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Abstract: The present study is related to the existence and the asymptotic behavior of the solution of
a nonlinear elliptic Steklov problem imposed on a nanostructure depending on the thickness parameter
£ (nano-scale), distributed on the boundary of the domain when the parameter € goes to 0, under some appro-
priate conditions on the data involved in the problem. We use epi-convergence method in order to establish
the limit behavior by characterizing the weak limits of the energies for the solutions. An intermediate step
in the proof provides a homogenization result for the considered structure.
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1 Introduction

In the recent decades, many mathematicians have used the partial differential equations (PDEs) to describe
several natural phenomena in different branches of science such as fluid mechanics, biology, medicine and
chemistry (see, e.g., [1,2]). Although a large number of mathematical physics methods have been developed to
study nonlinear PDEs, the investigation of PDEs with Steklov boundary conditions has attracted much atten-
tion due to an efficient description of nonlinear phenomena in fluid mechanics, viscoelasticity, biology,
medicine, physics and other areas of science [3,4]. Much efforts have been put in recent years to develop
techniques to deal with PDEs at the nanoscale. As a consequence, several ad hoc methods such as Steklov
boundary conditions [5,6], Steklov eigenvalue problems [7-10], boundary homogenization [11], also with
variable exponent [12], shape optimization method [13,14], multiscale homogenization method [15,16], espe-
cially in nanobiology or in nanomedicine [17-21] and other numerical schemes for Steklov problems [7,22]
have been formulated.

Bafiuolos et al. [7] studied the eigenvalue for the mixed Steklov problem (sloshing phenomena). Zemzemi
[18] determined the related inverse problem. Moreover, Girouard et al. [9,10] considered the Large Steklov
eigenvalues via homogenization.

However, interested readers can also refer to the following relevant recent papers in the area
of nonlinear PDE and their use to describe a series of phenomena in applied sciences either with thin
or nanolayer [12,23-28].
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Furthermore, Kuznetsov et al. studied the elliptic nonlinear Steklov problem [29]. It was claimed in [17]
that the equation might be relevant to the modeling of nanomedicine. In the last 30 years, the Steklov problem
and its various version of eigenvalue were intensively studied in the PDE community due to its many very
interesting and remarkable properties: complete homogenization [9], geometric formulations [5,6], and exis-
tence of both Neumann and Steklov conditions [7].

Series of interesting results on the homogenization for the Steklov-type equations have been obtained by
Girouard and his collaborators [9,10]. To the best of our knowledge, these homogenization results are very
interesting (some details can be found in [5,6,11] and references therein). Their results highlight how local
structure of the domain affects the solutions of those type of problems. Therefore, several global existence for
weak solutions and limit problems to the PDEs was studied by Ait Moussa et al. [30] and oscillating thin layer
was presented in [31,32]. On the other hand, the notion of I' and epi-convergence as a type of convergence
for functionals, particularly suitable for the study of variational problems was introduced and studied by
De Giorgi [33-36], De Giorgi and Franzoni et al. [37] and references therein [38—44]. This new tool allows us to
relate a sequence of minimization problems depending on a parameter € taken small enough with a limit
problem that can possibly have a different nature from the original problems, in terms of energy functionals,
functional spaces, physical modelization at nanoscale, etc. Even if there is a difference between the original
functional and the limit one in terms of structure, this kind of convergence preserves the notion of minimizers
in the limit. In addition, the homogenization of PDEs was studied by some researchers [45,46], and also the
homogenization of the p-Laplacian in perforated domains was traited by [47].

