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Abstract: In this study, we introduce the A-analogue of Lah numbers and A-analogue of r-Lah numbers in the
view of degenerate version, respectively. We investigate their properties including recurrence relation and
several identities of A-analogue of Lah numbers arising from degenerate differential operators. Using these
new identities, we study the normal ordering of degenerate integral power of the number operator in terms of
boson operators, which is represented by means of A-analogue of Lah numbers and A-analogue of r-Lah
numbers, respectively.
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1 Introduction

The degenerate Stirling numbers of the first kind (5) and the second kind (6) have been studied by some
scholars, starting with Carlitz [1]. In detail, when A — 0 in (5) and (6), we obtain the Stirling numbers. However,
we cannot consider degenerate versions of Lah numbers from Lah numbers (15). From this point of view, we
consider the A-analogue r-Lah numbers (27) that replaces the rising factorials and the falling factorials with the
generalized rising factorials and the generalized falling factorials on both sides at the same time. When A — 1
in (27), we obtain the Lah numbers. The outline of this article is as follows. In Section 1, we recall the Stirling
numbers of both kinds, the degenerate Stirling numbers of both kinds and the unsigned Stirling numbers of
the first kind. We remind the reader of the normal ordering in terms of boson operators and its analogue
version, namely the normal ordering of an analogue integral power of the number operators. In Section 2, we
consider the A-analogue of Lah numbers in the view of degenerate version and derive several identities
including these numbers. From these new identities, we investigate the normal ordering of a degenerate
integral power of the number operator in terms of boson operators, which is represented by means of
analogue of Lah numbers and the degenerate Stirling numbers of the second kind. In Section 3, we introduce
the A-analogue of r-Lah numbers in the view of degenerate version and explore some interesting identities
including the normal ordering of analogue integral power of the number operator in terms of boson operators,
which is represented by means of analogue of r-Lah numbers and the degenerate Stirling numbers of
the second kind.
First, we introduce several definitions and properties needed in this article.
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For any A € R, the degenerate exponential function e;(t) is given by

[

X t"
&) = (L+ 201 = 3 (Onay (see [1-7), )
n=0 :
where (X)o2 =1 and (X)p2 = x(x = A)..x - (n - DA),(n = 1).
When A — 0, we note that (x)o = 1, (X); = x(x = 1)(x = 2)...(x = n + 1), and e;(t) = e*".
Kim and Kim [2] introduced the degenerate logarithm function log,(1 + t), which is the inverse of
the degenerate exponential function e(t), as follows:

o

- "1 "1
logi1+6) = 3 A ' W1y =52 My = =@+ D= 1) (see[2]), )
ot nt Aol A
Here, log,(¢t) = %(tﬁ - 1) is the compositional inverse of e;(t) satisfying log;(ex(t)) = e;(log,(t)) = t.

When A — 0, we have log,(t) = logt.

For n = 0, the Stirling numbers of the first and second kind are defined by, respectively,

(On = 2 Si(n,Dx!, and %(log(l + ) = Y Si(n, k);—"l (see [1, 8-10]) ®3)
=0 : n=k :
and
Xt =) Sy(n,I)(x), and %(e‘ -k = ) Sin, k)% (see[1,8-12]). (4
=0 N n=k :

The degenerate Stirling numbers of the second kind are given by
n
1 = 2 S, DOy, (2 0) (see [23]). 5)
1=0

As an inversion formula of the degenerate Stirling numbers of the second kind, the degenerate Stirling
numbers of the first kind are defined by

0On = 2 S, DO, (n20) (see [37]). 6)
=0

From (5) and (6), it is well known that

1 d th

@O -k = ngksz,l(n, k) (k= 0) (see 2367 @)
and

1 1 1 k = 3 k r k > 7 8

T og 1+ 0) —Eksl,x(n, ) (k2 0), (see[37). ®)

When A — 0, we note that S1,(n, k) = S1(n, k) and Sz (n, k) = Sy(n, k).
The partial degenerate Bell polynomials were introduced by

bel, (x) = ) Spa(m, j)x),  (n 2 0) (see[6,7]). 9
j=1

When x = 1, we denote bel, x(1) simply by bel, ;.
From (9), we obtain the generating function of bel, x(x)

ex@®= =y bel,,(x)- 7 (see [67,12)). (10)
n=0 :
The rising factorial sequences and the generalized rising factorial sequences are given by

X=1 Xp=x(x+D..x+n-1), (=1 (11)
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and
Xoa=1 Opa=xxX+AD..x+1n-DA), (n=x1)(seel3]), 12)
respectively.

