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Abstract: We deal with the existence of three distinct solutions for a poly-Laplacian system with a parameter
on finite graphs and a (p, q)-Laplacian system with a parameter on locally finite graphs. The main tool is an
abstract critical point theorem in [G. Bonanno and S. A. Marano, On the structure of the critical set of non-
differentiable functions with a weak compactness condition, Appl. Anal. 89 (2010), no. 1, 1-10]. A key point in this
study is that we overcome the difficulty to prove that the Gateaux derivative of the variational functional for
poly-Laplacian operator admits a continuous inverse, which is caused by the special definition of the poly-
Laplacian operator on graph and mutual coupling of two variables in system.
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1 Introduction

Let G = (V, E) be a graph with the vertex set V and the edges set E. If both VV and E are finite set, then G is
called as a finite graph. If for any x € V, there are finite vertexes y € V such that xy € E (xy denotes an edge
connecting x with y), then G is called as a locally finite graph. For any edge xy € E with two vertexes X, y, let
wyy (> 0) denote its weight and suppose that wy, = wyx. For any x € V, let deg(x) = 2.y, where y ~ x
denotes those y connecting x with xy € E. Suppose that ¢ : V — R" is a finite measure. Define the directional
derivative of a functionu : V- R by

Dupyi() = —=(u(x) = u(y)), |~ (11
" N uoo '
Define the gradient of u as a vector
Vu(x) = (Duyu(x)yev, 1.2)

which is indexed by the vertices y € V. It is easy to obtain that V(u; + up) = Viy + Vi, and

Vuwv = (Dyy yu(x))yev(Dw yv(X))yev
= z Dy yu(X)Dyy yv(x)
y~x

i ﬁ yZXWXy @®y) - uCy) - v(x)).
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Let

I'(u, v)(x) = 2—() Y W) = )W) - v(x)). (1.3)

Then,
I'(u, v) = VuVv. (1.4)

Let I'(u) = T'(u, u) and define the length of the gradient by

l

Vul() = JTW(x) = |5 ( )2 Z wyy(U(y) = )P . (1.5)
The Laplacian operator of u : V —» R is defined by
D) =~ 3 wiy(u(y) - u(x) 16
169 Komilieg ' '
Let |[V™u| denote the length of m-order gradient of u, which is defined by
vy = lvfm%ul’ when m is odd, w7
Az u|, when m is even,

where VA"z u is defined as in (1.2) with u replaced by A"7'u, and A7u is defined by Azu = A(Az'u)
which means that u is replaced by Az u in (1.6). By mathematical induction, we can obtain that

A7 (wy + W) = A2wy + A7up,  if m is even. (1.8)

For any given p > 1, the p-Laplacian operator is defined by

Apu(x) = 2—() Y (VuP2(y) + [VuP2(0))wyu(y) - ux)). (1.9)

It is easy to see that p-Laplacian operator reduces to the Laplacian operator of u if p = 2.
For any function u : V - R, we denote

Jutodu = 3 poouw. (1.10)

v XEV

For any given real number r = 1, we define

LI'(V)=ju:V-R I|u(x)|’dy < oo’
|4
endowed with the norm
1
ey = | fluGordy| - (CBL)
|4
In the distributional sense, A,u can be written as follows. For any u € C(V),
[@puwway = - [ioup-2ra, vdg, 112)

14 14
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where C(V) is the set of all real functions with compact support. Furthermore, a more general operator can
be introduced, denoted by £, as follows: for any function ¢ : V - R,

_[|vmu|p-2r(4’"7’1u, A5 )y, if m isodd,

74

I(fm,pu)¢du = (1.13)

v I|V’"u|1"2ﬁuﬁ¢dy, if m iseven,
v

where m = 1 are integers and p > 1. The operator £, , is called as the poly-Laplacian operator of u if p = 2,
and obviously, the operator £, , reduces to the p-Laplacian operator if m = 1. The results above are taken
from [1,2].

In this study, we study the existence of three solutions for the following poly-Laplacian system:

Ep ol + OOuP2u = AR(x,u,v), x€V,
EmyV + BCOMT 20 = A, w,v),  XEV, 19
where G = (V,E) is a finite graph, m; = 1 are integers, h;: V-~ R,i=1,2, p,q>1, A>0, F: VxR2 >R,
and £, , and £y, , are defined by (1.13).

Moreover, if G = (V, E) is a locally finite graph, we consider the existence of three solutions for the
following (p, q)-Laplacian system:

=Mpu + h(O[uP~u = AR (x,u,v), Xx€V,

=Aqv + hy(X)|v]9%v = AR(X, u,v), XEV, (115)

where -4, and -4, are defined by (1.9) withp 22 andq 2 2, F: V x R2->R,h;:V->R,i=1,2 and A > 0.
In recent years, the study of equations on graphs attracted much attention. We refer readers to [2-8] and

references therein. Grigior'yan et al. [2] investigated the following poly-Laplacian equation on graph
G=(V,E):

Enplt + hOOUP2u = Af(x,u) inx€V, (1.16)

where p>1,h: V- R, and f: VxR — R. They considered the case that the graph G = (V, E) is a locally
finite graph, h(x) = 0 and equation (1.16) satisfies the Dirichlet boundary condition, and the case that the graph
G = (V,E) is a finite graph. They established some existence results of a positive solution for equation (1.16)
with A = 1 by mountain pass theorem. Grigior’yan et al. [3] studied (1.16) with m =1 and p = 2, where V is a
locally finite graph. They obtained two existence results of positive solutions for equation (1.16) by mountain
pass theorem. In [4], when m = 1 and p = 2, by applying a three critical point theorem from [9], Imbesi et al.
established some existence results of at least two solutions for equation (1.16) when the parameter A locates at
some concrete range. Pinamonti and Stefani [5] investigated (1.16) with h = 0 and Dirichlet boundary value
condition. They established some existence and uniqueness results. Yu et al. [6] studied system (1.14) with
A=1,p=q,and F(x, u, v) satisfying asymptotically-p-linear growth at infinity with respect to (u, v). By using
the mountain pass theorem, they obtained that system (1.14) has a nontrivial solution and they also presented
some corresponding results for equation (1.16) with A = 1. Yang and Zhang [7] investigated system (1.15) with
perturbations and two parameters 4 and A,. When F possesses sub-(p, q) growth on (u, v), an existence result
of one nontrivial solution was established by Ekeland’s variational principle, and when F possesses super-
(p, q) growth on (u, v), one solution of positive energy and one solution of negative energy were obtained by
mountain pass theorem and Ekeland’s variational principle, respectively. Zhang et al. [10] considered system
(1.14) with A = 1. They established an existence result and a multiplicity result of nontrivial solutions when F
satisfies the super-(p, q) growth conditions on (u, v) via mountain pass theorem and symmetric mountain pass
theorem, respectively.

