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Abstract: In this study, we will express the 2-crossed module of groups from a higher-dimensional categorical
perspective. According to simplicial homotopy theory, a 2-crossed module is the Moore complex of a 2-trun-
cated simplicial group. Therefore, the 2-crossed module is an algebraic homotopy model for the homotopy
3-types. Tricategories are a three-dimensional generalization of the bicategory concept. Any tricategory is
triequivalent to the Gray category, where Gray is a category enriched over the monoidal category 2Cat
equipped with the Gray tensor product. Briefly, a Gray category is a semi-strict 3-category for homotopy
3-types. Naturally, the tricategory perspective is used in homotopy theory. The 2-crossed module is associated
with the concept of the Gray category. The aim of this study is to obtain a single object tricategory from any
2-crossed module of groups.
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1 Introduction

Whitehead described crossed modules in [1,2] for modeling homotopy 2-types from the algebraic homotopy
theory perspective. Roughly speaking, in terms of nonabelian algebraic homotopy 2-types, any crossed module

of groups G, = (E A G) has a classification space X such that m(X) = ker(9) and m(X) = coker(9), while each
of the homotopy groups 7;(X) for i > 2 is trivial. Loday introduced cat!-groups, a similar structure for homo-
topy 2-types in [3]. From a categorical point of view, Brown and Spencer [4,5] associated crossed modules of
groupoids with double groupoids. In terms of structures in categories, a crossed module of groups is equiva-
lent to an internal category in the category of groups Grp [6,7]. From the point of view of monoidal categories
in [8], crossed modules are equivalent to strict 2-groups.

Gordon et al. [9] introduced the tricategory concept, the natural three-dimensional generalization of
bicategory [10]. Also, bicategories are called weak 2-categories [8]. Any tricategory is triequivalent to the
Gray category, where Gray is a category enriched over the monoidal category 2Cat equipped with the Gray
tensor product [9]. Briefly, the Gray category means exactly a strict cubical tricategory. Furthermore, a strict
cubical tricategory is a semi-strict 3-category for homotopy 3-types, as a Gray category [11,12].

* Corresponding author: Emre Ozel, Department of Mathematics and Computer Science, Faculty of Science, Eskisehir Osmangazi
University, Eskisehir, Turkey, e-mail: emreozelmath@gmail.com

Ummahan Ege Arslan: Department of Mathematics and Computer Science, Faculty of Science, Eskisehir Osmangazi University,
Eskisehir, Turkey, e-mail: uege@ogu.edu.tr

Ibrahim ilker Akga: Department of Mathematics and Computer Science, Faculty of Science, Eskisehir Osmangazi University, Eskisehir,
Turkey, e-mail: iakca72@gmail.com

ORCID: Emre Ozel https://orcid.org/0000-0002-5106-443X; Ummahan Ege Arslan https://orcid.org/0000-0002-2995-0718; fbrahim ilker
Akga https://orcid.org/0000-0003-4269-498X

8 Open Access. © 2024 the author(s), published by De Gruyter. This work is licensed under the Creative Commons Attribution 4.0
International License.


https://doi.org/10.1515/dema-2024-0061
mailto:emreozelmath@gmail.com
mailto:uege@ogu.edu.tr
mailto:iakca72@gmail.com
http://orcid.org/https://orcid.org/0000-0002-5106-443X
http://orcid.org/https://orcid.org/0000-0002-2995-0718
http://orcid.org/https://orcid.org/0000-0003-4269-498X

2 = Emre Ozel et al. DE GRUYTER

Conduché [13] defined a 2-crossed module for the algebraic homotopy 3-type models using simplicial
homotopy theory. In brief, the 2-crossed module is the Moore complex of a 2-truncated simplicial group.
In [14,15], the 2-crossed module is associated with the concept of the Gray category.

The aim of this study is to obtain a single object tricategory from any 2-crossed module of groups. For this,
we will first construct a strict 2-group from a crossed module of groups by a categorical point of view. In
contrast to crossed modules, the categorical structure must change as one moves towards higher dimensions.
Because the 2-crossed module defined on the pre-crossed module does not form a strict 3-category structure.
The algebraic homotopy 3-type models related to the concept of semi-strict 3-group are sestertius categories.
The word sestertius is derived from the Latin phrase “SEMIS TERTIVS,” which is translated as “2 1/2.”
Mathematically, a sestertius category is defined by a three-dimensional generalization of a strict 2-category,
called a sesquicategory, for which there is no interchange law (for a different perspective, refer [16]). There-
fore, we will obtain a sestertius category with one object in which all 1-, 2-, and 3-morphisms are invertible
from a 2-crossed module of groups. Afterwards, we will construct a tricategory from this sestertius category.

2 Preliminaries

Before giving the definition of a tricategory, we will simply give an overview of the two- and three-dimensional
categories.
Roughly speaking, a category consists of objects and the morphisms between them, as follows:
!

For these structures, we will use the nomenclature 0- and 1-cells, respectively. If we use the 0-source and 0-
target functions to describe the 0-cells, we obtain so(f) = a and ty(f) = b. Naturally, this structure has to satisfy

unit and associative composition:
1a / g

a, a b .
- gt f )

Note that the composition of the 1-cells is “4#,.” We may write this composition as g#,f (meaning first g and f).
Throughout our work, we will describe all compositions in this way. Of course, the composite of g#,f
of two 1-cells is defined if and only if (f) = so(g). Thus, for composition g#,f, So(g#f) = So(f),
and to(g#,f) = to(g). In addition, if the morphisms of 1-cells are invertible, this structure is a groupoid.

If we want to add 2-cell to this structure, we have the following:

a

As the diagram shows, the 1-source and 1-target of the 2-cell a are s;(a) = f and (a) = f”, respectively.
Let us have 2-cells with source and target compatibility as follows:
f g

/\\/’g\

a b, b c.

\_/W

' g’
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Thus, we can define whiskering diagrams as follows:

glio f
f /\
a\ﬂ/b%c - g “
Iz W
gllo f’
gof’
g
a%b ,‘A c =a Bt f’ c
W ﬂ
g/
g'tof’

In addition, the horizontal composition of 2-cells “4,” is defined as follows:
g gtio f

/I\b/j\ |

\f// WO ) a\ﬂﬁa/c.

g'tof’
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Further, if we have 2-cells @ and a’ where the 1-target of a is f” and the 1-source of a’ is f”, then the vertical

composition of these 2-cells, “4,,” is defined as follows:

m ) Iz
W

2

a

Additionally, the vertical composition #, of 2-cells is compatible with the horizontal composition #,

of 2-cells. If we show the interchange law diagrammatically, we have

f g gllof
a f! b g’ c = a (B'hB)(a thia)=(8"toa’ )i (Bloa).
! B/
f// g// g//ﬁof//

(B'118)o( 1) = (B'foa’ )1 (Boc).

G
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We can upgrade this structure as much as we want. If we add 3-cells, we have
f

N\ L2
f/

Note that the 2-source and 2-target of 3-cell 7 are s,(;r) = q and ,(;r) = ay, respectively. Thus, we would
expect to have a vertical composition #, for 3-cells. Of course, it is necessary to satisfy the interchange law for
3-cells. If the morphisms of these 1-, 2-, and 3-cells are invertible, then this structure is a 3-groupoid.

We will consider the tricategory structure, which is a particular type of the 3-category structure.
Tricategory is some kind of algebraic notation for weak 3-categories. We recall the definition of tricategory
given in [9,17].

Definition 2.1. A tricategory ¥ consists of following data subject to the following axioms.

DATA:

(1) A set Ob¥ of objects of X.

(2) For (a,b) € Ob% x ObZ, a bicategory (weak 2-category) ¥(a, b), called the hom-bicategory of ¥ ata and b,
exists. The objects of T(a, b) will be referred to as the 1-cells of T with source a and target b, the arrows
of ¥(a, b) will be referred to as 2-cells of T (with their same source and target), and the 2-cells of T(a, b)
will be referred to as 3-cells of ¥ (also with their same source and target).