It is well known that

1
-0

=) (x)n% (see [9]). (13)

n=0

+
As a generalization of Stirling numbers of the second kind, the r-Stirling numbers [Z + :’ of the second
r

kind count the partitions of 1,2,...,n + r into k + r nonempty subsets such that 1,2,...,r are contained
in distinct blocks (n = k > 0,r > 0).
When r = 0, these numbers are the ordinary Stirling numbers of the second kind.

The degenerate r-Stirling numbers of the second kind Z : :] are given by
r
n
O+ Pui= Y{garl O (k> 0) (seels)). 9
k=0 r,A

The Lah numbers are defined by (x), and (x),, (n 2 0), to be

(X = 2 L, K)(X)k, (n = 0) (see [4,9,10]), (15)
k=0
or
0On = 2 (D" FL(n, k)(x)  (see [9,10]). (16)
k=0
From (15), we note that
ll#lk - iL( 05, (k> 0) (see [49]) a7
kl1-¢) - £y MeE Rl
and
nlfn-1
L(n, k) = k- 1], (n, k = 0) (see [4,9,10]). (18)

Recently, Kim and Kim [3] introduced the degenerate differential operator given by

d d d d
—| =|x—|x—-A]...|[x— - (k- DA| 19
e, U Max Xax ¢ )] (19)
From (19), we note that
—| X" = ()X (20)
dx Ji

For a formal power series f(x) = Y,-,ax" and k > 0, the degenerate differential equation is given by

K .
(dY
— x) = ) Soik, DX —| fx see [3]). 21)
ax) @ JZO 2k Y| | OO (see [3])
From (21), we have
d % (d ]f
x—/| =) Sk, x)|— see [3]). (22)
By, = 25| (e B
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Let a and a* be the boson annihilation and creation operators satisfying the commutation relation
[a,a*] = aa* - ata=1 (see[513-16]). 23)

Using the degenerate differential operator (22), the normal ordering of the degenerate kth power of
the number operator a*a, namely (a*a)x, in terms of boson operators a and a* can be written in the form

k
(@) = Y Soalk, D(a)a  (see[5]), (24)
1=0
where (X)o2 =1 and (X)p2 = x(x = A)..;x - (n - DA), (n = 1).
By inversion, from (24), we obtain

k
(ahkak = ) Siak, D(@a), (see[5]). (25)
=0

The number states [m), m = 1, 2,..., are defined as
am) = ym|m-1), a‘lm)=+vm+1jm+1) (see[13,1517]). (26)

By (26), we obtain a*a|m) = m|m) (see [7,13,15,17]). The coherent states |z), where z is a complex number, satisfy
a|z) = z|z), z|z) = 1. To show a connection to coherent states, we recall that the harmonic oscillator has
Hamiltonian A = a*a (neglecting the zero point energy) and the usual eigenstates |n) (for n € N) satisfying
Aln) = n|n) and (m|n) = &;,.n, where &, is the Kronecker’s symbol.

2 A-analogue of Lah numbers

First, we consider the analogue of Lah numbers in the view of degenerate version and investigate their
properties associated with special numbers. In addition, we derive some new identities arising from degen-
erate differential operators.

In the view of (15) and (16), we consider the analogue of Lah numbers, which are defined by the degenerate
rising factorial and falling factorial sequences as follows:

(Ona = 2 L, k)X @7
k=0
and
ea = 2 DKL, )Xk, (2 0). (28)
k=0

When A - 1, we have Ly(n, k) = L(n, k).