In the present study, our work are mainly motivated by [10-12]. Bonanno and Marano [11] established an
existence result of three critical points for f; = ® - A¥ with A € R, and obtained a well-determined large
interval of parameters for which f; possesses at least three critical points under weaker regularity and
compactness conditions. Furthermore, by using the three critical points theorem, Bonanno and Bisci [12]
obtained that a non-autonomous elliptic Dirichlet problem possesses at least three weak solutions.
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Based on the works in [10-12], the motivation of our work is to consider whether the three critical points
theorem due to Bonanno and Marano in [11] can be applied to systems (1.14) and (1.15). The main difficulty of
such problem is to prove that the Gateaux derivative of the variational functional ® admits a continuous inverse.
The main reason to cause this difficulty is that the special definition of £, , and mutual coupling of u and v
in systems (1.14) and (1.15) make proving the uniformly monotone of ®* difficult. To overcome this difficulty,
we discuss the case that m is even and the case that m is odd, respectively, and sufficiently use the formulas
(1.4) and (1.8), and in order to deal with mutual coupling of u and v, we divide into four cases about the norms
of u and v and then, make some careful arguments in Lemma 3.5.

We call that (4, v) is a non-trivial solution of system (1.14) (or (1.15)) if (u, v) satisfies (1.14) (or (1.15))
and (u, v) # (0, 0). Next, we state our results.

(I) For the poly-Laplacian system on finite graph

Theorem 1.1. Let G = (V, E) be a finite graph. Assume that the following conditions hold:

H) h(x)>0forallxe€V,i=1,2;

(Fo) F(x,s,t) is continuously differentiable in (s, t) € R? for all x € V;

(F) [,Fx,0,0)du = 0;

(Fy) there exist two constants a € [0, p), B € [0, q) and functions f;,g: V—~ R,i =1, 2, such that

F(x,s,8) < fO0IsI + {OOIHP + g(x0)

forall(x,s,t) €E VxR xR;
(F5) there are positive constants y,, y,, 61, and 6, with &; > yk;, i = 1, 2, such that

1
A = P 1ol max 1F(x,s,t)|V|
Wb ey (sl PP (@it
XEV,Isls= 1, 1 olts Wla 1
1, min~ min 2, minfmin

infyeyF(X, 81, 82)|V|
sf s
S J moodu + % [ meodu

= AZ)

where |V| = 2, eyit(X), Rimin = Minyeyhi(x), 1 = 1,2, gy, = mingeyu(x), and

1

1
q

K = , K=

2 [modu 2 [hatodu
p 14 q 14

Then, for each parameter A belonging to (A3}, A7), system (1.14) has at least three distinct solutions.
(IT) For the (p,q)-Laplacian system on locally finite graph

Theorem 1.2. Let G = (V, E) be a locally finite graph. Assume that the following conditions hold:
(M) there exists a u, > 0 such that u(x) = u, for all x € V;
(H,) there exists a constant hy > 0 such that hi(x) 2 hy> 0 forallx € V,i=1,2;
(Fy) F(x, s, t) is continuously differentiable in (s, t) € R? for all x € V, and there exists a functiona € C(R*, R")
and a function b : V - R* with b € L\(V) such that
IE(x, s, O < a(|(s, ODbX), |E(x, s, )] < a(|(s, ODbX), IF(x, s, O)] < a((s, )Db(Xx),
for all x € V and all (s, t) € R
(F)’ IVF(X, 0, 0)du = 0 and there exists a xo € V such that F(xy, 0, 0) = 0;
(Fy) there exist two constants a € [0, p), B € [0, q) and functions f;,g: V- R,i=1,2,with f; € L*(V),i=1,2
and g € LXV), such that

F(x,s,t) < ffOIs|* + £001tF + g(x)
for all (x,s,t) € VxR xR;



DE GRUYTER Three solutions for quasilinear Laplacian systems on graphs = 5

(F3)’ there are positive constants y,, y,, 61, and 8, with &; > yx;, i = 1, 2, such that

1
0= max a(ls, t)|)jb(x>du
W I(s.01< niy 1,,,(101/1 +PV2)P+W(CIV1 oy
F(xo, 81, 63)
< st | simy = 0y,
a7y
p q
b X
where K = [%] LKy = [%] , and
14
_[degtxo) |?
M —[ 20(x0) u(xo) + hi(xo)u(xo) + y~zxo
eg(xo Wyey
=|—| ulxp) + ho(xp)u(xop) + .
2= 2u0x0) u(xo) + ha(xo)u(xo) ysz 21() u(y)

Then, for each parameter A belonging to (83, ©7"), system (1.15) has at least three distinct solutions.

Remark 1.3. In Theorems 1.1 and 1.2, all three solutions are nontrivial solutions if we furthermore assume
that F(x, 0,0) # 0 or E(x, 0,0) # 0 for some x € V.

2 Preliminaries

In this section, we recall the Sobolev space on graph and some embedding relationships [2,7,10]. We also recall
an abstract critical point theorem in [11], which is the main tool to prove our main results.
Let G = (V, E) be a graph. For any given integer m > 1 and any given real number [ > 1, we define

W™ V) = qu: V=R | J(V"uCOl + ROOJuCOMdu < e

endowed with the norm

1
l

lallymiry = | AP0 + ROOCO D] |
|4

where h(x) > 0 for all x € V. If V is a finite graph, then W™!(V) is of finite dimension.

