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1 Introduction

The study of almost periodic type solutions to differential equations have attracted many researchers (see, e.g.,
[1-10] and the references therein). The space of pseudo compact almost automorphic functions (p.k.a.a.)
includes pseudo almost periodic functions (p.a.p.), almost periodic functions (a.p.) and compact almost auto-
morphic functions (k.a.a.). However, as far as we know, there are few results on compact almost automorphic
type solutions to differential equations.

In the study by Abbas et al. [11], by applying the properties of p.k.a.a. and bi-almost automorphic (Bi-a.a.),
and the Banach fixed point theorem, Abbas et al. obtain the results of p.k.a.a. solutions to the following delay
differential equation:

w(t) = —a(@Ou(e) + Y BOFXOuU - 5(0)) + bOHU()), (EBY
i=1

where the coefficient function a : R — R does not consider ergodic perturbation, i.e., a is positive a.a.

Lots of results on equation (1.1) and its analogue equations do not consider the ergodic perturbation of
coefficients, such as [2], by applying the properties of p.a.p. and the Banach fixed point theorem, Chérif obtain
the results of p.a.p. solutions to Nicholson’s blowflies model with mixed delays of the form:

n 0
w(t) = —a(u(t) + Y B(Ou(t - 1)e @ OU — h(t)u(t - o) + Bo(t)IK(t, sSu(t + s)e ut+s)ds, 12

i=1 b

where a : R — R is positive a.p.
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It is realistic to consider that the coefficients have an ergodic perturbation [12]. Coronel et al. [13] remark
that in the context of differential equations with almost automorphic coefficients, the Bi-almost automorphic
(Bi-a.a.) property of the Green function is fundamental to prove the existence of solutions of the same class.
Naturally, it is necessary to consider the Green function with Bi-compact almost automorphic (Bi-k.a.a.)
property and Bi-ergodic components to prove the existence of solutions to differential equations with pseudo
compact almost automorphic coefficients. On the other hand, it is meaningful to consider mixed delays with
ergodic components.

Motivated by the aforementioned results, we introduce the concept of Bi-pseudo compact almost auto-
morphic functions (Bi-p.k.a.a.) and establish some basic properties for these functions. Then by applying
the properties of p.k.a.a. and Bi-p.k.a.a., and the Banach fixed point theorem, we study the p.k.a.a. solutions
to the following delay differential equation:

n 0
i(t) = ~a(tu(t) + 3 BOS (¢, ut - 5(1)) + bOHu(t - 0)) + Bo(t)_[K & ot ut +s)ds, (13
i=1 r

where a : R — R is positive p.k.a.a.

It is clear that (1.3) includes both (1.1) and (1.2). In our results, by using the properties of p.k.a.a and Bi-
p-ka.a., the conditions for some useful results and the existence of p.k.a.a. solutions to equation (1.3) are
weaker than those in the existing literature (see Remarks 2.6, 2.15, and 3.7). Moreover, by using Halanay’s
inequality, the globally exponential stability of the positive p.k.a.a. solution to equation (1.3) does not need to
add a condition to the existence conditions as in [9] (Remark 4.6). Therefore, our results extend some known
results.

The outline of this article is as follows. In Section 2, we recall the concept and properties of pseudo
compact almost automorphic functions, define Bi-pseudo compact almost automorphic functions, and estab-
lish some properties of these functions. Sections 3 and 4 contain some results on the existence, uniqueness,
and global exponential stability of pseudo compact almost automorphic solution to equation (1.3). In Section 5,
we provide an example to illustrate the validity of our results. Finally, a conclusion is drawn in Section 6.

2 Preliminaries

Let (V, ||-]), (U, ||-]|) be two Banach spaces, and BC(R, V) (resp. BC(R x U, V)) denotes the space of bounded
continuous functions f:R — V(resp. f: R x U~ V). Denote ||f|lo = supeegllf (Ol [Ifllx = SUP,<p<ollf O]
and R* = [0, ©).

Definition 2.1. [11,14-17] (i) A continuous function f: R — V is said to be almost automorphic (a.a.) if for any
sequence {&;},_; C R, there exists a subsequence {&}r-; of {&},-; such that

lim £ (¢ + &) = f (&)
is well defined for all t € R, and
lim £ (¢ = &) = f(©)

for all t € R. Denote by AA(R, V) the space of all such functions. A continuous function f: R x U - V is said
to be almost automorphic if f(¢, x) is almost automorphic in ¢ € R uniformly for all x in any bounded subset
of U. Denote by AA(R x U, V) the space of all such functions.

If the aforementioned limits hold uniformly in compact subsets of R, then f is said to be compact almost
automorphic (k.a.a.). Denote by KAA(R, V), the space of all such functions. A continuous function
f:Rx U~V is said to be compact almost automorphic if f(t, x) is compact almost automorphic in t € R
uniformly for all x in any bounded subset of U. Denote by KAA(R x U, V) the space of all such functions.
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(ii) A continuous function f: R — V (resp. f: R x U — V) is said to be pseudo almost automorphic (p.a.a.)
if f is decomposed as follows:

f=h+h
where f; € AA(R, V) (resp. AAR x U, V)) and f, € PAPy(R, V) (resp. f, € PAPy(R x U, V)), which is defined
by

PAP,(R, V) =

)
1 .
f, € BCR V) : lim o _Irm;(s)nds =0

resp. PAP(R x U, V) =

;
1
LEBCRxU,V): lim; I|[f2(s, x)||ds = 0 uniformly for all X in
r—oo
-r

any bounded subset of U

Denote by PAA(R, V) (resp. PAA(R x U, V)) the space of all such functions. The functions f; and f, are,
respectively, called the almost automorphic and the ergodic components of f.

(iii) A continuous function f: R — V (resp. f: R x U — V) is said to be pseudo compact almost auto-
morphic (p.k.a.a.) if f is decomposed as follows:

f=h+h

where f; € KAA(R, V) (resp. KAAR x U, V)) and f, € PAPy(R, V) (resp. f, € PAPy(R x U, V)). Denote by
PKAA(R, V) (resp. PKAA(R x U, V)) the space of all such functions. The functions f; and f, are, respectively,
called the compact almost automorphic and the ergodic components of f.

Remark 2.2. Let = f; + f, € PKAA(R, V) with f; € KAA(R, V) and f, € PAPy(R, V). In view of the properties
of p.a.a, it follows immediately that f is bounded and {f,(t) : t € R} C {f(¢) : t € R} since PKAA(R, V) is a
subspace of PAA(R, V). Moreover, from the definition of k.a.a., we see that KAA(R, V) is translation-invariant.
So the space PKAA(R, V) is translation-invariant since PAPy(R, V) is translation-invariant. See [15,16] for more
details on p.a.a.