Our aim, in this study, is to prove the existence of weak solutions and their limit behavior for the following
context: Let us consider a body which occupies a bounded three-dimensional domain, Q@ C R3, with a Lipschitz
boundary 99, composed on a nano-layer B, of mid-surface X, where B, = {x € Q: |x| < €%}, and let
L. = 0Q N 0B, [ = 0Q\L,, and ¢ be a positive small enough parameter. Let us consider a body occupying
the domain Q, where a very high heat boundary conductivity on I} is considered. The problem is modeled
with the following equations:

—Apu£ =f in Q,

ous 1
|vM€|P-2E + E [ué|P~2ut = 0 in X, ()
ut =0 in T,

where the boundary conductivity is expressed by gla and the unknown u¢ be the temperature, n be the outward

2
normal to 0Q, p > 1,a > 0, 4, is p-Laplace operator: 4,u = Zilai)q[wml"z:—;] with [Vu| = /Y2, Z—Z , defined

on Sobolev space WP(Q), and f € L*(Q) (Figure 1).

o3

Figure 1: Structure Q.
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The purpose of this work is to describe the asymptotic behavior for constructured sequence when the
parameter € goes to 0. The epi-convergence arguments are used to obtain the limit of this sequence. For the
description of this variational convergence well adopted to the asymptotic analysis of minimization problems,
we refer to [48], the works proposed by Dal Maso [27,35], Giorgi [33,34], Dal Maso and Longo [36] and Attouch
and Picard [23,49].

The remainder of this work is organized as follows. In Section 2, we give some useful notations and some
basic definitions. In Section 3, we study the considered problem, the limits behavior of each case are clearly
developed, and some special cases are pointed out. Finally, a conclusion is given.

2 Preliminaries

In this section, we will give the notations and some basic notions, that will be used throughout this study.
It makes the equations clearer and consequently their interpretation also becomes easier:

* Q be a bounded domain in R? with Lipschitz boundary 4Q, meas(®Q) > 0, and x = (x’, x3) where x’ = (x, X,),
e V={ue wh(Q):u=0 on I}

o Vp={ue W(Q):u=0 on dQ\dx}, where 9% is the contour of the mid-surface X

+ C will denote any constant with respect to €. n(a) = lim £'"% where ¢ tends to 0. (With a is greater than 0).

We will give an efficient notion of operator’s sequence convergence, named epi-convergence, which is
a special case of the I'-convergence introduced by De Giorgi (1979) [33]. It is well suited for the asymptotic
analysis of sequences of minimization problems.

Definition 1. [48, Definition 1.9] Let (X, 7) be a metric space and (F¢), and F be functionals defined on X and
with value in R U {+oo}. F¢ epi-converges to F in (X, 7), noted 7 - epilim,_F¢ = F, if the following assertions
are satisfied

« For all x € X, there exists x°, x° — x such that limsup, _,,F(x7) < F(x).

« For all x € X and all x, with X, — x, liminf._.oF£(x,) = F(x).
Note the following stability result of the epi-convergence.

Proposition 1. [48, p. 40] Suppose that F¢ epi-converges to F in (X, 7) and that ® : X —» R U {+o} is T-con-
tinuous. Then, F¢ + @ epi-converges to F + @ in (X, 7).

Theorem 2. [48, theorem 1.10] Suppose that

(1) F¢ admits a minimizer on X,

(2) The sequence (i1%) is T-relatively compact,

(3) The sequence F¢ epi-converges to F in this topology 7.

Then, every cluster point u of the sequence (u¢) minimizes F on X and

lim F¢'(@¥) = F(),
&'=0

if (@), denotes the subsequence of (it¥),, which converges to .
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3 Main results

3.1 Study of the problem (#¢)

Note that the problem (#¢) is equivalent to the minimization problem

Viggo{@s(v) + GV}, )

where G(v) = —va
Q

1 1
~ [lwwpax + — [lvpdo it ve v,
pet! @

and ®(v) ={P
+oo if ve \W,

So, problems (#¢) and (1) have the same weak solutions in V;. Next we will study the minimization problem (1)
and the existence of its weak solutions is given in the following proposition.

Proposition 3. Problem (1) admits a unique nontrivial solution u¢ in Vj.

The proof of this proposition is based on a classical argument and minmax method, see, e.g., [6,26,50].

In the sequel, we focus on the limit behavior of the solution u¢ of problem (1) with respect to the values
of a. In fact, we use the epi-convergence method (Definition 1), and to do that, we need to determine the space
and the suitable topology. Now, we give in the following lemma, the estimations on Vu®.