(3) For objects a, b, and ¢ of Ob%, a functor ®:%(b, ¢) x Z(a, b) — <(a, c¢) exists called composition.

(4) For an object a of ObT, a functor I, : 1—%(a, a), exists where 1 denotes the unit bicategory.

(5) For objects a, b, ¢, and d of Ob%T, an adjoint equivalence a

T(e,d) x T(b, ¢) x T(a,b) —— 22—~ F(b,d) x T(a,b)

T(e,d) x %(a,c) s T(a,d)
in Bicat (%(c, d) x (b, ¢) x %(a, b), ¥(a, d)) exists.
(6) For objects a, b of Ob%, adjoint equivalences [ and t
) x E(a,b) ) X T(a,a)

V\ /\

in Bicat (¥(a, b), %(a, b)) exists.
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(7) Fora,b,c,d, e € ObT, an isomorphism 2-cell 7 ( i.e., an invertible modification)

®><1><1 ®x1x1

33
1 x1 Jax1 \< 1X1>7 ®/ \
x1 <2 &

LB X ®x1
—> :32 AI2
/ ®
/1><® Jax1 % 1)@&{ Ja \ %
2 2
in the bicategory Bicat (Ta, b, ¢, d, e), T(a, e)) exists, where T4 = T%a, b, c, d, e) is abbreviation for
T(d,e) x T(c,d) x T(b, c) x T(a, b).

T %
® &

1><1/
1
mx
T

1x1 53 ®x1

1><® Ja

524>T
®

TS 3:3
Ixylﬂ &i IXV ®x1
X
T2 T2 T2 1o T2
1
A = Ja
® = ® ® T2 ®
Ix1 I K
1 ] 2 T - T
T ! T : T
r /
1xI ®
® = ® ® T2 ®
é = =a
‘32 1 ‘I2 (3:2 %1 (3:2
\ler/
Ix1xI X IX® 11T 1x®
T 3:3

(8) For objects a, b, ¢ of T, invertible modifications exist.
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AXIOMS:
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(1) [Non-abelian 4-cocycle condition] The following equation of 2-cells holds in the bicategory %(ay, as),

where we will denote the 2-cell elements by a;, 1 < i < 14 for easy reading of the diagrams. For elements

k,j,h, g, and f of 2-cells in ¥
a=ke (jo (h® g) e f,
G=ke (jo (h® g e f)),
a=ke e (he g f)),
m=((ke po h)® g e f,
a=ke (jo he g)® f,
a=ke (j® h)e (g f),
az=(k® j)® (h® g)® f,

y

(al)1

w=ke (j& (h® g)® f),
aw=k® (jo (he g N),
a=(k® )® hH® g® f),
as=(k® jo h))e g f
a=k® (& he g f),
ap=ke® (je he g f)),
ay=ke j)® (h® g)® f);

(al)1

Y

1(1e)

1(1a)
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(2) [Left normalization] The following equation of 2-cells holds in the bicategory %(ai, a;), where
the unmarked isomorphisms are either naturality isomorphisms for a or unique coherence isomorphisms
from the Hom-bicategory.

a=he (I® g f, a=*he g f a=h® (g f),
a=(he Do g)® f, as=he Do ge f), a=he (I® g e f),
a=he (o (g )

a4 Oél as

V&\L Y ag =]

Y Xial o N i
\ Tt(ll) ay
x

11

/

as.
1 3

(3) [Right normalization] The following equation of 2-cells holds in the bicategory T(ay, as).

u=h® (& Do f), m=he g (U f), a=he g f),

au=the g f, as=the @e D)o f, a=((he ge he f,
am=the ge (e f)

e e

as @ as
o~ o r aT wx
a (1v)1 al ar = as
Upl __ ag (11)[i /
o o " )

\
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Example 2.2.

(1) A monoidal bicategory is a tricategory with a single object.

(2) BiCat is a tricategory with objects being bicategories; 1-cells are homomorphisms between these bicate-
gories; 2-cells are pseudonatural transformations; and 3-cells are modifications. As seen in [18], BiCat is not
triequivalent to Gray, but it can be Gray-categorized in a special way [17].

(3) Fundamental 3-groupoids are tricategories. 3-groupoids are a generalization of 2-groupoids in higher-
dimensional category theory. If we look at fundamental groupoids with a higher categorical approach,
the fundamental 3-groupoid is a tricategory whose objects are spaces, 1-cells are continuous maps, and
higher cells are the appropriate mediator homotopy types. This structure is explored in detail in [19].
In [17], in terms of the fundamental 3-groupoid, the objects of an X space are points of X, and the higher cells
are paths, two-dimensional disks, and equivalence classes of three-dimensional disks in X. This structure
is also a tricategory.

Remark 2.3. A tricategory is strict if all of its constraints are identities; that is, if the invertible modifications
(5)—(8) in Definition 2.1 are identities [9].

Lemma 2.4. Let T be a tricategory; if it satisfies the following conditions, it is a cubical tricategory [17].
(1) Each bicategory <(a, b) is a strict 2-category.

(2) Each functor I, : 1 — %(a, a) is a cubical functor.

(3) For objects a, b, and ¢ of Ob%, each ® : (b, ¢) x Z(a,b) — %(a, ¢) is a cubical functor.

Definition 2.5. Let ¥ and ¥’ be tricategories. A trihomomorphism § from ¥ to ¥’ is a map that consists of

the following data and axioms:

DATA:

(1 A morphism Ob% — Ob%’.

(2) Fora,b € Ob%, a functor Fy : T(a, b) - T'(Fa, 3b).

(3) For a, b, and ¢ € ObT, an adjoint equivalence ¢ : ® °(F x §) = § °® with left adjoint is illustrated in
the following diagram:

IXF

(b, ) x T(a,b) T (b, Fc) x T'(Fa, Tb)

[ / ®/

Ta,c) T'(Fa, §e);

§

(4) For all a € 0b%, an adjoint equivalence ¢ : I, = § ° I, with left adjoint is illustrated in the following
diagram:

T'(Ja, Fa)

1 Isa
I, \ﬂ/ 4
T(a,a);
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(5) Fora, b, c,d € Ob%, an invertible modification 8 is illustrated in the following diagram:

q8  SXEXE 43 53 8XExE T,g

/ "x1
o 3/2

3
T2 / —5 <=
& g e \ \
Y
‘I—>‘I’

T—S>(’E

(6) For a, b € ObT, invertible modifications k and y is illustrated in the following diagram:

T/2 1/2
V T & V Yl\

b

I/ SXE T T’ N S/

5 T2 5 5 = 3

Ix1 I K
T T T : T,
1

and

g

AXIOMS:
(D) For all 1-morphisms (x, y, z, w) € ¥(d, e) x %(c, d) x T(b, ¢) x Z(a, b), the following equation of mod-

ifications holds:
a; = F((fgDk), a = F((f(gk), az = (f((gHk)),
as = §(f(gUK)), as = 3 5(g(jk)), ag = 3f (5g5(jk)),
a7 = 3f(FEITK)),  as=FfFHEITK).  as = (FFT&ITTk,
a = (S(Z)SNHTk, an = F((fg))3k, a, = §(f(g))Tk,
a3 = (3 5(g))3k, a4 = (Ff(SgSNITK, a5 = FF SNk,
a5 = §f (S(gHSk), ar7 = §f (5(g)H k), ais = F(fE)STK),
a9 = (Ff5)S(K),  axn = F(RFUK), an = S((f8)(JK));
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(2) For all 1-cells (x, y) € %(b, ¢) x %(a, b), the following equation of modifications holds:

Emre Ozel et al.

