section 3 gives essential uniform estimates of solutions, which
play a pivotal role in demonstrating the main findings in Section 4. Section 4 focuses primarily on investigating
the existence of periodic measures for equation (1.1) in space ×2 2ℓ ℓ . Finally, we provide a concluding remark
in the last section.

2 Preliminaries

In this section, we will investigate the well-posedness of the fractional stochastic discrete wave equation (1.1).
We denote by ≤ ≤ ∞p1pℓ ( ) the space of sequences ∈ui i �( ) with the norm
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Obviously, ⊂ ⊂m n

sℓ ℓ ℓ if ≤ ≤ ≤ ∞m n1 and ≤ ≤s0 1.
The fractional discrete Laplacian −Δd

s( ) simplifies to the standard discrete Laplacian −Δd if =s 1.
For ∈i � , the discrete Laplacian −Δd is defined by

− = − −− +Δ u u u u2 .d i i i i1 1

For < <s0 1 and ∈uj � , the fractional discrete Laplacian −Δd

s( ) is defined by the semigroup method in [53] as
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The solution of equation (2.2) can be expressed by
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where G i t,( ) is defined as −
e I t2t

i

2 ( ), Ii represents the modified Bessel function of order i.
The subsequent presentation provides the pointwise formula for −Δd

s( ) .

Lemma 2.1. [42, Lemma 2.3] Let < <s0 1 and = ∈∈u ui i s�( ) ℓ . Then, we have
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In addition, by Lemma 2.1, we can obtain that −Δ ud

s( ) is a nonlocal operator on � and −Δ ud

s( ) is a well-
defined bounded function wherever ∈ ≤ ≤ ∞u p1pℓ ( ). In particular, for < <s0 1 and ∈u

2ℓ , then
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Moreover, we assume that f g, ˆ
i i j,

in equation (1.1) are locally Lipschitz continuous uniformly with respect
to ∈i � and ∈j �; i.e., for any bounded interval ⊆I � , there exist = =L L I n 1, 2n n( )( ) such that for all
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In addition, we assume that = ∈ ∈σ σi j i j, ,� �( ) satisfies:
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Moreover, we will establish the periodic measures of equation (1.1) for which we assume that all given time-
dependent functions are T -periodic in ∈t � for some >T 0; this is, for all ∈t � ,
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Let δ be a fixed positive constant such that
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in ×2 2ℓ ℓ for all ≥t 0.
By (2.5)–(2.8) and the theory of the functional differential equation from [54], we can obtain that for any

∈ ×LΦ Ω,0
2 2 2( ℓ ℓ ), equation (2.13) has local solutions ∈ ×t L C TΦ Ω, 0, ,2 2 2( ) ( ([ ] ℓ ℓ )) for every >T 0. More-

over, similar to [36], we can obtain that the local solutions are also global solutions.
The subsequent lemma will be repeatedly utilized in various estimations of solutions to equation (2.13).
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Section 3 establishes uniform estimates for the solutions to equation (2.13), which play a pivotal role
in substantiating the existence of periodic measures.

3 Uniform estimates
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where M1 is a positive constant independent of u0 and v0.

Proof. By (2.13) and Itô’s formula, we obtain that for all ≥t 0,

= −d u u v t δ u t2 , d 2 d2 2‖ ‖ ( ) ‖ ‖
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This completes the proof. □
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The next step entails acquiring uniform estimations on the tails of solutions to equation (2.13), which is pivotal
in establishing the compactness of a family of solution distributions. For this purpose, we choose a differenti-
able function ϑ r( ) that adheres ≤ ≤ϑ r0 1( ) for all ∈ +
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⎝

⎞
⎠ ∈

u

v
Φ0

0

0

×L Ω,2 2 2( ℓ ℓ ) be the initial data of equation (2.13), then the solution ⎜ ⎟= ⎛
⎝

⎞
⎠

t

u t u

v t v
Φ , 0, Φ

, 0,

, 0,
0

0

0

( )
( )