Lemma 1. Assuming that there exists a constant C > 0 and a sequence (uf)s>o C V; such that |®¢(uf)| < C.
Then, (uf).-¢ satisfies to

I|Vu£|!’dx <C, 3)
Q
Jluspdo < ce. @
ZE

Moreover, u¢ is bounded in V.

Proof. Since u¢ satisfies to

1 1
~[ivuspax + — [luspdo < c.
Pl pe

We have (uf) is a bounded sequence in Vp, if not, we have |[u®||y, — +.
Let

ué‘
[l

Ve

then we have v, bounded in V4, in one hand, there exists v € V; such that for a subsequence, noted also v,
Ve = v in V4. In other hand, we have

DE(uf)

p e|P

g4

1
= £|VV5|de + E!lvglpda.

‘e
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Now, let us consider the first Steklov eigenvalue of -4, operator (see for instance [6])

Jo/vviPdx

Ao= in -
vew@\o} [ [vPdo

for a small enough ¢, we have 81—,1 > Ao, therefore

1
Jivvpax+ 2 fiwpdo = fiovpax + 2 [ npdo 6
Q T Q a9
> 2%, J' ve[Pdo. ®)
0Q

Since ®¢(uf) is bounded, we have
lim [ [vlPdx = 0,
-0
a9
then v = 0 on 8Q. In other words, we have

1
J'|vV£|de ¥ EJ’lvglpdG > I|Vv£|l’dx. o
Q x Q

3

Passing to the limit, we have

lim [ |vu.pdx = 0.
-0 o

Consequently,
Jlelde =0,
Q
then v = ¢ in Q; however, v = 0 on R, then v = 0. Hence, there is a contradiction with the fact that ||vg||y, = 1.
Accordingly, let (uf) be a bounded sequence in WP(Q). Then, we obtain

ﬁwmwsa
Q

and

Iluslpda < Ce“, 0
L,

Remark 1. It is easy to see that the solution of problem (1) satisfies Lemma (1).

According to the real values of a, in the following proposition, we will give some characterization about
the behavior of solution (uf), of problem (1), when ¢ is close to zero.

Indeed, we need to define an operator, which transforms the functions defined on X, to the functions
defined on %, to handle this, we follow the idea of Ait and Messaho [31], let us define the following operator
mé : LP(X,) — LP(9Y), by

meu(x’) = 2—18J’u(x’, X)dxs, Yu € LP(E,). ®)
—-&
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Lemma 2. The operator m¢ defined by (8) is linear and bounded to LP(%;) in LP(8X), with norm < Ce%; moreover,
for allu € LP(%,), we have

I|m£u|” do < Cs‘lj|u|Pdo. ©)
ox

ZS

The proof of this lemma is similar to [31, Lemma 4.2].

Proposition 4. The solution of the problem (1), (u®),, possess a subsequence also denoted by (uf). weakly
convergent toward an element u* in W(Q) satisfying

u*=0 on oQ\dz, (10)
u*, € LP(Z), (11)
a=1: u*, € LP(3L), (12)
a>1: u*,=0. (13)

Proof. According to remark 1, the sequence uf is bounded in W'P(Q), it follows that there exists an element
u* € WP(Q) and a subsequence of u?, still denoted by uf such that uf — u* in WP(Q). Then,

ué,, — u*,, 1in LP(3L),
thanks to Lemma 2, we have

[1meus - s, pdo < cer[uspdo,
oz %,

and according to (4), we obtain

Ilmaus - u£|a):|p = C€a+p_1-
oz
For a =1, according to estimate (4), the sequence mfu® possesses a subsequence, still denoted
by mfué weakly convergent to an element u? in LP(9Z), as méuf — u*, in LP(dZ), so one concludes that
méué —u*,_ in LP(AX) and u*, . = u? Hence, u* € LP(3¥).
For a > 1, one shows, as in the case @ = 1 and taking u? = 0, that u*

lox

lax los lox

=0. ]

lox

The limit behavior of problem (1), will be derived and can be proved in the same spirit with the epicon-
vergence method, (see Definition 1).

