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Abstract: In this article, a family of delay differential equations with pseudo compact almost automorphic coeffi-
cients is considered. By introducing a concept of Bi-pseudo compact almost automorphic functions and establishing
the properties of these functions, and using Halanay’s inequality and Banach fixed point theorem, some results on the
existence, uniqueness and global exponential stability of pseudo compact automorphic solutions of the equations are
obtained. Our results extend some recent works.Moreover, an example is given to illustrate the validity of our results.
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1 Introduction

The study of almost periodic type solutions to differential equations have attracted many researchers (see, e.g.,
[1–10] and the references therein). The space of pseudo compact almost automorphic functions (p.k.a.a.)
includes pseudo almost periodic functions (p.a.p.), almost periodic functions (a.p.) and compact almost auto-
morphic functions (k.a.a.). However, as far as we know, there are few results on compact almost automorphic
type solutions to differential equations.

In the study by Abbas et al. [11], by applying the properties of p.k.a.a. and bi-almost automorphic (Bi-a.a.),
and the Banach fixed point theorem, Abbas et al. obtain the results of p.k.a.a. solutions to the following delay
differential equation:
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where the coefficient function →α R R: does not consider ergodic perturbation, i.e., α is positive a.a.
Lots of results on equation (1.1) and its analogue equations do not consider the ergodic perturbation of

coefficients, such as [2], by applying the properties of p.a.p. and the Banach fixed point theorem, Chérif obtain
the results of p.a.p. solutions to Nicholson’s blowflies model with mixed delays of the form:
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where →α R R: is positive a.p.
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It is realistic to consider that the coefficients have an ergodic perturbation [12]. Coronel et al. [13] remark
that in the context of differential equations with almost automorphic coefficients, the Bi-almost automorphic
(Bi-a.a.) property of the Green function is fundamental to prove the existence of solutions of the same class.
Naturally, it is necessary to consider the Green function with Bi-compact almost automorphic (Bi-k.a.a.)
property and Bi-ergodic components to prove the existence of solutions to differential equations with pseudo
compact almost automorphic coefficients. On the other hand, it is meaningful to consider mixed delays with
ergodic components.

Motivated by the aforementioned results, we introduce the concept of Bi-pseudo compact almost auto-
morphic functions (Bi-p.k.a.a.) and establish some basic properties for these functions. Then by applying
the properties of p.k.a.a. and Bi-p.k.a.a., and the Banach fixed point theorem, we study the p.k.a.a. solutions
to the following delay differential equation:

( ) ( ) ( ) ( ) ( ( ( ))) ( ) ( ( )) ( ) ( ) ( ( ))∫∑= − + − + − + +
= −
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where →α R R: is positive p.k.a.a.
It is clear that (1.3) includes both (1.1) and (1.2). In our results, by using the properties of p.k.a.a and Bi-

p.k.a.a., the conditions for some useful results and the existence of p.k.a.a. solutions to equation (1.3) are
weaker than those in the existing literature (see Remarks 2.6, 2.15, and 3.7). Moreover, by using Halanay’s
inequality, the globally exponential stability of the positive p.k.a.a. solution to equation (1.3) does not need to
add a condition to the existence conditions as in [9] (Remark 4.6). Therefore, our results extend some known
results.

The outline of this article is as follows. In Section 2, we recall the concept and properties of pseudo
compact almost automorphic functions, define Bi-pseudo compact almost automorphic functions, and estab-
lish some properties of these functions. Sections 3 and 4 contain some results on the existence, uniqueness,
and global exponential stability of pseudo compact almost automorphic solution to equation (1.3). In Section 5,
we provide an example to illustrate the validity of our results. Finally, a conclusion is drawn in Section 6.

2 Preliminaries

Let ( ‖ ‖) ( ‖ ‖)⋅ ⋅V U, , , be two Banach spaces, and ( ) ( ( ))×R V R U VBC , resp. BC , denotes the space of bounded
continuous functions ( )→ × →f R V f R U V: resp. : . Denote ‖ ‖ ‖ ( )‖≔∞ ∈f f tsup

t R
, ‖ ‖ ‖ ( )‖≔ − ≤ ≤f f tsupμ μ t 0

and [ )≔ ∞+
R 0, .

Definition 2.1. [11,14–17] (i) A continuous function →f R V: is said to be almost automorphic (a.a.) if for any
sequence { }′ ⊂=

∞
ξ R

n n 1

, there exists a subsequence { } =
∞

ξn n 1

of { }′ =
∞

ξ
n n 1

such that

( ) ( )+ =
→∞

f t ξ f tlim

˜

n

n

is well defined for all ∈t R, and

( ) ( )− =
→∞

f t ξ f tlim

˜

n

n

for all ∈t R. Denote by ( )AA R V, the space of all such functions. A continuous function × →f R U V: is said
to be almost automorphic if ( )f t x, is almost automorphic in ∈t R uniformly for all x in any bounded subset
of U . Denote by ( )×AA R U V, the space of all such functions.

If the aforementioned limits hold uniformly in compact subsets of R, then f is said to be compact almost
automorphic (k.a.a.). Denote by ( )R VKAA , , the space of all such functions. A continuous function

× →f R U V: is said to be compact almost automorphic if ( )f t x, is compact almost automorphic in ∈t R

uniformly for all x in any bounded subset of U . Denote by ( )×R U VKAA , the space of all such functions.
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(ii) A continuous function →f R V: (resp. × →f R U V: ) is said to be pseudo almost automorphic (p.a.a.)
if f is decomposed as follows:

= +f f f ,

1 2
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0
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Denote by ( )R VPAA , (resp. ( )×R U VPAA , ) the space of all such functions. The functions f
1

and f
2

are,
respectively, called the almost automorphic and the ergodic components of f .

(iii) A continuous function →f R V: (resp. × →f R U V: ) is said to be pseudo compact almost auto-
morphic (p.k.a.a.) if f is decomposed as follows:

= +f f f ,

1 2

where ( )∈f R VKAA ,

1

(resp. ( )×R U VKAA , ) and ( )∈f R VPAP ,

2

0

(resp. ( )∈ ×f R U VPAP ,

2

0

). Denote by
( )R VPKAA , (resp. ( )×R U VPKAA , ) the space of all such functions. The functions f

1

and f
2

are, respectively,
called the compact almost automorphic and the ergodic components of f .

Remark 2.2. Let ( )= + ∈f f f R VPKAA ,

1 2

with ( )∈f R VKAA ,

1

and ( )∈f R VPAP ,

2

0

. In view of the properties
of p.a.a., it follows immediately that f is bounded and { ( ) } { ( ) }∈ ⊂ ∈f t t R f t t R: :

1

since ( )R VPKAA , is a
subspace of ( )R VPAA , . Moreover, from the definition of k.a.a., we see that ( )R VKAA , is translation-invariant.
So the space ( )R VPKAA , is translation-invariant since ( )R VPAP ,

0

is translation-invariant. See [15,16] for more
details on p.a.a.

Lemma 2.3. [11,18] The following assertions hold:
(i) ( )R VPKAA , is a Banach space with the supremum norm.
(ii) The decomposition of a pseudo compact almost automorphic function is unique.
(iii) Let ( )∈f R RPKAA , and ( )∈g R RPKAA , , then ( )∈fg R RPKAA , .
(iv) A function →f R V: is k.a.a. if and only if it is a.a. and uniformly continuous.

By [15, Lemma 4.36, Theorem 6.8], we can obtain the following result.

Lemma 2.4. Let ( )= + ∈ ×f f f R V VPKAA ,

1 2

with ( ) ( )∈ × ∈ ×f R V V f R V VKAA , , PAP ,

1 2

0

, and ( )↦x f t x,

be uniformly continuous in any bounded subset of V uniformly for ∈t R. If ( )∈x R VPKAA , , then
( ( )) ( )⋅ ⋅ ∈f x R V, PKAA , .

Lemma 2.5. If ( )∈f R RPKAA , , ( ) ( )∈ ∩ +
τ R R C R RPKAA , ,

1 and ( )′ ≤ <τ t τ
*

1, then ( ( )) ( )⋅− ⋅ ∈f τ R RPKAA , .

Proof. Since ( )∈f τ R R, PKAA , , f and τ can be expressed as = +f f f
1 2

and = +τ τ τ
1 2

, respectively, where
( )∈f τ R R, KAA ,

1

1

and ( )∈f τ R R, PAP ,

2

2 0

. Denote

( ) ( ( )) ( ) ( ( )) ( ) ( ( )) ( ( ))= − = − = − − −F t f t τ t F t f t τ t F t f t τ t f t τ t, , and .

1

1

1 2

2

3

1 1

1

Then

( ( )) ( ) ( ) ( )− = + +f t τ t F t F t F t .

1 2 3
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It follows from [19, Lemma 7] that ( )∈F R RKAA ,

1

. By the same arguments as in the proof of [11, Lemma 4], it is
easy to obtain that ( )∈F R RPAP ,

2 0

. Now it remains to prove that ( )∈F R RPAP ,

3 0

. By Lemma 2.3 (iv), we have f
1

is uniform continuity, then for any >ε 0, there exists a constant >δ 0 such that for all ′ ″ ∈t t R, , ∣ ∣′ − ″ <t t δ,

∣ ( ) ( )∣′ − ″ <f t f t

ε

2

.

