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Abstract: In this study, we introduce the λ-analogue of Lah numbers and λ-analogue of r-Lah numbers in the
view of degenerate version, respectively. We investigate their properties including recurrence relation and
several identities of λ-analogue of Lah numbers arising from degenerate differential operators. Using these
new identities, we study the normal ordering of degenerate integral power of the number operator in terms of
boson operators, which is represented by means of λ-analogue of Lah numbers and λ-analogue of r-Lah
numbers, respectively.
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1 Introduction

The degenerate Stirling numbers of the first kind (5) and the second kind (6) have been studied by some
scholars, starting with Carlitz [1]. In detail, when →λ 0 in (5) and (6), we obtain the Stirling numbers. However,
we cannot consider degenerate versions of Lah numbers from Lah numbers (15). From this point of view, we
consider the λ-analogue r-Lah numbers (27) that replaces the rising factorials and the falling factorials with the
generalized rising factorials and the generalized falling factorials on both sides at the same time. When →λ 1

in (27), we obtain the Lah numbers. The outline of this article is as follows. In Section 1, we recall the Stirling
numbers of both kinds, the degenerate Stirling numbers of both kinds and the unsigned Stirling numbers of
the first kind. We remind the reader of the normal ordering in terms of boson operators and its analogue
version, namely the normal ordering of an analogue integral power of the number operators. In Section 2, we
consider the λ-analogue of Lah numbers in the view of degenerate version and derive several identities
including these numbers. From these new identities, we investigate the normal ordering of a degenerate
integral power of the number operator in terms of boson operators, which is represented by means of
analogue of Lah numbers and the degenerate Stirling numbers of the second kind. In Section 3, we introduce
the λ-analogue of r-Lah numbers in the view of degenerate version and explore some interesting identities
including the normal ordering of analogue integral power of the number operator in terms of boson operators,
which is represented by means of analogue of r-Lah numbers and the degenerate Stirling numbers of
the second kind.

First, we introduce several definitions and properties needed in this article.
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Here, ( ) ( )= −t tlog 1
λ λ

λ
1 is the compositional inverse of ( )e tλ satisfying ( ( )) ( ( ))= =e t e t tlog log

λ λ λ λ
.

When →λ 0, we have ( ) =t tlog log
λ

.
For ≥n 0, the Stirling numbers of the first and second kind are defined by, respectively,
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The degenerate Stirling numbers of the second kind are given by
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As an inversion formula of the degenerate Stirling numbers of the second kind, the degenerate Stirling
numbers of the first kind are defined by
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From (5) and (6), it is well known that
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When →λ 0, we note that ( ) ( )=S n k S n k, ,λ1, 1 and ( ) ( )=S n k S n k, , .λ2, 2

The partial degenerate Bell polynomials were introduced by
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When =x 1, we denote ( )bel 1n λ, simply by beln λ, .
From (9), we obtain the generating function of ( )xbeln λ,
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The rising factorial sequences and the generalized rising factorial sequences are given by

⟨ ⟩ ⟨ ⟩ ( ) ( ) ( )= = + + − ≥x x x x x n n1, 1 … 1 , 1n0 (11)
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respectively.
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As a generalization of Stirling numbers of the second kind, the r-Stirling numbers
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kind count the partitions of +n r1, 2,…, into +k r nonempty subsets such that r1, 2,…, are contained
in distinct blocks ( )≥ ≥ ≥n k r0, 0 .

When =r 0, these numbers are the ordinary Stirling numbers of the second kind.
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The Lah numbers are defined by ⟨ ⟩x n and ( ) ( )≥x n, 0n , to be
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Recently, Kim and Kim [3] introduced the degenerate differential operator given by
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Let a and +a be the boson annihilation and creation operators satisfying the commutation relation

[ ] ( )= − = [ ]+ + +a a aa a a, 1 see 5,13–16 . (23)

Using the degenerate differential operator (22), the normal ordering of the degenerate k th power of
the number operator +a a, namely ( )+a a k λ, , in terms of boson operators a and +a can be written in the form
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The number states ∣ ⟩ =m m, 1, 2,… , are defined as
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By (26), we obtain ∣ ⟩ ∣ ⟩=+a a m m m (see [7,13,15,17]). The coherent states ∣ ⟩z , where z is a complex number, satisfy
∣ ⟩ ∣ ⟩=a z z z , ∣ ⟩ =z z 1. To show a connection to coherent states, we recall that the harmonic oscillator has
Hamiltonian = +n a aˆ (neglecting the zero point energy) and the usual eigenstates ∣ ⟩n (for �∈n ) satisfying

∣ ⟩ ∣ ⟩=n n n nˆ and ⟨ ∣ ⟩ =m n δm n, , where δm n, is the Kronecker’s symbol.

2 λ-analogue of Lah numbers

First, we consider the analogue of Lah numbers in the view of degenerate version and investigate their
properties associated with special numbers. In addition, we derive some new identities arising from degen-
erate differential operators.