3.2 Limit behavior of problem (1)

In this subsection, we will interest, according to the values of a, to find the limit problem of problem (2).
We consider the following energy functional given by

1 1
~[ivup + = [lup, vueae
Feu) =Py pes.

oo, Vu € WHP(Q)\GO.

(14)

We denote by 7; the weak topology on WP(Q) and let
V(0E) = {u € V; : uy,, € LP(3%)},
VE(ar) = Wy"(Q).



DE GRUYTER Asymptotic study for a nonlinear elliptic Steklov problem == 7

We show easily that V(0X) is a Banach space endowed with the norm

ur- ||u||W1,p(Q).

Let

{u € Vg : n(a)u |5 € LP(0L)} if a<1,

V(ox) if a> 1.
._|[o@ ifas<t,
Tlue D) : ulsx = 0} if a>1.

It is known that D% = G4

Theorem 5. There exists a functional F* defined on W*P(Q) with value in R U {+e} such that 7, - lim,#* =
F%in WLP(Q), where the functional F¢ is given as follows:
D Ifo<sa<1l:

1
Fa(u) = ;Iqull’, Vu € WHH(Q).
Q

@ Ifaz1:
2
e + 22D fu,p if veos,
F'u) ={Py P
+oo0 if u€ WWQ)\G.

Proof. (a) Determination of the upper epi-limit: Let u € G% C WLP(Q), there exists a sequence (u") in D¢
such that

u" - u in G% whenn — +oo,

Hence that u® - u in WP(Q).
Let 0 be a smooth function satisfying

o) =1if [t| <1, 6()=0if |f] 22 and [6(t)|<2VtER,
and set
X:

00 = o)

we define
usm = g.(x)u",, + (1 - 6:.0C))u™
It is clear that u®" € WP(Q) and u®" - u™ in G% when ¢ - 0.
Since
1 1
Feen) = — e + — fjuenp,
o ]

so that

1 1
£(116N) = enp 4 — enp 4 &n|p
FEusm) _[ [VusnP + I [Vus"| +p8“J|u |

|x3|>2¢ e<|x3|<2¢e

1 2el@
[ e+ = [ wuenp + p [ p.

|x3|>2¢ e<|x3|<2¢e )%

15)

h-R R~ T
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We check easily that

lim{ [ [uenpl=o. (16)
p

£<|x3|<2¢e

(1) If a <1: We have 7% - p(a), it follows that

2e'”

1-a 2 ((1)
Ilunbzlp = L
p oL

lim
-0

Ilunlaz|p .
or

By passage to the upper limit, one has

1 2617 1 2
limsup7(uen) = limsup|— [ (vurp + = [ o[ = — [jvurp + M_ﬁunmw.
oL pQ p )%

-0 fd] Xa]>2¢ p

(2) If a > 1: By passage to the upper limit, we then establish

1 1
limsup# é(u&") = limsup|— I |Vu™P| = —I|Vu”|1’.
Py

&e-0 -0 X|>2¢

Since " — u in GY% when n — +%. Owing to the classical result, diagonalization’s lemma [48, Lemma 1.15],
there exists a function n(¢) : R* - N increasing to +® when € — 0, such that ue™® - y in G% when € - 0.
While n approaches +, one will have

@ Ifa=#1:

-0 n—+oo -0

1
limsup# &(us"®) < limsup limsupF é(us") < ;IqulP.
Q

2 Ifa=1:

1 2
limsup# &us"®) < limsup LimsupF é(us™") < ;J’|Vu|lJ + %Iluml"-
Q oL

-0 n—+oo -0

If u € WW(Q)\GY, it is clear that, for every u® € WLP(Q), u¢ = u in W(Q), one has

limsup¥ é(uf) < +oo,
-0

(b) One is going to determine the lower epi-limit. Letu € G* and (u?) be a sequence in W'P(Q) such that u® — u
in WP(Q), so that

Vué - Vu in LP(Q)3. a”n
1) If a # 1: Since
1
FEué) 2 —I|Vu8|!’.
P Q
According to (17) and by passage to the lower limit, we obtain
1
liminf Fe(ue) = —_[|Vu|P.
-0 14 2