Lemma 2.3. [11,18] The following assertions hold:
(i) PKAA(R, V) is a Banach space with the supremum norm.
(i) The decomposition of a pseudo compact almost automorphic function is unique.
(ifi) Let f € PKAA(R, R) and g € PKAA(R, R), then fg € PKAA(R, R).
(iv) A function f: R - V is k.a.a. if and only if it is a.a. and uniformly continuous.

By [15, Lemma 4.36, Theorem 6.8], we can obtain the following result.

Lemma 2.4. Let f=f; + f, € PKAARR x V, V) with f; € KAAR x V, V), f, € PAPy(R x V, V), and x ~ f(t, x)
be uniformly continuous in any bounded subset of V uniformly for t € R. If x € PKAA(R,V), then
fC, x()) € PKAA(R, V).

Lemma 2.5. If f € PKAA(R, R), 7 € PKAA(R, R) N CY(R, R*) and T/(t) < 7, < 1, then f(--7(-)) € PKAA(R, R).
Proof. Since f, 7 € PKAA(R,R), f and 7 can be expressed as f=f; + f, and 7 = [ + 5, respectively, where
fi, @ € KAA(R, R) and f;, , € PAPy(R, R). Denote
B = fi(t-a), k@) =/fL-10), and Ft) =fi(t - () - f;(t - a0).
Then
ft = 1(0) = (1) + F(t) + F5().
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It follows from [19, Lemma 7] that F; € KAA(R, R). By the same arguments as in the proof of [11, Lemma 4], it is
easy to obtain that F, € PAPy(R, R). Now it remains to prove that F; € PAPy(R, R). By Lemma 2.3 (iv), we have f;
is uniform continuity, then for any € > 0, there exists a constant § > 0 such that for all t’,t” € R, |t' - t"| < &,

€
A& = AW < 5. 2.1
Since 7, € PAPy(R, R), it follows from [20, Lemma 1.1] that
1
}LIE 5meas(Mm) =0,
where meas(-) denotes the Lebesgue measure and M, = {t € [-r, 7] : ||B(t)]| = ||7(t) - w(t)| = €}. Particularly,
one can find § > 0 such thatr > 6§,
‘1meas([rr]nM )| < £ 2.2)
- =, !6' . .
2r ’ 41f; e
Thus, we can deduce from (2.1) and (2.2) that
1 1
o _jr|F3(t>|dt - ;_jrua(t ORI AGEION
1 1
= | et - fe-aomacs o [ Re - @) - e aoa
[-r,r]NM; 5 [-r,r\M; 5
ELEL,
2 2 7
which means F; € PAPy(R, R). (I

Remark 2.6. Lemma 2.5 shows that the condition “r € KAA(R, R) N C(R, R*)” in [11] can be improved by
the condition “r € PKAA(R, R) N C(R, RY).”

Next we recall and introduce some notations, which will be used to obtain our main results.

Definition 2.7. (i) A continuous function G : R x R — V is said to be Bi-almost automorphic (Bi-a.a.) if for any
sequence {&}_; C R, there exists a subsequence {&,}n-; of {&;},-; such that

UmG(t + &, s + &) = G(t,s), UmG(t-&,s-&)=G(t,s)

n—o

for all (t, s) € R Denote by BAA(R x R, V) the space of all such functions.

If the aforementioned limits hold uniformly in compact regions of R?, then G is said to be Bi-compact
almost automorphic (Bi-k.a.a.). Denote by BKAA(R x R, V) the space of all such functions.

(i) A continuous function G:R xR - V is said to be Bi-pseudo almost automorphic (Bi-p.a.a.)
if G is decomposed as follows:

G =G+ Gy
where G; € BAA(R x R, V) and G; € BPAPy(R x R, V), which is defined by

r
1
BPAPy(R x R, V) = {G, € BC(R X R, V) : lim EJ’HGZ(W +t,w+s)||dw = 0 forall (t,s) € R
r—o
-r

Denote by BPAA(R x R, V) the space of all such functions. The functions G; and G; are, respectively, called the
Bi-a.a. and the Bi-ergodic components of G.
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(iii) A continuous function G : R x R — V is said to be Bi-pseudo compact almost automorphic (Bi-p.k.a.a.)
if G is decomposed as follows:

G =G+ Gy,

where G; € BKAA(R x R, V) and G, € BPAPy(R x R, V). Denote by BPKAA(R x R, V) the space of all such
functions. The functions G; and G, are, respectively, called the Bi-k.a.a. and the Bi-ergodic components of G.

Remark 2.8.
(D (@) is given in [21], (ii) is given in [22].

(II) Let G € BKAA(R x R, V). It follows from the definition of Bi-k.a.a. that G is continuous.

(I11) Let G(t,s) = g(t - s) for some continuous function g: R x R — V. Then it is easy to verify that
G € BKAAR x R, V).

(IV) Let G = G, + G, € BPKAA(R x R, V) with G; € BKAA(R x R, V) and G, € PAPy(R x R, V). By the same
arguments as in the proof of [22, Proposition 2.8], it is easy to obtain that for every (t,s) € R?,
{Gi(t+r,s+r):r€R}C{G(t+r,s+r):r €R} and the decomposition of G(t + -, s + -) is unique.

Definition 2.9. A continuous function G : R x R — V is said to be Bi-uniformly continuous if for any sequences
{t:}, {t '}, {sp} and {s,’} such thatt; - s; = t; — s, and |t — s;] = 0 as n — o, implies

IG(t;, t7) = G(sz, s — 0
asn — o, That is, for any € > 0, there exists a § = §(¢) > 0 such that x; - x; =y, - y,, and |\ - x| < § implies

1606, 1) = GO, Y,)I| < &

Remark 2.10.

(i) Itis clear that G is Bi-uniformly continuous if G : R x R — V is uniformly continuous. But the converse is
not true. For instance, it is easy to see that G(x,y) = x sin(x - y) is Bi-uniformly continuous but not
uniformly continuous.

(ii) IfG : R x R ~ V is Bi-uniformly continuous, and if lim,.«G(t + &y, s + &) = G(t, s) for all (¢, s) € R* and
some {&,}»-; C R, then G is Bi-uniformly continuous. Indeed, by the Bi-uniformly continuity of G, for any
sequences {t;}, {t,'}, {s}, and {s,;} such thatt, — s, = t; — s; and [¢t; — s;| — 0 as n — o, implies

165 ) = G(s sl = 0
as n — «. Then
IG(t; + &my t7 + &m) = G(S7 + &my Sy + &)l = 0
as n — o uniformly for {&,}. Thus,

lim G, t) = GGy, sl = lim Lim [|G(ty + &m, 3+ &n) = G(Sy + & S7” + &)l

= i |Gt} + & (7 + &) = G55+ oS5 + )l = 0.