1 1

(2.1)

Since ( )∈τ R RPAP ,

2 0

, it follows from [20, Lemma 1.1] that

( ) =
→∞ r

Mlim

1

2

meas 0,

r

r ε,

where ( )⋅meas denotes the Lebesgue measure and { [ ] ‖ ( )‖ ‖ ( ) ( )‖ }= ∈ − = − ≥M t r r τ t τ t τ t ε, :r ε, 2 1

. Particularly,
one can find >δ 0 such that >r δ,

([ ] )
‖ ‖

− ∩ <
∞r

r r M

ε

f

1

2

meas ,

4

.r δ,

1

(2.2)

Thus, we can deduce from (2.1) and (2.2) that
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[ ] [ ]

∫ ∫

∫ ∫

= − − −

= − − − + − − −

< + =

− −

− ∩ −

r

F t t

r

f t τ t f t τ t t

r

f t τ t f t τ t t

r

f t τ t f t τ t t

ε ε
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1
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d

1

2
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2 2

,

r

r

r
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1 1

1

,

1 1

1

, \

1 1

1

r δ r δ, ,

which means ( )∈F R RPAP ,

3 0

. □

Remark 2.6. Lemma 2.5 shows that the condition “ ( ) ( )∈ ∩ +
τ R R C R RKAA , ,

1 ” in [11] can be improved by
the condition “ ( ) ( )∈ ∩ +

τ R R C R RPKAA , ,

1 .”

Next we recall and introduce some notations, which will be used to obtain our main results.

Definition 2.7. (i) A continuous function × →G R R V: is said to be Bi-almost automorphic (Bi-a.a.) if for any
sequence { }′ ⊂=

∞
ξ R

n n 1

, there exists a subsequence { } =
∞

ξn n 1

of { }′ =
∞

ξ
n n 1

such that

( ) ( ) ( ) ( )+ + = − − =
→∞ →∞

G t ξ s ξ G t s G t ξ s ξ G t slim ,

˜

, , lim

˜

, ,

n

n n

n

n n

for all ( ) ∈t s R,

2. Denote by ( )×BAA R R V, the space of all such functions.
If the aforementioned limits hold uniformly in compact regions of R

2, then G is said to be Bi-compact
almost automorphic (Bi-k.a.a.). Denote by ( )×R R VBKAA , the space of all such functions.

(ii) A continuous function × →G R R V: is said to be Bi-pseudo almost automorphic (Bi-p.a.a.)
if G is decomposed as follows:

= +G G G ,

1 2

where ( )∈ ×G BAA R R V,

1

and ( )∈ ×G R R VBPAP ,

2 0

, which is defined by

( ) ( ) ‖ ( )‖ ( )∫× =
⎧
⎨
⎩

∈ × + + = ∈
⎫
⎬
⎭→∞

−

R R V G R R V

r

G w t w s w t s RBPAP , BC , : lim

1

2

, d 0 for all , .

r

r

r

0 2 2

2

Denote by ( )×R R VBPAA , the space of all such functions. The functions G
1

and G
2

are, respectively, called the
Bi-a.a. and the Bi-ergodic components of G.
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(iii) A continuous function × →G R R V: is said to be Bi-pseudo compact almost automorphic (Bi-p.k.a.a.)
if G is decomposed as follows:

= +G G G ,

1 2

where ( )∈ ×G R R VBKAA ,

1

and ( )∈ ×G R R VBPAP ,

2 0

. Denote by ( )×R R VBPKAA , the space of all such
functions. The functions G

1

and G
2

are, respectively, called the Bi-k.a.a. and the Bi-ergodic components of G.

Remark 2.8.
(I) (i) is given in [21], (ii) is given in [22].
(II) Let ( )∈ ×G R R VBKAA , . It follows from the definition of Bi-k.a.a. that G˜ is continuous.
(III) Let ( ) ( )= −G t s g t s, for some continuous function × →g R R V: . Then it is easy to verify that

( )∈ ×G R R VBKAA , .
(IV) Let ( )= + ∈ ×G G G R R VBPKAA ,

1 2

with ( )∈ ×G R R VBKAA ,

1

and ( )∈ ×G R R VPAP ,

2 0

. By the same
arguments as in the proof of [22, Proposition 2.8], it is easy to obtain that for every ( ) ∈t s R,

2,
{ ( ) } { ( ) }+ + ∈ ⊂ + + ∈G t r s r r R G t r s r r R, : , :

1

and the decomposition of ( )+ ⋅ + ⋅G t s, is unique.

Definition 2.9. A continuous function × →G R R V: is said to be Bi-uniformly continuous if for any sequences
{ }′t

n
, { }″t

n
, { }′s

n
and { }″s

n
such that ′ − ′ = ″ − ″t s t s

n n n n
and ∣ ∣′ − ′ →t s 0

n n
as → ∞n , implies

‖ ( ) ( )‖′ ″ − ′ ″ →G t t G s s, , 0

n n n n

as → ∞n . That is, for any >ε 0, there exists a ( )= >δ δ ε 0 such that − = −x x y y
1 2

1 2

, and ∣ ∣− <x x δ
1 2

implies

‖ ( ) ( )‖− <G x y G x y ε, , .

1

1

2

2

Remark 2.10.
(i) It is clear that G is Bi-uniformly continuous if × →G R R V: is uniformly continuous. But the converse is

not true. For instance, it is easy to see that ( ) ( )= −G x y x x y, sin is Bi-uniformly continuous but not
uniformly continuous.

(ii) If × →G R R V: is Bi-uniformly continuous, and if ( ) ( )+ + =→∞G t ξ s ξ G t slim ,

˜

,m m m for all ( ) ∈t s R,

2 and
some { } ⊂=

∞
ξ Rm m 1

, then G˜ is Bi-uniformly continuous. Indeed, by the Bi-uniformly continuity of G, for any
sequences { }′t

n
, { }″t

n
, { }′s

n
, and { }″s

n
such that ′ − ′ = ″ − ″t s t s

n n n n
and ∣ ∣′ − ′ →t s 0

n n
as → ∞n , implies

‖ ( ) ( )‖′ ″ − ′ ″ →G t t G s s, , 0

n n n n

as → ∞n . Then

‖ ( ) ( )‖′ + ″ + − ′ + ″ + →G t ξ t ξ G s ξ s ξ, , 0

n m n m n m n m

as → ∞n uniformly for { }ξm . Thus,

‖ ( ) ( )‖ ‖ ( ) ( )‖

‖ ( ) ( )‖

′ ″ − ′ ″ = ′ + ″ + − ′ + ″ +

= ′ + ″ + − ′ + ″ + =
→∞ →∞ →∞

→∞ →∞

G t t G s s G t ξ t ξ G s ξ s ξ

G t ξ t ξ G s ξ s ξ

lim

˜

,

˜

, lim lim , ,

lim lim , , 0.

n

n n n n

n m

n m n m n m n m

m n

n m n m n m n m

That is, G˜ is Bi-uniformly continuous.

Lemma 2.11. A function × →G R R V: is Bi-k.a.a. if and only if it is Bi-a.a. and Bi-uniformly continuous.

Proof. Let G is Bi-a.a. and Bi-uniformly continuous. Then for any sequence { }′ ⊂=
∞

ξ R
n n 1

, there exists a subse-
quence { } =

∞
ξn n 1

of { }′ =
∞

ξ
n n 1

such that

( ) ( ) ( ) ( )+ + = − − =
→∞ →∞

G t ξ s ξ G t s G t ξ s ξ G t slim ,

˜

, , lim

˜

, ,

n

n n

n

n n

for all ( ) ∈t s R,

2. Noticing that G˜ is Bi-uniformly continuous since G is Bi-uniformly continuous (Remark 2.10),
it is easy to verify that the aforementioned limits hold uniformly for ( )t s, in compact regions of R

2. That is,
G is Bi-k.a.a.
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On the other hand, if G is Bi-k.a.a., then G is Bi-a.a. It remains to show that G is Bi-uniformly continuous.
Take sequences { }′t

n
, { }″t

n
, { }′s

n
and { }″s

n
such that ′ − ′ = ″ − ″t s t s

n n n n
and ∣ ∣′ − ′ →t s 0

n n
as → ∞n . Let

‖ ( ) ( )‖= ′ ″ − ′ ″α G t t G s s, , ,n n n n n

we need to prove →α 0n as → ∞n . Now it is sufficient to prove that every subsequence ‖ ( )= ′ ″ −α G t tˆ
ˆ

,
ˆ

n n n

( )‖′ ″G s sˆ , ˆ

n n
of αn has a subsequence ‖ ( ) ( )‖= ′ ″ − ′ ″α G t t G s s˜

˜
,

˜
˜ , ˜

n n n n n
such that →α̃ 0n as → ∞n . Let

{ } { } { }

{ } { } { }

= ′ − ′ = ″ − ″

= ′ − ′ = ″ − ″
ξ t s t s

ξ t s t s

,

ˆ
ˆ

ˆ
ˆ

ˆ ,

n n n n n

n n n n n

where { } { }⊂ξ ξˆ

n n . Since G is Bi-k.a.a., there exists a subsequence { } { } { }= ′ − ′ = ″ − ″ξ t s t s˜
˜