In the view of (15) and (16), we consider the analogue of Lah numbers, which are defined by the degenerate
rising factorial and falling factorial sequences as follows:
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Proof. From (27), we observe that
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By comparing the coefficients on both sides of (32), we obtain the the explicit formula of ( )L n k,λ . □

Theorem 2. For ≥n k, 0, we have

( ) ( ) ( ) ( )∑= −−

=

−
−L n k λ S l k S n l, 1 , , ,λ

n k

l k

n

n l
λ λ2, 1,

where ( )S n k,λ2, are the degenerate Stirling numbers of the second kind.

Proof. By substituting t by ( )−log
λ λt

1

1
into (7), we obtain

( )

( ) ( ( ))

( ) ( ) ( )
( )

( ) ( ) ( )

∑

∑

∑ ∑

∑ ∑⎜ ⎟

⎛
⎝ −

− ⎞
⎠ = ⎛

⎝
⎛
⎝ −

⎞
⎠
⎞
⎠

= − −

= −
−

=
⎛
⎝

−
⎞
⎠

=

∞

=

∞

−

=

∞

=

∞

−

=

∞

=

−
−

k λt
S l k

l λt

S l k
l

λt

S l k S n l
λt

n

λ S l k S n l
t

n

1

!

1

1
1 ,

1

!
log

1

1

,
1

!
log 1

1 , ,
!

1 , ,
!

.

k

l k

λ λ

l

l k

λ λ
l

l k

l
λ

n l

λ

n

n k

n

l k

n

n l
λ λ

n

2,

2,

2, 1,

2, 1,

(33)

On the other hand, by (31), we obtain

( )∑⎛
⎝ −

− ⎞
⎠ =

=

∞

k λt
λ L n k

t

n

1

!

1

1
1 ,

!
.

k

n k

k
λ

n

(34)

By (33) and (34), we obtain the desired identity. □

Next, we can obtain the inverse formula of Theorem 2.

Theorem 3. For ≥n k, 0, we have
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where ( )S n k,λ2, are the degenerate Stirling numbers of the second kind.
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Proof. By substituting t by ( ( ))= − −t e t1
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Therefore, by (35) and (36), we obtain the desired result. □
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By comparing the coefficients n on both sides of (40), we obtain the desired identity. □
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Corollary 5. For ≥k 0, we have
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By (41), we obtain the desired identity. □

The next corollary is the inverse formula of Corollary 5.
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0 . From (20), (28), and (38), we note that

( ) ( ) ( )( ) ⟨ ⟩

( )( ) ⟨ ⟩

( )( )

( )( ) ( )

∑ ∑ ∑

∑ ∑

∑ ∑

∑

⎛
⎝

⎞
⎠ = = −

= −

= −

= −

=

∞

=

∞

=

−

=

−

=

∞

=

−

=

∞

=

−

x
x

f x a n x a L k j n x

L k j a n x

L k j x
x

a x

L k j x
x

f x

d

d
, 1

, 1

, 1
d

d

, 1
d

d
.

k λ n

n k λ
n

n

n

j

k

λ
k j

j λ
n

j

k

λ
k j

n

n j λ
n

j

k

λ
k j

j λ n

n
n

j

k

λ
k j

j λ

, 0

,

0 0

,

0 0

,

0 , 0

0 ,

(43)

From (43), we have

( )( ) ( )∑⎛
⎝

⎞
⎠ = − ≥

=

−x
x

L k j x
x

k
d

d
, 1

d

d
, 0 .

k λ j

k

λ
k j

j λ, 0 ,

(44)

By (42) and (44), we obtain

( )

( ) ( )( )

( ) ( ) ( )

∑

∑ ∑

∑ ∑

⎛
⎝

⎞
⎠ = ⎛

⎝
⎞
⎠

= −

= −

=

= =

−

= =

−

x
x

S n k x
x

S n k L k j x
x

x
x

S n k L k j

d

d
,

d

d

, , 1
d

d

d

d
1 , , .

n

n

k

n

λ

k λ

k

n

λ

j

k

λ
k j

j λ

j

n

j λ k j

n

k j
λ λ

0

1,

,

0

1,

0 ,

0 ,

1,

(45)

Therefore, we obtain the desired result. □
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The number states ∣ ⟩m , that satisfy ∣ ⟩ ∣ ⟩=a a m m m† , ⟨ ∣ ⟩ =m m 1 and the coherent states ∣ ⟩r that satisfy
∣ ⟩ ∣ ⟩=a r r r , ⟨ ∣ ⟩ =r r 1 are the two most important sets of states within the boson-operator Fock space. They
are related by the well-known expression

∣ ⟩ ∣ ⟩ ( )∑= [ ]−

=

∞
∣ ∣

z e
z

n
n

!
see 5,15,18 .

n

n

0

z
2

2 (46)

For �∈x y, , we have

⟨ ∣ ⟩
( )

⟨ ∣ ⟩

( )
( )( )

∑ ∑

∑

=

= = [ ]

−

=

∞
−

=

∞

− −

=

∞
− ∣ ∣ +∣ ∣ +

∣ ∣ ∣ ∣

∣ ∣ ∣ ∣

x y e
x

m
e

y

n
m n

e
xy

n
e

! !