(€Dt

Y
x N %

KTe"

N / /
= @ as

1(1¢)

a=3(Mg), @=3(fUg), a=3(f7),

a, = §f3g, as=3f3Ug), as=Jf(SITY),
a; = (§fDTg, ag=3(DJg as=FM3g,
ai = SfIFL);

DE GRUYTER
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K1e
ai a2
A
A
a,
§(e1) w7 : san
1€
3 a6
as T a7 1(e1)
- 151
x1 /L)l Yim
5 ag T alo 5
el
Yp

tl 11

a4 1 a4
Fa
ai a
F(r1) Yau S(1I)

as 1 az
3 = 3
aq a4.

3 Algebraic type models for homotopy theory
3.1 Algebraic 2-types

In this section, we will give information about crossed modules.

Definition 3.1. A crossed module of groups, G1 = (E 2 G), consists of two groups G and E with a left group
action of G on E, and group homomorphim 0 : E — G satisfying the following conditions:

XMOD-10(%) = gd(e)g™,VgEGande €L,

XMOD-2 %®e’ = ee’e™ Ve, e’ €E.

IfG,=(E 2 G) only satisfies the XMOD-1 condition, it is a pre-crossed module.
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Example 3.2.
(1) LetG be a group and Aut(G) be the automorphism group of group G. With the conjugation homomorphism
¢, the following structure is a crossed module:

¢: G——= Aut(Q).
This structure is called the automorphism crossed module of group G.

() Let F~ E 5 B be a fibration sequence of pointed spaces. Then, p is a fibration that satisfies F = p™(by),

where by is the basepoint of B. Say that the fibre F is pointed at fj, and f; is also considered to be the
basepoint of E. Then, we have an induced map of fundamental groups as follows:

w1 (F) 7Tl—(z)>7r1(E').

Triple (mm(F), m(E), m(i)) is a crossed module. Refer [20] for detailed information.

Definition 3.3. Let G| = (E S G)and G1 = (E’ A G’) be two crossed modules of groups. A f = (f;, f;) morphism
of crossed modules from G; to G; consists of group homomorphisms f, : E—~E and f,:G - G,
also the following equations are satisfied:

D fyo =07,

@ f,(%) =h®F (o),
foreach g€ G ande €E.

Thus, we can define the category XMODg;y, formed by the crossed modules of groups and their
morphisms.

Now let us categorically express the crossed module G, = (E 2 G). Kamps and Porter [14] barely men-
tioned that one converts a crossed module to a 2-groupoid, but we will give in detail how to construct a 2-group
&(G1) (strict 2-groupoid with one object) as follows.

{} is the 0-cells of the &(G1) 2-groupoid that we will construct. The bottom group of the crossed module,
G, forms the 1-cells (elements of group G) of this 2-groupoid. The composition “4,” is defined as follows:

g2 g1
L] L] [ ]

N N

918092=9192

The semi-direct product group E X G will give the 2-cells of &(G1). For the 2-cell (e, g), (¢ € G and e € E),
the 1-source and 1-target are s;((e, g)) = g and t((e, g)) = d(e)g, respectively. In addition, for each g € G,
i(g) = (1g, g). This is the picture of 2-cell (e, g)

(e,9) : g=———="0(e)g: ¢————>e,

from the 2-categorical point of view, as follows:
g9

.ﬂ\

(e,9)

W"

d(e)g

3.1.1 Horizontal composition of 2-cells

Suppose (e, g;) : &, =—=>0(ey)g,:e—eand (e, g) : § =—=>0(e;)g;:e—>eE E X G, then (&), g)#y(e2 &) =
(e1, 8)(ey, &) = (e1e2, £,8,). Thus, the horizontal composition “4,” for 2-cells is defined as follows. First, let us
define whiskering compositions as follows.
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Whiskering as

g1 g2
g2 Il I g1
o ——————>o (e1,91) ° resp. . (e2,92) ¢ —>e
d(e1)g1 9(e2)g2

clearly gives (ey, g,8,) and (%, g,8,), respectively. The duality of whiskerings is defined similarly. Naturally,
the horizontal composition of 2-cells of 2-groupoid &(G1) is shown from the 2-categorical point of view as
follows:

92 91 g1f092=9g192
O(ez2)g2 d(e1)g1 O(e1)g1t00(e2)g2=0(e1)g10(e2)g2

From the definition of the 1-source s; and 1-target t;, we have

si(en &)to(e2 &) = sileer, £8) = 8.8,
and
t((e1, &)#o(e2 &) = til(er¥1e, £,8,))
= d(esbie,)g.8,
= 6(91)6(g192)glgz
= 8(e1)g,0(e2)8; 8.8,
= 6(91)g16(€2)g2~

In the last calculations, we used X MOD-1 in Definition 3.1.

3.1.2 Vertical composition of 2-cells

Suppose (e, d(e)g) is another element in (E X G). The vertical composition “g,” of 2-cells is given by
(e,’ a(e)g)ﬁl(e! g) = (eles g)

The vertical composition of 2-cells is illustrated as follows:
g

T T

> H

o (e',8(e)g) o (e’e)g

\_/

a(e)a(e)g

s1((e’, a(e)g)#4(e, 8)) = si((ee, 8)) = g,
and

t((e’, 0(e)g) (e, 8)) = ti((e’e, 8)) = d(e’e)g.
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3.1.3 Interchange law of 2-cells

The XMOD-2 condition in the definition of crossed module of groups 3.1 establishes the interchange law
between the horizontal and vertical compositions, and as a result, we have a strict 2-groupoid. The interchange
law holds. It is explicitly expressed as

(e, deng)(er, &))((e, @) )h(er &) = (efer, g)oleser &)
= (efeig,(e5€2), 88,)
_ (8131 ese;'e¥ey, 8,8,)
= (e{%)(%ie, e ey, 88)

= (e 8ee e e, 88)

= (e{%“e;, 3(e1)g,0(e2)g) (158, £,8,)

- ((el» a(el)g1)ﬂo(ezlx 6(92)5’2))111((91, gl)ﬁo(eZ; gz));

and it can be drawn as follows:

g2 91092

(CRLICRYRINCAPRY

to ((6/2- 9(e2)g2)t1(ea, 92))
= (et oCengnto(es aes

020 ) ((err am)toCes. 92 )

62 92%. 61 glﬁ-. = @

d(ehea)gs d(efer)g d(eje1)g1tod(ehea)ga

Consequently, we construct the following strict 2-group structure:

ol

Conversely, any strict 2-group is a crossed module of groups. More specifically, let & be a 2-groupoid with
a single object as follows:

(\/\/ﬂ

To obtain the crossed module of groups from a strict 2-group &, we have {} =Gy, G =Gy,
and E = Kers; € G,. Let 8 : E — G be the restriction of the 1-target map 4 : G, —» Gy, and the left action
is as follows:

fe = iy(g)pgeoh(g)!

foreach g€ Gande € E.
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Naturally, any crossed module is a sesquicategory. If we look at it in more detail as follows, it satisfies
the condition of being a sesquicategory becoming a 2-category in [12,21]. For all g € G and e € E, we have:

9192

92 91 918092

;
>

o (e2.92) @ . . g1to(e2.92) .