That is, G is Bi-uniformly continuous.

Lemma 2.11. A function G : R x R — V is Bi-k.a.a. if and only if it is Bi-a.a. and Bi-uniformly continuous.

Proof. Let G is Bi-a.a. and Bi-uniformly continuous. Then for any sequence {&/},-; C R, there exists a subse-
quence {&}n-; of {& 3=, such that

hm G(t + En; s+ fn) = G(t’ S)x hm G(t - En’ S - En) = G(tx s)

n—oo n—oo
for all (¢, s) € R2. Noticing that G is Bi-uniformly continuous since G is Bi-uniformly continuous (Remark 2.10),
it is easy to verify that the aforementioned limits hold uniformly for (¢, s) in compact regions of R?. That is,
G is Bi-k.a.a.
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On the other hand, if G is Bi-k.a.a., then G is Bi-a.a. It remains to show that G is Bi-uniformly continuous.
Take sequences {t;}, {t,'}, {s;} and {s;} such that¢; - s; =t; - s, and |t, — s;| = 0 asn — . Let

= [|G(t5, t7) = G(sp, S

we need to prove a, » 0 as n — «, Now it is sufficient to prove that every subsequence 4, = ||G(¢,, f,) -
G(8;, 87)|| of @, has a subsequence d, = ||G(;, ;) - G(5;, $7)|| such that d@, — 0 as n — «, Let

&} =1ty - s = {t7 — s},
(& =t - s =1 - 81,
where {£,} C {&,}. Since G is Bi-k.a.a., there exists a subsequence {&,} = {f, - §;} = {f. - 57} of {£,} such that

lim G(t + fn; s+ En) = G(t s), hm G(t En) N gn) =G(t, s) 2.3

n—oo

uniformly for (¢, s) in compact regions of R2. Meanwhile, since the function G is continuous (Remark 2.8 (ID)),
and |t, - §;| = |t; — §7] —» 0 as n — o, we have

1Gr 87) = GGy = (& = 57, 87 = (& = §O)|| = 0 24
as n — o, Then from (2.3) and (2.4), we have
iy =||IG(E,, &) = GG, SO
<||G(E, - §; + S5, & — Sy +87) - G(s’ SOl + ||G(s’ 5 - G(s - (&, - 8,87 - (& -5
||G(S _ (t — ~/ ~// _ (t” _ ~//)) _ G(S/ ~//)||

<G + 87, &n + §”) - G(S’ SOI + 16Gy, 87 = GG = (& = 8, 87 = (& = 3Dl
+ 116Gy = & 87 = &) — GG 8D
-0

as n — . Thus, we showed that a, = ||G(¢,, t;) — G(S5, S7)|| = 0 as n — . That is, G is Bi-uniformly contin-
uous. 0

t
We note that the property of Wy(t, s) = e ;e jg egsential to prove the existence of solution to equation
(1.3). Similar to [22, Proposition 3.10], we can obtain the following result.

Proposition 2.12. Let a = a; + a; € PKAA(R, R) with a; € KAA(R, R) and a; € PAPy(R, R). Then ¥, is Bi-p.k.a.a.,
where ¥, is Bi-k.a.a. with ¥, (t, s) = el andr and W, - W, is Bi-ergodic.

Proof. Since a; € KAA(R, R), then for any sequence {&;}r-; C R, there exists a subsequence {&}n-; of {&/}n-1
such that lim,_.a;(r + &) = @&(r) uniformly for r in compact sets of R. Thus, for all (¢, s) € R?,

hm ‘1{11(t + &5+ &)= hm e L ogy AT

- lime™J ariw

n—oo
_ e_J: a(r)dr
dl(t) S)
uniformly in compact regions of R%. Similarly, we can easily obtain that

’11152 q’dl(t - En; S - En) = lpal(t’ S)

uniformly in compact regions of R%. That is, ¥, € BKAA(R x R, R). The remains proof is similar to [22, Proposi-
tion 3.10 (ii)], and we omit the details here. O
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Remark 2.13. Let ®,(¢, s) = eliair and q = a + az € PKAA(R, R) with ¢4 € KAA(R, R) and @, € PAPy(R, R),
by the same arguments as in the proof of Proposition 2.12, it is easy to obtain that @, is Bi-p.k.a.a., where @,

t
is Bi-k.a.a. with @(t, s) = el;a®™dr and @, - ®,, is Bi-ergodic.

Proposition 2.14. If the function u € PKAA(R, R) and there is a Bi-p.k.a.a. function g : R x R — R such that
lg(t, )| < ce™9),  t=s,

where ¢ and a are two positive constants, then the function

t
o) = Ig(t, s)u(s)ds
belongs to PKAA(R, R).

Proof. Since u € PKAA(R,R) and g € BPKAA(R x R,R), u and g can be expressed as u = u; + u; and
g = & + &, respectively, where u; € KAA(R, R), u; € PAP(R, R), g, € BKAA(R x R, R), g, € BPAPy(R x R, R).
Denote () = () + 0,(t) + 04(t), where

t
0® = [gt.u@sds, ter,

—00

00 = [t us)ds, teR,

t
o5(t) = Igz(t, su(s)ds, t€ER.

Now we can complete the proof by the following two steps.
Step 1. We prove that o, € KAA(R, R). Since w; € KAA(R, R) and g(t, s) is Bi-k.a.a.,, for any sequence
{t;}h-1 C R, there exists a subsequence {t,;}r-; of {t;}-; such that

|t(tn + 5) = Ta(s)| = 0, [th(s = tn) — w(s)| ~ 0 2.5)
asn — o for each t € R. And
lgi(t + tn, s + 1) = &(6, )] = 0, |8y(t — tn, s — tn) = &(L,8)| = 0 (2.6)
asn — o for each ¢, s € R. By Remark 2.8 (IV), we have

suplg,(t + r, s + )| S suplg(t +r,s + 1) < ce @S, t>s.
r€R r€R

Then we have

lg(t+ - s+ ) sce™™, txs. 2.7

Pose g,(t) = I_t Li(t, s)iy(s)ds. Notice that |||le < ||t|l» < ||u]lo. Then by Lebesgue’s dominated convergence
theorem and (2.5)—(2.7), we obtain

loy(t + tn) — 0,(D)| =

t t
[&it+ tn s+ tten + 9)ds - [&(e Hms)ds

—00 —00

< + | [t + tus + et + ) - Gs))ds

—00

t

I ce” =) (uy(t, + 8) — Ty(s))ds

—00

@t + tus + ) - gt sHms)As

—00

+

I(gl(t + by, S + ) — gy(t, 5))ds

—00

< el

-0
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as n — o for all t € R. Similarly, we can easily obtain that [0,(t - t,) — 0;(t)] ~ 0 as n — « for all t € R.
That is, 0; € AA(R, R).