Lemma 2.1. [2,10] Let G = (V, E) be a finite graph. For all Y € WmL(V), there is
1Yl < dil[$llwmicrys

1
where ||Y|l» = maxey|Y(x)| and d; = [ﬁ] :

Lemma 2.2. [2,10] Let G = (V, E) be a finite graph. Then, W™ (V) = L'(V) for all 1 < r < +c, Particularly,
if1 < r < +oo, then for ally € W™(V),

11wy < KirllPllwmiy),
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where

1
1

[ZXEV.U(X)
Kyp=—7—"7—

1. pl
Umin hmin

Lemma 2.3. [7] Let G = (V, E) be a locally finite graph. If u(x) = u, and (Hy) holds, then W,}’I(V) is continuously
embedded into L'(V) for all1 < 1 < r < o, and the following inequalities hold:

1
llulle < 7h&,lu1,,llullwlvlm
0

and
Lr _1
Iyl
lullzrevy < o™ ho *|lullyryyy forall I < co.

Lemma 2.4. [11] Let W be a real reflexive Banach space, ® : W - R be a coercive, continuously Gdteaux
differentiable and sequentially weakly lower semicontinuous functional whose Gateaux derivative admits
a continuous inverse on W*, ¥ : W —» R be a continuously Gateaux differentiable functional whose Gdteaux
derivative is compact such that

®(0) = ¥(0) = 0.

Assume that there exist r > 0 and X € X, with r < ®(X), such that:
SUPg)<r PX)  W(x)

(@) ——< (%)

D(x) r

Y(x)’ sup(p(X)Sr‘P(x)

(ay) for each A € A, = , the functional ® - AW is coercive.

Then, for each A € A;, the functional ¢, = ® — AW has at least three distinct critical points in W.

3 Proofs for the poly-Laplacian system (1.14)

Let G = (V, E) be a finite graph. In order to investigate the poly-Laplacian system (1.14), we work in the space
W= WmP(V) x Wm4(V) with the norm endowed with ||(u, V)|| = |[u|lwmrey + ||V|lwmzevy. Then, (W, ||-]])
is a Banach space of finite dimension. Consider the functional ¢ : W - R as

1 1
o, v) = Ejuvmluv’ + OOlulP)dy + ajuvmsz + ROy = A[F(x, 1, v)du 3.1
\4 |4 \4

Then, under the assumptions of Theorem 1.1, ¢ € CY(W,R) and

WV, @y, 8)) = [[Em, iy + OO 2ug, - AE(x, 1, v) ]

v

+ [ (v, + ROOWI2v9, - AR, 1, V)P, ldu
\’4

(3.2)

for any (u,v), (¢, ¢,) € W. In order to apply Lemma 2.4, we will use the functionals ®: W - R
and ¥ : W — R defined by setting

P, v) =%j<|vmlu|!’ + hOOluP)du + éjavmsz + ROOIVIDdu
v v

1 1
— 14 q
= ;”uuw"’lvp(v) + E”V”szll(v)
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and

W(u, v) = jF(x, u, v)du.
14

Then, ¢(u, v) = ® - AW. Moreover, it is easy to see that (u, v) € W is a critical point of ¢ if and only if

[ oyt + OO 2u = AE G, w, V) = 0
\4

and

[y + RaCOWIT2Y = AR, 1, V)9, du = 0
\4

for all (¢,, ¢,) € W. By the arbitrariness of ¢, and ¢,, we conclude that

Emyplt + OOuP~2u = AE(x, u, v),
Emyqv + B (OIVT2v = AF(X, u, V).

Thus, the problem of finding the solutions for system (1.14) is reduced to seek the critical points of functional
ponWw.

Lemma 3.1. Assume that (Fy) holds. Then, for any givenr > 0, the following inequality holds:

SUP, vedt-w 1P V) 1
@y)ed ol < - max ) F(x, u(x), voo)|v.
r r eV lsle PP @)
XEV,Isls—,; 1/p’|t|_h1/q 1/q
minfmin 'min&min

Proof. By (Fy), we have
W, v) = [F(x, u(x), voo)du
v

=Y F(x, u(x), v(x))du
14

< max F(x, s, t)|V]

XEV,[s]<][ulle, [E1<][V]}eo

for every (u, v) € W. Furthermore, for all (u, v) € W with ®(u, v) < r, by Lemma 2.1, we obtain

Il <~ oy <~ (Prh Ve € e IVl <~ @k
hy mink i h inkih hy i hy i
Hence, we obtain
su}l) Y(u,v) < max . F(x, s, )|V].
u,v)Ed(-oo,r P q
Then, the proof is completed by multiplying % on both sides of (3.3). O

Lemma 3.2. Assume that (Fy) and (Fs) hold. Then, there exists (us,, vs,) € W such that

SUP(y vyeq (- Py T V) W(ug,, vs,)
< .
Wyl D(us,, vs,)
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Proof. Let
u51(X) = 61a V52(X) = 62) Vx € V:

where §;,i=1,2 are given in (F3). It is easy to verify that (us, vs,) € W, |V™us| = 0, and |[V™Mvs| =0
for all m; 2 1,i = 1, 2. Then,

1 1
D(us,, vs,) = ) I(|Vm1u51|p + (O us,[P)du + EI(lvmzvazlq + hy(X)|vs,[Ddu
14 14

6‘p 5q (34)
=2 [meodu + 22 [rodg.
p v q v
Note that &; > yik;, i = 1, 2, where
_1 _1
1 ! 1 !
K = _Jhl(x)dﬂ , K= __[hz(x)dﬂ
p v q v
Then, (3.4) implies that ®(us,, vs,) = yll’ + yzq. Moreover,
Wt vs,) = [F O s, vs)du = [F(x, 6, 6:)du 2 inf Fx, 61, )1V, 35)
14 v
Hence, by (3.4) and (3.5), we obtain
lp(uﬁv VSz) infxEVF(Xy 61; 52)|V|
d(ug, vs,) z sf 8¢ : (3.6)
sV S Codu + L R 00du
In view of Lemma 3.1, (3.6), and (F3), we obtain
Sup(u,v)ECI)_l(—oo’V1F+y2‘I]lp(uy V)
W
1
< - max FOG s, 01V
W Vo aevisis o g (OP D0k @O
inferF(X, 61, 62)|V|
< s? 84
o J meodu + % meodu
- Y(us,, vs,)
© ®(ug, vs,)
The proof is complete. O

Lemma 3.3. Assume that (F;) holds. Then, for each A € (0, +), the functional ® - A¥ is coercive.
Proof. By (F,), we have

1 1
o(u,v) = _||u||€v’"1*"(V) + _HVH?/V"‘Z"?(V) - AIF(X’ u, v)du

p q )
J1p 1 a B
2 ey + Iy, = A el =~ AEIVE = 2 [gGod

14
2 il myy * IV = A ISl iy, ~ A df IV men, - A f500G
= p 1Wiwmeary = IVlwmaw) 1o Ap [ UlIwymap(yry 2l Aq [[VIlwmzagyy gau.
14

Note that a € [0, p) and B € [0, q). Therefore, p(u, v) is a coercive functional for every A € (0, +). O



DE GRUYTER Three solutions for quasilinear Laplacian systems on graphs =— 9

Lemma 3.4. The Gateaux derivative of ® admits a continuous inverse on W*, where W* is the dual space of W.