.
:

9(e2)g2 g1t0d(e2)g2

(e1, g19(e2)g2)

91 g1t0d(e2)g2

;

. . (ﬁﬂi,) . o (crgide)e: e

5 5 P 5 9(e1)919(e2)g2
(e2)g2 d(e1)gr d(e1)g1809(e2)g2

9(e1)910(e2)g2

92 91 918092

9192

d(e1) g 9(e1)gitog2

(99 ey, 9(e1)g192)

= ® tilers 9192)

92 9(ei)gitog2

o (e2.92) @ . . d(%)gx\ﬂ:(ez 92) °
\ﬂ/ \_/ )

9(e2) g2 d(e1) g d(e1)g1809(e2)g2

<

(e1)910(e2) 92

9(e1)910(e2)g2

Therefore, we have

((e1, &)#00(€2)8) 1 (gitto(€2, &) = (€1, £,0(e2)g)) 11518y, 8,8,
= (e1¥1e5, £,8))
= (es%1e,e1 ey, 8,8,)
= (%) (%ie,)ey, g,8,)
= (a(el)glezel, 8&)
= (@8, A(e1)g,2,) (01, 8,8))
= (0(eD)g tto(€2, &)1 ((e1, 8Dt08s)-

We can diagrammatically represent this sesquicategory condition as follows:

g1fog2 g1fog2

* ((er.91)t0d(e2)g2)t1 (91t0(e2,92)) @ o (8en)grtolea,02)) 1 ((e1,91)t002) @

9(e1)g1tod(e2)gz 9(e1)g1t00(e2)g2
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The 2-group construction that we obtained above can also be constructed from the bicategory perspective
that Jean Bénabou gives in [10]. Roughly, in the bicategory B(G1), we construct from the crossed module G4,
ObB(G1) = {*} is the set of objects, and for « € ObB(G1), B(G1)(*, *) is a category, as shown below:

g9

N

B(G1)(e,0) = | © (e.9) ..

|

a(e)g

¢ Objects: Every 1-cell, g : « — « € G, is an object.
* 1-Morphisms: Every 2-cell, (e, g) : g = d(e)g € E X G, is a 1-morphism. B(G1)(*, *) is a strict category with
the composition #;.

3.2 Algebraic 3-types
First of all, we give related knowledge about the 2-crossed modules of groups given in [13,22,23].

s . a
Definition 3.4. A 2-crossed module of groups G; = (L — E = G, {-,~}) is a semi-exact sequence of G-groups,
together with left group actions of G on E and L (and on G by conjugation), and a G- equivariant function,

{-,—}:EXE——>1,

called the Peiffer lifting. Here G-equivariance means:

#len, €2} = {%ey, Sy}
For each g € G and e, e; € E the following should be satisfied:
2XMOD-1 86 =1,
2XMOD-2 8({ey, €2}) = (ey, €3) = erere Ve,
2XMOD-3 {8(k), (1)} = [h, L] = hbli'L",
2XMOD-4 {8(1), e}e, 8D} = 1°)L_,,
2XMOD-5 {eiey, e3} = {ey, erese; ey, e},

2XMOD-6 {ey, ezes} = {ey, e} 0V fey, e3},
foreach g€ G,e € E,and ! € L.

Remark 3.5. It should be noted that (L R E) is a crossed module, with
L =S, e}

7]
for each e € E and [ € L. However, (E — G) is just a pre-crossed module.

Lemma 3.6. Let G, = (L SE2 G, {-,-}) be a 2-crossed module of groups. Then, () = %e(4l), for each g € G,
e€E,andl € L [22,23].

Example 3.7.
] 0 9
(1) From a functorial point of view, any crossed module of groups E — G is a 2-crossed module 1 - E - G,

with trivial Pfeifer lifting [20].
(2) The quadratic modules that Baues [24] defined are a special version of the 2-crossed modules, satisfying
certain additional nilpotency conditions. Refer [25] for its relation to 2-crossed modules.
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§ s ’
Definition 3.8. Let G, = (L - E s G, {--}) and G'= (L'~ E’ % G, {-,-}) be two 2-crossed modules of
groups. A morphism of 2-crossed modules from G to G’ is illustrated by the following commutative diagram:

) 0

L FE G
le fll Lfo
L E’ G’

5 o ’

where f, : L - L', fy : E—~ E’, and f, : G —» G’ are group homomorphisms, and also the following equations
are satisfied:
fi(%e) = h®f (o),
£CED=1EF,,
L (ew, e2d) = {f(en), fi(e2)},

foreach g€ G,e € E,and!l € L.

We shall let 2X MO Dy, denote the category whose objects are 2-crossed modules of groups and morph-
isms are morphisms of 2-crossed modules, as defined above.

5
Now let us construct a 2-crossed module G, = (I = E 2 G, {-,-}) as a categorical &(G,). We have:
&G =1} 6(GD1=6G, 6(G):=EXNG, ©6(Gy3=LXEXG.

The 1-, 2-, and 3-cells are as follows:
(le,g): (e,9)=—m———x>(0(l)e,g) : g——=>0(e)g : 06—,

for g€ G, e€E, and [ € L. For the 3-cell (L, e, g), the 2-source and 2-target are sy((l,e,g)) = (e,g)
and t((l, e, g)) = (6(De, g), respectively. In addition, for each g€ G and e € E, i)((e,g)) = (11, e, 8).
We can show it 2-categorically diagrammatically as follows:

(e,9)

g (Le.9) d(e)g.

~_1 -

(6(D)es9)

If we want to picture this structure 3-categorical diagrammatically, we can describe it as follows:
g

e (e9) (L,e,9) (6(De.g) o.

SN2
a(e)g
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3.2.1 Vertical composition of 3-cells

Suppose (I, §(1)e, g) is another element in (L X E X G). The vertical composition “4,” of 3-cells is given by
T, 8(De, )1, e, 8) = (I, €, 8).

The vertical composition of 3-cells is illustrated as follows:

(e,9)
i
gx@@”/wem =
A
ey = s waveansdea=tien 9
(W,5(1)e.9) d(e)g @t'he.g)
(3()5(1)e.0)

SZ((II: a(l)e’ g)ﬁ'z(la e, g)) = SZ((ZIZ: e, g)) = (ex g)
and

(', 6(De, &)L, €, 8)) = t((I', ,8)) = (6(I'De, ).

3.2.2 Horizontal composition of 3-cells

Whiskering as

(e',0(e)g) (e,9)
(e,9) (e’,0(e)
g =2 5(e)g /e/'@w dce)g  resp. WM a(e)g =E2IDs pereyg
(8(1")e’,0(e)g) (6(1)e,9)

clearly gives (I, e, 0(e)g)#.(e,8) = (I',e’e,g) and (e’, d(e)g)s,(l, e, 8) = (1, e’e, g), respectively. Naturally,
2-source and 2-target are defined as follows: s,((I’, e’e, g)) = (e’e, g) = sz((e'l, e’e,9)), L((l, ee, g)) = ((1)e’e, g),
and t,((°1, e’e, ) = (¢’8(1)e, g). The horizontal composition “g,” of 3-cells is given by

e, 009l eg) =" eeg).

(e,9) (e',0(e)9) (e',0(e)9)t1(e.9)=(e"e,9)
(Le.9) (U',¢’,0(e)9) = g_ (0t Leg) = < leeg) O€e)g
(6(De.9) (6(1"e",0(e)g) (6(1")e" 0(e)g)t1 (5(1)esg)=(5(1")e' (1) e,g)

s(l, ¢, 0())(L e, 8)) = sl “L e'e, ) = (e’e, 8)
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and

t((l, ¢, 3@t (L e, £)) = t((l' “1 e’e, )
= (8 “Dee, £))
= (68 De‘e, )
=(M)sUSD™, ehe'e, g)
=(8M8(MHs({s(e)™, ghe'e, 8)
= (MM, ede'e, g)
= (8INSMSUyte/(S(1y ™y 26U e ere, g)
=(6(1Ne’s(De, 8).
In the last calculations, we used 2X MO D-1,-2 in Definition 3.4 and Remark 3.5.
The compositions #, and #, of 3-cells are compatibles
(13, 6(17)e’, 0(e)g) (L, 5(h)e, £))to((lf, €', (e)g)(h, e, 8))
= 20, s(We'sh)e, UL, e, &)
= GO, e, g)
= QL LY, e, 8)
= G LT, ee, g)
= (L (bh), ee, §)
= (Ll e, 9(e)g)s(kh, e, &)
= (I3, 8(I))e’, 0(e)g),(lf, €, 0(e))) (L, 5(h)e, 8),(L, e, £)).