Moreover, we can show that g, is uniformly continuous. It follows from Lemma 2.3 (iv) and Lemma 2.11
that|t, — sy » 0 asn — o,

1t ta +7) = &S, Su + )| = 0, Jun(ty + 1) —wy(sp + 1) » 0

asn — o for all r € R. Thus,

tn Sn
101(t) = @y(sn)l = Igl(tn, s)(s)ds - Igl(sn, $)u(s)ds

0 0
= Ig1(tny tn + M(ty + r)dr - Ig1(sn; Sp + Iug(sy + rydr

—00 —00

0
+ Igl(sn, S+ M)ty + 1) = W(Sn + r))dr

-0

0
< _[(gl(tn, ta + 1) = &(Sny Sn + M)U(ty + r)dr

—00

0
Ice‘“r(ul(t,, +7) = w(s, + r)dr

-0

+

0
<l | [ (@t ta + 1) = gilsu 0 + rDAF

—00

-0

as n — o by Lebesgue’s dominated convergence theorem. That is, 0, € KAA(R, R) by Lemma 2.3 (iv).
Step 2. We prove that g, € PAP(R, R) and g; € PAPy(R, R). By applying Fubini theorem, Lebesgue’s domi-
nated convergence theorem and the translation invariance property of ergodic function u,, we have

r

[ &t snus(s)as

.
1 o 1
}me o :[|Qz(t)|dt = }me 2r_J: J de
1|7
= lim — _ _
rl_'IE 2r_J’r {gl(t,t S)uy(t - s)ds | dt

o r
cas i 1
< Ice asrlLIB o Iluz(t - s)|dtds
0 -r
=0.

Then by applying Fubini theorem, Lebesgue’s dominated convergence theorem and g, € PAPy(R X R, R),
we obtain

ng(t, s)u(s)ds | dt

—00

J

r
=tim - |

-r

r
1 1
J— < —
lim - floy(0)1de < lim -
-r

0
ng(t, t+s)u(t + s)ds|dt

—00

0 r
1
< [ ulke lim - [18,t, ¢ + saeds
- °
= 0.

This means g,, 0; € PAPy(R, R). ([

Remark 2.15. Proposition 2.14 shows that the condition “there is a Bi-a.a. function g: R xR -~ R”
in [11, Corollary 1] can be improved by the condition “there is a Bi-p.k.a.a. function g: R x R > R.”
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3 Existence and uniqueness of p.k.a.a solution

We consider the delay differential equation (1.3). It is used to model the population growth of species. u(t)
denotes the density of the population, a(t) denotes the death rate of the population, M(t, u) =

Z,llﬁi(t)ﬁ(t, u(t - (b)) + Bo(t)J_OTK (t, $)fy(t, u(t + s))ds denotes the birth function, K(t, s) denotes the delay
kernel, and b(¢t)H(u(t — ¢)) means the immigration function or harvesting function, respectively, if b(¢t) is -
nonnegative or nonpositive.

Throughout this article, given a bounded continuous function f defined on R, denote

f = sup{f(®)}, f = Inf{/(O},

tER
and also we denote

T = max{7}, 4 = max{7, 7, 0}.
1<i<n

In the population model, only nonnegative solutions are biologically meaningful. We consider the following
initial condition

Uy, =@, ¢ € G, (3.1)
where C, defined by
CO = {QD € BC([_ﬂ, 0])R+): (/—7(0) > 0}

Now we make the following assumptions:
(AD a, By, B;, % : R — R are positive pka.a. witha >0, g;>0forl1<i<nandb:R~ Rispkaa.
(A2) K:R % [-7,0] = R, (t,s) = K(t,s) is uniformly continuous and positive p.k.a.a. in t € R for each
s €|[-1,0].
(A3) H:R* - R*is Lipschitz continuous, i.e., there exists a positive constant Lg such that
|[H(uw) - H()| £ Ly|u - v|, foru, v € R*.
In addition, we suppose that H(0) = 0.
(A4) Forall0 <i<n,f : R xR - Rarenonnegative pka.a., x = f(t, x) is Lipschitzian uniformly for ¢t € R, and
f; reaches its maximum value in R x R, i.e, f; = supep epfi(t, X) = fi(t, ;") for some t; € R, n;* € R*.
(A5) There exist two positive constants y; and y, such that

n

2 B, + Bify IKll7 + DLy,

< Vo

where n* = max<i<p{n;'’}, fio = infteR,xe[n*,yz]ﬁ(t: X).
(A6) For all 0 < i < n, there exist positive constants L 1, such that for all x,y € [n*, »),

Ifit, x) = fi(t, y)| < Lglx -y, t €R.

Remark 3.1.

(i) Assume that (A2) holds. It is easy to obtain that K is bounded on R x [-t, 0].

(i) In [11], the nonlinear term F(A;(t)u) = ue % jn the Nicholson model and E(A;(t)u) = e~ jn the Lasota-
Wazewska model satisfy the following assumption:

(A4) For all 1<i<n, F:R* - R* are Lipschitz continuous and reach its maximum value in R*, ie, F =

sup,ep-Fi(x) = FE(m*) for some m* € R*, and F is nonincreasing in x > m;*.
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We note that (A4) is satisfied by lots of functions. For example, sinue™®" in the general Nicholson model
satisfies (A4), but this function does not satisfy (A4’). Besides, ue™®* and e also satisfy (A4). Consequently,
the model we considered includes not only the mixed Nicholson model and the Lasota-Wazewska model but
also other useful mixed models, such as the mixed general Nicholson model and the Lasota-Wazewska model.

Lemma 3.2. Assume that (A2) holds. Let f € PKAA(R x R, R) such that u = f(t, u) is Lipschitzian uniformly
for t € R. Ifu € PKAA(R, R), then the function ¢(t) = J'_OTK (t, $)f (t, u(t + s))ds belongs to PKAA(R, R).