( )
of equation

(2.13) satisfies

∑ + =
→∞ ≥ ∈ ≥

u t u v t vlim sup sup , 0, , 0, 0.
k

t i k

i i

0 Φ

0
2

0
2

0

�
�

[∣ ( )∣ ( )∣ ]
∣ ∣

Proof. For ∈k �, set ⎟⎜= ⎛
⎝

⎛
⎝

⎞
⎠
⎞
⎠ ∈

ϑ ϑk

i

k

i �

∣ ∣ , ⎟⎜= ⎛
⎝

⎛
⎝

⎞
⎠

⎞
⎠ ∈

ϑ u ϑ uk

i

k
i

i �

∣ ∣ , and ⎟⎜= ⎛
⎝

⎛
⎝

⎞
⎠

⎞
⎠ ∈

ϑ v ϑ vk

i

k
i

i �

∣ ∣ . By (2.13), we have

∑= +
=

∞

ϑ t ϑ F t t ϑ G t Wd Φ Φ d Φ d ,k k

j

k j j

1

( ) ( ( )) ( ( ))

which along with Itô’s formula implies that

= −d ϑ u u ϑ v t δ ϑ u t2 , d 2 dk k k

2 2 2‖ ‖ ( ) ‖ ‖

and

∑ ∑
+ + − + − + −

= + + + + +
=

∞

=

∞
d ϑ v λ δ αδ u ϑ v t α δ ϑ v t Δ u ϑ v t

f u ϑ v t a t ϑ v t ϑ g u ϑ b t t g u b t ϑ v W

2 , d 2 d 2 , d

2 , d 2 , d d 2 , d .

k k k d

s

k

k k

j

k j k j

j

j j k j

2 2 2 2 2

2 2

1

2

1

2

‖ ‖ ( )( ) ( )‖ ‖ (( ) )

( ( ) ) ( ( ) ) ‖ ( ) ( )‖ ( ( ) ( ) )

Therefore, we obtain

∑

+ − + + + −

+ − + − + −

= + + +
=

∞

t

λ δ αδ ϑ u ϑ v δ λ δ αδ ϑ u

α δ ϑ v Δ u ϑ u δ Δ u ϑ u

f u ϑ v a t ϑ v ϑ g u ϑ b t

d

d
2

2 2 , ˙ 2 ,

2 , 2 , .

k k k

k d

s

k d

s

k

k k

j

k j k j

2 2 2 2 2

2 2 2

2 2

1

2

� �

� � �

� � �

[( )‖ ‖ ‖ ‖ ] ( ) [‖ ‖ ]

( ) [‖ ‖ ] [(( ) )] [(( ) )]

[( ( ) )] [( ( ) )] [‖ ( ) ( )‖ ]

(3.7)

By Lemma 2.2, we have

∑ ∑

∑ ∑ ∑ ∑

⎟

⎟

⎜

⎜

− − = − ⎛
⎝ − − ⎞

⎠

= − − ⎛
⎝

⎛
⎝

⎞
⎠ − ⎛

⎝
⎞
⎠

⎞
⎠

−

= − − − ⎛
⎝

⎞
⎠ − − − ⎛

⎝
⎛
⎝

⎞
⎠

− ⎛
⎝

⎞
⎠
⎞
⎠

−

∈ ∈ ≠

∈ ∈ ≠ ∈ ∈ ≠

Δ u ϑ u Δ u Δ ϑ u

u u ϑ

i

k

u ϑ

j

k

u K i j

u u u u ϑ

i

k

K i j u u ϑ

i

k

ϑ

j

k

u K i j

2 , ˙ 2 , ˙

˙ ˙ ˜

˙ ˙ ˜

˙ ˜ .

d

s

k d d k

i j j i

i j i j s

i j j i

i j i j s

i j j i

i j

j s

2 2

,

2 2

,

2

,

2

2

s s

2 2

� �

� � � �

(( ) ) ( ) ( )

( )
∣ ∣ ∣ ∣

( )

( )( )
∣ ∣

( ) ( )
∣ ∣

∣ ∣
( )

(3.8)
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By Lemma 2.2 and (3.6), we obtain