Diagrammatically,

(e,9) (e,8(e)g) (e',0(e)g)t1(e,9)=(e"e,9)

(@2 800¢ )8tz 51 )e ) )

f (0 e o@nn e a) /
= (. 6<z;>eua<e>g>nz<z;,e/,c’»(e)g))a(e €)g
(2 50)e )2l e 9) )

U

(6(l2li)e,9) (8(1517)e",8(e)g) (81511’ ,0(e)g) 1 (8(l2l1)e,g)=(8(151)e 5 (lalr)e,g)

(1}.¢",0(e)g)

g =———=(6(l)e,9)=> 9(e)g ==(8(1))e’,0()9)=> A(e'e)g = g

(15,8(11)e’,8(e) g)

s
As it can be seen, this equality is satisfied because (L — E) is a crossed module, see Remark 3.5. Inter-
change law,

((ZZI) a(lll)e/, a(e)g)ﬁ'l(lZ: 6(11)6’, g))ﬁz((lll: e/) a(e)g)ﬁ'l(l’ e, g))
= ((I3, 6(1)e’, 3(e)g)y (11, €', ()8 (b, S(he, &)ty (h, e, 8))

is satisfied for vertical #, and horizontal #, compositions of 3-cells.

3.2.3 0-Horizontal composition of 3-cells

Furthermore, it is necessary to specify the 0-horizontal composition between the Hom-sets of 1-cells whose
0O-sources and 0O-targets are compatible. The 0-horizontal composition “4,” of 3-cells is given by

(llx ey, gl)ﬂ:(](er ey, gz) = (llel(gllz): elgleZJ glgz)'
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Whiskering as

(e1,91) (e2,92)
(82792) m /—_\\1 (61,91)
(l1,e1,91) Tesp- (I2,e2,92)
(6(l1)e1,91) (6(12)e2,92)

gives (L, e;%1e,, 8,8,) and (e1(¥1,), er®e,, g,8,), respectively. The composition “4,” of 3-cells from a 3-categorical
perspective is as follows:

(e2,92) (e1,91) (e1,91)80(e2,92)=(e191 e2,9192)
® (lz,e2,92) ® (li,e1,91) © = @ (li,e1,91)f0(I2,e2,92)=(171 (F112),e171 e2,9192) _ o,
(6(I2)ez2,92) (6(l1)er,g1) (6(l1)er,g1)fo(d(l2)e2,g2)=(3(11)e191 (3(I2)e2),9192))

So((l, e1, )0l €2, 85)) = sao((ly ]gllz, €1g1€2, £8)) = (&% e, 8.4,) = (€1, &#o(ez &)

and

t((h, e1, g (b, €2, &) = L((L(5Ly), eie,, 88,))
= (A (B)ebre, g,8,)
= (8(W)S((51Ly) )esbrey, g,8,)
= (S(SBLIS(BL,) T, en)esfie,, 8,8,)
= (8(WSCAL)S{8(5L,) 7, er}esbiey, g18,)
= (8()S(AL)S(5L,) Tey(S(Bil,) 1) 26 e TerBrey, g,21)
= (8(h)ers(51ly)%re,, £,8,)
= (8(Wef'(8(ber), g:8y)
= (6(l)ey, 8Pto(8(L)ey, &)

In the last calculations, we used 2X MO D-1,-2 in Definition 3.4 and Remark 3.5.
Furthermore, for 3-cells in the following diagram:

(es,93) (e2,92) (e1g1)
. (I3,e3,93) '@'@yﬂ
(6(13)es,93) (6(12)e2,92) (d(l1)e1,91)

the composition #, is associative as follows:

(b, e1, 8)to((l, €2, 81, €3, 85)) = (b, e1, 8oL (%2Ls), e;5e3, £,83)
= (I ((154(51s)), ef(e,%e3), £,8,85)
= (11 (A5 52ly)), erfieyg,(%es), §,8,83)
= (L) a(5E), erfie, ey, £18,8;)
= (' (5L, erfie,, g,8)10(b, €3, 83)
= ((L, e1, gDo(b, €, & )iho(ks, €3, &5).



DE GRUYTER A higher-dimensional categorical perspective on 2-crossed modules == 21

We used Lemma 3.6 to show that the composition #, is associative.
The interchange law between compositions #, and #, is not satisfied as follows:
((lllx ell: a(el)gl)ﬁ;o(lzl) eZIa a(ez)gz))ﬁl((lla e, gl)ﬁf’()(lzy e, gz))
* ((11,: elly a(el)gl)ﬁl(lly €, gl))ﬁo((léx e2,3 a(eZ)gz)ﬂl(ZZ: €, gz))

]
Because the tail of the 2-crossed module G,, (E — G), is just a pre-crossed module, see Remark 3.5. Therefore,
the following structure is not a strict 3-groupoid with a single object. We have sestertius category (sestertius
groupoid):

S
—_—

2 S1 S0
Qi(gg)—(LxExG _ExG G {o}).
Qg i1 i0
Also, this structure is 3-globular (globularity means $;Sp+1 = Sptn+1, thSn+1 = talns1.)

s152((L e, 8)) = s1((e, 8)) = g = s1((6(De, £)) = sita((L, €, 8))

and

tsx((L e, 8)) = ti((e, £))
=d(e)g
=06(Da(e)g
=a(8(De)g
=t((8(e, £))
=tt((l, e, 8)),

and reflexive (reflexive means Id = Spi, = tpiy.)
s2b((e, 8)) = s2((1, €, 8)) = (e,8) = (6(1pe, &) = &((11, e, 8)) = k(e 8)) = Id((e, £))

foreach g€ G,e € E,and !l € L.
It is also possible to proceed the other way for similar construction. Let us have a globular, reflexive,
and strict sestertius category with one object as follows:

So S1 S0
6 = <G3 Gy Gq {o}>.
7o i1 20
Then, the following left actions exist
Gl X G2 G2

(a,b) ————— b = i1(a)fobfoi1(a) !,

G2 X Gg GS

(b, €) —————="c = ia(b)docioiz(0) ",

G1 X G3 G3

(@, c) ———— % = ity (a)foctoiaii(a) 7!,

for each a € G, b € Gy, and ¢ € Gs. With the help of these left actions, the following isomorphisms are
defined:

Go Kersy x G
b————— (bfhirs1(b71), s1(b))

bir1i1(a) <— 1 (b, a),
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For each b € G,,
b~ (bgisi(0™), $1(D)) = bggyinsi(b™Dttssi(D) = b.
Similarly, for each b € Kers; and a € Gy,
(b, @) = bgyin(a) = (bgyt(@)giisi(bg (@), si(bgin(@) = (b, @).

As a result, G = Kers; X G;. In the same way,

G3 Kersg x Kersy x G4
ct (cflainsa(c™1), sa(c)frirs1(s2(c)™1), s182(c))
Cﬁgig (b)ﬁgigil(a) { (C, b, (l),

for each ¢ € G,
€ = (Cyh82(c™), 52(0)151(S2(€) ™), $152(C)) = CitginSa(C™)hyla(S2(C) 1 11S1(S2(€) ™))ty oti (5152(C)) = ¢,
and for ¢ € Kers,, b € Kersy, and a € G,
(¢, b, a) = cttyia(D)syloii(a) = (Cityla(D)hylain(@)iho12S2(Cho 12 (D)o 12ir(@))) L, Sp(Chyla(D)thyboin(a@))
#h11151(S2(Cato 12 (D), 1211(2))) 7, $182(Cato1a(D) 51211 (@) = (Citylo(b)thylohr(@)tyboir (@) 4ty 1o(b) !
#91252(C) 7Y, $2(C)#t,S202(D) 1 1(@) 11151820201 (@) 1t 11518282(b) 1t 115152(C) 72, 8152(C)

toS1S2ba(D)gs18a0ii(a)) = (¢, b, a).