Proof. By using the composition theorem of p.k.a.a. (Lemma 2.4) and translation invariant (Remark 2.2),
one can deduce easily that for all s € R the function ¢ : t = f(t, u(t + s))belongs toPKAA(R, R). Then, ¢ can
be expressed as follows:

V=Yt 1y,

where ¥, € KAA(R,R) and ¥, € PAPy(R,R). Since K:R x[-7,0] - R is positive pka.a. in t€R for
each s € [-7, 0], i.e, K(:, s) € PKAA(R, R) for each s € [-7,0], K can be expressed as K = K; + K, where
Ki(-, s) € KAA(R, R) and K;(-, s) € PAPy(R, R) for each s € [-7, 0]. Denote ¢(t) = ¢,(t) + ¢,(t) + ¢4(t), where

0

o0 = [K(t, sy s, teR
=

9,0 = [Ku(t, 0, teR,

0
0,0 = [Kt. )p(0)ds, teR

Now we can complete the proof by the following two steps.
Step 1. We prove that ¢, € KAA(R, R). Since i, € KAA(R, R) and Ki(*, s) € KAA(R, R) for each s € [-7, 0],
for any sequence {t;};-; C R, there exists a common subsequence {t,}nr-; of {t;}r-; such that

[yt + t) = Py(O] = 0, [Pyt — ta) = Yy(B)] = 0 (3.2)
asn — o forallt € R. And
Ki(t + tn, 5) = Ka(t, )| = 0, |Ky(t — to, 8) = Ky(t,8)| = 0 3.3)

asn — o forallt € R and for all s € [T, 0]. Pose
0
B.(t) = jz?l(t, $)P(Hds, t € R.
-T
Notice that ||{]le < [|¥y]le < [|¥]l= and ||Ki|le < ||Killo < |K|l» by Remarks 3.1 and 2.2. Then

|¢1(t + ) - él(t)l =

0 0
[t + b, sy + s - [Rice, )P (0)ds

0 0
<| [t + tn5) - Bt )P 00ds | + | [Kact + b, )Wt + ) - G(0)ds
0 0
<l | [ GiCe + 6, 5) = Kace, s)ds | + (1Kl | [y + 1) = Gy(0)ds

-0

asn — o« for all t € R by Lebesgue’s dominated convergence theorem and (3.2)—(3.3). Similarly, we can easily
obtain that |g131(t = ty) - ¢,(t)] - 0asn —  for all t € R. That is, ¢, € AA(R, R).
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Moreover, we can show that ¢, is uniformly continuous. By Lemma 2.3 (iv), we have for any sequences {,,}
and {s,} such that |t, = s, = 0 asn — o,

|Ki(ty, S) — Ki(sp, )| = 0, le(tn) - ¢1(Sn)| -0

asn — o for all s € [-7, 0] since ), € KAA(R, R) and Ki(-, s) € KAA(R, R) for each s € [-7, 0]. Thus,

0 0
194(t) = d(sll = | [Kaltn, Sy (tn)ds = [EuCsn, )y (su)dls

0 0

< I(I(l(tn’ s) = Ki(Sn, 3))¢1(tn)d3 + | | Ki(sp, 3)(¢1(tn) - ¢1(8n))d5
0 0
<16l | [ (it $) - (s )| + 1Ko | [ yt0) = i(smds
- 0

as n — « by Lebesgue’s dominated convergence theorem. Then ¢, € KAA (R, R) by Lemma 2.3 (iv).
Step 2. We prove that ¢, € PAPy(R, R) and ¢, € PAPy(R, R). Since ¥, € PAPy(R, R), by applying Fubini
theorem and Lebesgue’s dominated convergence theorem, we have

j

-r

0
Ilq(t, $)p,(t)ds |dt

-T

)

1 1

lim - f1,(0)ldt = lim -
-r

0 r
1
< JIKllo im = [1p,(01deds
o r—oo e
=0.

Moreover, since Kx(-, s) € PAPy(R, R) for each s € [-7, 0], by applying Fubini theorem and Lebesgue’s domi-
nated convergence theorem, we obtain

0
IKZ(t, $)U()ds | de

-7

}

-r

.
1 o1

i < i
P_IE 2r _-[|¢3(t)|dt B }lﬂ 2r

0 r
.1
< [l lim - [1kce, s)1deds
-7 -r
=0.
This means ¢,, ¢, € PAPy(R, R). ]
Lemma 3.3. Let Qy = {9 : ¢ € BC([-1, 0], R*), y; < 0(t) < y,, t € [-u, 0]}, where y, and y, are given in (A5).
Assume that (A1-A5) hold. Then, for any ¢ € Q, the solution u(t, ty, ¢) of equation (1.3) satisfies
yl < ll(l', t(), (P) < Vza te [tO’ (((0))

and the existence interval of each solution to equation (1.3) can be extended to [ty, ).

Proof. The proof is inspired by [9, Lemma 3.1]. Denote u(t) = u(t, to, ). Let [to, t¥) C [to, {(@)). We claim that
0 <u(t) <y, VtE [ty t*). (3.4)
Suppose (3.4) does not hold, then there exists t; € (t,, t*) such that

ut) =y, and 0<u(t)<y, Vte€][to-ut).
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Notice that

t) — u(t
u’(tl) = hmw > 0.
t-t t—- 4

On the other hand, in view of (A1)-(A5), we obtain
n 0
w(t) = —a(tult) + Y Bf (4, u(t - w(n))) + b{t)Hut - 0)) + ﬁo(tl)JK (t, $)fy(t, u(t + s))ds
i=1 ot

n

<—ay, + D Bf + bLpy, + Bofy IK||»T
i=1

<0,

which is a contraction and then (3.4) holds.
Next we prove that

u(t) >y, VYt € [to, {(9)). (3.5)
Suppose (3.5) does not hold, then there exists t, € (to, {(¢)) such that
ul) =y, and u(t) >y, VtE|[th-utb).

Notice that

t) — u(t
w(t) = lim 040
t=t t—- 6

0.