!
see 5,15,18 .

m

m

n

n

n

n

x y xy

0 0

0

x y

x y

2

2

2

2

2

2

2

2

1

2

2 2

(47)

By letting =a
x

d

d
and =a x† (the operator of multiplication by x) and Corollary 5, we rewrite

�⟨ ⟩ ( ) ( ) ( ) ( ) ( )∑ ∑= ∈
= =

a a a a L k l S l j k, , .k λ

j

k

j j

l j

k

λ λ
†

,

0

†
2, (48)

Theorem 7. For ≥n 0, we have

⟨ ⟩ ( ) ( )( ) ( )∑ ∑= ≥
= =

m L k l S l j m k, , 1k λ

j

k

l j

k

λ λ j,

0

2,

and

( ) ( )∣ ∣ (∣ ∣ )∑ ∑ =
= =

−L k l S l j z z, , bel ,

j

k

l j

k

λ λ
j

k λ

0

2,
2

,
2

where ( )S n k,λ2, are the degenerate Stirling numbers of the second kind and ( )xbeln λ, are the partial degenerate
Bell polynomials.

Proof. From (12), (26), and (48), we note that

⟨ ⟩ ∣ ⟩ ( )( ) ( ( ) )∣ ⟩ ⟨ ⟩ ∣ ⟩= + + − =a a m a a a a λ a a k λ m m m… 1k λ k λ
†

,
† † †

, (49)

and

⟨ ⟩ ∣ ⟩ ( ) ( )( ) ( ) ∣ ⟩ ( ) ( )( ) ∣ ⟩∑ ∑ ∑ ∑= =
= = = =

a a m L k l S l j a a m L k l S l j m m, , , , .k λ

j

k

l j

k

λ λ
j j

j

k

l j

k

λ λ j
†

,

0

2,
†

0

2, (50)

Thus, by (49) and (50), we obtain

⟨ ⟩ ( ) ( )( ) ( )∑ ∑= ≥
= =

m L k l S l j m k, , 1 .k λ

j

k

l j

k

λ λ j,

0

2, (51)

Furthermore, from (48), we observe that

⟨ ∣⟨ ⟩ ∣ ⟩ ( ) ( )⟨ ∣( ) ∣ ⟩

( ) ( )( ) ⟨ ∣ ⟩

( ) ( )∣ ∣

∑ ∑

∑ ∑

∑ ∑

=

=

=

= =

= =

= =

z a a z L k l S l j z a a z

L k l S l j z z z z

L k l S l j z

, ,

, ,

, , .

k λ

j

k

l j

k

λ λ
j j

j

k

l j

k

λ λ
j j

j

k

l j

k

λ λ
j

†
,

0

2,
†

0

2,

0

2,
2

(52)
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For any �∈k , it is easy to see that

( ) ( )=a a a a a aa ak λ k λ
† †

,
† †

,

and

( ) ( ) ( ) ( )= = =−
+

−
+

−
+

−
+ +

a ae t e t a a a e t a a e t a.λ
a a λ

λ
a a λ

λ
aa λ

λ
a a λ† † † † 1

† † † † (53)

Let ( ) ⟨ ∣ ( )∣ ⟩= −f t z e t zλ
a a

†

. Then, by (52) and (53), we obtain

( ) ⟨ ∣ ( )∣ ⟩ ⟨ ∣⟨ ⟩ ∣ ⟩ ( ) ( )∣ ∣∑ ∑ ∑ ∑= = =−
=

∞

=

∞

= =
f t z e t z

t

k
z a a z L k l S l j z

t

k!
, ,

!
.λ

a a

k

k

k λ

k j

k

l j

k

λ λ
j

k

0

†
,

0 0

2,
2

†

(54)

From (26), we note that

( )
⟨ ∣ ( )∣ ⟩ ⟨ ∣ ( ( ))∣ ⟩

⟨ ∣ ( ( )) ∣ ⟩

( ) ⟨ ∣ ( )∣ ⟩ ( )∣ ∣ ( )

∂
∂

=
∂
∂

=

=

= =

− −
+

−
+ +

−
+

− −
+

f t

t t
z e t z z a a e t z

z a e t a z

e t zz z e t z e t z f t .