Theorem 1. For n, k > 0, we have the explicit formula and generating function of A-analogue of Lah numbers
as follows:
Ifn-1

n!
— qn-k__
Lyn, k) =2 dli -1

and

llék—funk)ﬂ (k = 0)
kit-at) 570 T
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Proof. From (27), we observe that

X

1 A 00 00 00
[m =el(t) = Z<X>nA Z ZLA(H k)(x)k)L Z Y Lin, k) (X)kzl
n=0\k=0 k=0\n=k
On the other hand, we easily obtain
S [ At (ot 1
A-At)yz= [1 y + 1] = kg()[l — At] k!(X)k,)L.
By (29) and (30), we obtain
i[L]k ZL (n, k) (k 2 0)
klt-a) — 57 -
From (31), we note that
1( ¢t ¥ ttZ(n+k-1 2 n-1\nl "
L - )\ = An—k
Z AR, k) k'[l At] K&l n ] = 20 M i

By comparing the coefficients on both sides of (32), we obtain the the explicit formula of L;(n, k).

Theorem 2. For n, k = 0, we have

n
Li(n, k) = 27Ky (=1)"7185 (1, k)S1-a(n, D),
1=k

where S, ,(n, k) are the degenerate Stirling numbers of the second kind.

Proof. By substituting ¢ by log,(=) into (7), we obtain

1At

[m _ 1] fsu(l, K [logA[1 l/ul]l

=Y s k) [(log;(1 - AD)

=k
- /\t n
=3 DS S pE20
=k n=1
=y Z( DSy (L k)Sy-a(n, l)
n=k 1=k
On the other hand, by (31), we obtain

1( 1 e tn

il k _

11 - e 1] ,Z,(A AL

By (33) and (34), we obtain the desired identity.
Next, we can obtain the inverse formula of Theorem 2.
Theorem 3. For n, k 2 0, we have
Sy,-a(n, k) = iﬁk"(-l)“"h(l, k)S2.4(n, D),

1=k

where S, 5(n, k) are the degenerate Stirling numbers of the second kind.

-_— 5

(29)

(30)

(3D

(32)

(33)

(34
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Proof. By substituting t by ¢ = %(1 - ¢,(~t)) into (31), we have

EX - k ZAkL Lk 1- (-t
Kl ex-0 A )Al l'( ex(=t)
f LW DS Sy, el
1=k n=k
=) [Z M=) (L, K)Spa(n, 1) %
n=kll=k

On the other hand, by (7), we set

1 1 k 1 th
E[ez(—t) ) 1] e - D = stz,-A(n, o

Therefore, by (35) and (36), we obtain the desired result.

DE GRUYTER

(35)

(36)

O

Now, for any real number A and any nonnegative integer k, we consider the degenerate rising differential

operator, which is given by <x% >k A:

(¥ar),,
dx k,A

From (36), we note that

d
Xa + 211 ...

dj d
a Xx—+2A

- Ly (k - 1))[].

dx

X

<x% >Mx” =y (nx1)

and

n

d
el 1 n—
<de>“( £ 2

n

: (Drax'.

d> L <[n
x— ) xi=
<ka,z 1=Zol

Theorem 4. Let f(x) = Y ,-oayx" be formal power series. For k = 0, we have

3L
dx

d k
— = k, 1 .
<X o >Mf €9 lzZOLA( ) Hf €9

Proof. For the formal power series f(x), by applying (27) and (38), we obtain

<X% >k,/\ fx)= ngoan(n)k,axn

o k
=Y ay y Lk, D(n)x"

n=0 [=0

Sneop| 3
Lk, 1) x—] apx™

1=0 dx LA n=0 "

k

= Y Lk, D) —] fO0.

=0

By comparing the coefficients n on both sides of (40), we obtain the desired identity.

(37

(38)

(39)

(40)
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Corollary 5. For k > 0, we have

— Ly(k, DS,a(1,
<de Zo gu 1$22(0.),

where S, ,(n, k) are the degenerate Stirling numbers of the second kind.

Proof. Since (x%)n,a = Yi-0S2a(n, k)x"(%)k, from Theorem 4, we observe that

d k
b, g -4

i k
Y Lk, DSz ).
l=j

ZLA(k I)Zsz AL X

LA 1=0 j=0

L
dx

i)

By (41), we obtain the desired identity.
The next corollary is the inverse formula of Corollary 5.