On the other hand, in view of (A1)-(A5), we obtain
n 0
w(t) = —aut) + Y L) (6, ult - w(6) + bRH U, - 0)) + ﬁo(tz)JK (&, $)fy (&, u(ty + s))ds
i=1 ot

n

z-ay, + Zéfx— + bLyy,
i=1

>0,

which is a contraction and then (3.5) holds. Thus, it follows from continuation theorem [23, Theorem 2.3.1]
that the existence interval of each solution to equation (1.3) can be extended to [¢;, ©). O

To achieve our main result, we define the operator I' on PKAA(R, R) by:
t t
aw = [e L @kausas,

where Nu is defined as follows:

n 0
(NW)(s) = X Bi(8)f; (s, u(s = w(s))) + b()H(u(s - @) + ﬂo(S)IK (s, Ofo (s, u(s + §))ds. 3.6)
i=1 bl

Theorem 3.4. Assume that (A1)—(A6) hold. If

GECRR) and T()<T <1l i=12..n @7
and
o _
c1B:Le + Bo||[K|lwTL s + DL,
p o 2Ly Bl * bl (3.8)
a

equation (1.3) has a unique solution in Q = {u : u € PKAA(R, R), y; < u(t) < y,}.
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Proof. It follows from Lemma 3.3 that the solution of equation (1.3) with initial condition (3.1) is in Q, i.e., for all
t € [tg, ©), ¥, < u(t) <y, whenever u satisfies (1.3) and (3.1). Obviously, the solution of equation (1.3) is a fixed
point of the mapping I' in Q. Let us now prove that

T : PKAA(R, R) —» PKAA(R, R).
In fact, for any u € PKAA(R, R), Lemma 2.5 shows that
u(--5(-)) € PKAAR,R), i=1,2,..,n,

since ; € PKAA(R, R) N CY(R, R*) and 7'(t) < 7, < 1. Then it follows from composition Theorem (Lemma 2.4)
that

fC uC-5())) € PKAAR, R),
and we obtain from [11, Theorem1] and Remark 2.2 that
H(u(--0)) € PKAA(R, R).
We now apply Lemma 2.3 (iii) and Lemma 3.2, and conclude that

BOf( uC-5())) € PKAARR,R), 1=12,..,n,

0
ﬁo(')IK(', ONfC, u+£))ds € PKAA(R, R),

and
b(:)H(u(--0)) € PKAA(R, R),

which yield that Nu belongs to PKAA(R, R). Notice that e Ja®i¢ g Bi-p.k.a.a. since a € PKAA(R,R) by
Proposition 2.12. Thus, by Proposition 2.14, it follows that

t
t
t~ Ie'L @4 (Nu)(s)ds belongs to PKAA(R, R)

—00

since e~ [ a®¢ < ¢=at=5) ¢ > 5 Thus, T : PKAA(R, R) —» PKAA(R, R).
For any u € Q, in view of (A1)-(A5), we obtain

n 0
(NW)(s) = 3 B(S)fi(s, u(s = () + bSHU(s - ) + ﬁo(S)_[K (8, Ofyp (s, uls + $))dg
i=1 b

n
<|2Bf; + Bofy IKllwT + DLyy,
i=1
Then,

t t
w0 = el “Oauysds

t

< Je‘g(“s)(Nu)(s)dS

—00

_ 2LBF + By lIKlle + BLay,
a

<Yy
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On the other hand,

n 0
(Nu)(S) = 2 B(8)fi (s, u(s = w(s)) + B(HH s - 0)) + BO(S)IK (s, E)fo (s, u(s + §))d¢
i=1 =

2 [Zﬁnfl- + bLyy,
i=1
Then,

(Cu)(t) = J’e‘f“@df(Nu)(s)ds

t
> J’e-m-s)(Nu)(s)ds
2B * by,
a

>

> Vl'
That is, I' maps Q into Q.
Now for any u, v € Q, by (A6), we obtain

I(Nu)(s) = (NV)($)| <| 2 B (s, uls = T(s))) = fi(s, v(s = Ti(S))))‘
i=1

+

0
B0<S)IK (s, O(fy(s, u(s + &) = fols, v(s + £)))de
+ |b(s)(H(u(s - 0)) - H(v(s — 0)))|

< U = V|-

n

Y BLys + BlIKllwtLy, + bLy
i=1

Then,

|Tw)(t) - Tv)(B)] =

t t
[ @ anuxs) - aws)as

t
< Ie‘g(f‘5)|(Nu)(s) - (\v)(s)|ds
< ZzllFiLfi + FOHKHWTL]% +bLy
- a

U = V-

This together with (3.8) implies that

2isiBiLy, * BollK|kwtLy, + bLy
a

[[u = V|lo = 1|t = V||

ITw) = @V)|l <

By Banach contraction mapping principle, I' has a unique fixed point in Q. Hence, equation (1.3) has a unique

p-k.a.a. solution in Q. O
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Now we consider equation (1.1), where f;(t, u) = FE(Ai(t)u) fori = 1, 2,..., n. We assume that F; satisfies (A4')
and the following condition:
(A6) For all 1 < i < n, there exist positive constants Lg such that for all x,y € [m*, o),

IE(x) = EQ)I < Lglx - yl,

where m* = maxy<j<,m;*.
From Theorem 3.4, we obtain the following corollary.

Corollary 3.5. Assume that (A1), (A3), (A4), and (A6') hold. If

A € PKAARR,R) and A >0,5€ CY(R,R") and T (t)<7.<1
fori=1,2,..,nand
_ ZiBALR + bl _

a

equation (1.1) has a unique solution in
Q ={u:u€PKAARR,R),y, < u(t) <y}

where

mi* 1
max—— < )21 < =
1<isn Ay a

)

Z&E(Iyz) + bLHVZ
i=1

1 <
a Y-

n
2 BE + bLyy,
i=1

Proof. In view of (A4'), we obtain
f =F=FE(m®* with m* = A(t)n;" for some ; € R.

So

m*
n* = max{n;"} < max —.
1<isn 1sisn Aj

Moreover, if maxlsis,lm% <y, (A4) implies that
fi = EQuyy)
since m* < Au < A(t)u < A;p,. From (4¢), we deduce that for all u, v € [n*, ®),
fi(t, w) - £i(t, V)] = [EQ(Ou) = EAtV)| < LA - v)| < LgAilu - v].
Thatis, Ly = L rAi. Thus, it follows from Theorem 3.4 that equation (1.1) has a unique positive solution in
Q = {u:u € PKAAR,R), y; < u(t) < y,},

where

*
L

max
1sisn Aj

>

<, .~
<1 < | 2LBFERy,) + bluy,
i=1

Y BE + bLyy,

1
ai-1

<Y O

Next we consider equation (1.2), where f(t,u) = ue™, fi(t,u) = ue” ¥ i=12..,n, Hut)) = u(t).
From Theorem 3.4, we obtain the following corollary.
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Corollary 3.6. Assume that (A1) and (A2) hold. If

A €EPKAAR,R) and A >0, i=12..,n,
and
_ 2L+ BiKllet + be? _

e2a

equation (1.2) has a unique solution in

Q ={u:u € PKAA(R,R), y; < u(t) < y,},

where
1 1| < —
<y, <= e~V — b
minJ; h=%g izzl@yze 2 Vzl’
1|le=1 —
— — + B||K||eT]| < V..
ca| 2P * PolKIleT| <12

Proof. Obviously, (A3) and (A4) hold. By a simple computation, we have

_ 1 1
f = inf f(t,u)=—e?' with n/=—,
teR,s€R A A
n* = max{n;’} = !
1sisn minj;’

f.= inf ]fi(t, u) = pe i,

tER,u€(n"y,

Notice that for all u, v € [1, «),

1
|lue™ — ve™| < ?|u -v.