λ
a a

λ
a a λ

λ
a a λ

λ
λ

λ
a a

λ
λ

†

† 1

1 1 2

† †

†

†

(55)

By (55), we observe that

( )
( )∣ ∣ ( )

( )

( )
( )∣ ∣ ( ) ( )

∂
∂

= ⇔
′

= ⎛
⎝ ′ = ⎞

⎠−
+

−
+f t

t
e t z f t

f t

f t
e t z f t

t
f t,

d

d
.λ

λ
λ

λ1 2 1 2 (56)

Assume that ( ) =f 0 1, for the initial value. Then, by (56), we obtain

( )
( )

( )
( )∣ ∣ ( ( ) )∣ ∣∫ ∫=

′
= = −−

+
−f t

f t

f t
t e t z t e t zlog d d 1 .

t t

λ
λ

λ

0 0

1 2 2 (57)

From (9) and (57), it can be rewritten as

( )

∣ ∣ ( ( ) ) ∣ ∣ ( )

∣ ∣ ( ) (∣ ∣ )

( ( ) )

∑ ∑ ∑

∑ ∑ ∑

=

= − =

= =

∣ ∣ −

=

∞

−
=

∞

=

∞

−

=

∞

=
−

=

∞

−

−f t e

z
j

e t z S n j
t

n

z S n j
t

n
z

t

n

1

!
1 ,

!

,
!

bel
!

.

z e t

j

j
λ

j

j

j

n j

λ

n

n j

n

j
λ

n

n

n λ

n

1

0

2

0

2
2,

0 0

2
2,

0

,
2

λ
2

(58)

Combining (54) with (58), we obtain

( ) ( )∣ ∣ (∣ ∣ )∑ ∑ ∑ ∑=
=

∞

= = =

∞

−L n l S l j z
t

n
z

t

n
, ,

!
bel

!
.

n j

n

l j

n

λ λ
j

n

n

n λ

n

0 0

2,
2

0

,
2 (59)

By comparing with the coefficients of both sides of (59), we have

(∣ ∣ ) ( ) ( )∣ ∣∑ ∑=−
= =

z L n l S l j zbel , , .n λ

j

n

l j

n

λ λ
j

,
2

0

2,
2 □

Theorem 8. For ≥n 0, we have

(∣ ∣ ) ∣ ∣ ( ) (∣ ∣ )∑⎜ ⎟=
⎛
⎝

⎛
⎝

⎞
⎠ +

⎞
⎠

+ −
=

− −z z
n

l
λ zbel 1 bel ,n λ

l

n

n l λ l λ1,
2 2

0

, ,
2

where ( )xbeln λ, are the partial degenerate Bell polynomials.
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Proof. From (58), we have

( ) (∣ ∣ )( ( ) ) ∑= =∣ ∣ −

=

∞

−f t e z
t

n
bel

!
.z e t

n

n λ

n

1

0

,
2λ

2 (60)

Differentiating (58) with respect to t, the right-hand side of (60) is

( )

( )
(∣ ∣ ) (∣ ∣ )∑ ∑∂

∂
=

−
=

=

∞ −

−
=

∞

+ −
f t

t

t

n
z z

t

n1 !
bel bel

!
.

n

n

n λ

n

n λ

n

1

1

,
2

0

1,
2 (61)

By (55) and (58), the left-hand side of (60) is

( )
( )∣ ∣ ( ) ( )∣ ∣ (∣ ∣ )

∣ ∣ ( ) (∣ ∣ )

∑

∑ ∑⎜ ⎟

∂
∂

= =

=
⎛
⎝

⎛
⎝

⎞
⎠ +

⎞
⎠

−
+

−
+

=

∞

−

=

∞

=
− −

f t

t
e t z f t e t z z

t

l

z
n

l
λ z

t

n

bel
!

1 bel
!

.

λ
λ

λ
λ

l

l λ

l

n l

n

n l λ l λ

n

1 2 1 2

0

,
2

2

0 0

, ,
2

(62)

Comparing the coefficients of (61) and (62), we obtain the desired identity. □

In particular, for ∣ ∣ =z 1, we have

( )∑= ⎛
⎝

⎞
⎠ ++ −

=
− −

n

l
λbel 1 bel .n λ

l

n

n l λ l λ1,

0

, , (63)

By (47) and (49), we have

⟨ ∣⟨ ⟩ ∣ ⟩ ⟨ ⟩ ⟨ ∣ ⟩
∣ ∣

⟨ ⟩∑ ∑= =− −

=

∞
−∣ ∣

=

∞
∣ ∣ ∣ ∣

z a a z e e
z z

m n
n m n e

z

n
n

¯

! ! !
.k λ

m n

m n

k λ
z

n

n

k λ
†

,

, 0

,

0

2

,

z z
2

2

2

2

2

(64)

Thus, by (58), (60), and (64), we obtain

�( ) (∣ ∣ )
∣ ∣

⟨ ⟩ ( )∑ ∑= = ∈
=

∞

−
−∣ ∣

=

∞

f t z
t

n
e

z

n
n kbel

! !
.

n

n λ

n

z

n

n

k λ

0

,
2

0

2

,

2 (65)

3 λ-analogue of r-Lah numbers

In this section, we consider the analogue of r-Lah numbers in the view of degenerate version and investigate
their properties associated with special numbers as in Section 2. Moreover, we also derive some combinatorial
identities arising from degenerate differential operators.