Theorem 6. For k = 0, we have

d k k d k ]
X &] =2 <Xa>‘AIZ(—1)I-Isl,A(L L),
j=0 JAlsj

where Sy ,(n, k) are the degenerate Stirling numbers of the first kind.

Proof. It is known that

b x— (see [16]).

d n
dx] kzosl A(n, k)

k,)L

Let f(x) be the formal power series with f(x) = Y,_,a.x". From (20), (28), and (38), we note that

ax ), f(X) = Z (Mg X" = Z an zLx(k DNEDI ()

n=0 j=0

= ZLa(k, NG Z an(n)j X"
j=0 n=0

=

= ZLa(k NG 1)kf<x%> fanx"

J,A n=0

k d
= ) Lk, 1k1< —> .
L( DD x Jf(x)

From (43), we have

X—
dx kA

k
= ZLA(k,j)(—l)k'f<X%> , (k=0).
j=0

A

By (42) and (44), we obtain

n n d
X" &] = ZSM(n, k) X

k,A

= 2500 03 Lk, )~ 1>kf<xi>
dx il

k= j=0

Z < > Y (CDKIS (n, KLk, ).

JA k=j

Therefore, we obtain the desired result.

—_— 7

4D

(42)

(43)

(44)

(45)
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The number states |m), that satisfy afalm) = m|m), (m|m) = 1 and the coherent states |r) that satisfy
alry = rlr), (rlr) = 1 are the two most important sets of states within the boson-operator Fock space. They
are related by the well-known expression

Z;' In) (see[515,18]). (46)

For x,y € C, we have

xly) = e'f Z (Xri S 2 iy

n=0 \/ﬁ!
o 47
ey O et (see (51518)).
n=0 n!
By letting a = & and a’ = x (the operator of multiplication by x) and Corollary 5, we rewrite
k
(a'ay s = Z(a*)f(a)f 2 Lk, DS j) (K EN). (48)
j=0 l=j
Theorem 7. For n = 0, we have
ko Kk
(Myea = 2 2Lk, DS2(LjH)(m);  (k=1)
j=0 1]

and
k Kk
2 2 LaCk DSaCl izt = belo(1zF),
j=0 1]

where Sy (n, k) are the degenerate Stirling numbers of the second kind and bel,, ;(x) are the partial degenerate
Bell polynomials.
Proof. From (12), (26), and (48), we note that

(a'a)am) = (a'a)(a'a + A)...(a'a + (k = DA)m) = (m)2lm) 49)

and
k k k k
(ataylm) = Z Z Lk, DS2,(L j)(ah(a)|m) = Z Z Li(k, DS (1, j)(m);im). (50)

Thus, by (49) and (50), we obtain

k

k
(mycp = 2 YLk, DS j)(m); (k2 1). GD

j=0 I

Furthermore, from (48), we observe that

M=
Mx-

(zla'a,qlz) = Lk, DSz j)zl(a"Y al|z)

j=0 I=5j
k k

=Y DLk, DS )(Z) 2/ (z)z) (52)
j=0 I=j

Il
M~
-

Li(k, DSp(l Pz

-
Il

o
\II‘
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For any k € N, it is easy to see that
a'a(a‘a)y, = a'(aa )y a
and
a*ae_“,]“”(t) = e “*"(t)a*a = ale™? “A(t)a = ale® ‘”H(t)a
Let f(t) = (z|e_“;“(t)|z>. Then, by (52) and (53), we obtain
© ik

k=0 """

o k Kk
f(0) = (2leS(D)le) = Z%<z|<a*a>k,a|z> =2 2 2k DS 1)|z|21—.
k=0 j=0 I=j

From (26), we note that

o) 0
IO - 2 eioz) = (elalateo o)
= (z]a' (%% () alz)
= e} (DZ2(21e5%()12) = X (O|2Pf (0.
By (55), we observe that
of(®) _ n f/® [ oy & ]
EYRS OlzlPf () O = eSOl |f'() = dtf(t)-
Assume that f(0) = 1, for the initial value. Then, by (56), we obtain
t t
‘(t
logf(¢) = 0]}((0) = {e-ﬁ”(t)IZIzdt = (ex(t) - Dz~

From (9) and (57), it can be rewritten as

£(t) = el# a0

0

|Z|2’—(€—A(l’) 1= 1 3 Seri, J)

Jj=0 n=j

<o " t
glllz’sz,—x(n,]')ﬁ = 2 beln (el

I
M s

—.
Il
(=}

1
||M8

Combining (54) with (58), we obtain

n=0

© n n
2 2 Z A, DS2,(1, J)IZIZJ— = Zbel -a(IZIZ)—-
n=0 j=0 l=j n!