∑ ∑

∑ ∑ ∑

∑ ∑

⎟⎜− ⎛
⎝

⎛
⎝

⎞
⎠ − ⎛

⎝
⎞
⎠
⎞
⎠

−

≤
⎡

⎣
⎢

⎛

⎝
⎜ ⎛

⎝
⎞
⎠ − ⎛

⎝
⎞
⎠ −

⎞

⎠
⎟
⎛

⎝
⎜ − −

⎞

⎠
⎟
⎤

⎦
⎥

≤
⎡

⎣⎢
− −

⎤

⎦⎥

≤ ⎛
⎝ − + − ⎞

⎠

≤ ⎛
⎝ + + − ⎞

⎠

∈ ∈ ≠

∈ ∈ ≠ ∈ ≠

∈ ∈ ≠

u u ϑ

i

k

ϑ

j

k

u K i j

u ϑ

i

k

ϑ

j

k

K i j u u K i j

L

k

u u u K i j

L

k

v δu Δ u

L

k

v δ u Δ u

˙ ˜

2 ˙ ˜ ˜

2
˙ ˜

2

2
2 2 ,

i j j i

i j j s

i j j i

s

j j i

i j s

s

s

i j j i

i j s

s

s
d

s

s

s
d

s

,

2 2

,

2

,

2

,

2

2
2

2

2 2 2
2

2

1

2

1

2

� �

� � �

� �

( )
∣ ∣ ∣ ∣

( )

‖ ‖
∣ ∣ ∣ ∣

( ) ∣ ∣ ( )

‖ ‖ ∣ ∣ ( )

‖ ‖ ( )

‖ ‖ ‖ ‖ ( )

(3.9)

which along with (3.8) implies that

− − ≤ − ⎡
⎣ − ⎤

⎦ + ⎡
⎣ + + − ⎤

⎦Δ u ϑ u

t

ϑ Δ u

L

k

v δ u Δ u2 , ˙
d

d

2
2 2 .d

s

k k d

s
s

s
d

s
2

2

2
2 2 2

2

2

� � �[(( ) )] ( ) ‖ ‖ ‖ ‖ ( ) (3.10)

Similarly, by Lemma 2.2, we have

∑ ∑

∑ ∑ ∑ ∑

⎟

⎟

⎜

⎜

− − = − ⎛
⎝ − − ⎞

⎠

= − − ⎛
⎝

⎛
⎝

⎞
⎠ − ⎛

⎝
⎞
⎠

⎞
⎠

−

= − − ⎛
⎝

⎞
⎠ − − − ⎛

⎝
⎛
⎝

⎞
⎠ − ⎛

⎝
⎞
⎠
⎞
⎠

−

∈ ∈ ≠

∈ ∈ ≠ ∈ ∈ ≠

Δ u ϑ u Δ u Δ ϑ u

u u ϑ

i

k

u ϑ

j

k

u K i j

u u ϑ

i

k

K i j u u ϑ

i

k

ϑ

j

k

u K i j

2 , 2 ,

˜

˜ ˜ .

d

s

k d d k

i j j i

i j i j s

i j j i

i j s

i j j i

i j j s

2 2

,

2 2

,

2 2

,

2 2

s s

2 2

� �

� � � �

(( ) ) ( ) ( )

( )
∣ ∣ ∣ ∣

( )

∣ ∣
∣ ∣

( ) ( )
∣ ∣ ∣ ∣

( )

(3.11)

By Lemma 2.2 and (3.6), we obtain

∑ ∑

∑ ∑ ∑

∑ ∑

⎟⎜− ⎛
⎝

⎛
⎝

⎞
⎠ − ⎛

⎝
⎞
⎠
⎞
⎠

−

≤
⎡

⎣
⎢

⎛

⎝
⎜ ⎛

⎝
⎞
⎠ − ⎛

⎝
⎞
⎠ −

⎞

⎠
⎟
⎛

⎝
⎜ − −

⎞

⎠
⎟
⎤

⎦
⎥

≤
⎡

⎣⎢
− −

⎤

⎦⎥

≤ ⎛
⎝ + − ⎞

⎠

∈ ∈ ≠

∈ ∈ ≠ ∈ ≠

∈ ∈ ≠

u u ϑ

i

k

ϑ

j

k

u K i j

u ϑ

i

k

ϑ

j

k

K i j u u K i j

L

k

u u u K i j

L

k

u Δ u

˜

2 ˜ ˜

2
˜

2
.

i j j i

i j j s

i j j i

s

j j i

i j s

s

s

i j j i

i j s

s

s
d

s

,

2 2

,

2

,

2

,

2

2
2

2

1

2

1

2

� �

� � �

� �

( )
∣ ∣ ∣ ∣

( )

‖ ‖
∣ ∣ ∣ ∣

( ) ∣ ∣ ( )

‖ ‖ ∣ ∣ ( )

‖ ‖ ( )

(3.12)