For ≥n r, 0, the r-Lah number is defined by

⟨ ⟩ ( )( ) ( )∑+ = [ ]
=

x r L n k x2 , see 4 .n

k

n

r k

0

(66)

In the view of (28), we consider the analogue of r-Lah numbers, which are given by

⟨ ⟩ ( )( ) ( )∑+ = ≥
=

x rλ L n k x n2 , 0 .n λ

k

n

r λ k λ,

0

, , (67)

Theorem 9. For ≥n k, 0, we have the explicit formula and generating function of analogue of r-Lah numbers
as follows:

( ) ( )= ⎛
⎝

+ −
+ −

⎞
⎠ ≥−L n k λ

n r

k r

n

k
n r k,

2 1

2 1

!

!
, , 0r λ

n k
, (68)
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and

( ) ( )∑ = ⎛
⎝ −

⎞
⎠

⎛
⎝ −

⎞
⎠ ≥

=

∞

L n k
t

n k λt

t

λt
k,

!

1

!

1

1 1
0 .

n k

r λ

n r k

,

2

(69)

Proof. From (13), we note that

⟨ ⟩

( ) ( )

( )

∑

∑

+ = ⎛
⎝ −

⎞
⎠

= ⋅

= ⎛
⎝ −

+ ⎞
⎠

⎛
⎝ −

⎞
⎠

= ⎛
⎝ −

⎞
⎠

⎛
⎝ −

⎞
⎠

=

∞

− −

=

∞

+

x rλ
t

n λt

e t e t

λt

λt λt

t

λt λt k
x

2
!

1

1

1
1

1

1

1

1

1

1

!
.

n

n λ

n

λ
rλ

λ
x

r

k

k r

k λ

0

,

2

2

0

2

,

x rλ

λ

x

λ

2

(70)

On the other hand, by (67), we obtain

⟨ ⟩ ( )( ) ( ) ( )∑ ∑ ∑ ∑ ∑⎜ ⎟ ⎜ ⎟+ =
⎛
⎝

⎞
⎠

=
⎛
⎝

⎞
⎠=

∞

=

∞

= =

∞

=

∞

x rλ
t

n
L n k x

t

n
L n k

t

n
x2

!
,

!
,

!
.

n

n λ

n

n k

n

r λ k λ

n

k n k

r λ

n

k λ

0

,

0 0

, ,

0

, , (71)

Thus, by (70) and (71), we obtain

( ) ( )∑⎛
⎝ −

⎞
⎠

⎛
⎝ −

⎞
⎠ = ≥

=

∞

k

t

λt λt
L n k

t

n
k

1

! 1

1

1
,

!
0 .

k r

n k

r λ

n2

, (72)

From (72), we obtain

( )∑ ∑ ∑= ⎛
⎝ −

⎞
⎠ = ⎛

⎝
+ + − ⎞

⎠ = ⎛
⎝

+ −
+ −

⎞
⎠=

∞ +

=

∞

=

∞
−L n k

t

n

t

k λt

t

k

n k r

n
t λ λ

n r

k r

n

k

t

n
,

! !

1

1 !

2 1 2 1

2 1

!

! !
.

n k

r λ

n k k r k

n

n n

n k

n k

n

,

2

0

(73)

By comparing the coefficients on both sides of (73), we have the desired result. □

By (1) and Theorem 1, we easily obtain

( ) ( )

( )
( )

( )⟨ ⟩

∑

∑ ∑

∑ ∑

⎜ ⎟⎜ ⎟

⎜ ⎟

= ⎛
⎝ −

⎞
⎠

=
⎛
⎝

⎞
⎠
⎛
⎝

⎞
⎠

=
⎛
⎝

⎛
⎝

⎞
⎠

⎞
⎠

=

∞

−

=

∞

=

∞
−

=

∞

=
−

L n k
t

n k

t

λt
e t

L l k
t

l

r

m
t

n

l
L l k r

t

n

,
!

1

! 1

,
!

2

!

, 2
!

.

n k

r λ

n k

λ
r

l k

λ

l

m

m λ
m

n k l k

n

λ n l λ

n

,
2

0

,

,

(74)

By comparing the coefficients on both sides of (74), we obtain

( ) ( )⟨ ⟩ ( )∑= ⎛
⎝

⎞
⎠ ≥

=
−L n k

n

l
L l k r n k, , 2 , 0 .r λ

l k

n

λ n l λ, , (75)

Theorem 10. For ≥n k r, , 0, we have

( )( ) ( )∑⎧
⎨
⎩

+
+

⎫
⎬
⎭

= −
=

−
−

−n r

k r
L l k S n l λ

2

2
, 1 , ,

r λ l k

n

r λ
n l

λ
k l

2 ,

, 2,

where
⎧
⎨
⎩

+
+

⎫
⎬
⎭

n r

k r
r λ,

is the degenerate r-Stirling number of the second kind.
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Proof. By substituting t by ( ( ))− −e t1
λ λ

1 into (69), the left-hand side of (69) is

( )
( ( ))

( )( ) ( )

( ) ( )( )

∑ ∑ ∑

∑ ∑⎜ ⎟

−
= −

=
⎛
⎝

−
⎞
⎠

=

∞
−

=

∞
−

=

∞

−

=

∞

=
−

−

L l k
l

e t

λ
L l k λ S n l

t

n

L l k S n l λ
t

n

,
1

!