˜
˜

˜

n n n n n
of { }ξˆn such that

( ) ( ) ( ) ( )+ + = − − =
→∞ →∞

G t ξ s ξ G t s G t ξ s ξ G t slim

˜

,

˜ ˜

, , lim

˜ ˜

,

˜

,

n

n n

n

n n (2.3)

uniformly for ( )t s, in compact regions of R
2. Meanwhile, since the function G˜ is continuous (Remark 2.8 (II)),

and ∣ ∣ ∣ ∣′ − ′ = ″ − ″ →t s t s˜
˜

˜
˜ 0

n n n n
as → ∞n , we have

‖ ( ) ( ( ) ( ))‖′ ″ − ′ − ′ − ′ ″ − ″ − ″ →G s s G s t s s t s˜

˜ , ˜

˜

˜
˜

˜ , ˜
˜

˜ 0

n n n n n n n n
(2.4)

as → ∞n . Then from (2.3) and (2.4), we have

‖ ( ) ( )‖

‖ ( ) ( )‖ ‖ ( ) ( ( ) ( ))‖

‖ ( ( ) ( )) ( )‖

‖ ( ) ( )‖ ‖ ( ) ( ( ) ( ))‖

‖ ( ) ( )‖

= ′ ″ − ′ ″
≤ ′ − ′ + ′ ″ − ″ + ″ − ′ ″ + ′ ″ − ′ − ′ − ′ ″ − ″ − ″

+ ′ − ′ − ′ ″ − ″ − ″ − ′ ″
≤ + ′ + ″ − ′ ″ + ′ ″ − ′ − ′ − ′ ″ − ″ − ″

+ ′ − ″ − − ′ ″
→

α G t t G s s

G t s s t s s G s s G s s G s t s s t s

G s t s s t s G s s

G ξ s ξ s G s s G s s G s t s s t s

G s ξ s ξ G s s

˜
˜

,
˜

˜ , ˜

˜
˜ ˜ ,

˜
˜ ˜

˜

˜ , ˜

˜

˜ , ˜

˜

˜
˜

˜ , ˜
˜

˜

˜

˜
˜

˜ , ˜
˜

˜ ˜ , ˜

˜

˜ ,

˜

˜

˜

˜ , ˜

˜

˜ , ˜

˜

˜
˜

˜ , ˜
˜

˜

˜

˜

˜

, ˜

˜

˜ , ˜

0

n n n n n

n n n n n n n n n n n n n n n n

n n n n n n n n

n n n n n n n n n n n n n n

n n n n n n

as → ∞n . Thus, we showed that ‖ ( ) ( )‖= ′ ″ − ′ ″ →α G t t G s s, , 0n n n n n
as → ∞n . That is, G is Bi-uniformly contin-

uous. □

We note that the property of ( ) ( )= ∫−
t s eΨ ,α

α r rd

s

t

is essential to prove the existence of solution to equation
(1.3). Similar to [22, Proposition 3.10], we can obtain the following result.

Proposition 2.12. Let ( )= + ∈α α α R RPKAA ,

1 2

with ( )∈α R RKAA ,

1

and ( )∈α R RPAP ,

2 0

. Then Ψα is Bi-p.k.a.a.,

where Ψα
1

is Bi-k.a.a. with ( ) ( )= ∫−
t s eΨ ,α

α r rd

s

t

1

1 , and −Ψ Ψα α
1

is Bi-ergodic.

Proof. Since ( )∈α R RKAA ,

1

, then for any sequence { }′ ⊂=
∞

ξ R
n n 1

, there exists a subsequence { } =
∞

ξn n 1

of { }′ =
∞

ξ
n n 1

such that ( ) ( )+ =→∞α r ξ α rlim ˜

n n1 1

uniformly for r in compact sets of R. Thus, for all ( ) ∈t s R,

2,

( )

( )

( )

( )

( )

∫

∫

∫

+ + =

=

=
=

→∞ →∞

−

→∞

− +

−

+

+

t ξ s ξ e

e

e

t s

lim Ψ , lim

lim

Ψ ,

n

α n n

n

α r r

n

α r ξ r

α r r

α

d

d

˜ d

˜

s ξn

t ξn

s

t

n

s

t

1

1

1

1

1

uniformly in compact regions of R
2. Similarly, we can easily obtain that

( ) ( )− − =
→∞

t ξ s ξ t slim Ψ , Ψ ,

n

α n n α˜

1 1

uniformly in compact regions of R
2. That is, ( )∈ ×R R RΨ BKAA ,α . The remains proof is similar to [22, Proposi-

tion 3.10 (ii)], and we omit the details here. □
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Remark 2.13. Let ( ) ( )= ∫
t s eΦ ,α

α r rd

s

t

and ( )= + ∈α α α R RPKAA ,

1 2

with ( )∈α R RKAA ,

1

and ( )∈α R RPAP ,

2 0

,
by the same arguments as in the proof of Proposition 2.12, it is easy to obtain that Φα is Bi-p.k.a.a., where Φα

1

is Bi-k.a.a. with ( ) ( )= ∫
t s eΦ ,α

α r rd

s

t

1

1 , and −Φ Φα α
1

is Bi-ergodic.

Proposition 2.14. If the function ( )∈u R RPKAA , and there is a Bi-p.k.a.a. function × →g R R R: such that

∣ ( )∣ ( )≤ ≥− −
g t s ce t s, , ,

α t s

where c and α are two positive constants, then the function

( ) ( ) ( )∫=
−∞

t g t s u s sϱ , d

t

belongs to ( )R RPKAA , .

Proof. Since ( )∈u R RPKAA , and ( )∈ ×g R R RBPKAA , , u and g can be expressed as = +u u u
1 2

and
= +g g g

1 2

, respectively, where ( )∈u R RKAA ,

1

, ( )∈u R RPAP ,

2 0

, ( )∈ ×g R R RBKAA ,

1

, ( )∈ ×g R R RBPAP ,

2

0

.
Denote ( ) ( ) ( ) ( )= + +t t t tϱ ϱ ϱ ϱ

1 2 3

, where

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

∫

∫

∫

= ∈

= ∈

= ∈

−∞

−∞

−∞

t g t s u s s t R

t g t s u s s t R

t g t s u s s t R

ϱ , d , ,

ϱ , d , ,

ϱ , d , .

t

t

t

1 1

1

2 1

2

3 2

Now we can complete the proof by the following two steps.
Step 1. We prove that ( )∈ R Rϱ KAA ,

1

. Since ( )∈u R RKAA ,

1

and ( )g t s,

1

is Bi-k.a.a., for any sequence
{ }′ ⊂=

∞
t R
n n 1

, there exists a subsequence { } =
∞

tn n 1

of { }′ =
∞

t
n n 1

such that

∣ ( ) ( )∣ ∣ ( ) ( )∣+ − → − − →u t s u s u s t u s˜ 0, ˜ 0n n1 1 1 1

(2.5)

as → ∞n for each ∈t R. And

∣ ( ) ( )∣ ∣ ( ) ( )∣+ + − → − − − →g t t s t g t s g t t s t g t s, ˜ , 0, ˜ , , 0n n n n
1 1 1 1

(2.6)

as → ∞n for each ∈t s R, . By Remark 2.8 (IV), we have

∣ ( )∣ ∣ ( )∣ ( )+ + ≤ + + ≤ ≥
∈ ∈

− −
g t r s r g t r s r ce t ssup , sup , , .

r R r R

α t s

1

Then we have

∣ ( )∣ ( )+ ⋅ + ⋅ ≤ ≥− −
g t s ce t s, , .

α t s

1

(2.7)

Pose ( ) ( ) ( )∫= −∞t g t s u s sϱ̃ ˜ , ˜ d

t

1 1

1

. Notice that ‖ ‖ ‖ ‖ ‖ ‖≤ ≤∞ ∞ ∞u u u˜

1 1

. Then by Lebesgue’s dominated convergence
theorem and (2.5)–(2.7), we obtain

∣ ( ) ( )∣ ( ) ( ) ( ) ( )

( ( ) ( )) ( ) ( )( ( ) ( ))

‖ ‖ ( ( ) ( )) ( ( ) ( ))( )

∫ ∫

∫ ∫

∫ ∫

+ − = + + + −

≤ + + − + + + + −

≤ + + − + + −

→

−∞ −∞

−∞ −∞

∞
−∞ −∞

− −

t t t g t t s t u t s s g t s u s s

g t t s t g t s u s s g t t s t u t s u s s

u g t t s t g t s s ce u t s u s s

ϱ ϱ̃ , d ˜ , ˜ d

, ˜ , ˜ d , ˜ d

, ˜ , d ˜ d

0

n

t

n n n

t

t

n n

t

n n n

t

n n

t

α t s

n

1 1 1

1

1

1

1 1

1

1

1 1

1 1

1 1
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as → ∞n for all ∈t R. Similarly, we can easily obtain that ∣ ( ) ( )∣− − →t t tϱ̃ ϱ 0n
1 1

as → ∞n for all ∈t R.
That is, ( )∈ AA R Rϱ ,

1

.
Moreover, we can show that ϱ

1

is uniformly continuous. It follows from Lemma 2.3 (iv) and Lemma 2.11
that ∣ ∣− →t s 0n n as → ∞n ,

∣ ( ) ( )∣ ∣ ( ) ( )∣+ − + → + − + →g t t r g s s r u t r u s r, , 0, 0n n n n n n
1 1

1 1

as → ∞n for all ∈r R. Thus,

∣ ( ) ( )∣ ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ( ) ( )) ( ) ( )( ( ) ( ))