Then, it follows from (3.11) and (3.12) that

− − = − ⎡
⎣⎢ − ⎤

⎦⎥ + ⎡
⎣ + − ⎤

⎦δ Δ u ϑ u δ Δ u δ

L

k

u Δ u2 , 2 ϑ 2 .d

s

k d

s

k

s

s
d

s
2

2

2

2
2

2

� � �[(( ) )] ( ) ‖ ‖ ( ) (3.13)

By (2.7) and (2.16), we obtain

∑

≤ +
≤ + +

≤ + − + +

∞

∞

≥

f u ϑ v ϕ ϑ u ϑ v ϑ ϕ ϑ v

ϕ ϑ u ϑ v ϑ ϕ ϑ v

κ λ δ αδ ϑ u

κ

ϑ v

κ

ϕ

2 , 2 2

2

1

2 2

4
.

k k k k k

k k k k

k k

i k

i

2

1 2

1
2 2

2

2 2 2
2,

2

� � �

� �

� �

[( ( ) )] ‖ ‖ [‖ ‖‖ ‖] [‖ ‖‖ ‖]

‖ ‖ [‖ ‖ ‖ ‖ ] [‖ ‖‖ ‖]

( ) [‖ ‖ ] [‖ ‖ ] ∣ ∣
∣ ∣

(3.14)
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Note that

∑≤ +
≥

a t ϑ v

κ

ϑ v

κ

a t2 ,
2

2
.

k k

i k

i

2 2 2� �[( ( ) )] [‖ ‖ ] ∣ ( )∣
∣ ∣

(3.15)

For the last term of (3.7), by (2.8) and (2.16), we obtain

∑ ∑ ∑

∑

∑ ∑ ∑

+ ≤ +

≤ + +

≤ + − + +

=

∞

=

∞

=

∞

∞
=

∞

≥ =

∞

≥

ϑ g u ϑ b t ϑ g u ϑ b t

c φ ϑ u c ϑ φ ϑ b t

κ λ δ αδ ϑ u c φ b t

2 2

4 4 2

1

2
4 2 .

j

k j k j

j

k j

j

k j

σ k σ k

j

k j

k σ

i k

i

j i k

i j

1

2

1

2

1

2

1

2 2
2

2

1

2

2 2
2,

2

1

,
2

� � �

�

�

[‖ ( ) ( )‖ ] [‖ ( )‖ ] [‖ ( )‖ ]

‖ ‖ [‖ ‖ ] ‖ ‖ ‖ ( )‖

( ) [‖ ‖ ] ∣ ∣ ∣ ( )∣
∣ ∣ ∣ ∣

(3.16)

It follows from (2.15), (3.7), (3.10), and (3.13)–(3.16) that

∑ ∑ ∑

∑ ∑

⎡
⎣ + − + + − ⎤

⎦

+ ⎡
⎣ + − + + − ⎤

⎦

≤ ⎡
⎣ + + + + − ⎤

⎦ + + +

+

≥ ≥ ≥

=

∞

≥

t

λ δ αδ ϑ u t ϑ v t ϑ Δ u t

κ λ δ αδ ϑ u t ϑ v t ϑ Δ u t

L

k

v δ δ u δ Δ u

κ

ϕ

κ

a c φ

b

d

d

2
2 2 1

4 2
¯ 4

2 ¯ ,

k k k d

s

k k k d

s

s

s
d

s

i k

i

i k

i σ

i k

i

j i k

i j

2 2 2
2

2

2 2 2
2

2

2 2 2
2

2

2,
2 2

2,
2

1

,
2

�

�

�

( )‖ ( )‖ ‖ ( )‖ ( ) ( )

( )‖ ( )‖ ‖ ( )‖ ( ) ( )

‖ ‖ ( )‖ ‖ ( ) ( ) ∣ ∣ ∣ ∣ ∣ ∣

∣ ∣

∣ ∣ ∣ ∣ ∣ ∣

∣ ∣

(3.17)

which implies that

∫

∑ ∑ ∑ ∑ ∑

⎡
⎣ + − + + − ⎤

⎦

≤ ⎡
⎣ + − + + − ⎤

⎦

+ ⎡
⎣ + + + + − ⎤

⎦

+
⎛

⎝
⎜ + + +

⎞

⎠
⎟

−

−

≥ ≥ ≥ =

∞

≥

λ δ αδ ϑ u t ϑ v t ϑ Δ u t

e λ δ αδ ϑ u ϑ v ϑ Δ u

L

k

e v r v δ δ u r u δ Δ u r u r

κ κ

ϕ

κ

a c φ b

2
2 , 0, 2 , 0, 1 , 0, d

1 4 2
¯ 4 2 ¯ .