Proof. First, we prove that @ is uniformly monotone. Via (2.2) of [8], there exists a positive constant ¢,
such that

(xIP~2x = yP~2y,x = y) 2 ¢y [x - y|P, forall x,y €RY, 3.7
where (-,-) denotes the inner product in RY. Note that
(D, v1) = D'(uz, Vo), (U1 = Uz, V1 — V)

= I[£m1,pu1(u1 = ) + OlwP*u(w ~ wp)]dy + I[fmz,qvl(vl = v2) + Ol 2vi(vy = v)]du
14 14

- J[fml,puz(ul = Up) + h OO~ up(uy — up)ldp - I[Emz,qu(vl = v3) + haQO)|val?™2vy(vy = vy)]dp.
v v

First, we prove that

I= _[[Eml,pul(ul = ) + MOOIwP 2 (g = Up) = £y, plla(Uy = Up) + MO~ 2up(1y — p)1dpt
v

2 G|t = Wlfiymncy-

When my is odd, by (1.13), (1.4), (1.7), (1.8), and (3.7), we have

I[fml,pul(ul = Up) = £y plla(th ~ Up)]dpt

14
") mp-1 mp-1 -2 mp-1 mp-1
= [{Iomunpr|a™ w, 4% - )| - [PmpI|A y, A - )| dp
v
) m-1 m-1 -2 m-1 m-1
= I[|Vm1u1|l’ VA 2 u - VA 2 (U — up) — |VMwlP~>VA 2 uy - VA 2 (uy - uz)]dy
v
mel o mit my-1 L Y my-1
= I|VA T lPVA T wy - VAT (g - up) — (VA 2 wpPTVA T up - VAT (uy - wp)|du
v
mp-1 mp-1 _9 mp-1 mli_l — mp-1
= jva V- w) - (VA" wlPVA" w - VA T wlP2vA w)|du
v
m-1 12
> Icp VAlT(ul - W)l du= Icp [V™(uy — up)|Pdu.
v

v

When my is even, by (1.13), (1.7), (1.8), and (3.7), we also have

I[fml,pul(ul = Uy) = £y pllo(Uy — Up)]du

v
= J[|Vm1u1|p 2T WA (U - ) - (VML 2AT wAY (- uz)]dll
\’4
mo P2 m o om moPZ o om
= I ‘Az u1’ Az w2 (U — up) - ’Az uz‘ A2 A2 (g — up)|du
\4
my m p-2 my m p-2 my
= IAT(ul - uz)“ATul‘ Az - ‘ATuZ‘ ATuz] du
\4
my P
> Icp ‘A 2 (U - uz)‘ du = .[Cl’ [V™(uy — up)|Pdu.
\’4 v
Thus, for all positive integers m, we obtain
J[fml,pul(ul = Up) = £y plla(th — Wp)]dp = ICp (V™ = up)Pdy. (3.8)

v 14
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By (3.7), we have

J[hl(x)lullp_zul(ul = ) — ()|l 2up(uy — wp)1dp 2 jhl(X)Cp [ug — uplPdp.
v v

So, by (3.8) and (3.9), we obtain that
12 cplluy - uZ”ﬁ/'"l-!’(V)-

Similarly, we can prove that there exists a positive constant ¢, such that

11 = [ [ £y a1 = v2) + BQOMAT201(V1 = V2) = £y quaVs = v2) + BaQO) Vol 20507 = v) )l
v

q
> Cq”Vl - Vz”sz.q(V).
Hence,
(©(uy, v1) = D'(Uz, Vo), (W = Up, V1 = V2)) 2 Gl = Uallfyminyy + Cqllvi = Vallfymaagy-

Next we consider the following four cases if we let max{p, q} = p.
(1) Assume that ||uy — Wljwmeyy > 1 and ||vy = vo|lwmeaery > 1. Then, ||(y — Uy, v1 — Vy)|| > 2 and

Gpllws = Ualliymnyy + Cqllvi = Vallfymeaqy)

2 min{cy, cg}(|[w = allfymney) + Vi = Vallfymaacyy)
%ﬁ%}ﬂ(m = U, vy — W)
> %ﬁ%}ll(lﬁ - Uy, v1 — V)%
Let
a(t) = %tq-{ t>2.

(2) Assume that ||y — Up|lwmryy <1 and ||vy — Vo|lwmeayy < 1. Then, ||(uy — Uy, v1 — vy)|| < 2 and

Cpllus = u2||€1/'"1v11(v) + Cqllv - VZHgV'"Z‘q(V)

min{c,, c3(llts = allfymineyy + (V1 = Vallfymagy))

min{cy, ¢}

v

1 = ug, vi = vp)|IP

2p1
min{cy, ¢g}
Tll(m U, Vi = V)P, ([ - ug v - V)l £,
| min{cy, ¢}
Tll(ul “ U, i = W)Y, 1< (W~ Uy, vi — V)l S 2.
Let
min{c,, ¢
M p—l, 0<t< 1,
w={ 2"
a(t) =1 .
2 min{cy, ¢4}
— 1! 1<t<2

201 ’

(3.9)

(3.10)

(311

(312)

(3.13)

(3.14)
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(3) Assume that ||ug — U|lwmeyy > 1 and |[v; = v|lwmeayy < 1. Then, ||(ug — up, v — v2)||? > 1 and

p a
Gpllt = Wallyymeeyy + Collva = Vallymagy,
min{c,, C}(llts = a|[fymngyy + V1 = Vallfymagy))

min{c,, ¢4} (3.15)
#”(ul = Uz, vy — V)|

min{cy, ¢q}
2p1

v

1 = ug, v1 = V)|
Let

min{cy, ¢},
— 3.16
P TE AR R (3.16)

as(t) =

(4) Assume that ||uy — Up|jwmey <1 and [|vq = vy|lwmeyy > 1. Then, ||(w — ug, v; — v,)||? > 1. Note that
q - p < 0. Thus, we have
Collug = Wby meney + Collvi = Vol [Lms.
pll¥1 2[lw™mLp vy qliV1 2{lwmz9(y)
2 min{cy, Cql|ve = Vallymagy 17 Wallwmery 17 Vallwmeay
2 min{cy, ¢qllvi = Vallfyheaey It = llymogyy + (v = Valliymeay)