‖ ‖ ( ( ) ( )) ( ( ) ( ))

∫ ∫

∫ ∫

∫ ∫

∫ ∫

− = −

= + + − + +

≤ + − + + + + + − +

≤ + − + + + − +

→

−∞ −∞

−∞ −∞

−∞ −∞

∞
−∞ −∞

−

t s g t s u s s g s s u s s

g t t r u t r r g s s r u s r r

g t t r g s s r u t r r g s s r u t r u s r r

u g t t r g s s r r ce u t r u s r r

ϱ ϱ , d , d

, d , d

, , d , d

, , d d

0

n n

t

n

s

n

n n n n n n

n n n n n n n n n

n n n n

αr

n n

1 1 1

1

1

1

0

1

1

0

1

1

0

1 1

1

0

1

1 1

0

1 1

0

1 1

n n

as → ∞n by Lebesgue’s dominated convergence theorem. That is, ( )∈ R Rϱ KAA ,

1

by Lemma 2.3 (iv).
Step 2. We prove that ( )∈ R Rϱ PAP ,

2

0

and ( )∈ R Rϱ PAP ,

3

0

. By applying Fubini theorem, Lebesgue’s domi-
nated convergence theorem and the translation invariance property of ergodic function u

2

, we have

∣ ( )∣ ( ) ( )

( ) ( )

∣ ( )∣

∫ ∫ ∫

∫ ∫

∫ ∫

=

= − −

≤ −

=

→∞
−

→∞
− −∞

→∞
−

∞

∞
−

→∞
−

r

t t

r

g t s u s s t

r

g t t s u t s s t

ce

r

u t s t s

lim

1

2

ϱ d lim

1

2

, d d

lim

1

2

, d d

lim

1

2

d d

0.

r

r

r

r

r

r t

r

r

r

αs

r

r

r

2 1

2

0

1

2

0

2

Then by applying Fubini theorem, Lebesgue’s dominated convergence theorem and ( )∈ ×g R R RPAP ,

2

0

,
we obtain

∣ ( )∣ ( ) ( )

( ) ( )

‖ ‖ ∣ ( )∣

∫ ∫ ∫

∫ ∫

∫ ∫

≤

= + +

≤ +

=

→∞
−

→∞
− −∞

→∞
− −∞

−∞
∞

→∞
−

r

t t

r

g t s u s s t

r

g t t s u t s s t

u

r

g t t s t s

lim

1

2

ϱ d lim

1

2

, d d

lim

1

2

, d d

lim

1

2

, d d

0.

r

r

r

r

r

r r

r

r

r

r

r

r

3 2

0

2

0

2

This means ( )∈ R Rϱ , ϱ PAP ,

2 3

0

. □

Remark 2.15. Proposition 2.14 shows that the condition “there is a Bi-a.a. function × →g R R R: ”

in [11, Corollary 1] can be improved by the condition “there is a Bi-p.k.a.a. function × →g R R R: .”
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3 Existence and uniqueness of p.k.a.a solution

We consider the delay differential equation (1.3). It is used to model the population growth of species. ( )u t

denotes the density of the population, ( )α t denotes the death rate of the population, ( ) =M t u,

( ) ( ( ( ))) ( ) ( ) ( ( ))∫∑ − + += −β t f t u t τ t β t K t s f t u t s s, , , d

i

n

i i i
τ

1
0

0

0

denotes the birth function, ( )K t s, denotes the delay
kernel, and ( ) ( ( ))−b t H u t σ means the immigration function or harvesting function, respectively, if ( )b t is -
nonnegative or nonpositive.

Throughout this article, given a bounded continuous function f defined on R, denote

{ ( )} { ( )}= =
∈ ∈

f f t f f tsup , inf ,

t R
t R

and also we denote

{ } { }≔ =
≤ ≤

τ τ μ τ τ σmax , max , , .

i n

i

1

In the population model, only nonnegative solutions are biologically meaningful. We consider the following
initial condition

= ∈u φ φ C, ,t 0

0

(3.1)

where C
0

defined by

{ ([ ] ) ( ) }= ∈ − >+
C φ μ R φBC , 0 , , 0 0 .

0

Now we make the following assumptions:
(A1) →α β β τ R R, , , :

i i
0

are positive p.k.a.a. with >α 0, >β 0

i
for ≤ ≤i n1 and →b R R: is p.k.a.a.

(A2) [ ] ( ) ( )× − → ↦K R τ R t s K t s: , 0 , , , is uniformly continuous and positive p.k.a.a. in ∈t R for each
[ ]∈ −s τ , 0 .

(A3) →+ +
H R R: is Lipschitz continuous, i.e., there exists a positive constant LH such that

∣ ( ) ( )∣ ∣ ∣− ≤ − ∈ +
H u H v L u v u v R, for , .H

In addition, we suppose that ( ) =H 0 0.
(A4) For all ≤ ≤i n0 , × →f R R R:

i
are nonnegative p.k.a.a., ( )↦x f t x,

i
is Lipschitzian uniformly for ∈t R, and

f
i
reaches its maximum value in × +

R R , i.e., ( ) ( )= =∈ ∈
+

+f f t x f t nsup , ,

i t R x R i i i i
,

for some ∈ ∈+ +
t R n R,i i

.
(A5) There exist two positive constants γ

1

and γ
2

such that

‖ ‖

∑

∑

⎜ ⎟

⎜ ⎟

< <
⎛
⎝

+
⎞
⎠

⎛
⎝

+ +
⎞
⎠

<

+

=
−

=
∞

n γ

α

β f bL γ

α

β f β f K τ bL γ γ

1

,

1

,

i

n

i i H

i

n

i i H

1

1

2

1

0 0 2 2

where { } ( )[ ]= =+
≤ ≤

+
− ∈ ∈ +n n f f t xmax , inf , .i n i i t R x n γ i1 , ,

2

(A6) For all ≤ ≤i n0 , there exist positive constants L f
i

such that for all [ )∈ ∞+
x y n, , ,

∣ ( ) ( )∣ ∣ ∣− ≤ − ∈f t x f t y L x y t R, , , .

i i f
i

Remark 3.1.
(i) Assume that (A2) holds. It is easy to obtain that K is bounded on [ ]× −R τ , 0 .
(ii) In [11], the nonlinear term ( ( ) ) ( )= −

F λ t u uei i

λ t ui in the Nicholson model and ( ( ) ) ( )= −
F λ t u ei i

λ t ui in the Lasota-
Wazewska model satisfy the following assumption:

(A4′) For all ≤ ≤i n1 , →+ +
F R R:i are Lipschitz continuous and reach its maximum value in +

R , i.e., =Fi

( ) ( )=∈ +F x F msup *

x R i i i
for some ∈ +

m R*

i
, and Fi is nonincreasing in >x m *

i
.
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We note that (A4) is satisfied by lots of functions. For example, ( )−
uesin

λ t u in the general Nicholson model
satisfies (A4), but this function does not satisfy (A4′). Besides, ( )−

ue
λ t u and ( )−

e
λ t u also satisfy (A4). Consequently,

the model we considered includes not only the mixed Nicholson model and the Lasota-Wazewska model but
also other useful mixed models, such as the mixed general Nicholson model and the Lasota-Wazewska model.

Lemma 3.2. Assume that (A2) holds. Let ( )∈ ×f R R RPKAA , such that ( )↦u f t u, is Lipschitzian uniformly

for ∈t R. If ( )∈u R RPKAA , , then the function ( ) ( ) ( ( ))∫= +−ϕ t K t s f t u t s s, , d

τ

0

belongs to ( )R RPKAA , .

Proof. By using the composition theorem of p.k.a.a. (Lemma 2.4) and translation invariant (Remark 2.2),
one can deduce easily that for all ∈s R the function ( ( )) ( )↦ +ψ t f t u t s R R: , belongs toPKAA , . Then, ψ can
be expressed as follows:

= +ψ ψ ψ ,

1 2

where ( )∈ψ R RKAA ,

1

and ( )∈ψ R RPAP ,

2

0

. Since [ ]× − →K R τ R: , 0 is positive p.k.a.a. in ∈t R for
each [ ]∈ −s τ , 0 , i.e., ( ) ( )⋅ ∈K s R R, PKAA , for each [ ]∈ −s τ , 0 , K can be expressed as = +K K K

1 2

, where
( ) ( )⋅ ∈K s R R, KAA ,

1

and ( ) ( )⋅ ∈K s R R, PAP ,

2 0

for each [ ]∈ −s τ , 0 . Denote ( ) ( ) ( ) ( )= + +ϕ t ϕ t ϕ t ϕ t
1 2 3

, where

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

∫

∫

∫

= ∈

= ∈

= ∈

−

−

−

ϕ t K t s ψ t s t R

ϕ t K t s ψ t s t R

ϕ t K t s ψ t s t R

, d , ,

, d , ,

, d , .