k k k d

s

κt

k k k d

s

s

s

t

κ r t

d

s

i k

i

i k

i σ

i k

i

j i k

i j

2 2 2
2

2

2
0

2
0

2
2 0

2

0

0
2 2

0
2

2 0

2

2,

2 2

2,

2

1

,

2

�

�

�

( )‖ ( )‖ ‖ ( )‖ ( ) ( )

( )‖ ‖ ‖ ‖ ( )

‖ ( )‖ ( )‖ ( )‖ ( ) ( ) ( )

∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣

( )

∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣

(3.18)

By (2.4) and the compactness of � , we have that for all ≥t 0,

∑

⎡
⎣ + − + + − ⎤

⎦

≤ + − + +
⎡

⎣⎢
+

⎤

⎦⎥
=

→∞ ∈

−

→∞ ∈ ≥

e λ δ αδ ϑ u ϑ v ϑ Δ u

λ δ αδ u v

lim sup

1 4 lim sup 0.

k

κt

k k k d

s

k
i k

i i

Φ

2
0

2
0

2
2 0

2

2

Φ

0,
2

0,
2

s

0

2

0

�

�

�

�

( )‖ ‖ ‖ ‖ ( )

( ) (∣ ∣ ∣ ∣ )
∣ ∣

(3.19)

By Lemma 3.1, for all ≥t 0, ∈Φ0 � and → ∞k , we obtain

∫ ⎡
⎣ + + + + − ⎤

⎦

≤ ⎡
⎣ + + + + − ⎤

⎦ →

−

≥

L

k

e v r v δ δ u r u δ Δ u r u r

L

κk

v r v δ δ u r u δ Δ u r u

2
2 , 0, 2 , 0, 1 , 0, d

2
sup 2 , 0, 2 , 0, 1 , 0, 0.

s

s

t

κ r t

d

s

s

s

r

d

s

0

0
2 2

0
2

2 0

2

0

0
2 2

0
2

2 0

2

�

�

‖ ( )‖ ( )‖ ( )‖ ( ) ( ) ( )

‖ ( )‖ ( )‖ ( )‖ ( ) ( ) ( )

( )

(3.20)
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By ∈ϕ
2

2ℓ , ∈φ
2

2ℓ , and (2.10), we have

∑ ∑ ∑ ∑ ∑+ + + → → ∞
≥ ≥ ≥ =

∞

≥κ

ϕ

κ

a c φ b k

4 2
¯ 4 2 ¯ 0 as .

i k

i

i k

i σ

i k

i

j i k

i j2,
2 2

2,
2

1

,
2∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣

∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣

(3.21)

It follows from (3.18)–(3.21) that

∑⎡

⎣⎢
+

⎤

⎦⎥
≤ + → → ∞

≥
u t u v t v ϑ u t u ϑ v t v k, 0, , 0, , 0, , 0, 0 as

i k

i i k k

2

0
2

0
2

0
2

0
2� �(∣ ( )∣ ∣ ( )∣ ) [‖ ( )‖ ‖ ( )‖ ]

∣ ∣

uniformly for ≥t 0 and ∈Φ0 � . This completes the proof. □

4 Existence of periodic measures

The primary objective of this section is to establish the existence of periodic measures for equation (2.13)
in ×2 2ℓ ℓ . First, we introduce the transition operators associated with the equation and subsequently provide
evidence for the convergence and compactness properties exhibited by a family of probability distributions
representing solutions to this particular equation.

Suppose × →ψ : 2 2 �ℓ ℓ is a bounded Borel function. For ≤ ≤r t0 , we set

= ∀ ∈ ×p ψ ψ t rΦ Φ , , Φ , Φ .
r t, 0 0 0

2 2�( )( ) [ ( ( ))] ℓ ℓ (4.1)

In addition, for ∈ ×G
2 2�(ℓ ℓ ), ≤ ≤r t0 , and ∈ ×Φ0

2 2ℓ ℓ , we set

=p r t G p, Φ ; , 1 Φ ,
r t G0 , 0( ) ( )( )

where 1G is the indicator function ofG. Then, the probability distribution of tΦ( ) in ×2 2ℓ ℓ can be represented
as ⋅p r t, Φ ; ,0( ). Additionally, for convenience, the transition operator p

t0,
is denoted as p

t
.