2 min{cy, ¢q([[t = Wollwmew) + [[vi = Vallwrza)TPH(l = Wallfymaeyy + (Vi = Vallgmae)

. |
2 min{Gy, Cqll(uy = g, vi = V)IITPIop G — i, ve = )| (317)
| 9 G
= min F”(ul = Up, V1 — V)PP, Fll(ul = U, vy — V)|
min{c,, ¢;}
2 —— Il = up, vy~ vyl

2p-1
Let

min{c,, ¢4} -1

= . t>1 (3.18)

ay(t) =
Combining (3.12), (3.14), (3.16), and (3.18), we define a : R* U {0} - R* U {0} by

min{cy, ¢g} p-1

0<t<1
p_1 ) 8]
ay =] 2 (3.19)
min{cy, ¢q} -1
T y t>1.

Then, a is continuous and strictly monotone increasing with a(0) = 0 and a(t) — +% ast — +oo. Thus, by (3.11),
(3.13), (3.15), and (3.17), (3.10) can be written as

(D, v1) = @'(uz, vo), (U1 — Uz, v1 = V) 2 a(||(uy — Uy, vi = Vo)llw)|| (s — Uz, v1 = V2)llw .

So @’ is uniformly monotone in W if max{p, q} = p. Similarly, if we let max{p, q} = q, we can also obtain
the same conclusion.
Next we show that @ is also hemicontinuous in W. Assume that s — s* and s, s* € [0, 1]. Note that

(D ((uy, ) + $(v1, V2)), (W1, W)y — (D((uy, Up) + $*(vy, Vo)), (Wy, Wi))|
S D ((w, up) + $(v1, v2)) = (g, Uz) + $*(v1, V2l - ||(wr, wo)||

for all (w, up), (v1, v2), (W1, wp) € W, where ||-||« denotes the norm of the dual space W*. Then, the continuity
of @ implies that

(D ((, up) + (v, v2)), (W, wa)) = (D((uy, Up) + *(vy, v2)), (Wq, wp)), ass — s*

for all (g, up), (v1, v9), (Wy, wy) € W. Hence @’ is hemicontinuous in W.
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Moreover, for all (u, v) € W, we have
(@, v), @ v) = [[[9mup + meOP Iy + (97t + RGOty
v 14

= ||u||ﬁ/m1vP(V) + ||V||gv”’2'“(V)‘

So, @’ is coercive in W. Thus, by Theorem 26.A in [13], we can obtain that ®’ admits a continuous inverse in W. [
Lemma 3.5. @ : W — R is sequentially weakly lower semi-continuous.

Proof. Since @ is continuously differentiable and @’ is uniformly monotone, which implies that @’ is monotone.
It follows from Proposition 25.20 in [13] that ® is sequentially weakly lower semi-continuous. O

Lemma 3.6. ¥ has compact derivative.

Proof. Obviously, ¥ is a C! functional on W. Assume that {(u,, v,)} C W is bounded. Note that W is of finite
dimension. Then, there exists a subsequence {(uy, vx)} such that (ug, vk) = (ug, vo) for some (ug, vo) € W.
By the continuity of ¥, it is easy to obtain that

19" Cug, vio) = $(uo, vo)ll« = 0, asn — o,

Hence, ¥ is compact in W'. O

Proof of Theorem 1.1. Obviously, by (¥) and (F;), ®(0) = ¥(0) = 0 and both ® and ¥ are continuously
differentiable. Moreover, it is easy to see that ® : W — R is coercive. Lemmas 3.2-3.6 imply that all other
conditions in Lemma 2.4 are satisfied. Hence, Lemma 2.4 implies that for each A € (Agl, A[l), the functional
¢ has at least three distinct critical points that are solutions of system (1.14). O

4 Proofs for the (p, q)-Laplacian system (1.15)

Let G = (V, E) be a locally finite graph. In order to investigate the (p, q)-Laplacian system (1.15), we work in
the space Wy = WP(V) x W4(V) with the norm endowed with ||(u, V)|l; = |[ullytry *+ [[VIlwiey and then,
(W4, ||*|l) is a Banach space which is of infinite dimension. Different from the case of finite graph in Section 2,
the continuous differentiability of variational functional for (1.15) cannot be obtained just by (F). However,
by using the condition (F)’, the difficulty has been overcome in [7] so that we can apply Lemma 2.4 to
system (1.15).

We consider the functional ¢ : W; —» R as

1 1
o) = [ + moowpdu + o f4vit + hGOWINdu - AfFox v (41
14 14 v

Then, by Appendix A.2 in [7], under the assumptions of Theorem 1.2, we have ¢ € C'(W;, R), and

(@' (u, v), (¢, 9y)) = I[IVulp'ZF(u, ¢ + MOOuPP~2ug, - AE(x, u, v)¢,ldu
v 4.2

+ [[19v-20, 9,) + hOOWI-2v, - AF(x, 1, V), ldu
\’4

for any (u, v), (¢;, ¢,) € Wi. Define ® : W; - R and ¥ : W; —» R by
- 1 1
d(u, v) = ;_[(IVMIP + hOOlufP)du + Ej(lvvlq + hyQOv[D)du
14 v

1
q
”u” wha(v)

== v
» vl

12 -
Wl'p(V) + q|
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and

P(u, v) = jF(x, u, v)du.
14

Then, ¢(u, v) = ® - AP. Moreover, it is easy to see that (u, v) € W; is a critical point of ¢ if and only if

I[IVuI”‘ZF(u, ¢ + MOl 2ug, ~ AR(X, u, v)¢y]du = 0
14

and

[Uwvirzr, ¢,) + RGO 2, - ARG, 1, v),ldu = 0
v

for all (¢,, ¢,) € W1.