τ

τ

τ

1

0

1

1

2

0

1

2

3

0

2

Now we can complete the proof by the following two steps.
Step 1. We prove that ( )∈ϕ R RKAA ,

1

. Since ( )∈ψ R RKAA ,

1

and ( ) ( )⋅ ∈K s R R, KAA ,

1

for each [ ]∈ −s τ , 0 ,
for any sequence { }′ ⊂=

∞
t R
n n 1

, there exists a common subsequence { } =
∞

tn n 1

of { }′ =
∞

t
n n 1

such that

∣ ( ) ( )∣ ∣ ( ) ( )∣+ − → − − →ψ t t ψ t ψ t t ψ t˜

0,

˜

0n n
1 1 1 1

(3.2)

as → ∞n for all ∈t R. And

∣ ( ) ( )∣ ∣ ( ) ( )∣+ − → − − →K t t s K t s K t t s K t s,

˜

, 0,

˜

, , 0n n1 1 1 1

(3.3)

as → ∞n for all ∈t R and for all [ ]∈ −s τ , 0 . Pose

( ) ( ) ( )∫= ∈
−

ϕ t K t s ψ t s t R˜ ˜

,

˜

d , .

τ

1

0

1

1

Notice that ‖ ‖ ‖ ‖ ‖ ‖≤ ≤∞ ∞ ∞ψ ψ ψ˜

1 1

and ‖ ‖ ‖ ‖ ‖ ‖≤ ≤∞ ∞ ∞K K K˜

1 1

by Remarks 3.1 and 2.2. Then

∣ ( ) ( )∣ ( ) ( ) ( ) ( )

( ( ) ( )) ( ) ( )( ( ) ( ))

‖ ‖ ( ( ) ( )) ‖ ‖ ( ( ) ( ))

∫ ∫

∫ ∫

∫ ∫

+ − = + + −

≤ + − + + + −

≤ + − + + −

→

− −

− −

∞
−

∞
−

ϕ t t ϕ t K t t s ψ t t s K t s ψ t s

K t t s K t s ψ t s K t t s ψ t t ψ t s

ψ K t t s K t s s K ψ t t ψ t s

˜

, d

˜

,

˜

d

,

˜

,

˜

d ,

˜

d

,

˜

, d

˜

d

0

n

τ

n n

τ

τ

n

τ

n n

τ

n

τ

n

1 1

0

1

1

0

1

1

0

1 1

1

0

1

1 1

0

1 1

0

1 1

as → ∞n for all ∈t R by Lebesgue’s dominated convergence theorem and (3.2)–(3.3). Similarly, we can easily
obtain that ∣ ( ) ( )∣− − →ϕ t t ϕ t˜

0n
1 1

as → ∞n for all ∈t R. That is, ( )∈ϕ AA R R,

1

.
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Moreover, we can show thatϕ
1

is uniformly continuous. By Lemma 2.3 (iv), we have for any sequences { }tn

and { }sn such that ∣ ∣− →t s 0n n as → ∞n ,

∣ ( ) ( )∣ ∣ ( ) ( )∣− → − →K t s K s s ψ t ψ s, , 0, 0n n n n1 1

1 1

as → ∞n for all [ ]∈ −s τ , 0 since ( )∈ψ R RKAA ,

1

and ( ) ( )⋅ ∈K s R R, KAA ,

1

for each [ ]∈ −s τ , 0 . Thus,

∣ ( ) ( )‖ ( ) ( ) ( ) ( )

( ( ) ( )) ( ) ( )( ( ) ( ))

‖ ‖ ( ( ) ( )) ‖ ‖ ( ( ) ( ))

∫ ∫

∫ ∫

∫ ∫

− = −

≤ − + −

≤ − + −

→

− −

− −

∞
−

∞
−

ϕ t ϕ s K t s ψ t s K s s ψ s s

K t s K s s ψ t s K s s ψ t ψ s s

ψ K t s K s s s K ψ t ψ s s

, d , d

, , d , d

, , d d

0

n n

τ

n n

τ

n n

τ

n n n

τ

n n n

τ

n n

τ

n n

1 1

0

1

1

0

1

1

0

1 1

1

0

1

1 1

0

1 1

0

1 1

as → ∞n by Lebesgue’s dominated convergence theorem. Then ∈ϕ KAA
1

( )R R, by Lemma 2.3 (iv).
Step 2. We prove that ( )∈ϕ R RPAP ,

2

0

and ( )∈ϕ R RPAP ,

3

0

. Since ( )∈ψ R RPAP ,

2

0

, by applying Fubini
theorem and Lebesgue’s dominated convergence theorem, we have

∣ ( )∣ ( ) ( )

‖ ‖ ∣ ( )∣

∫ ∫ ∫

∫ ∫

=

≤

=

→∞
−

→∞
− −

−
∞

→∞
−

r

ϕ t t

r

K t s ψ t s t

K

r

ψ t t s

lim

1

2

d lim

1

2

, d d

lim

1

2

d d

0.

r

r

r

r

r

r

τ

τ

r

r

r

2

0

1

2

0

2

Moreover, since ( ) ( )⋅ ∈K s R R, PAP ,

2 0

for each [ ]∈ −s τ , 0 , by applying Fubini theorem and Lebesgue’s domi-
nated convergence theorem, we obtain

∣ ( )∣ ( ) ( )

‖ ‖ ∣ ( )∣

∫ ∫ ∫

∫ ∫

≤

≤

=

→∞
−

→∞
− −

−
∞

→∞
−

r

ϕ t t

r

K t s ψ t s t

ψ

r

K t s t s

lim

1

2

d lim

1

2

, d d

lim

1

2

, d d

0.

r

r

r

r

r

r

τ

τ

r

r

r

3

0

2

0

2

This means ( )∈ϕ ϕ R R, PAP ,

2 3

0

. □

Lemma 3.3. Let { ([ ] ) ( ) [ ]}= ∈ − < < ∈ −+
φ φ μ R γ φ t γ t μΩ : BC , 0 , , , , 0

0

1 2

, where γ
1

and γ
2

are given in (A5).
Assume that (A1–A5) hold. Then, for any ∈φ Ω

0

, the solution ( )u t t φ, ,

0

of equation (1.3) satisfies

( ) [ ( ))< < ∈γ u t t φ γ t t ζ φ, , , ,

1

0

2

0

and the existence interval of each solution to equation (1.3) can be extended to [ )∞t ,

0

.

Proof. The proof is inspired by [9, Lemma 3.1]. Denote ( ) ( )=u t u t t φ, ,

0

. Let [ ) [ ( ))⊆t t t ζ φ, * ,

0 0

. We claim that

( ) [ )< < ∀ ∈u t γ t t t0 , , * .

2

0

(3.4)

Suppose (3.4) does not hold, then there exists ( )∈t t t, *
1 0

such that

( ) ( ) [ )= < < ∀ ∈ −u t γ u t γ t t μ tand 0 , , .

1

2 2

0 1

Pseudo compact almost automorphic solutions to differential equations  11



Notice that

( )
( ) ( )

′ =
−
−

≥
→

u t

u t u t

t t

lim 0.

t t

1

1

11

On the other hand, in view of (A1)–(A5), we obtain

( ) ( ) ( ) ( ) ( ( ( ))) ( ) ( ( )) ( ) ( ) ( ( ))

‖ ‖

∫∑

∑

′ = − + − + − + +

≤ − + + +

<

= −

=
∞

u t α t u t β t f t u t τ t b t H u t σ β t K t s f t u t s s

αγ β f bL γ β f K τ

, , , d

0,

i

n

i i i

τ

i

n

i i H

1 1 1

1

1 1 1 1 1

0

1

0

1

0

1 1

2

1

2 0 0

which is a contraction and then (3.4) holds.
Next we prove that

( ) [ ( ))> ∀ ∈u t γ t t ζ φ, , .

1

0

(3.5)

Suppose (3.5) does not hold, then there exists ( ( ))∈t t ζ φ,

2 0

such that

( ) ( ) [ )= > ∀ ∈ −u t γ u t γ t t μ tand , , .

2

1 1

0 2

Notice that

( )
( ) ( )

′ =
−
−

≤
→

u t

u t u t

t t

lim 0.

t t

2

2

22

On the other hand, in view of (A1)–(A5), we obtain

( ) ( ) ( ) ( ) ( ( ( ))) ( ) ( ( )) ( ) ( ) ( ( ))∫∑

∑

′ = − + − + − + +

≥ − + +

>

= −

=
−

u t α t u t β t f t u t τ t b t H u t σ β t K t s f t u t s s

αγ β f bL γ

, , , d

0,

i

n

i i i

τ

i

n

i i H

2 2 2

1

2 2 2 2 2 2

0

2

0

2

0

2 2

1

1

2

which is a contraction and then (3.5) holds. Thus, it follows from continuation theorem [23, Theorem 2.3.1]
that the existence interval of each solution to equation (1.3) can be extended to [ )∞t ,

0

. □

To achieve our main result, we define the operator Γ on ( )R RPKAA , by:

( )( ) ( )( )
( )∫ ∫=

−∞

−
u t e s sΓ Nu d ,

t

α ξ ξd

s

t

where Nu is defined as follows:

( )( ) ( ) ( ( ( ))) ( ) ( ( )) ( ) ( ) ( ( ))∫∑= − + − + +
= −

s β s f s u s τ s b s H u s σ β s K s ξ f s u s ξ ξNu , , , d .

i

n

i i i

τ
1

0

0

0

(3.6)

Theorem 3.4. Assume that (A1)–(A6) hold. If

( ) ( )∈ ′ ≤ < =+
τ C R R and τ t τ i n,

*

1, 1, 2,…, ,i i

1 (3.7)

and

‖ ‖
=

∑ + +
<= ∞

r

β L β K τL bL

α

1,

i

n

i f f H
1

0i 0 (3.8)

equation (1.3) has a unique solution in { ( ) ( ) }= ∈ ≤ ≤u u R R γ u t γΩ : PKAA , ,

1 2

.
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Proof. It follows from Lemma 3.3 that the solution of equation (1.3) with initial condition (3.1) is inΩ, i.e., for all
[ )∈ ∞t t ,

0

, ( )< <γ u t γ
1 2

whenever u satisfies (1.3) and (3.1). Obviously, the solution of equation (1.3) is a fixed
point of the mapping Γ in Ω. Let us now prove that

( ) ( )→R R R RΓ : PKAA , PKAA , .