1
, 1 ,

!

, , 1
!

.

l k

r λ

λ
l

l

l k

r λ
l l

n l

λ

n

n k l k

n

r λ λ
l l

n

, , 2,

, 2,

(76)

The right-hand side of (69) is

( )( ( ) ) ( )( ( ) ) ( )∑− = − − − =
⎧
⎨
⎩

+
+

⎫
⎬
⎭

−−
−

−
− − −

=

∞
−

k
e t e t λ

k
e t e t λ

n r

k r
λ

t

n

1

!
1

1

!
1

2

2
1

!
.λ

r
λ

k k
λ

r
λ

k k

n k r λ

k n

n
2 1 2

2 ,

(77)

Therefore, by (76) and (77), we obtain the desired identity. □

Theorem 11. For ≥n k r, , 0, we have

( ) ( ) ( )∑= −
⎧
⎨
⎩

+
+

⎫
⎬
⎭

−

=

−
−L n k λ

n r

k r
S n l, 1

2

2
, .r λ

n k

l k

n

n l

r λ

λ,

2 ,

1,

Proof. From (14), the generating function of
⎧
⎨
⎩

+
+

⎫
⎬
⎭

n r

k r

2

2
r λ2 ,

is given by

( )( ( ) ) ∑− =
⎧
⎨
⎩

+
+

⎫
⎬
⎭=

∞

k
e t e t

n r

k r

t

n

1

!
1

2

2 !
.λ

r
λ

k

n k r λ

n
2

2 ,

(78)

Let us take ( )= −t log
λ λt

1

1
in (78). Then, from (8), we have

( ( ))

( ) ( )( )

( ) ( )

∑ ∑

∑ ∑

∑ ∑

⎛
⎝ −

⎞
⎠

⎛
⎝ −

⎞
⎠ =

⎧
⎨
⎩

+
+

⎫
⎬
⎭

⎛
⎝ −

⎞
⎠ =

⎧
⎨
⎩

+
+

⎫
⎬
⎭

− −

= −
⎧
⎨
⎩

+
+

⎫
⎬
⎭

−

=
⎛

⎝
⎜ −

⎧
⎨
⎩

+
+

⎫
⎬
⎭

⎞

⎠
⎟

=

∞

=

∞

=

∞

=

∞

=

∞

=

−

k λt

λt

λt

n r

k r l λt

n r

k r l
λt

n r

k r
S n l λ

t

n

n r

k r
S n l λ

t

n

1

!

1

1 1

2

2

1

!
log

1

1

2

2

1

!
log 1

1
2

2
,

!

1
2

2
,

!
.

r k

l k r λ

λ

l

l k r λ

λ
l

l k

l

r λ n l

λ
n

n

n k l k

n

n l

r λ

λ
n

n

2

2 , 2 ,

2 ,

1,

2 ,

1,

(79)

On the other hand, by (69), we obtain

( )∑⎛
⎝ −

⎞
⎠

⎛
⎝ −

⎞
⎠ =

=

∞

k λt

λt

λt
L n k λ

t

n

1

!

1

1 1
,

!
.

r k

n k

r λ
k

n2

, (80)

Therefore, by (79) and (80), we obtain the desired result. □

Theorem 12. For �∈n k, with ≥n k and �∈r with ≥r 0, we have a recurrence relation

( ) ( ) (( ) ) ( )+ = − + + +L n k L n k n k λ rλ L n k1, , 1 2 , .r λ r λ r λ, , ,

Proof. From (67), we note that

( )( ) ⟨ ⟩ ⟨ ⟩ ( )

( )( ) ( )

{ ( ) (( ) ) ( )}( )

∑

∑

∑

+ = + = + + +

= − + + +

= − + + +

=

+

+

=

=

+

L n k x x rλ x rλ x rλ nλ

L n k x x kλ kλ nλ rλ

L n k n k λ rλ L n k x

1, 2 2 2

, 2

, 1 2 , .

k

n

r λ k λ n λ n λ

k

n

r λ k λ

k

n

r λ r λ k λ

0

1

, , 1, ,

0

, ,

0

1

, , ,

(81)

By comparing the coefficients on both sides of (81), we have the desired recurrence relation. □
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To obtain next theorem, we observe that

⟨ ⟩ ( )+ = + ≥x
x

rλ x n rλ n
d

d
2 2 1 .

k λ

n
k λ

,

, (82)

Theorem 13. Let ( ) = ∑ =
∞

f x a xn n
n

0 be the formal power series. For ≥k 0, we have

( ) ( ) ( )∑+ = ⎛
⎝

⎞
⎠=

x
x

rλ f x L k l x
x

f x
d

d
2 ,

d

d
.