Definition 4.1. A probability measure μ of equation (2.13) is called a periodic with period >T 0 if

∫ ∫= ∀ ≥
×

+
×

p ψ μ p ψ μ tΦ d Φ Φ d Φ , 0.
t T t0, 0 0 0, 0 0

2 2 2 2

( )( ) ( ) ( )( ) ( )

ℓ ℓ ℓ ℓ

The next lemma demonstrates the tightness of a family of distributions for solutions to equation (2.13)
in ×2 2ℓ ℓ . Henceforth, we will employ tΦ , 0, Φ0�( ( )) to denote the probability distribution of the solution

tΦ , 0, Φ0( ) to equation (2.13).

Lemma 4.1. Suppose (2.5)–(2.10) and (2.14)–(2.16) hold. Then, for the given compact subset ∈ ×2 2� ℓ ℓ ,
we obtain that the family ≥ ∈t tΦ , 0, Φ : 0, Φ0 0� �{ ( ( )) } of the distributions of the solutions to equation (2.13)
is tight on ×2 2ℓ ℓ .

Proof. We write the solution tΦ , 0, Φ0( ) to equation (2.13) as

= + ∈ ≥t t t n tΦ , 0, Φ Φ̃ , 0, Φ Φ̂ , 0, Φ , , 0
n n

0 0 0 �( ) ( ) ( ) (4.2)

with

= = −− ∈ − ∈t χ i t t χ i tΦ̃ , 0, Φ Φ , 0, Φ and Φ̂ , 0, Φ 1 Φ , 0, Φ ,
n

n n i i

n

n n i i0 , 0 0 , 0� �( ) ( ( ) ( )) ( ) (( ( )) ( ))[ ] [ ]

where −χ
n n,[ ] is the characteristic function of −n n,[ ]. For all ≥t 0, by Lemma 3.1, we obtain that there exists

a constant >c 01 such that for all ≥t 0 and ∈Φ0 � ,

≤×t cΦ , 0, Φ .0
2

12 2�[‖ ( )‖ ]
ℓ ℓ

(4.3)
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By Lemma 3.2, we obtain that for every >ε 0 and ∈m �, there exists an integer = ≥n n ε m, , 1m m �( ) such that

≤ ∀ ≥ ∈×t

ε

tΦ̂ , 0, Φ
2

, 0 and Φ .
n

m
0

2

4 0
m

2 2� �[‖ ( )‖ ]
ℓ ℓ

(4.4)

For every ∈m �, let

= ∈ × = > ≤×z z i n z

c

ε

: 0 for and
2

,m i m

m

1,
2 2

1
2 2� { ℓ ℓ ∣ ∣ ‖ ‖ }ℓ ℓ

(4.5)

=
⎧
⎨
⎩

∈ × − ≤ ∈
⎫
⎬
⎭×z z z z: ˆ

1

2
, for some ˆ .m

m
m2,

2 2
1,2 2� �ℓ ℓ ‖ ‖ℓ ℓ (4.6)

By (4.2), (4.5), and (4.6), we obtain

∈ ∉
⊆ ∈ ∉ ⋃ ∈ ∉ ∈

⊆ ⎧⎨⎩ ∈ > ⎫⎬⎭ ⋃
⎧
⎨
⎩

∈ >
⎫
⎬
⎭× ×

ω t

ω t ω t t

ω t

c

ε

ω t

Ω : Φ , 0, Φ

Ω : Φ̃ , 0, Φ Ω : Φ , 0, Φ and Φ̃ , 0, Φ

Ω : Φ̃ , 0, Φ
2

Ω : Φ̂ , 0, Φ
1

2
.

m

n

m m

n

m

n

m

n

m

0 2,

0 1, 0 2, 0 1,

0

1

0

m m

m m
2 2 2 2

�

� � �

{ ( ) }

{ ( ) } { ( ) ( ) }

‖ ( )‖ ‖ ( )‖ℓ ℓ ℓ ℓ

(4.7)