In fact, for any ( )∈u R RPKAA , , Lemma 2.5 shows that

( ( )) ( )⋅− ⋅ ∈ =u τ R R i nPKAA , , 1, 2,…, ,i

since ( ) ( )∈ ∩ +
τ R R C R RPKAA , ,i

1 and ( )′ ≤ <τ t τ
*

1. Then it follows from composition Theorem (Lemma 2.4)
that

( ( ( ))) ( )⋅ ⋅− ⋅ ∈f u τ R R, PKAA , ,i

and we obtain from [11, Theorem1] and Remark 2.2 that

( ( )) ( )⋅− ∈H u σ R RPKAA , .

We now apply Lemma 2.3 (iii) and Lemma 3.2, and conclude that

( ) ( ( ( ))) ( )

( ) ( ) ( ( )) ( )∫

⋅ ⋅ ⋅− ⋅ ∈ =

⋅ ⋅ ⋅ ⋅+ ∈
−

β f u τ R R i n

β K ξ f u ξ ξ R R

, PKAA , , 1, 2, …, ,

, , d PKAA , ,

i i i

τ

0

0

0

and

( ) ( ( )) ( )⋅ ⋅− ∈b H u σ R RPKAA , ,

which yield that Nu belongs to ( )R RPKAA , . Notice that ( )∫−
e

α ξ ξd

s

t

is Bi-p.k.a.a. since ( )∈α R RPKAA , by
Proposition 2.12. Thus, by Proposition 2.14, it follows that

( )( ) ( )
( )∫ ∫↦

−∞

−
t e s s R RNu d belongs to PKAA ,

t

α ξ ξd

s

t

since ( ) ( )≤ ≥∫− − −
e e t s,

α ξ ξ α t sd

s

t

. Thus, ( ) ( )→R R R RΓ : PKAA , PKAA , .
For any ∈u Ω, in view of (A1)–(A5), we obtain

( )( ) ( ) ( ( ( ))) ( ) ( ( )) ( ) ( ) ( ( ))

‖ ‖

∫∑

∑⎜ ⎟

= − + − + +

≤
⎛
⎝

+ +
⎞
⎠

= −

=
∞

s β s f s u s τ s b s H u s σ β s K s ξ f s u s ξ ξ

β f β f K τ bL γ

Nu , , , d

.

i

n

i i i

τ

i

n

i i H

1

0

0

0

1

0 0 2

Then,

( )( ) ( )( )

( )( )

‖ ‖

( )

( )

∫

∫
∑

∫=

≤

≤
+ +

<

−∞

−

−∞

− −

= ∞

u t e s s

e s s

β f β f K τ bL γ

α

γ

Γ Nu d

Nu d

.

t

α ξ ξ

t

α t s

i

n

i i H

d

1
0 0 2

2

s

t
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On the other hand,

( )( ) ( ) ( ( ( ))) ( ) ( ( )) ( ) ( ) ( ( ))∫∑

∑⎜ ⎟

= − + − + +

≥
⎛
⎝

+
⎞
⎠

= −

=
−

s β s f s u s τ s b s H u s σ β s K s ξ f s u s ξ ξ

β f bL γ

Nu , , , d

.

i

n

i i i

τ

i

n

i i H

1

0

0

0

1

2

Then,

( )( ) ( )( )

( )( )

( )

( )

∫

∫
∑

∫=

≥

≥
+

>

−∞

−

−∞

− −

= −

u t e s s

e s s

β f bL γ

α

γ

Γ Nu d

Nu d

.

t

α ξ ξ

t

α t s

i

n

i i H

d

1
2

1

s

t

That is, Γ maps Ω into Ω.
Now for any ∈u v, Ω, by (A6), we obtain

∣( )( ) ( )( )∣ ( )( ( ( ( ))) ( ( ( ))))

( ) ( )( ( ( )) ( ( )))

∣ ( )( ( ( )) ( ( )))∣

‖ ‖ ‖ ‖

∫

∑

∑⎜ ⎟

− ≤ − − −

+ + − +

+ − − −

≤
⎛
⎝

+ +
⎞
⎠

−

=

−

=
∞ ∞

s Nv s β s f s u s τ s f s v s τ s

β s K s ξ f s u s ξ f s v s ξ ξ

b s H u s σ H v s σ

β L β K τL bL u v

Nu , ,

, , , d

.

i

n

i i i i i

τ

i

n

i f f H

1

0

0

0 0

1

0i 0

Then,

∣( )( ) ( )( )∣ [( )( ) ( )( )]

∣( )( ) ( )( )∣

‖ ‖
‖ ‖

( )

( )

∫

∫
∑

∫− = −

≤ −

≤
+ +

−

−∞

−

−∞

− −

= ∞
∞

u t v t e s Nv s s

e s Nv s s

β L β K τL bL

α

u v

Γ Γ Nu d

Nu d

.

t

α ξ ξ

t

α t s

i

n

i f f H

d

1
0

s

t

i 0

This together with (3.8) implies that

‖( ) ( )‖
‖ ‖

‖ ‖ ‖ ‖− ≤
∑ + +

− = −∞
= ∞

∞ ∞u v

β L β K τL bL

α

u v r u vΓ Γ .

i

n

i f f H
1

0i 0

By Banach contraction mapping principle, Γ has a unique fixed point in Ω. Hence, equation (1.3) has a unique
p.k.a.a. solution in Ω. □
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Now we consider equation (1.1), where ( ) ( ( ) )=f t u F λ t u,

i i i for =i n1, 2,…, . We assume that Fi satisfies (A4′)
and the following condition:
(A6′) For all ≤ ≤i n1 , there exist positive constants LFi

such that for all [ )∈ ∞x y m, *, ,

∣ ( ) ( )∣ ∣ ∣− ≤ −F x F y L x y ,i i Fi

where = ≤ ≤m m* max *

i n i1

.
From Theorem 3.4, we obtain the following corollary.

Corollary 3.5. Assume that (A1), (A3), (A4′), and (A6′) hold. If

( ) ( ) ( )∈ > ∈ ′ ≤ <+
λ R R and λ τ C R R and τ t τPKAA , 0, ,

*

1i i i i

1

for =i n1, 2,…, and

=
∑ +

<=
r

β λ L bL

α

1,

i

n

i i F H
1 i

equation (1.1) has a unique solution in

{ ( ) ( ) }= ∈ ≤ ≤u u R R γ u t γΩ : PKAA , , ,

1 2

where

( )∑

∑

⎜ ⎟

⎜ ⎟

< <
⎛
⎝

+
⎞
⎠

⎛
⎝

+
⎞
⎠

<

≤ ≤ =

=

m

λ

γ

α

β F λ γ bL γ

α

β F bL γ γ

max

*
1

,

1

.

i n

i

i i

n

i i i H

i

n

i i H

1

1

1

2 2

1

2 2

Proof. In view of (A4′), we obtain

( ) ( )= = = ∈+
f F F m m λ t n t R¯ ¯ * with * for some .

i i i i i i i i i

So

{ }= ≤+
≤ ≤

+
≤ ≤

n n

m

λ

max max

*

.

i n

i

i n

i

i1 1

Moreover, if <≤ ≤ γmax i n

m

λ
1

1

*

i

i

, (A4′) implies that

( )=−f F λ γ
i i i

2

since ( )< ≤ ≤m λ u λ t u λ γ*

i i i i
2

. From ( )′A
6

, we deduce that for all [ )∈ ∞+
u v n, , ,

∣ ( ) ( )∣ ∣ ( ( ) ) ( ( ) )∣ ∣ ( )( )∣ ∣ ∣− = − ≤ − ≤ −f t u f t v F λ t u F λ t v L λ t u v L λ u v, , .

i i i i i i F i F ii i

That is, =L L λf F i
i i

. Thus, it follows from Theorem 3.4 that equation (1.1) has a unique positive solution in

{ ( ) ( ) }= ∈ ≤ ≤u u R R γ u t γΩ : PKAA , , ,

1 2

where

( )∑

∑

⎜ ⎟

⎜ ⎟

< <
⎛
⎝

+
⎞
⎠

⎛
⎝

+
⎞
⎠

<

≤ ≤ =

=

m

λ

γ

α

β F λ γ bL γ

α

β F bL γ γ

max

*
1

,

1

.

i n

i

i i

n

i i i H

i

n

i i H

1

1

1

2 2

1

2 2

□

Next we consider equation (1.2), where ( ) = −
f t u ue,

u

0

, ( ) ( )= −
f t u ue,

i

λ t ui , =i n1, 2,…, , ( ( )) ( )=H u t u t .
From Theorem 3.4, we obtain the following corollary.
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Corollary 3.6. Assume that (A1) and (A2) hold. If