k λ l

k

r λ

l λ, 0

,

,

Proof. For the formal power series ( )f x , by applying (27) and (82), we obtain

( ) ⟨ ⟩

( )( )

( ) ( ) ( )

∑

∑ ∑

∑ ∑ ∑

+ = +

=

= ⎛
⎝

⎞
⎠ = ⎛

⎝
⎞
⎠

=

∞

=

∞

=

= =

∞

=

x
x

rλ f x a n rλ x

a L k l n x

L k l x
x

a x L k l x
x

f x

d

d
2 2

,

,
d

d
,

d

d
.

k λ n

n k λ
n

n

n

l

k

r λ l λ
n

l

k

r λ

l λ n

n
n

l

k

r λ

l λ

, 0

,

0 0

, ,

0

,

, 0 0

,

,

(83)

By comparing the coefficients n on both sides of (83), we obtain the desired identity. □

Corollary 14. For ≥k 0, we have

( ) ( )∑ ∑+ = ⎛
⎝

⎞
⎠= =

x
x

rλ x
x

L k l S l j
d

d
2

d

d
, , .

k λ j

k

j

j

l j

k

r λ λ

, 0

, 2,

Proof. Since ( ) ( ) ( )= ∑ =x S n k x,
x n λ k

n

λ
k

x

k
d

d , 0 2,

d

d
, from Theorem 13, we observe that

( )

( ) ( ) ( ) ( )

∑

∑ ∑ ∑ ∑

+ = ⎛
⎝

⎞
⎠

= ⎛
⎝

⎞
⎠ = ⎛

⎝
⎞
⎠

=

= = = =

x
x

rλ L k l x
x

L k l S l j x
x

x
x

L k l S l j

d

d
2 ,

d

d

, ,
d

d

d

d
, , .

k λ l

k

r λ

l λ

l

k

r λ

j

l

λ
j

j

j

k

j

j

l j

k

r λ λ

, 0

,

,

0

,

0

2,

0

, 2,

(84)

By (84), we obtain the desired identity. □

From Corollary 14, it can rewritten as

�⟨ ⟩ ( ) ( ) ( ) ( ) ( )∑ ∑+ = ∈
= =

a a rλ a a L k l S l j k2 , , , .k λ

j

k

j j

l j

k

r λ λ
†

,

0

†
, 2,

The λ-analogue of r-Lah numbers will be studied in a similar way to λ-analogue of Lah numbers.

Theorem 15. For ≥n 0, we have

(∣ ∣ ) ( ) ( )∣ ∣∑ ∑⎛
⎝ −

⎞
⎠ =−

= =λt
z

t

n
L n l S l j z

1

1
bel

!
, , ,

r

n λ

n

j

n

l j

n

r λ λ
j

2

,
2

0

, 2,
2

where ( )S n k,λ2, are the degenerate Stirling numbers of the second kind and ( )xbeln λ, are the partial degenerate
Bell polynomials.
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Proof. In the same way in Theorem 7, we observe that

⟨ ⟩ ∣ ⟩ ( )( ) ( ) ( ) ∣ ⟩ ⟨ ⟩ ∣ ⟩+ = + + + + + − = +a a rλ m a a rλ a a rλ λ a a rλ k λ m m rλ m2 2 2 … 2 1 2k λ k λ
†

,
† † †

, (85)

and

⟨ ⟩ ∣ ⟩ ( ) ( )( ) ( ) ∣ ⟩

( ) ( )( ) ∣ ⟩

∑ ∑

∑ ∑

+ =

=

= =

= =

a a rλ m L k l S l j a a m

L k l S l j m m

2 , ,

, , .

k λ

j

k

l j

k

r λ λ
j j

j

k

l j

k

r λ λ j

†
,

0

, 2,
†

0

, 2,

(86)

Thus, by (85) and (86), we obtain

⟨ ⟩ ( ) ( )( ) ( )∑ ∑+ = ≥
= =

m rλ L k l S l j m k2 , , , 1 .k λ

j

k

l j

k

r λ λ j,

0

, 2, (87)

From (87), we observe that

⟨ ∣⟨ ⟩ ∣ ⟩ ( ) ( )⟨ ∣( ) ∣ ⟩

( ) ( )( ) ⟨ ∣ ⟩

( ) ( )∣ ∣

∑ ∑

∑ ∑

∑ ∑

+ =

=

=

= =

= =

= =

z a a rλ z L k l S l j z a a z

L k l S l j z z z z

L k l S l j z

2 , ,

, ,

, , .

k λ

j

k

l j

k

r λ λ
j j

j

k

l j

k

r λ λ
j j

j

k

l j

k

r λ λ
j

†
,

0

, 2,
†

0

, 2,

0

, 2,
2

(88)