Consequently, G3 = Kers, X Kers; X G;. Therefore, L = Kers, C Gs, E = Kers; € G,, G = Gy, and target trans-
formations have the following restrictions:

Go(6) = <Ker52$>Kerslt;>G1 >

G2(®) is a semi-exact sequence of G-groups. (Kers; 5 G1) is a pre-crossed module of groups with left group
action. In more detail, the axiom XMOD-1 in Definition 3.1 is satisfied:

4(°b) = t(i(@obo(@™ = Gi(@pobd)gohi(@)™ = agolib)goa™,

for eaclfl a € Gy and b € Kers;. Note that the reflexivity feature (fi; = Id) is used in the above steps. Similarly,
(Kers, - Kers) is a crossed module of groups with left group action. Because the interchange law is satisfied
between the #, and #, compositions of the sestertius category &, the XMOD-2 axiom in Definition 3.1
is satisfied. Refer also [6].

There is also the Pfeifer lifting map {-,-}., defined as follows:

{—, =}« : Kersy x Kers; Kerso

(b1, by )——————{b1, ba }. = ia(b1fiobatioby H1 1001,
Additionally, for each a € Gy, by, b, € Kersy;

“{b1, ba}, = “iy(Busrobatebr " b;")
= iy bbb (V)
= by (@) l2(b1) ol (@) oot (@) o la(ba) o in(@) !
tholati (@ #ol2(D1 Dola(@) iy (@)sholairfa(br) o Ta(D5 Ditolatfi(b1) g hoin(a) ™
= iz(il(a)ﬁoblﬁoil(a)_lﬁoil(a)ﬁobmoil(a)_1ﬂ:0i1(a)1¢0b1_1
ol (@) 5,1 (@)toaTi (D1 oD ol fi(b1) etg(@) ™)
= ("Dt Dot by by )
=, (ab1 ﬁoabz ﬁoabl_l 1¢1:1140?1(1;1)5;0(1-1 (abz—l))
= b("bytt "Dyt 'by 11¢1ﬁ(abl) (‘b;")
= {°by, °by}u.
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Moreover, there exist the left action equality 00 = b(@¢) and

“(°c) = (i (b)soCtola(b) ™)

“Uy(b)y cto ()™

= bi1(@)#ola(D) ol (@) g “Citolala (@) 2(D)  plata (@)™
= (L@ #oboi(@) g col((@geh (@) ™)

= LDy ctoha(“b)

=b(%),

for eacha € Gy, b € Kersy, and ¢ € Kers,. These definitions satisfy the axioms given in Definition 3.4. Now we
will only satisfy axioms 2X MO D-1 and 2X MO D-2. We leave the remaining axioms to the readers. It is pretty
fun to prove.
2XMOD-1 for each ¢ € Kers,, B,(c) = §sy(c) = 1, (~ the globularity),
2XMOD-2 we have
B({1, bak) = Gia(bustobathobi " "b;")

= Gia(b)oia(b)thola(b b (“"Pb; ")

= (i) (b1)go(Bia)(b2)tho(Bi) (D1 )ty (Bl ) (“*Pb; ")

= blﬁobzﬁobl_lﬁlﬁ(bl)bz_l

for each by, b; € Kersy, (+ the reflexivity t,i,, = Id,).

Along with these definitions and constructions, the following theorem is given.

Theorem 3.9. A 2-crossed module of groups is a globular, reflexive, and strict sestertius groupoid with one object
(sestertius group).

Now, we will obtain a tricategory in light of these knowledges.

3.2.4 From 2-crossed modules of groups to tricategories

In this section, we will construct tricategory from a 2-crossed module. Let G, = (L 4 E A G,{--}) be
a 2-crossed module of groups. We construct the T(G,) tricategory as follows:

DATA:

(1) 0bE(G2) = {*}

(2) For e+ € ObZ(G3). T(G2)(s, *) is a bicategory as follows:

T(Ga)(e,0) = | ® (e9) (Le,g) (3()eg) " o.

N\ L2
d(e)g
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* Objects: Every 1-cell, g: « » « € G, is an object.
* 1-Morphisms: Every 2-cell, (e, g) : g = d(e)g € E X G, is a 1-morphism.
* 2-Morphisms: Every 3-cell, (I, e, g) : (e,g)2(6(De, g) € L X E X G, is a 2-morphism.

The vertical composition of T(G;) category is #,, and the horizontal composition is #,. Note that T(G»)
is a strict 2-category (see in Remark 2.3).
(3) The functor

®:T(G2) (e, 8) X T(G2)(e, ) T(G2)(e,®)

((l1,e1,91), (l2, e2,92)) — (l1,e1,91) ® (l2, €2, 92) = (I, e1, g1)fo(l2, €2, g2)

= ([,°* (9'12),e1 ' e2,9192)

is called composition:

(e2,92) (e1,91) (e1,91)fo(e2,92)=(e191 e2,9192)
® (lze2,92) ® (l1,e1,091) © = @ (l1761,gl)ﬁo(l%”’m)_m‘el(g1l2)761 9les,g192) _ ®
(6(I2)e2,92) (6(l1)e1,91) (6(11)e1,91)t0(5(l2)e2,92)=(3(l1)e1?1 (d(l2)e2),9192))

For composable 2-morphisms of T(G,), the functor ® is cubical [17, page 38, Definition 3.1]. Therefore,
we have either

((e1, g)#o(es, 0(e2)g))it1((Ae, g)#o(e2, &)
= (e1%iey, g,0(e2)g,) (585, 818,

= (elglez/glez’ glgz)
= (er¥1(eze2), £:8)
= (elr gl)ﬁo(eZIeZJ gz)
= ((elx gl)ﬁl(lE) gl))ﬁ[)((ezl’ a(ez)gz)ﬁl(ezy gz)):
diagrammatically,
92 g1
‘ 9192
(e2,92) (1g,91)
. J(e2)g (] 91 o — o (91 (ee2),9192) e,
(e3,0(e2)g2) (e1,91)
8(6’262)_(]2 8(61)91 8(51)518(6262)92

or

((ef, 0(e1)go(1e, 0(e2)g,))#((e1, g#o(e2, &)
= (ef, 6(el)gla(ez)gz)m(elglez: &8)
= (eferfie), 8,8,)
= (eje1, g&)#o(e2 &)
= ((e1, 9(e)g#1(e1, 8))o((Le, 0(e2)85)#1(€2, 8)),
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diagrammatically,
g2 g1
‘ 9192
(e2,92) (e1,91)
] d(e2)g2 . d(e1)g1 e — o (eher Mea,grgz2) o,
(12.0(e2)g2) (e;,aIngn \\_/
d(eie1)g19(es)gz

d(e2)g2 d(ele1)gr
(4) The functor L : 1 —— %(G,)(*, *), where 1 denotes the unit bicategory:

la

.(lElg)<lLlElc)§ (1g,1g) e,
SNZ

la
I is also cubical.

(5) For object * of ObZ(G,) as follows:

(es,93) (e2,92) (e191)

(I2,e2,92) (l1,e1,91) o,

7T\
NN L/

(6(13)es,93) (6(l2)ez2,92) (6(11)e1,g1)

° (I3,e3,93)

an adjoint equivalence a;
a: (ll’ e, gl) ® ((12) ey, gz) ® (l?n es, g3)) - ((11) e, gl) ® (121 €, gz)) ® (l3a es, gg)
Since every T(G2)(*, *) is a strict 2-category, we have
(ll) eq, gl) ® ((ZZJ €y, gz) ® (13a es, gg)) = ((11) e, g1) ® (121 €y, gz)) ® (13) es, gg)
Note that ® is associative

T(Ga) (e, 8) X T(G2)(e, ) X T(Ga)(e,8) — > T(Go)(x, 2) X T(Go)(e, ®)

T(G2)(e,0) x T(G2)(e; @) T(G2)(e, ®);
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®x1
(1 e, 91)80 (L2, €2, 92)R0 (I3, €3, 93)) ———> (I “(9112), e1 Tea, g192)to(l3, €3, 93)

(I1,e1,91)80(l2 “2(%213),e2 923, g2g3) e (I1 €1 (910p) e "e2(919203), eq Iies I192e3, g1gogs);

in Bicat (T(G2)(*, *) x LG, *) x LG, ), UG, ).