By comparing with the coefficients of both sides of (59), we have

n n
bel,(12P) = 3 Y La(n, DS2a(1 )z
j=0 1=j
Theorem 8. For n = 0, we have

n
belyu (12 = |2

n
I (A + Dn-gabel;-x(1z)],

=0

where bel,, s(x) are the partial degenerate Bell polynomials.

-_ 9

(53)

(549

(55)

(56)

(57)

(58)

(59)
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Proof. From (58), we have

f(6) = ese® D = 3 el _A<|z|2)— (60)
n=0

Differentiating (58) with respect to t, the right-hand side of (60) is
af (t) i )
n=1

s 1z = zb91n+1 ]z )— (61)

n=0

By (55) and (58), the left-hand side of (60) is

of () . 2 ad tl
LD~ 01 0) = X Ol 3 el (1)’
<) n - tn (62)
n
=[z ) Z[ ; ](/1 + 1)n—l,xb911,—a(|2|2)]—,~
n=0l1=0 n
Comparing the coefficients of (61) and (62), we obtain the desired identity. O
In particular, for |z| = 1, we have
Z(n
b61n+1,—A = Z[ I ](/1 + 1),1_[’,1])611’_% (63)
1=0
By (47) and (49), we have
2 z" 2
Zldayilz) = eTet T —(nyo(min) = e Z —<n>k 2 (64)
m,n=0 ‘/_\/— !
Thus, by (58), (60), and (64), we obtain
ad t"
F©) = 3 bely Az = e 3 ) e (65)
n=0 n=0 n!

3 A-analogue of r-Lah numbers

In this section, we consider the analogue of r-Lah numbers in the view of degenerate version and investigate
their properties associated with special numbers as in Section 2. Moreover, we also derive some combinatorial
identities arising from degenerate differential operators.

For n, r 2 0, the r-Lah number is defined by

n
X+ 2r = 3 Li(n, )k (see [4]), (66)
k=0
In the view of (28), we consider the analogue of r-Lah numbers, which are given by

(X + 202 = 2 La(n, K)Oka (12 0). 67)
k=0

Theorem 9. For n, k > 0, we have the explicit formula and generating function of analogue of r-Lah numbers
as follows:

Lyj(n, k) = Avk (n,r, k= 0) (68)

n+2r—1]i!
k+2r-1Jk!
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and

0

o1 1 Y ot )
Z Lran, k). k'[l At [1—/1t] (k2 0).

Proof. From (13), we note that
0 tn 1 x+§rﬂ
X+ 2rpp—=|——

n;( Iniy [1 - )lt]

= eZ(t) - (1)

At o1
= +1
25 1)l

k 1 r 1
Z[1 At] [1—At] o e

On the other hand, by (67), we obtain

[ n [ [
Z(x o - Z Z Lya(n, k)(x)“ Ly(n, k) <x>“
n=0 n=01k=0 k=0ln=k
Thus, by (70) and (71), we obtain
2r
L — > 0).
[1 T [1 M] nZk ra(m, k) (k2 0)
From (72), we obtain
ok Wk S (n+k+2r-1) o (n+2r-1\nl¢"
ZL”(n k)__ﬁl—,u] _E,ZO n ]” _,Z,f k+2r-1)Kkinl’

By comparing the coefficients on both sides of (73), we have the desired result.

By (1) and Theorem 1, we easily obtain

] 450

_ iL/l(l, k); ][ i (Zr)m -A ]
1=k =0

z Lr‘,l(n’ k)
n=k n!

Sl&(n tn
- (L )@~
gk[gk[l] AL, k)(2r) lA]n!