( )∈ > =λ R R and λ i nPKAA , 0, 1, 2,…, ,i i

and

‖ ‖
=

∑ + +
<= ∞

r

β β K τ be

e α

1,

i

n

i1
0

2

2

equation (1.2) has a unique solution in

{ ( ) ( ) }= ∈ ≤ ≤u u R R γ u t γΩ : PKAA , , ,

1 2

where

‖ ‖

∑

∑

⎜ ⎟

⎜ ⎟

< <
⎛
⎝

−
⎞
⎠

⎛
⎝

+
⎞
⎠

<

=

−

=
∞

λ

γ

α

β γ e bγ

eα

β

λ

β K τ γ

1

min

1

,

1 1

.

i i

n

i

λ γ

i

n

i

i

1

1

2 2

1

0 2

i
2

Proof. Obviously, (A3) and (A4) hold. By a simple computation, we have

( )

{ }

( )
[ ]

= = =

= =

= =

∈ ∈
− +

+
≤ ≤

+

− ∈ ∈
−

+

f f t u

λ

e n

λ

n n

λ

f f t u γ e

¯
inf ,

1

with

1

,

max

1

min

,

inf , .

i
t R s R

i

i

i

i

i n

i

i

i

t R u n γ
i

λ γ

,

1

1

, ,

2

i

2

2

Notice that for all [ )∈ ∞u v, 1, ,

∣ ∣ ∣ ∣− ≤ −− −
ue ve

e

u v

1

.

u v

2

Then

∣ ( ) ( )∣ ∣ ∣
( )

∣ ( )( )∣ ∣ ∣( ) ( )− = − ≤ − ≤ −− −
f t u f t v ue ve

λ t e

λ t u v

e

u v, ,

1 1 1

.

i i

λ t u λ t v

i

i
2 2

i i

That is, =L f
e

1

i
2

. Moreover, “ ( )− ≤b t 0,” which present the rate of extraction of the population, it follows from
Theorem 3.4 that equation (1.2) has a unique positive solution in

{ ( ) ( ) }= ∈ ≤ ≤u u R R γ u t γΩ : PKAA , , ,

1 2

where

‖ ‖

∑

∑

⎜ ⎟

⎜ ⎟

< <
⎛
⎝

−
⎞
⎠

⎛
⎝

+
⎞
⎠

<

=

−

=
∞

λ

γ

α

β γ e bγ

eα

β

λ

β K τ γ

1

min

1

,

1 1

.

i i

n

i

λ γ

i

n

i

i

1

1

2 2

1

0 2

i
2

□

Remark 3.7.
(i) Theorem 3.4 shows that we extend the result of [11]. In [11], the model (without mixed delays) that is a

mixture of the Nicholson model and the Lasota-Wazewska model was researched. Other useful popula-
tion models can be considered in our results, such as mixed general Nicholson model and Lasota-
Wazewska model with mixed delays (Example 5.1).

(ii) Theorem 3.4 shows that we extend the result of [2,4,6,8,9,24]. In [2,4,9], the result of p.a.p. solutions to
Nicholson’s blowflies model was obtained. In [6,8, 24], the result of periodic, a.p. and p.a.p. solutions to the
Lasota-Wazewska model was obtained. In our result, we consider the p.k.a.a. solutions to a general model.
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(iii) Comparing with condition [11, A1], Corollary 3.5 shows that the condition “ →α τ R R, :i are positive k.a.a.”
can be improved by the condition “ →α τ R R, :i are positive p.k.a.a.”

(iv) Notice that ≤ ≤+
n

i

m

λ

m

λ

*
*i

i

, where { }= ≤ ≤m m* max *

i n i1

and { }= ≤ ≤λ λmin i n i1

. Therefore, ≤+
n

m

λ

* . Comparing

with condition [11, A5], Corollary 3.5 shows that we assume a lower bound for γ
1

. That is, the condition

“ < γ
m

λ 1

*

” can be improved by the condition “ <+
n γ

1

.”
(v) Comparing with [2], Corollary 3.6 shows that the ergodic components of α and delay kernel K can be

considered in our result.

4 Global exponential stability and global exponential attractivity
of p.k.a.a solution

In this section, we discuss the global exponential stability and global exponential attractivity conditions of the
p.k.a.a solution to equation (1.3). Our result is based on Halanay’s inequality (Lemma 4.3).

Definition 4.1. [1] Let ( ) ( )u t u t* , be solutions of equation (1.3) with initial condition ( ) ( )=u s φ s* *

and ( ) ( )=u s ϕ s , [ ]∈ −s μ, 0 .
(i) Suppose that there exists constant >λ 0 and >M 1φ such that

∣ ( ) ( )∣ ‖ ‖− ≤ − ≥−
u t u t M φ φ e t* * , 0,φ μ

λt

where ‖ ‖ ∣ ( ) ( )∣− = −− ≤ ≤φ φ φ s φ s* sup *μ μ s 0

. Then u* is said to be globally exponential stable.
(ii) Suppose that there exists >ε 0 such that

∣ ( ) ( )∣ ( )− → → +∞e u t u t t* 0 .

εt

Then u* is said to be globally exponential attractive.

Remark 4.2. Global exponential stability implies global exponential attractivity [1].

Lemma 4.3. [25] (Halanay’s inequality) Let t
0

be a real number and μ be a nonnegative number.
If [ )− ∞ → +

v t μ R: ,

0

satisfies

( ) ( ) ( )
[ ]

≤ − + ≥
∈ −t

v t αv t β v s t t

d

d

sup , ,

s t μ t,

0

where α and β are constants with > >α β 0, then

( ) ∣ ∣ ( )≤ ≥− −
v t v e for t t, ,t μ

η t t

0

0

0

where ∣ ∣ ( )= − ≤ ≤v v θsupt μ μ θ t
00 0

and η is the unique positive solution of

= −η α βe .

ημ

Theorem 4.4. Assume that (A1)–(A6) hold, also (3.7) and (3.8) hold. Then the unique p.k.a.a. solution of equation
(1.3) in Ω is globally exponential stable.

Proof. Let ( )u t* be the p.k.a.a. solution of (1.3) given in Theorem 3.4 and ( )u t be an arbitrary solution
of equation (1.3). Pose

( ) ( ) ( )= −z t u t u t* ,
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with the initial condition

( ) ( ) [ ]= ∈ −z s θ s s μ, , 0 .

Then

( ) ( ) ( ) ( )( ) ( )( )= − + −z t α t z t t t˙ Nu Nu* , (4.1)

where Nu is defined as (3.6).

∣( )( ) ( )( )∣ ( )( ( ( ( ))) ( ( ( )))) ( ) ( )( ( ( ))

( ( ))) ( ) ( ( ) ( ( )))

‖ ‖ ∣ ( )∣
[ ]

∫∑

∑⎜ ⎟

− = − − − + +

− + + − − −

≤
⎛
⎝

+ +
⎞
⎠

= −

=
∞

∈ −

s s β t f s u s τ s f s u s τ s β t K s ξ f s u s ξ

f s u s ξ ξ b s H u s σ H u s σ

β L β K τL bL z r

Nu Nu* , , * , ,

, * d *

sup .

i

n

i i i i i

τ

i

n

i f f H

r s μ s

1

0

0

0

0

1

0

,

i 0

Then, for ≥t 0, we have

∣ ( )∣ ( ) (( )( ) ( )( ))

∣ ( )∣ ∣( )( ) ( )( )∣

‖ ‖ ∣ ( )∣ ‖ ‖

( ) ( )

( ) ( )

( )

[ ]

∫

∫

∫ ∑

∫ ∫

∫ ∫

⎜ ⎟

= + −

≤ + −

≤
⎛
⎝

+ +
⎞
⎠

+

− −

− −

− −

=
∞

∈ −

−

z t z e e s s s

z e e s s s

e β L β K τL bL z r s θ e

0 Nu Nu* d

0 Nu Nu* d

sup d .

α ξ ξ

t

α ξ ξ

α ξ ξ

t

α ξ ξ

t

α t s

i

n

i f f H

r s μ s

μ

αt

d

0

d

d

0

d

0

1

0

,

t

s

t

t

s

t

i

0

0

0

Thus,

∣ ( )∣ ∣ ( )∣ ‖ ‖ ∣ ( )∣
[ ]

∑⎜ ⎟≤ − +
⎛
⎝

+ +
⎞
⎠=

∞
∈ −

z t α z t β L β K τL bL z r˙ sup .

i

n

i f f H

r t μ t
1

0

,

i 0

Notice that ‖ ‖> ∑ + + >= ∞α β L β K τL bL 0

i

n

i f f H
1

0i 0

by (3.8), then it follows from Halanay’s inequality that there
exists positive constants η such that

∣ ( )∣ ‖ ‖≤ ≥−
z t θ e t, for 0,μ

ηt

where η is the unique positive solution of

‖ ‖∑⎜ ⎟= −
⎛
⎝

+ +
⎞
⎠=

∞η α β L β K τL bL e .

i

n

i f f H

ημ

1

0i 0

That is,

∣ ( ) ( )∣ ‖ ‖− ≤ ≥−
u t u t θ e t* , for 0.μ

ηt

Thus, there exists >M 1 such that

∣ ( ) ( )∣ ‖ ‖ ‖ ‖− ≤ ≤ ≥− −
u t u t θ e M θ e t* , for 0.μ

ηt

μ

ηt

Hence, the p.k.a.a. solution ( )u t* of equation (1.3) is globally exponentially stable. □

By Remark 4.2, we can obtain the following corollary.