Let ( ) ⟨ ∣ ( )∣ ⟩= −
+

f t z e t zλ
a a rλ2

†

. Then, by (88), we obtain

( ) ⟨ ∣ ( )∣ ⟩ ⟨ ∣⟨ ⟩ ∣ ⟩ ( ) ( )∣ ∣∑ ∑ ∑ ∑= = + =−
+

=

∞

=

∞

= =
f t z e t z

t

k
z a a rλ z L k l S l j z

t

k!
2 , ,

!
.λ

a a rλ

k

k

k λ

k j

k

l j

k

r λ λ
j

k
2

0

†
,

0 0

, 2,
2

†

(89)

From (53), we note that

( )
⟨ ∣ ( )∣ ⟩ ⟨ ∣( ) ( )∣ ⟩

⟨ ∣( ) ( )∣ ⟩ ⟨ ∣ ( )∣ ⟩

⟨ ∣ ( ( )) ∣ ⟩ ( )⟨ ∣ ( )∣ ⟩

( ) ⟨ ∣ ( )∣ ⟩ ( )⟨ ∣ ( )∣ ⟩

{ ( )∣ ∣ ( )} ( )

∂
∂

=
∂
∂

= +

= +

= +

= +
= +

−
+

−
+ +

−
+ +

−
+ +

−
+ + +

− −
+

−
+

− − −
+

−
+

−

f t

t t
z e t z z a a rλ e t z

z a a e t z rλ z e t z

z a e t a z rλe t z e t z

e t zz z e t z rλe t z e t z

e t z rλe t f t

2

2

2

2

2 .

λ
a a rλ

λ
a a rλ λ

λ
a a rλ λ

λ
a a rλ λ

λ
a a rλ λ

λ
λ

λ
a a rλ

λ
λ

λ
a a

λ
λ

λ
a a rλ

λ
λ

λ
λ

2 † 2

† 2 2

† 2 1 2

1 2

1 2

† †

† †

† †

† †

(90)

By (90), we observe that

( )
( )∣ ∣ ( )

( )

( )
( )∣ ∣ ( )

∂
∂

= ⇔
′

= +−
+

−
+

−
f t

t
e t z f t

f t

f t
e t z rλe t2 ,λ

λ
λ

λ
λ

λ1 2 1 2 (91)

where ( ) ( )′ =f t f t
t

d

d
.

Assume that ( ) =f 0 1, for the initial value. Then, by (91), we obtain

( )
( )

( )
{ ( )∣ ∣ ( )} ( ( ) )∣ ∣ ( )∫ ∫=

′
= + = − − −−

+
− −f t

f t

f t
t e t z rλe t t e t z r λtlog d 2 d 1 2 log 1 .

t t

λ
λ

λ
λ

λ

0 0

1 2 2 (92)

From (9) and (92), it can be rewritten as

( ) ∣ ∣ ( ( ) )( ( ) ) ( ) ∑= = ⎛
⎝ −

⎞
⎠ −∣ ∣ − − −

=

∞

−−f t e e
λt

z
j

e t
1

1

1

!
1z e t r λt

r

j

j
λ

j1 2 log 1

2

0

2λ
2
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∣ ∣ ( )

( ) ∣ ∣

(∣ ∣ )

∑ ∑

∑ ∑

∑

= ⎛
⎝ −

⎞
⎠

= ⎛
⎝ −

⎞
⎠

= ⎛
⎝ −

⎞
⎠

=

∞

=

∞

−

=

∞

=
−

=

∞

−

λt
z S n j

t

n

λt
S n j

t

n
z

λt
z

t

n

1

1
,

!

1

1
,

!

1

1
bel

!
.

r

j

j

n j

λ

n

r

n j

n

λ

n

j

r

n

n λ

n

2

0

2
2,

2

0 0

2,
2

2

0

,
2

(93)

Combining (89) with (93), we obtain

( ) ( )∣ ∣ (∣ ∣ )∑ ∑ ∑ ∑= ⎛
⎝ −

⎞
⎠=

∞

= = =

∞

−L n l S l j z
t

n λt
z

t

n
, ,

!

1

1
bel

!
.

n j

n

l j

n

r λ λ
j

n r

n

n λ

n

0 0

, 2,
2

2

0

,
2 (94)

By comparing with the coefficients of both sides of (94), we have the desired identity. □

Open problem. What are the interesting properties of degenerate versions and analogue versions
of �( )∈r r -Whitney Lah numbers, respectively?

4 Conclusion

In this article, we introduced the λ-analogue of Lah numbers and λ-analogue of r-Lah numbers as degenerate
version, respectively. We also considered the degenerate rising differential operators (37) from degenerate
differential operators defined by Kim and Kim [3]. We derived combinatorial identities using the analogue
rising differential operators in Theorems 4, 6, 13 and Corollaries 5 and 14. From these identities, we obtained
interesting identities, which the partial degenerate (r-)Bell polynomials are represented by means of λ-ana-
logue of (r-)Lah numbers and the degenerate Stirling numbers of the second kind by identifying formally

=a
x

d

d
and =a x† , which satisfy [ ] =x, 1

x

d

d
.

We propose an open problem earlier for researchers in this field and continue to study effective ways
to find properties of combinatorial numbers using the boson operators.
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