By comparing the coefficients on both sides of (74), we obtain

n

Lyan k) = Z[’[]LA(L )@ty (k2 0).
1=k

Theorem 10. For n, k,r = 0, we have

n+2r - ) )
k+ Zr’ - ZLM(L K)(D1Sy a(n, DAL,
A =k

+
where [Z + :l is the degenerate r-Stirling number of the second kind.
r,A

1"

(69)

(70)

(71)

(72)

(73)

(74)

(75)
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Proof. By substituting ¢ by %(1 - e_(1)) into (69), the left-hand side of (69) is

i Lol o)

g = ) Ll K)(-DIAT Zsz (n, l)
A
1=k

ZLM(I K)S,-2(n, D(-D'A” ]

The right-hand side of (69) is

; 1 < |n+2r t"
=2r 1 — 1\k)-k = 2re_ —+) — Nk)k = -k(—1\n—
e_ () = DFA* = el (-0)(e(-1) ~ 1A Zk k*”LJ D

Therefore, by (76) and (77), we obtain the desired identity.

Theorem 11. For n, k,r 2 0, we have

n
Lea(n, k) = 2k Y (- ™ ”’ S, D).
=k r,

k+2r2/1

n+2r

Proof. From (14), the generating function of K+ 97 ] is given by
2,2

—e()(et) - Dk = Y [” N Zrl L
2

T
aklk+2r !

Let us take t = logﬂ(l_—lﬂt) in (78). Then, from (8), we have

11 P ae Y Slnwar] 1 n+2r| 1 !
H[1—At] [I—At ‘Zkk+2r u[l LT At Z k+or|, o8~ A0)
2r,A 2r,A
T _nt2r
—I_Zk( Dk + or ZS“(n D(- 70"
= 2r,A n=l

k+2r 2r,A

5[5

n+2r t"
] Su(n, l)]ﬂnﬁ

On the other hand, by (69), we obtain

S L o B e An, k)Ak
kil1-2ae) (1-a) 57"

Therefore, by (79) and (80), we obtain the desired result.

Theorem 12. For n,k € N withn = k andr € Z withr = 0, we have a recurrence relation

Lot +1,k) = L k = 1) + (0 + JOA + 2L 2(n, K.

Proof. From (67), we note that

n+1
Y Lip(n + 1, )00k = (X + 2rA0ne10 = (X + 2rAn(x + 2rA + nA)
k=0
n
= ) Lia(n, K)OOra(x = kA + kA + nA + 2rd)
k=0
n+1
= Y {Lra(n k= 1) + ((n + KA + 2r)Ly 2(n, K} Xk -
k=0

By comparing the coefficients on both sides of (81), we have the desired recurrence relation.

(76)

(77)

(78)

(79)

(80)

(81
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To obtain next theorem, we observe that

<xi + 2rA> Xt=(n+2rA, (nz1).
dx kA

Theorem 13. Let f(x) = Y,-,azx" be the formal power series. For k > 0, we have

d S d
(xar + 20 >m 700 = 2 stk g | 700

Proof. For the formal power series f(x), by applying (27) and (82), we obtain

<x% + zm> fx)= Z ap(n + 2rAYy x"

n=0

= Z ay ZLr,A(k: D) x"

n=0 [=0
k

= Z ik, l)[x— Zanx" = ZLM(k D x— f(x).
=0 LA n=0 =0

By comparing the coefficients n on both sides of (83), we obtain the desired identity.

Corollary 14. For k > 0, we have

<x% + 2r/1> g

] 2 Ly a(k, DS2(L ).

l=j

Proof. Since (X%)M = YeoS2a(n, k)xk(%)k, from Theorem 13, we observe that

X—

d
<xa + zm>“ ZLM(k )

=0 LA

k
- Zm(k Y Zsz i 1)x1 fo dx] 2 Lk, DS2(L ).
l=j
By (84), we obtain the desired identity.
From Corollary 14, it can rewritten as
k .k
(a'a +2rAya = Y (@V(@Y Lea(k, DSl J), (K EN).
j=0 I=j

The A-analogue of r-Lah numbers will be studied in a similar way to A-analogue of Lah numbers.