(6) For each g € G,e € E, and [ € L, adjoint equivalences [ and ©

(o, ) X T(Ga)(

/\

o 0);
(1z,1p,1g) ® (l,e,g)
% . X
(le,g) . (le.9),
and
. 0 X T g2
% \
o, 0);
(le,9)® (1p,1E,1c)
% N X
(l,e,9) 1 - (l,e,9).
in BiCat (T(G)(*, *), T(G)(*, *)).
(7) For e € ObZ(G) as follows:
A A (e2,92) (e1g1)
44]4, ha) o (e 37']3, 3) 2,(]27 2) 1791 hi)

NPANVANFAN Y

(0(la)ea,ga) (6(13)es,93) (6(12)e2,92) (6(l1)e1,91)
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and a 2-cell isomorphism 7 (Instead of T(G2)(*, *) X TG2)(*, *) x TG)(*, *) x TG)(, *), we use THG2)
as its abbreviation):

_oexixl T X
1X1/ 1X8x1  Jax1 ®x1 1“*% 8/ Yﬂ
xe x1 © x
X\ A / NP \ /
12%—‘5

a=(he,8)® (be,8) ® (bes8)® (lu,es8,)

a = (L5, eiey, 88,) ® (L, e3,8) ® (I, €4, 8,)

az;=(h, e, 8) ® (b,eyg) ® (L5, es%e,, g8,

az=(h, e, 8) ® (L(%ly), er%%3, 8,8,) ® (ls, €4, 8,)

as = (L(51Ly), eriey, g,8,) ® (B%(%ly), esoey, g38,)

a = (L4(8)" % (8821,), e e, e, 588 ® (ly, e, 8)

ar7= (b, e, &) ® (L(%ly)e5ey(%l,), e,5e, &%y, g.a:0)

Qg = (W(4,) 1" (580178 (85, 0,510,588, 88, g,6,8,8.)

= (L0 (G (B2(5) 7 (51,)), efi(e,%6,557e,), £,8,8:8,)-

®x1x1 ®x1x1
al ——>ay ] ——>ay
Mly />®><1 Jax1 Yl Mlﬂ% = 1x® Yl
1xa \ ®x1 o
I ——— a3 ——>a a
a3 /\a4 as = 3 oxl 5 6
®
ax1 o
1;&\ xe ¢ ® 1;&\ v \%
ar ® as a7}TG8

in the bicategory Bicat (TXG2), T(G2)(, *))
(8) For invertible modifications,

T2 92

1><I><1 Jrx1
3 ®x1_ 2 2
= T (Go) ——— T4(G2) £ T2(Ga)
! |
1>l/® Ja &

T2(G2) — = %(G2) T%(G2) — > *(G2)

m=eg) ®(beng) a=le,g) ®ALlele) ® (heyg) a= "5, efe, g8);
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3
:3:3(92) T (g2)
Ix1x1 ®x1
Ix1x1 x1
/ JIx1 \ /
2 1 2
T2(G) 1 2(Gy) i) 1° &)
A = Ja
® = ® ® T2(Go) ®
y I X
S(g2) 1 T(g2) T(QQ) - ‘I(gz)
(1,1g,1g) ® (I1,e1,91) @ (l2, €2, 92)
JIx1
(I1,e1,91) @ (l2, €2, 92) t n (l1,e1,91) @ (l2, €2, 92)
® = ®
(I1 1 (9t2),e1 9*e2,9192) ¢ T (11 °1(9113),e1 9vea, g192)

>

(1,1g,1g) ® (I1,e1,91) ® (l2, e2,92)

/IXI/Xl/7

(l1,e1,91) ® (I2, €2, 92) Ix®

= lJa

® (1,1g,1g) ® (I1,e1,91) ® (l2, e2,92)

[

(llyelagl) @ (12762792)

$

(Iy 2 (912),e1 9e2,9192) ! ]

(I1 “*(9112),e1 9'e2,9192)
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T(Ga) ! T(Gs) T(G2) T(Ga)
1x1 " %
® = ® ® 2(G2) ®
é = =a
2 2
T4(G2) T T2(G2) T2(Gy) okl T2(Gy)
\ J1xr
Ix1x1 1X® 1& Tx®
T3(g2) T3(g2)

(Iy 1 (9112),e1 9 e2,9192) ! : (Ip e (9112),e1 9'e2,9192)
® = ®
(li,e1,91) ® (2, €2, 92) t T (l1,e1,91) ® (I2, €2, g2)
Ix1xI Yixr I1X®

(l17617g1) ® (l27€2792) &® (1L7 1E7 1G)

2

(I1 1 (912),e1 9'e2,9192) e1(9tla),e1 9re2, g192)

® 91 l2 € 9162791.92) 1L7 1E7 1G &®
= =«
(l1,e1,91) @ (l2, €2, g2) ®x1 (li,e1,91) @ (I2, €2, 92)
Ix1xI IX®

(li,e1,91) @ (I2,e2,92) ® (1,1, 1c)

Note that the tricategory T(G,) we have defined provides Remark 2.3; that is why it is strict.
AXIOMS:

(1) [Non-abelian 4-cocycle condition] For any strict 2-category (G,)(—,—), the following 2-cells equation
diagram preserves the natural isomorphism of a. We have 2-cells elements as follows:

(e5,95) (e4,94) (e3,93) (e2,92) (e191)

ZINSTINTINTON

(I5,e5,95) o (la,e4,94) ° l3,e3,93 (] l2,e2,92 ° (l1,e1,91) o.

RN PN AN AN AN %

(6(l5)es,g5) (0(la)ea,ga) (6(l3)es,93) (6(l2)e2,92) (6(l1)e1,91)
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We will use the following elements as abbreviations for the objects of T(G2)(*,*) x T(G2)(*, *) %

TG, ) X TG, *) X TG, *);
a=((h e, 8) ® ((beygy) ® (L5, esfey, 8:8,)) ® (Is, €5, g5)
=l e,8) ® (L eyg) ® (LU5), es5e,, 8,8)) ® (I e585))
az=(he, g) ® ((bexg) ® (B*5y), es¥ey, 88,) ® (Is, €5, 85)))
as=(h, e, 8) @ (byexg) ® ((besg) ® (145, esfes, g,85)))
as = (h(%1y), eriey, g18,) ® (b, €3, 83 ® (L4“(5l;), es®ies, g,85))
ag = (L4(5Ly), eriey, £,8) ® (b, e3,8)) ® (La™(%ils), esbies, g,85)
a7 = (L5, erfrey, g,8,) ® (b, €3,8) ® (Lo, es,8)) ® (5 €5, 85)
ag=(((h, e1, 8) ® (L*(%ly), ;%3 £,8)) ® (ls, €4,8,)) ® (I5, 5, 85)
as=((h, e1, ) ® (L™(%ly), e,%%;5, 8,8) ® (lu, €1,8,)) ® (I5, €5, 85)
an = (b, e, 8) ® (LUEL), ex%es, 8,8,) ® (lu, es, 8))(Ls, €3, &5))
an = ((h, e, &) ® (L(%y), er%e3, £,8) ® (L (5ly), es¥ies, g,85)
ap =, e, 8) ® (%), &%, 8,8) ® (11%(%5), es™res, £,85))
a3 = (W25, erfiey, £i8y) ® (BU(%ly), ey, £38,)) ® (Is, €5, &)
ai = (L(41,), esfiey, g.8,) ® (BLH(BLy), esPey, £,8) ® (s, es, &)).