It follows from (4.3) that for all ≥t 0 and ∈Φ0 � , we obtain

⎟⎜
⎛
⎝
⎧⎨⎩ ∈ > ⎫⎬⎭

⎞
⎠

≤ ≤× ×ω t

c

ε

ε

c

t

ε

Ω : Φ̃ , 0, Φ
2

2
Φ , 0, Φ

2
.

n

m

m m
0

1

1

0
2

2

m
2 2 2 2� �‖ ( )‖ [‖ ( )‖ ]ℓ ℓ ℓ ℓ

(4.8)

By (4.4), we obtain that for all ≥t 0 and ∈Φ0 � ,

⎜ ⎟
⎛
⎝
⎧
⎨
⎩

∈ >
⎫
⎬
⎭
⎞
⎠

≤ ≤× ×ω t t

ε

Ω : Φ̂ , 0, Φ
1

2
2 Φ̂ , 0, Φ

2
.

n

m

m
n

m
0

2
0

2

2

m m
2 2 2 2� �‖ ( )‖ [‖ ( )‖ ]ℓ ℓ ℓ ℓ

(4.9)

Then, by (4.7)–(4.9), we obtain

∈ ∉ ≤ −ω t

ε

Ω : Φ , 0, Φ
2

.ε
m

0 2, 2 1
� �({ ( ) }) (4.10)

Let = ⋂ =
∞

ε m m1 2,� � , we find that ε� is a closed and totally bounded in ×2 2ℓ ℓ . Then, it is compact in ×2 2ℓ ℓ .
Given >ε 0, it follows from (4.10) that for all ≥t 0 and ∈Φ0 � ,

∑∈ ∉ ≤ <
=

∞

−ω t

ε

εΩ : Φ , 0, Φ
2

.ε

m

m
0

1

2 1
� �({ ( ) }) (4.11)

This completes the proof. □

The properties of transition operators ≤ ≤p
r t r t, 0{ } are now presented as follows.

Lemma 4.2. Suppose (2.5)–(2.10) and (2.14)–(2.16) hold. Then, we have
(i) The family ≤ ≤p

r t r t, 0{ } is Feller; i.e., if × →ψ : 2 2 �ℓ ℓ is bounded and continuous, then × →p ψ :
r t,

2 2 �ℓ ℓ

is bounded and continuous.
(ii) The family ≤ ≤p

r t r t, 0{ } is T-periodic; i.e.,

⋅ = + + ⋅ ∀ ∈ ∈ ×p r t p r T t T r t, Φ ; , , Φ ; , , 0, , Φ .0 0 0
2 2( ) ( ) [ ] ℓ ℓ

(iii) ≥tΦ , 0, Φ t0 0{ ( )} is a ×2 2ℓ ℓ -valued Markov process.

Proof. (i) Using a similar approach to Lemma 4.4 in [20], we realize that ≤ ≤p
r t r t, 0{ } is Feller.

(ii) By (2.13), we have

∫ ∫∑= + +
=

∞

t r F s r s G s r W sΦ , , Φ Φ Φ , , Φ d Φ , , Φ d .

r

t

j
r

t

j j0 0 0

1

0( ) ( ( )) ( ( )) ( ) (4.12)
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We also have

∫ ∫∑+ + = + + + +
+

+

=

∞

+

+

t T r T F s r T s G s r T W sΦ , , Φ Φ Φ , , Φ d Φ , , Φ d ,

r T

t T

j
r T

t T

j j0 0 0

1

0( ) ( ( )) ( ( )) ( )

which shows that

∫ ∫∑+ + = + + + + + +
=

∞

t T r T F s T r T s G s T r T W sΦ , , Φ Φ Φ , , Φ d Φ , , Φ d ˜ ,

r

t

j
r

t

j j0 0 0

1

0( ) ( ( )) ( ( )) ( ) (4.13)

where = + − ∈W s W s T W T j˜ ,j j j �( ) ( ) ( ) , are Brownian motions as well. By (4.12)–(4.13) and Theorem 2.1
of [55], it can be derived that + +t T r TΦ , , Φ0( ) have the same distribution law. Consequently, for
any ∈ ×A

2 2�(ℓ ℓ ),

= + + ∀ ∈p r t A p r T t T A r t, Φ ; , , Φ ; , , 0, .0 0( ) ( ) [ ]