18  Feng-Xia Zheng and Hong-Xu Li



Corollary 4.5. Assume that (A1)–(A6) hold, also (3.7) and (3.8) hold. Then the unique p.k.a.a. solution of equation
(1.3) in Ω is globally attractive.

Remark 4.6. In [9], an additional condition is added to the existence conditions to obtain the global exponential
stability by constructing a Lyapunov function. In [2], the globally attractivity of the positive solution is
obtained without adding an additional condition to the existence conditions by inequality technique, but
the exponential stability is not obtained. In our result, we obtain the globally exponential stability of the
positive solution without adding an additional condition to the existence conditions in view of Halanay’s
inequality.

5 Example

To illustrate our results, we consider a population model of mixed type with mixed delays in this section.

Example 5.1. We consider the following model with harvesting:

( ) ( ) ( ) ( ) ( ( ( ))) ( ) ( ( )) ( ) ( ) ( ( ))∫∑= − + − + − + +
= −

u t α t u t β t f t u t τ t b t H u t σ β t K t s f t u t s s˙ , , , d ,

i

i

i i

τ
1

2

0

0

0

(5.1)

where

( ) ( ) ( )

( ) ( ( )) ( )

( )
( )

= = =

= − − = −

= =−∣ ∣− +
+

β t e β t e β t

b t

e

H u t σ u t

K t s e τ

12 , , 1,

1

100

, 1 ,

, , 1.

t s

1

1.1

2 0

cos

t

1

1

2

Let ( ) ( ( ))=α n πnsign cos 2 2

1

, ( )α t
1

is the linear extension of ( )α n
1

over R. Then

( ) ( )= + +
+

α t α t

t

14

1

10

1

1

1

2

is p.k.a.a. but not pseudo almost periodic since ( )α t
1

is k.a.a but not almost periodic [26]. Notice that
( ) ( )+t tcos cos 2 is almost periodic but not periodic. Then

( ) ( ) ( ) ( )= = + + +
+

τ t τ t t t

t

0.8 0.1 cos 0.1 cos 2

1

1

1 2

2

is p.k.a.a. but not pseudo periodic since the space of k.a.a. functions include almost periodic functions.
Case 1. We consider a model that is a mixture of Nicholson type with ( ) = −

f t u ue,

u

1

1.8 and Lasota-
Wazewska type with ( ) = −

f t u e,

u

2

0.7 . Obviously, ( ) ( )−A A
1 4

hold. By a simple computation, we obtain

( ) ( ) ( ) ( )
( )

‖ ‖

{ } { }

′ = ′ = − − −
+

< + <

= = = = = = =

= = − = =

= = =

= = = =

=
⎧
⎨
⎩

⎫
⎬
⎭

= = = = =

∞

− −

+ +

+

τ t τ t t t

t

t

α α β β e β β e β

τ b

e

L K

f e f e f

n n m m

n m λ

0.1 sin 0.1* 2 sin

2

1

0.25

9

8 3

1.

15.1, 13.9, 12 , , 1,

2,

1

100

, 1, 1.

¯
,

¯

1

1.8

,
¯

1,

1

1.8

, 0, * 1, * 0,

max

1

1.8

, 0

1

1.8

, * max 1, 0 1, min 1.8, 0.7 0.7.

H

1 2

2 2

1 1

1.1

2 2 0

0

1

1

1

2

1 2 1 2
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Notice that for all [ )∈ ∞u v, ,

1

1.8

,

∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣− ≤ − − ≤ −− − − −
ue ve

e

u v e e

e

u v

1

,

1

.

u v u v

2

1

1.8

It follows that for all [ )∈ ∞u v, ,

1

1.8

,

= = =− −
L e L e L

e

, ,

0.7

.f f f

2 2

0 1 2

1

1.8

Since we consider a model with harvesting ( ( ) ≤b t 0), we obtain

‖ ‖∑ ⎟⎜
⎛
⎝

+
⎞
⎠

=
× + +

≈ <
=

∞

− −

α

β f β f K τ

e e e e

γ

1

12

13.9

0.7521 ,

i

i i

1

2

0 0

1.1

1

1.8

1 1

2

Now we fix =γ 0.755

2

, it follows that

= ≈ = ≈−
−

−
−

f e f e0.755 * 0.1940, * 0.5895.

1

1.8 0.755

2

0.7 0.755

Thus,

∑⎜ ⎟≈ = < <
⎛
⎝

+
⎞
⎠

≈+

=
−n γ

α

β f bL γ0.5556

1

1.8

1

0.5690.

i

n

i i H
1

1

2

We fix =γ 0.5557

1

. That is, condition (A5) holds. Finally, we obtain

‖ ‖
=

∑ + +
≈ <= ∞

r

β L β K τL bL

α

0.4395 1

i

n

i f f H
1

0i 0

Hence, all the conditions of Theorems 3.4 and 4.4 hold. Therefore, the model (5.1) has a unique p.k.a.a. solution
that is globally exponentially stable (Figure 1 (a)) in the region

{ ( ) ( ) }= ∈ ≤ ≤u u R R u tΩ : PKAA , , 0.5557 0.755 .

1

Case 2. We consider a new model that is a mixture of general Nicholson type with ( ) = −
f t u ue, sin

u

1

1.8

and Lasota-Wazewska type with ( ) = −
f t u e,

u

2

0.7 . By a simple computation, we obtain

≈ = = ⎛
⎝

⎞
⎠ =

= ⎧⎨⎩
⎛
⎝

⎞
⎠

⎫⎬⎭ = ⎛
⎝

⎞
⎠

+ +

+

f f n n

n

¯
0.1949,

¯
1, with arctan

1

1.8

, 0,

max arctan

1

1.8

, 0 arctan

1

1.8

.

1 2
1 2

Figure 1: Graphs of model (5.1).
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Notice that for all ⎟∈ ⎡
⎣⎢

⎛
⎝

⎞
⎠ ∞⎞

⎠u v, arctan ,

1

1.8

,

∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣− ≤ − − ≤ −− − − −
⎛
⎝

⎞
⎠

ue ve

e

u v e e

e

u v

1

,

1

u v u v

2

arctan

1

1.8

and

∣ ( ) ( ) ∣
( ) ( )

∣ ∣
( )

− ≤
−

−− −

=
u e v e

θ θ

e

u vsin sin

cos 1.8 sin

.

u v

θ

θ

1.8 1.8

1.8

arctan 3.5

It follows that for all ⎟∈ ⎡
⎣⎢

⎛
⎝

⎞
⎠ ∞⎞

⎠u v, arctan ,

1

1.8

,

( ) ( )

( )

= =
−

≈ =−

= ⎛
⎝

⎞
⎠

L e L

θ θ

e

L

e

,

cos 1.8 sin

0.1611,

0.7

.f f
θ

θ

f

2

1.8

arctan 3.5 arctan

0 1 2

1

1.8

Since we consider a model with harvesting ( ( ) ≤b t 0), we obtain

‖ ‖∑ ⎟⎜
⎛
⎝

+
⎞
⎠

=
× + +

≈ <
=

∞

−

α

β f β f K τ

e e e

γ

1 12 0.1949

13.9

0.7275 ,

i

i i

1

2

0 0

1.1 1

2

Now we fix =γ 0.728

2

, it follows that

( )= ≈ = ≈−
−

−
−

f e f esin 0.728 * 0.1801, * 0.6031.

1

1.8 0.728

2

0.7 0.728

Thus,

∑⎜ ⎟≈ ⎛
⎝

⎞
⎠ = < <

⎛
⎝

+
⎞
⎠

≈+

=
−n γ

α

β f bL γ0.5071 arctan

1

1.8

1

0.5364.

i

n

i i H
1

1

2

We fix =γ 0.51

1

. That is, condition (A5) holds. Finally, we obtain

‖ ‖
=

∑ + +
≈ <= ∞

r

β L β K τL bL

α

0.5102 1.

i

n

i f f H
1

0i 0

Hence, all the conditions of Theorems 3.4 and 4.4 hold. Therefore, model (5.1) has a unique p.k.a.a. solution that
is globally exponentially stable (Figure 1 (b)) in the region

{ ( ) ( ) }= ∈ ≤ ≤u u R R u tΩ : PKAA , , 0.51 0.728 .

2

Remark 5.1.
(i) This example shows that our results are applicable not only to mixed Nicholson model and Lasota-

Wazewska model but also to mixed general Nicholson model and Lasota-Wazewska model with mixed
delays.

(ii) Comparing with [11], we consider the ergodic components of α and the mixed delays with ergodic compo-

nents. Moreover, we assume a lower bound for γ
1

in case 1 since = < =+
n

m

λ

1

1.8

1

0.7

* .

6 Conclusion

We study the existence, uniqueness, and global exponential stability for the pseudo compact automorphic
solutions of a family of delay differential equations. By using the properties of p.k.a.a and Bi-p.k.a.a., some
novel existence conditions for p.k.a.a. solutions of equations are obtained. Especially, the assumption for
coefficients of equations “k.a.a.” can be weaken as “p.k.a.a.” In addition, by using Halanay’s inequality, the
conditions for the global exponential stability of pseudo compact automorphic solutions of the equations
without adding an additional condition to the existence conditions. The techniques and methods that we
use here to study the existence of solutions can be extended to other models. Finally, an example is given
to illustrate the validity of our results.
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