Thus, we have the following commutative diagrams:

ag az
al \ y la

as ai0

Y X Y1
(al)1 “ 1(1a)

a
y 9 la
al \
asg 4 az
J1m
e’
ais
(al)1 > 1(1a)
a
al 14 _
ar 4 (11)at a4
x /
Qg as.

(2) [Left normalization] The following equation of 2-cells in any strict 2-category (G2)(-,—), where the
unmarked isomorphisms are either naturality isomorphisms for a or unique coherence isomorphisms
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from the hom-strict 2-category. The 2-cell elements are as follows:

SINZINZ NN

ls, 393 l2, 2’92 l1, 191

\EADADALS

We will use the following elements as abbreviations for the objects of T(G2)(s,*) X T(G2)(s, *) X
UG, ) x UG, *);

a=((l,e,8)® (A, 1516) ® (e, 8) ® (b e, g)
=((l, e 8) ® (hyeyg)) ® (,e38)

a, = (L(5L), efiey, 8,8) ® (I, €3, 8y)

az= (L, e, 8) ® (L2(%Ly), e;%es, 8,8,)

as=((l, e, 8) ® (1, 1,16) ® (hyez8)) ® (L, es8)
=((h, e, 8) ® (byeyg)) ® (B, esg)

as=((h, e, &) ® (1, 116) ® (h,ey g) ® (b, esg)
=(, e, 8) ® (L*(%Ly), er%e,, 8,8,)

ag=(h,e;, g) ® (A1, 1516) ® (b, e 4)) ® (b e3.8))
=L, e,8) ® ((hyeyg) ® (b, esg))

ar=(h,e,8)® (U1 16) ® (L2(%L3), erfes, 8,8)).

Thus, we have the following commutative diagrams:

ai
/ w)
a4 « as
1)1
(1) n as _
an = as la [¢]
a n 1(11)
a t(ll) a7
\
1
a1
/ &
aq U a9
(v1)1
11
an o7
«

as. as
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(3) [Right normalization] Similarly, the following equation of 2-cells holds in any strict 2-category (G 2)(—,~).
The 2-cell elements are as follows:

mmmm

We will use the following elements as abbreviations for the objects of T(G2)(s,*) x T(G2)(s, *) *
3:(62)(" .) X T(QZ)(') ');

m=(,e,8)® ((beyg)® (I,151) ® (k63 8))
=(h, e, 8)® ((beyg) ® (e 8))

a=(h,e,8)® (byeyg) ® (1,1 15) ® (5, e3, 8)))
=(h, e, 8)® (heyg) ® (e 8))

as=(h, e1, &) ® (L*(%l3), er%e;, £,8;)

as = (L5, ey, £,8)) ® (I3, €3, 8;)

as=((h, e, &) ® ((h,ex8)® (I, 1516) ® (b, e3, &)
=((he, &) ® (h,er8)) ® (b esg)

as = (L(41,), eibrey, g.8,) ® (11,1, 16)) ® (es, &, h3)

a7=((h,e1,8) ® (bye,8))® (U, 11 ® (e 8))
= (L5, erie,, 8,8) ® (b, €3, 8y).

Thus, we have the following commutative diagrams:

ai
1t:1) X
« as
1(11)
as % «
(e al a7y = a
(1e)1 o ’
Upl ae (1n)e o
/
“ \_W/ “
1
ai
y K
as Yu a
1(110)
11
«a as
a
a4 a4
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Note that this structure is a strict cubical tricategory with a single object, as it satisfies Remark 2.3. and
Lemma 2.4. We can also obtain reverse construction; we can derive a 2-crossed module from any strict cubical
tricategory with a single object (sestertius groupoid with one object). See how to obtain a 2-crossed module
of groups from a sestertius category with one object in Section 3.2.

In this way, we can construct the morphism of 2-crossed modules in the form of trihomomorphism.
Let f be a 2-crossed module morphism between G, and G5 as shown below:

§ )

L FE G
fzi fli lfﬂ
L E’ G’

& o '

Roughly speaking, trihomomorphism consists of the following data and provides the axioms in
Definition 2.5:

So S1 S50
T(G2) LxExG ExG & {o}
i2 il i()
S2 S1 0 Sob
§=(F2,81,50,50b) =
55 51 50
L'xE x@& B X G G {o'}
th t to
T'(9) _, ”
12 5% %o
3
D) o} —=——Fou({e}) = {'},
(2) For« € ObZ(G»), the following diagram represents
5
T(G2)(e,0) —— T'(93)(Zon(e), Son(e)) :
g
. (e.9) (165 (6(De.g) o
SNV
a(e)g
g
fo(g)

Sob(®) = (fi(e).fo(@) ([ ==(f2(1),f1(e),fo(9))==>)) (f1(6(De),fo(9)) Top(e) = o’.
SNIPE

fo(9(e)g)



34 — Emre Ozel et al. DE GRUYTER

Foreach g € G,e € E,and ! € L;

Sog) = (&),
So(0(e)g) = fy(o(e)g),
Si((e, &) = (fi(e), (&),
$1((6(De, £)) = (f;(6(De), f,(8)),
AL e, 8)) = (£, (D, fi(e), o (&)

The morphisms §, are compatible with n-source and n-target morphisms for 0 < n < 2.

$9(30(g)) = t5(Fo(8)) = s5(Fo(0(e)g)) = t3(Fo(d(e)g)) = Ton(*) = *,
s1(S1((e, £))) = si((f1(e), /(&) = fo(8);
t{(S1((e, ) = t{((fi(e), o (g)) = ' (fy(e))fy(8) = 0% (e)fp (&) = fo0(e)fy (8),
$1(31((8(De, £))) = s{((f(6(De), (&) = fy(&)s

t{(:1((6(De, £))) = (1 (6(De), f,(8)))
=0'(1(6(De)fy(8)
=0'(L(6MNO(fi(e)fy(8)
=0'§"(f,(D)of,()fy(8)
=0%i(e)fo(8)
= f,0(e)fo (&),

and

831 e, 8))) = s:((/,(D, f1(e), /o(8))) = (fi(e), (&),

(321 e, £))) = (D, f(e), /,(£))
= (&' (LD (), fo(8)
= (1i6(Df(e), fo(8))
= (fi(6De), /(8.

(3) For * € ObZ(G,), an adjoint equivalence ¢ : ® °(F x §) = § °® with left adjoint is illustrated in the
following diagram:

IXF

/

T(G2)(e; @)

T(G2) (e, 0) X T(G2)(e, ) T'(G2)(3(e), 3(e))

T'(G2)(S(e), 3(e));

(l1,e1,91) ® (I2, €3, 92) ———> (f2(11), fi(ex), fo(g1)) @ (fa(la), fi(e2), folg2))

_—

(I1 1 (9*2),e1 916279192)*—{@2(11) Fi(e) (fol91) f5 (1)), f1(en) $0090) f1(e2), folg1) folga)).
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(4) For » € Ob%(G»), an adjoint equivalence ¢ : I3 .y = § ° L with left adjoint illustrated in the following
diagram:

SOb(-)

I. ﬂ

Since f;s are group homomorphisms, unit elements are preserved.
Other data (invertible modifications) and axioms in Definition 2.5 are easily provided, because ® is
associative and L is preserved under §.

T(G5)(Fob(e), Tos(e))

4 Conclusion

In this study, we obtained a strict cubical tricategory with a single object by looking at the 2-crossed module
from a higher-dimensional perspective, and we also defined the reverse construction. With this type of
definition, non-abelian objects and other algebraic 3-type models can be defined. The important point here
is the difference in understanding between the crossed module and the 2-crossed module.
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