(2) If a = 1: If liminf,_¢F é(uf) = +o, there is nothing to prove, because

2
~[iwup + '7(0’)_[|u|52|1? < +oo,
pQ P o
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Otherwise, liminf,. 7 %(uf) < +o, there exists a subsequence of Fuf) still denoted by F*(uf)
and a constant C > 0, such that #%u®) < C, which implies that

1
Wzsluﬂp <C. (18)
So u¢ satisfies the hypothesis of the lemma [32, Lemma 3], and according to, and as a result, this last, m®u¢ is
bounded in LP(9X).
Thus, there exists an element u; € LP(3X) and a subsequence of mfu?, still denoted by mfu?, such that
mfuf — uy in LP(9X), since u®,; — u,, in LP(0L), and thanks to (9) and (18), we have m®u® — uy,; in LP(9X),
therefore u; = u,,. One has

lox

1 1 1 261
o) > —[jvuep + — [juep > —[jousp + =— [jmeusp.
pSE pe z pSZ p oz

Now, by using the sub-differential inequality of

281—a

V- J'|v|v, Vv € LP(35),

o%

we obtain

gl—a

1 2 1
FE(ut) = ;JquﬂP + ;j|u|az|l’ + Zgl‘aflubzlp‘zum(mfus = U,y
Q

oz oL
Consequently, according to (17) and by passage to the lower limit, one obtains
1 2n(a
liminf 74(u) > — [ |vupe + M_ﬁu,ﬁp’.
£0 Py Py

Let u € WYP(Q)\G® and u? € WLP(Q), such that u¢ — u in WP(Q):
If u®* € G® or liminf,_(F 4(u®) = +oo, there is nothing to prove.
Now, assume that u¢ € G* and

liminf 7 4(uf) < +oo,
-0

So, there exists a constant C > 0 and a subsequence of F¢(u®), still denoted by #4(u¢), such that
FE(ut) < C. 19)
For 0 < a < 1, there is nothing to prove.
Otherwise, one takes the same way as in the case u € G%1, we have mfu¢ bounded in LP(3Z), so there
exists an element uy € LP(9X) and a subsequence of méu?, still denoted by méu¢, such that méu® — u; in LP(9%),

since u®,, — u,, in LP(OL), and thanks to (9) and (19), one has mfu® — ), in LP(9X), so that u € G¢,
which contradicts the fact that u & G¢, finally, we obtain

lirgiglf FE(uf) = +oo,
Hence, the proof of Theorem 5 is complete. O
Remark 2. Note that, from Proposition 1, ¥¢ + G epi-converges to F* + G.
In the following, we are interested in the question of finding the limit problem associated to problem (1),

when ¢ close to zero. From the epi-convergence results (Theorem 2, Proposition 1) and Theorem 5, we have the
following result.
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Proposition 6. According to the parameter values of a, there exists u* € WP(Q) satisfying

ut = u* in Whr(Q),
FA(u*) + G(u*) = intﬂ{F"(v) + G(v)}

Proof. By applying Lemma 1, the family u?) is bounded in WP(Q); therefore, it possess a 7¢-cluster point u*
in W'P(Q). And thanks to classical epi-convergence results (Theorem 2), one has u* is a solution of the limit
problem

inf {F(v) + G} (20)

veEWLP
Since for a > 1, F? equals + on WLP(Q)\G, (20) becomes

inf {F2(v) + GO} @

According to the uniqueness of solutions of problem (20), u® admits an unique 7y-cluster point u*, and therefore
ué — u* in Whr(Q). O

4 Conclusion

In this study, the epi-convergence method for the Steklov problem on a nanostructure has been successfully
applied and employed efficiently to this type of problem. Also, we obtained the limits problem of our equation
and we construct the sequence that describes the asymptotic behavior when the parameter £ goes to 0.
Therefore, the limit of this sequence is obtained using epi-convergence arguments. From the above analysis,
it manifests that the proposed analysis is highly effective and reliable for constructing arguments to generate
the corresponding limit problems. In future works, we extend this proposed tool to investigate and examine
a nonlinear elliptic problem with Steklov boundary conditions involving the variable, fractional exponent
of the P-Laplacian operator.
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