Theorem 15. For n = 0, we have

2r

1 n n )
=) Pl _A<|z|2)— 2 2 Lra(n, DSy, Pz,
j=0 1=

13

(82)

(83)

(84)

where S, 5(n, k) are the degenerate Stirling numbers of the second kind and bel, ;(x) are the partial degenerate

Bell polynomials.
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Proof. In the same way in Theorem 7, we observe that

(a'a + 2rAYy ;lm) = (ala + 2rA)(a'a + 2rA + A)...(a'a + 2rd) + (k = DAm) = (m + 2rAy \m)

and
k k ' '
(ata + 2rAycalmy = Y Y Ly a(k, DSz(L j)(ah)i(a)/|m)

j=0 I=j
k k

=Y D Lk, DSz jH)(m);im).
J=0 I=j

Thus, by (85) and (86), we obtain
k k
(m+2rdya= 2 2 Lratk, DSy j)(m);, (k= 1).

j=0 I=j

From (87), we observe that

I
M=
M;v

(zl(a'a + 2rA) 5|z) Ly y(k, S22 j)zl(@') ) |z)

-
Il
o
\I_I‘

[
M
N

~.
I
S
<

Ly 1(k, DS22(L ))(Z) 2 (z]2)

Ly j(k, DSo,2(L Pl

I
M
M =

-
1l
o
\I_I‘

Let f(t) = (z|e4%*¥(t)|z). Then, by (88), we obtain

© tk

o k k k
f(6) = (2leST ¥ D)lz) = Zt—<Zl<a*a+ 22nalzy = Y Y Y Leatk, DSyl j)|z|2f%,

k=0 K k=0 j=0

-

From (53), we note that

a};(:) ° (AT Ol) = (@l(ala + 2R (D)2)
= <z|(a*a>e.'a“*2*‘”(t)|z> + 2Nzl ¥ (0)|z)
= (2lal(eS@ ¥ *1(t)alz) + 2rAel,(¢)(zleS(b)]2)
= X (0)Z2(z|e%(0)lz) + 2rael()zleS P (0)|2)
= {271 (0)|zP + 2rae (O (0.

By (90), we observe that

o _
at

LI () e % = el (Olzf + 2raely (D),

where f7(t) = %f(t).
Assume that f(0) = 1, for the initial value. Then, by (91), we obtain

logf (t) = %dt = I{e_",{'l(t)|z|2 + 2rAeA (DMt = (ex(t) - Dlzf2 - 2r log(1 - At).
0

From (9) and (92), it can be rewritten as

2r ®

> IZIZJ—(E—a(t) -1/

F(t) = e Ex0-D-2r0ga-10) = [
j=0

1-At

DE GRUYTER

(85)

(86)

87

(88)

(89)

(90)

91

(92)
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1 Ve . o tn
=l—| 212 San )
=0 nsj n
1 ¥ e < o
= SZ,—A(n;j)F |z|” (93)
n=0 j=0 :

8

1 2r tn
= 2)—
- el (2P,

=
I

Combining (89) with (93), we obtain

o0 n n . t" 1 r ® , t"
1 ]— - — J—
2 jzo ger,m, DS2,( Pl [1 . M] 2 belni(lzF) (94)
By comparing with the coefficients of both sides of (94), we have the desired identity. O

Open problem. What are the interesting properties of degenerate versions and analogue versions
of r (r € N)-Whitney Lah numbers, respectively?

4 Conclusion

In this article, we introduced the A-analogue of Lah numbers and A-analogue of r-Lah numbers as degenerate
version, respectively. We also considered the degenerate rising differential operators (37) from degenerate
differential operators defined by Kim and Kim [3]. We derived combinatorial identities using the analogue
rising differential operators in Theorems 4, 6, 13 and Corollaries 5 and 14. From these identities, we obtained
interesting identities, which the partial degenerate (r-)Bell polynomials are represented by means of A-ana-
logue of (r-)Lah numbers and the degenerate Stirling numbers of the second kind by identifying formally
a= % and a' = x, which satisfy [%, x]=1

We propose an open problem earlier for researchers in this field and continue to study effective ways
to find properties of combinatorial numbers using the boson operators.
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