Lemma 4.1. Assume that (M), (H,), and (Fy)’ hold. Then, for any given r > 0, the following inequality holds:

sup(u,v)ei)—l(_m’,]‘?(u, V)
r

1
<= max Ladcs, t)l)_Y[b(X)dlL

1 1 1
N e O

Proof. By (F)’, we have

P(u, v) = _[F(x, u(x), v0O)du
\’4

< Jatien, voo)Dbeody

14

< max a(lGs, o [boodu
v

(s D1 [l *[[VIeo

for every (u, v) € Wy. Furthermore, for all (u, v) € W; with ®(u, v) < r, by Lemma 2.3, we obtain

1 1 1 1 1 1
ulle < 75— ullweeey < —57 @7, Vil <~ IVIwtawy <~ 7@
0 Pyollp 0 Pyollp 0 quollq

1
h h h ho'ulta
Then,
sup  B(u,v) < | max (s, t)|)_[b(x)dy. w3
Wv)ED (-o,r] |(S,f)|5w(llr)?+w(qr)q v
Furthermore, the proof is completed by multiplying % on both sides of (4.3). O

Lemma 4.2. Assume that (M), (Hy), (F)’, and (F5)" hold. Then, there exists (us,, vs,) € Wy such that

SUP 1) e (-0 P +y0] © (U V) - P(us,, vs,)

le + qu cf)(u&p VSg) ‘
Proof. Let
81, X = Xp _ |62, X = Xp
ué‘l(x) - O, X% XO, v62(X) - 0’ X # X0,
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where 6;, 1 = 1, 2 are defined in (F;)’. Then, a simple calculation implies that

deg(xo) _
1, X = Xo,
2u(xo)
[Vus,|(x) = Wxgy .
21() 81, x=y with y ~ X,
0, otherwise,
and
deg(xo) = x
2u00) v
|VV52|(X) = Wxy
= ith v ~
200) 6y, x=y with y ~ Xo,
0, otherwise.
Then,

Jawusp + meotus, )i
\4

2 (VuslP + m(Olus, [P )ux)

XEV
= (IVug [P (Xo) + y(Xo)|us,P(xo))uxo) + 2 (IVuslP(y) + h(W)lus,P()uy) 4.4)
Y~Xo
deg(o)| :
eg(Xo Wxy
= 8Pu(xo) + hi(xo)8u(xo) + 87 )
2u(x0) 1 U(Xo 1(X0)01 U(Xo 1 )’“’ZXO 2u(y) u(y
= &My  (defined in(F)),
and similarly,
Jawvspt + haols,
\’4
deg(x) |! : 45)
egXo Wygy .
= 8Fu(xo) + hy(X0)87u(xo) + 87 )
20(x) 2 U(Xo 2(X0)02 U(Xo 2 ygxo 2u(y) pQy
= §/M, (defined in(F)").
Note that {y|y ~ Xo} is a finite set. Then, (4.4) and (4.5) imply that (us,, vs,) € Wi. Moreover,
- 1 1 §IM; 8M
Bus, vs) = — [ (VuslP + mCOlus A + — [(V0s)1 + RyGOlvs0)dp = 2L + 2222 4.6)
by, qy p q
Note that §; > yk;, i = 1, 2, where
_1 _1
ol
K=|1—| , Ky = |— .
p q
Then, (4.6) implies that ®(us,, vs,) = yf + 5. Moreover, (F;)" implies that
Pus, vs) = [FOx s, va)du
\’4
= F(x,6,8) + | F(x,0,0)du @7

V/{xo}
= F(XO) 51: 52)
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Hence, by (4.6) and (4.7), we obtain
‘T’(ugl, \)52) _ F(xo, 61, 82)

A p q .
D(us, vs,) M, 5My
p q

In view of Lemma 4.1 and (F3)’, we obtain

Sup(u,v)eal(_oo,yluVZq]‘TJ(u, V)

Wy
1

IA

P+ i 1 1 1 1
nwy, (8.1 —37, 37, (P +D¥DP+ 77 (@ +ays
hoCatg ot

F(Xo, 81, 6)
8Py + 84M;,
p q
P(us,, vs,)
d(us,, vs,)

max a(l(s, O [ boodu
14

The proof is complete. O
Lemma 4.3. Assume that (H;) and (F,)" hold. Then, for each A € (0, +®), the functional ® - AV is coercive.
Proof. By (F,)’, we have

1 1
00 ) = el + o Wl = 2 JFOG 0 VI
|4

1 1
> Wlpay + My = A e = A5 eI = 2 [ 00
14

p
1 1 - a
2 ;”u“s/lxl’(v) + a“‘)“zyqu(v) - /1||f1||°°h0 p.uO p”u”a/lvp(v)

B B o
= Al o o VI, = A fgOOR.
14
Note that a € [0, p) and S € [0, q). Therefore, @(u, v) is a coercive functional for every A € (0, +). O

Lemma 4.4. The Gateaux derivative of ® admits a continuous inverse on Wi, where Wy is the dual space of W;.

Proof. In the proof of Lemma 3.4, we only need to take m; = 1,1 = 1,2 and let G = (V, E) be a locally finite
graph. Then, the proof is essentially the same as that in Lemma 3.4. O

Lemma 4.5. & : W; — R is sequentially weakly lower semi-continuous.

Proof. The proof is essentially the same as that in Lemma 3.5, taking m; = 1,i = 1,2 and letting G = (V, E)
be a locally finite graph. O

Lemma 4.6. ¥ has compact derivative.
Proof. Obviously, ¥ is a C* functional on Wj. Assume that {(un, v,)} € W; is bounded. Then, by Lemma 2.3, there

exists a positive constant M > 0 such that [|ux|l. < M and ||vk|l.» < M and there exists a subsequence {(uy, vi)}
such that (ug, vg) — (ug, Vo) for some (ug, vo) € Wy. In particular,

;132 Iukwdﬂ = Iuowdu, Vo € C(V),
14 14
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which implies that

]l(im ux(x) = ug(x) foranyfixed x € Vv (4.8)
by taking
- y=
(0()’) - 0’ y £ X
Similarly, we have
Il(im V(x) = vy(x) for any fixed x € V. (4.9)

Note that

1P (g, vie) = ®"(Uo, Vo)l
= sup  (®(ug, vi) = P"(uo, Vo), (@, 9 )|

I(61.9,)11=1
= sup I[Elk(xy Uy, vk) - EIU(X) U, Vo)]¢1d[,l + I[E)k(xy Uy, Vk) - E}o(Xs U, VO)](pzd[J
I(¢4,¢2)11=1 174 \4
s sup _[[E,k(x, Uge, Vie) = Ei(X, Uo, vo)lydt | + I[Rk(x, U, Vie) = Fo(X, Uo, vo)1@,du | .
(¢4, ¢,)11=1 \74 \’4
By (Fy)’, we have
|Fy (X, Uy, Vi) = Fy(X, Ug, Vo)
< [a(|(ug, vidl) + a(|(uo, vo)]b(x)
< max a(|(s, ) + max a(|(s, O)])|bCx)
1(.8) <] to ke + | Volleo I(s.t)|<2M
= [(X).