Then
1

1 1
o O =V S = vl

Ifi(t, w) = fi(t, V)| = |ue™ Ot — ye~AiOv| < e
i

Thatis, Ly = % Moreover, “~b(t) < 0,” which present the rate of extraction of the population, it follows from
Theorem 3.4 that equation (1.2) has a unique positive solution in

Q ={u:u € PKAARR,R), y; < u(t) <y,},

where

miil& <N < % é@yze‘“z - EVZI!

ool 2B * Bl < 0
Remark 3.7.

(i) Theorem 3.4 shows that we extend the result of [11]. In [11], the model (without mixed delays) that is a
mixture of the Nicholson model and the Lasota-Wazewska model was researched. Other useful popula-
tion models can be considered in our results, such as mixed general Nicholson model and Lasota-
Wazewska model with mixed delays (Example 5.1).

(i) Theorem 3.4 shows that we extend the result of [2,4,6,8,9,24]. In [2,4,9], the result of p.a.p. solutions to
Nicholson’s blowflies model was obtained. In [6,8, 24], the result of periodic, a.p. and p.a.p. solutions to the
Lasota-Wazewska model was obtained. In our result, we consider the p.k.a.a. solutions to a general model.
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(iii) Comparing with condition [11, A1], Corollary 3.5 shows that the condition “a, 7; : R — R are positive k.a.a.”
can be improved by the condition “a, 7; : R — R are positive p.k.a.a.”

m o om

AT A

with condition [11, A5], Corollary 3.5 shows that we assume a lower bound for y,. That is, the condition

(iv) Notice thatn;" < , where m* = maxy<;<o{m;"} and A = min<;<p{A;}. Therefore, n* < '"7 Comparing

m* s sy
“Z <" can be improved by the condition “n* < y,.”

(v) Comparing with [2], Corollary 3.6 shows that the ergodic components of a and delay kernel K can be
considered in our result.

4 Global exponential stability and global exponential attractivity
of p.k.a.a solution

In this section, we discuss the global exponential stability and global exponential attractivity conditions of the
p-k.a.a solution to equation (1.3). Our result is based on Halanay’s inequality (Lemma 4.3).

Definition 4.1. [1] Let u*(t), u(t) be solutions of equation (1.3) with initial condition u*(s) = ¢*(s)
and u(s) = ¢(s), s € [-u, 0].
(i) Suppose that there exists constant A > 0 and M, > 1 such that

[u(t) - u*(t)| < Myllp - @*||.e™, t=0,

where || = @*[|y = SUP_<;<0l¢(s) = 9*(s)I. Then u* is said to be globally exponential stable.
(ii) Suppose that there exists € > 0 such that

eefu(t) - u(t)| - 0(t — +o).

Then u* is said to be globally exponential attractive.
Remark 4.2. Global exponential stability implies global exponential attractivity [1].

Lemma 4.3. [25] (Halanay’s inequality) Let t; be a real number and u be a nonnegative number.
Ifv: [ty — p, ©) » R* satisfies

d
—v(t) < -av(t) + § sup v(s), &=ty
de SE[t-p,t]

where a and B are constants with a > B > 0, then
V(t) < Vg€, for t 2 ¢,
where |Vy |y = SUP_,<p<oVt,(6) and n is the unique positive solution of
n=a- pemw.

Theorem 4.4. Assume that (A1)-(A6) hold, also (3.7) and (3.8) hold. Then the unique p.k.a.a. solution of equation
(1.3) in Q is globally exponential stable.

Proof. Let u*(t) be the p.ka.a. solution of (1.3) given in Theorem 3.4 and u(t) be an arbitrary solution
of equation (1.3). Pose

z(t) = u(t) - ux(t),
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with the initial condition
z(s) = 0(s), s € [-u0].
Then
Z(t) = —a()z(t) + (Nu)(t) — (Nu*)(0), 4.1

where Nu is defined as (3.6).

|(Nu)(s) — (Nu*)(s)| =

n 0
2 B (s, uls = (s))) = (s, u¥(s = w(s))) + ﬁo(t)_[K (s, E)(fo (s, us + &)
i=1 ot

= Jo(s, u*(s + £))d¢ + b(s)H(u(s - o) -~ Hu*(s - 0)))‘

<

sup |z(r)|.

rels—us]

n
2BL; + BlKllwtLy, + bLy
i=1

Then, for t = 0, we have

|z(t) =

2(0)e @ | J’e‘f“@df((Nu)(s) ~ (Nu¥)(s))ds
0

t
<12(0)1e k@ + [ ] «@ynuy(s) - avur)(s)lds

0
t

< J’e—ga—s)
0

n

Y BLg + BllKllwtLy, + DLy
i=1

sup |z(r)lds + ||6]|,e™<".

re€(s—us]

Thus,

[Z(O)] < —alz(t)] + sup |z(r)|.

re(t-ut]

n
YBLg + ByllKllwLy, + DLy
i=1

Notice that @ > Yi.,B.L 1+ BollKll=TLs, + bLy > 0 by (3.8), then it follows from Halanay’s inequality that there
exists positive constants n such that

lz(O] < ||0]|.e™, for t 20,

where 1 is the unique positive solution of

n=a- oMM,

n
Y BLy; + BlIKllwtLy, + bLy
i=1
That is,
[u(t) - u*(0)| < ||6]|,e™™, for t = 0.

Thus, there exists M > 1 such that
[u(t) = u*(®)| < |6]|,e™™ < M]|0||,e™, for t = 0.

Hence, the p.k.a.a. solution u*(t) of equation (1.3) is globally exponentially stable. O

By Remark 4.2, we can obtain the following corollary.
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Corollary 4.5. Assume that (A1)-(A6) hold, also (3.7) and (3.8) hold. Then the unique p.k.a.a. solution of equation
(1.3) in Q is globally attractive.

Remark 4.6. In [9], an additional condition is added to the existence conditions to obtain the global exponential
stability by constructing a Lyapunov function. In [2], the globally attractivity of the positive solution is
obtained without adding an additional condition to the existence conditions by inequality technique, but
the exponential stability is not obtained. In our result, we obtain the globally exponential stability of the
positive solution without adding an additional condition to the existence conditions in view of Halanay’s
inequality.