(iii) For all ≥s 0 and ∈ ×z
2 2ℓ ℓ , we will show that the solution t s zΦ , ,( ) with ≥s t to equation (2.13) is a

×2 2ℓ ℓ -valued Markov process. By the uniqueness of the solutions, we obtain that for every ≤ ≤ ≤s r t0 ,

= −t s z t r r s zΦ , , Φ , , Φ , , , a.s.�( ) ( ( )) (4.14)

Then, we only need to show that for all bounded and continuous function × →ψ : 2 2 �ℓ ℓ ,

= −=ψ t s z p ψ zΦ , , ˜ , a.s.r r t z r s z, ˜ Φ , ,� ��[ ( ( ))∣ ] ( )( )∣ ( ) (4.15)

Given ∈n � and ∈ ×ξ L Ω,2 2 2( ℓ ℓ ), we let t r ξΦ , ,n( ) be the solution to equation (2.13). Since f satisfies (2.5)
and (2.7), g

j
satisfies (2.6), (2.8), and (2.9), one can prove that for all bounded and continuous func-

tion × →ψ : 2 2 �ℓ ℓ ,

= −=ψ t r z ψ t r zΦ , , Φ , , ˜ , a.s. ,n

r

n

z ξ˜� � ��[ ( ( ))∣ ] [ ( ( ))]∣ (4.16)

= −
→∞

t r ξ t r ξlim Φ , , Φ , , , a.s.
n

n �( ) ( ) (4.17)

According to the Lebesgue dominated convergence theorem, as well as (4.16) and (4.17), we can deduce

= −=ψ t r ξ ψ t r zΦ , , Φ , , ˜ , a.s. ,r z ξ˜� � ��[ ( ( ))∣ ] [ ( ( ))]∣

which along with (4.1) shows that

= −=ψ t r ξ p ψ zΦ , , ˜ , a.s.r r t z ξ, ˜� ��[ ( ( ))∣ ] ( )( )∣ (4.18)

Consequently, (4.15) can be derived directly from (4.14) and (4.18). This completes the proof. □

Now, the main outcome of this study has been shown by Krylov-Bogolyubov’s method.

Theorem 4.1. Suppose (2.5)–(2.10) and (2.14)–(2.16) hold. Then, equation (2.13) has a periodic measure on
×2 2ℓ ℓ .

Proof. For each ∈n �, the probability measure μ
n
is given by

∑= ⋅
=

μ

n

p lT

1
0, 0; , .

n

l

n

1

( ) (4.19)

By Lemma 4.1, we obtain that the sequence =
∞

μ
n n 1( ) is tight on ×2 2ℓ ℓ . Then, there exists a probability measure

μ on ×2 2ℓ ℓ and a subsequence (still denoted by =
∞

μ
n n 1( ) ) such that

→ → ∞μ μ n, as .
n (4.20)
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It can be deduced from (4.19) and (4.20) and Lemma 4.2 that for every ≥t 0 and every bounded and continuous
function × →ψ : 2 2 �ℓ ℓ ,

∫ ∫ ∫

∫ ∫

∫ ∫

∫

∫

∫ ∫

∫ ∫

∫

∑

∑

∑

∑

∑
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=
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= +
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+

p ψ μ ψ y p t y μ

n

ψ y p t y p lT

n
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n
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n
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n

ψ y p t T y p lT

ψ y p t T y μ

p ψ μ

Φ d Φ 0, Φ ; , d d Φ
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1

0, Φ ; , d 0, 0; , dΦ
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1
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1
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1
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1
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Φ d Φ ,

t

n
l

n

n
l

n

n
l

n

n
l

n

n
l

n

t T
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1

0 0

1

0 0

1

1

1

0 0
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ℓ ℓ ℓ ℓ

ℓ ℓ

ℓ ℓ

ℓ ℓ ℓ ℓ
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which implies that μ is a periodic measure of equation (2.13). This completes the proof. □

5 Remark

The current focus is on the theoretical proof of the well-posedness of solutions and the existence of periodic
measures for fractional stochastic discrete wave equations with nonlinear noise. This objective was achieved
through the utilization of uniform tail estimates and Krylov Bogolyubov’s method. In future research, our
group intends to investigate the Ergodicity of stochastic discrete wave equations possessing a periodic mea-
sure. Furthermore, we will employ finite-dimensional numerical approximation methods to address the
existence of numerical periodic measures.
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