Note that b € LY(V). Hence, I(x) € L}(V) and so Jvlﬂk(x, Uk, Vi) — Fi,(X, U, vo)|du is uniformly convergent.
Thus, by (4.8), (4.9), and the continuity of F,, we have

J[Elk(X) Uk, Vk) - EJU(X) Uy, VO)]¢1dU
14

< ([1E 0, ke, vid = Eyx, o, vo)lda 6o
1’4
211
< J|ﬂk(X, e, Vi) = Fiy(X, Uo, vo)ldpt g Prap P
1’4

I

0 as k— oo,

Similarly, we also have

I[Rk(x, U Vi) = Fy(X; Uo, vo)]ddut > 0 as k — oo,
14

So,
19" (uy, vie) = P'(ug, Vo)l = 0 as k — oo,

Hence, ¥’ is compact in Wj. O
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Proof of Theorem 1.2. Obviously, by (F)’ and (F)’, ®(0) = ¥(0) = 0 and both ® and P are continuously
differentiable. Moreover, it is easy to see that ® : W; — R is coercive. Lemmas 4.2—-4.6 imply that all other
conditions in Lemma 2.4 are satisfied. Hence, Lemma 2.4 implies that for each A € (8;1, @[l), the functional
O has at least three distinct critical points that are solutions of system (1.15). O

Remark 4.7. On the locally finite graph, we do not consider the more general poly-Laplacian system. That is
because it is difficult to obtain the continuous differentiability of the variational functional ¢ when
m; > 1,i =1, 2, which is caused by the special definition of L, .

5 Results of the scalar equation

By using the similar arguments of Theorem 1.1, we can also obtain a similar result for the following scalar
equation on finite graph G = (V, E):

Emplt + ROOUP2u = Af (x,u), Xx€V, (5.1

where m > 1is an integer,h: V- R,p>1,A>0,and f: VxR - R.

Theorem 5.1. Let G = (V, E) be a finite graph and F(x, s) = f;f (x, T)dz for all x € V. Assume that the following
conditions hold:

(W) h(x)>0forallx € V;

(fo) F(x,s) is continuously differentiable ins € R for all x € V;

() [,F(x, 0)du = 0;

(f2) there exist a constant a € [0, p) and functions g, &, : V— R such that

F(x, s) < g(X0)Is|* + g,(x)

for all (x,s) € VxR;
(f3) there are positive constants y and § with § > yk, such that

A= L max  F(x,s)|V] < w = Ay,
i O 7 htodu
mm_:\m
where |V| = Y, cyu(x) and x = %Ivh(x)dy ’

Then, for each parameter A belonging to (A; ', A7), equation (5.1) has at least three distinct solutions.
By using similar arguments of Theorem 1.2, we can also obtain a similar result for the following scalar
equation on a locally finite graph G = (V, E):
=Apu + hQOuP~?u = Af(x,u), x€V, (5.2)

wherep 22, h: V->R,A>0,and f: VxR - R.

Theorem 5.2. Let G = (V, E) be a locally finite graph and F(x, s) = J;f (x, T)drt for all x € V. Assume that (M)
and the following conditions hold:

(h)’ there exist a constant hy > 0 such that h(x) 2 hy> 0 forall x € V;

(fo)” F(x, s) is continuously differentiable in s € R for all x € V, and there exist a functiona € C(R*, R*) and a

function b : V- R* with b € L{V) such that
If(x, 9)I < a(lsPb(x),  |F(x, s)| < a(|sPb(x),

forallx € V and all s € R;
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) IVF(X, 0)du = 0 and there exists a xy € V such that F(xy, 0) = 0;

(f,) there exist a constant a € [0,p) and functions g :V —> R, i=1,2, with g € L°(V) and g, € L((V),
such that

F(x,5) < OIs|* + &(x)

for all (x,s) € VxR,;
(f3) there are positive constants y and § with § > yk, such that

, 1 F(x, 8)d ,
0= max a(sh[boods < 5 =0

S gn M

. -p
where k = ;Ivh(x)dy and
deg(o)| :

eg(Xo Wxy
= Xo) + h(xp)u(xp) + .
20(x0) u(xo) (xo)u(xo) y~Zx0 2u(y) uy)

Then, for each parameter A belonging to (05", 0%, equation (5.2) has at least three solutions.

Remark 5.3. In Theorems 5.1 and 5.2, all three solutions are nontrivial solutions if we furthermore assume
that f(x, 0) # 0 for some x € V.

6 Examples
In this section, we present two examples as applications of Theorems 1.1 and 5.2.

Example 6.1. Let p = 2,q = 3, and m = 2 in (1.14). Consider the following system:

£u + h(u = AR(x,u,v), x€7V,

£3v + h(x)v = AR(x,u,v), Xx€V, (6.1)

where G=(V,E) is a finite graph of 9 vertexes, ie., V={x,X, ..,Xo}, the measure u(x) =1, i=
1,2 ..,9,h: V->R*with h; =9,i=1,2, for all x € V and put

(oY + oy G Q)
1= " 1/ 1. 27 T g 14

LetA>0and F: VxR xR — R is defined by

w1 — 8], 0 <s| £ wy,
oF(x,s,t
e w1 < Is] < 4oy,
S
(Aw)nsP - wf, 4w < s,
and
wy = |t], 0 <t] £ wy
oF(x,s,t
% =it - w, wy < It] < 5wy,
G|t - vy, 5wy < |t
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Then,

1 1 3
Jof + J@o) + Jof + o (du)1isi - ofls]