5 Example
To illustrate our results, we consider a population model of mixed type with mixed delays in this section.

Example 5.1. We consider the following model with harvesting:
9 0
u(t) = —a(u(t) + B(6) ) fi(t, u(t - (1) + bOHu(t - ) + ﬁo(t)_[K(t, St ut+s)ds, G
i=1 ot

where
Bi() = 12e',  B,(t) = e, Bo(t) =1,

b(t) = —ﬁ, H(u(t - o)) = u(t - 1),

_ _1
K(t,s) = e1cosO o 7= 1,

Let qy(n) = sign(cos(zﬁ 7)), ay(t) is the linear extension of a;(n) over R. Then

1 1
=14+ —a(t) + ——
a(t) 106!1() 1+ 0

is p.k.a.a. but not pseudo almost periodic since (t) is k.a.a but not almost periodic [26]. Notice that
cos(t) + cos(~/2t) is almost periodic but not periodic. Then

1
a(t) = 5(t) = 0.8 + 0.1cos(t) + 0.1cos(+/2¢t) + e

is p.k.a.a. but not pseudo periodic since the space of k.a.a. functions include almost periodic functions.
Case 1. We consider a model that is a mixture of Nicholson type with f,(t, u) = ue™8 and Lasota-

Wazewska type with f,(t, u) = e~ 074 Obviously, (41) - (A4) hold. By a simple computation, we obtain

2t 9
7(t) = 7(t) = -0.1sin(t) - 0.1*V2 sin(t) - ——= < 025+ — < 1.

(1 + %7 8v3
a=151, a=139, B, =B =12 PB,=B=e fB=1,
T=2 b= —ﬁ, Ly =1, |Kllo =1.
=t =gget Aol
nf=%, n,=0, m*=1 m=0,

1
—, 0’ =—, m*=max{l,0} =1, A =min{l.8,0.7} =0.7.
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Notice that for all u,v € [ﬁ, ),

1 1

lue* -ve@| < —lu-v|, le¥-eVY<—Fu-v.
2 1
e eis

It follows that for all u, v € [%, ),

o
3

Lf0=€_2, Lf1=e_2’ Lf2=

)
5

\H’

Since we consider a model with harvesting (b(t) < 0), we obtain
11 5 L -1 -1
X 1‘8e +e+e

13.9

= 0.7521 < y,,

2
%[Zﬁ?fi + By Kt | =
ali=1

Now we fix y, = 0.755, it follows that
fio = 0.755e718%075 = 01940,  f,_ = e 07%075 = (,5895.

Thus,
1 . 1| &
05556 = — =n* <y, < =| D Bfi + bLgy,| = 0.5690.
1.8 alig—
We fix y, = 0.5557. That is, condition (A5) holds. Finally, we obtain
N _ _
iz B:L¢ + K||wTL¢ + DL
_ 2By + BollKlotLy, + DLy 04395 < 1

a
Hence, all the conditions of Theorems 3.4 and 4.4 hold. Therefore, the model (5.1) has a unique p.k.a.a. solution

that is globally exponentially stable (Figure 1 (a)) in the region
Q1 = {u: u € PKAA(R, R), 0.5557 < u(t) < 0.755}.

Case 2. We consider a new model that is a mixture of general Nicholson type with f;(t, u) = sinue 8
and Lasota-Wazewska type with f,(t, u) = e By a simple computation, we obtain
f, =01949, f, =1, with n/ = arctan s/ ny =0,
n* = maxjarctan L] 0f = arctan L]
1.8/ 1.8/
0.8 0.75
0.75 0.7
0.7§ 0.65
0.65 ,' -~ ,-"'.,_.""--"‘"-.-"""-"-"-."""'--.-'h'-.-"'."--"’.“""”"-.,-""-__.-"-_ T »-’?,...- W
.;!,__-' .‘
0.6 " 0.55 |
0.5
0 2 4 6 8 10 0 2 4 6 8 10
time t

Figure 1: Graphs of model (5.1).
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Notice that for all u, v € |arctan % , 00],

1
lue™ -ve™| < —Ju-v|, le"-eV< lu - v
e arctan|{g
e
and
cos(0) - 1.8sin(f
|sin(u)e 184 — sin(v)e 18| < ©) o © lu - v|.
e p=arctan(3.5)
It follows that for all u, v € |arctan 11—8 R 00],
cos(0) - 1.8sin(0 0.7
Ly=e? Lj-= ®) — © ~ 01611, L;=—"—
e 9=arctan(3.5) earctan 5
Since we consider a model with harvesting (b(¢) < 0), we obtain
1(& . 12 x 01949 + e + e!
;[Zﬁm + B Kl = 35 = 07275 <,
ali=1 .

Now we fix y, = 0.728, it follows that
fio = S.in(0.728)e"1'8"‘°'728 = 01801, f,_= e 07%0728 =~ () 6031.

Thus,
1 1[&
05071 = arctan| = | = n" < y; < — 2 Bfi_ + bLyy,| = 0.5364.
. i=1
We fix y; = 0.51. That is, condition (A5) holds. Finally, we obtain
Y BLs + Bi|[K|ltLs + DL
p o 2Bt BollKllethy * DLy o o

a

Hence, all the conditions of Theorems 3.4 and 4.4 hold. Therefore, model (5.1) has a unique p.k.a.a. solution that
is globally exponentially stable (Figure 1 (b)) in the region

Q, = {u: u € PKAA(R, R), 0.51 < u(t) < 0.728}.

Remark 5.1.
(i) This example shows that our results are applicable not only to mixed Nicholson model and Lasota-
Wazewska model but also to mixed general Nicholson model and Lasota-Wazewska model with mixed

delays.
(ii) Comparing with [11], we consider the ergodic components of a and the mixed delays with ergodic compo-
. . 1 1
nents. Moreover, we assume a lower bound for y, in case 1 since n* = < mT =0

6 Conclusion

We study the existence, uniqueness, and global exponential stability for the pseudo compact automorphic
solutions of a family of delay differential equations. By using the properties of p.k.a.a and Bi-p.k.a.a., some
novel existence conditions for p.k.a.a. solutions of equations are obtained. Especially, the assumption for
coefficients of equations “k.a.a.” can be weaken as “p.k.a.a.” In addition, by using Halanay’s inequality, the
conditions for the global exponential stability of pseudo compact automorphic solutions of the equations
without adding an additional condition to the existence conditions. The techniques and methods that we
use here to study the existence of solutions can be extended to other models. Finally, an example is given
to illustrate the validity of our results.
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