2 4-n

1 1 1 4
- ——(@w)* + i+ Z(wy)’ + —w;
4—r1( 1) 52 5( 2) 52
1
+ 50,2t = wit] - ———(5w,)5, 4w, < ||, 50, < |t],
5_r2( 2)"|t| 2 1] 5—r2( 2) 1 < s, Sw; < [t
1 1 1 4
wis| = 2 Is|* + szz tg It - wylt] + szS 0 <|s| £ wy, wy < [t] < 5wy,
1 1 1 4
wils] = 5 [P + Zwf + Z(5wy)® + —w;
/8] 2|| 52 5( 2) W2
1
+ 50)2|tP "2 = wit] = ———(5w,)5, 0 < |s| < wy, 505 < ],
5—7”2( 2)"2|t| 2 1] 5—r2( 2) S| < w1, 5wy < |t
1 1 3 1
wa+z|s|4—cu13|s|+Zw14+w2|t|—E|t|2, w1 < [S] < 4wy, 0 < |t] < wy,

1 1 3 1 1 4
F(x,s,t) = Ewlz 2 Is|* — wils] + wa + szz *3 [P ~ wylt] + szs, w1 < || < 4wy, wy < |t] < 5w,

1 1 3 1 1 4
JOi + st = wflsl + T + o) + S5 + cw;

1
+ (Bwp)? P = Wyt - ——(5wy)®, w1 <[] < 4wy, Swy < |,
5-n 5-1
S0P + @00t + S0t + ——deistT - ofls
2 4 4 4-n
L(4cu)4+ (u|t|—1|t|2 4w < |s|,0< |t S w
4 — n 1 2 2 5 1= B = = Wy,
lwf + l(4w1)4 + Ew14 + (Aw)Is* - w|s|
2 4 4 4-7
1 1 1 4
- ——Aw)* + —wi+ = |t - Wit + —w;, 4wy < 8|, W < |t] < 5w,
4-7“1( D+ Swp 21t + gw; 1508, w2 < |t 2
1 2 1 2
wils| = 5 ISP + wqlt] = o 1t 0<|s| <wy,0=t] <wy

where (1, 1) € (1, 2] x (1, 3]. Next we verify that hy, hy, and F satisfy the conditions in Theorem 1.1.
* Obviously, h; satisfy (H), i = 1, 2, and F satisfies (Fy) and (F).

* Let
_ 4wy _ Bwy)"
fi0) = i-r’ f,0) = 5-1,
and
1 1 3 1 1 4
gx) = wa + Z(4w1)4 + Zw{‘ + szz + E(Swz)S + szs, forall x € V.
Then,

F(x,s,t) < fi(X)]s|* + £t + g(x),

where a € [0, p), B € [0, q). Hence, F satisfies (F3).
o Let

. 45): 81) 81}
81 = 4wy = 4 x 152, 62=50J2=5X7, )/1=7, V2=?.
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Then, &; > VK = 1, 6, > Vol = 1,

P q
o meodu + % | moodu

A==
infyevF (X, 61, 8,)|V]
1 3
81 1, 8 53
7'(4'152) +€' 5- o
) 2 1)3 H 5
E O R O By VST P JUDT-C SE S  ME Y P -1 o S -1 O 1 ) IV
2 152+ 4 2) R 5 2 2 5 (2
=0.07614
and
A= W
' max . ol b, ot F(x, 8, 0)|V]
XEV sl (py; +py3 )P It (qv1 +ayy 4
T i o
81 , 81
_— + i
2 3

%
ERREIR
= 0.65303 > Ay
Hence, (F;) holds. Thus, by Theorem 1.1, for each A € (Agl, A{l) = (0.07614, 0.65303), system (6.1) has at least

three distinct solutions.

Example 6.2. Let p = 3 in (5.2). Consider the following scalar equation on locally finite graph G = (V, E):
-Asu + h(xu = Af(x,u), x€7V, (6.2)

where the measure u(x) =1 and h(x) = 4 for all x € V. For some fixed xo € V, there are four edges xqy € E
with wy,, = 2. Put

_ (py?y
== )
ho P‘uol/p
LetA>0and F: VxR — R is defined by
oF w - |s], Is] £ w,
fos) = 22D g - o, w< sl < 60,
S
(6w)'s5" — w?, 6w <|s|,
and
f(x,s)=0, forall x € V/{xe}.
Then,
wls] = 7 P sl <
2 ’
ool 6 5 S5 6
F(Xo, 8) = 50"+ £ IsI® = @’ls| + Lo, w < |s| < 6w,
1 65+5 1
2 + 6 _ 6 4+ rlel6-T — ()5 <
w e Y TG r(Gw) 6 r(Gw) N wls], 6w <|s|




DE GRUYTER Three solutions for quasilinear Laplacian systems on graphs

and
F(x,s) =0, forall x € V/{xo},

where r € (3,5] and A > 0. Next we verify that h and F satisfy the conditions in Theorem 5.2.
* Obviously, h satisfies (h)’.

o Let
L(Gw)’ X=X
gl(x) =le-r ) 0,
0, X#* Xo,
1o, 8%5 60 )
g2<X) =1{9 6 ’ 0,
0, X # Xo,
1
Mﬂ-EBP+L Is| < ,
1 1 5
a(ls) = 50t + ¢ I8 - @’ls| + c0® + 1, w < |s| < 6w,
1 66 +5 1
—w? + 5 wd - = r(6w)6 + = r(6w)r|s|6‘r -wls|+1, 6w <|s|,
and
b _ 1, X = Xo,
) = 0, X# X
Then,
1 1 66 +5
llgylle = m(ﬁw)r, I8l vy = sz + Twa
and
F(x,s) < gi(x)|s]* + g,(x).
Moreover,

fx,8) < a(|sPb(x), F(x,s) < a(|sPb(x),

for all x € V and all s € R. Hence, F satisfies (f;)’, (f;)’, and (f;)".
* Let

1
16 )3
§=6w=6"4, y=L—y
3
Then, § > yk =1,

&P
—M
-1 p

@ o —
> infyevF(x, 8)
(6 43)% x + x 16

%.4%4_65.42_6.42_,_%.42
=0.0371



22 =— YanPang et al. DE GRUYTER
and
p
o= L
max 1 a(ls Ib x)d,
v P (IsD§, bGOdu
' hll,lrf\’in”rln/ig
16
_ 3
1 2
E <43 + 1
=236 > 0,1,

Hence, F satisfies (f;)". Thus, by Theorem 5.2, for each A € (872 07") = (0.0371, 2.36), equation (6.2) has
at least three distinct solutions.
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