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Abstract: This article is focused on deriving the approximate model for surface wave propagation on an elastic
isotropic half-plane under the effects of the rotation and magnetic field along with the prescribed vertical and
tangential face loads. The method of study depends on the slow time perturbation of the prevalent demonstra-
tion for the Rayleigh wave eigen solutions through harmonic functions. A perturbed pseudo-hyperbolic
equation on the interface of the media is subsequently derived, governing the propagation of the surface
wave. The established asymptotic formulation is tested by comparison with the exact secular equation. In the
absence of the magnetic field, the specific value of Poisson’s ratio, =ν 0.25, is highlighted, where the rotational
effect vanishes at the leading order.

Keywords: surface waves, magnetic field, rotational effects, secular equation, asymptotic model

MSC 2020: 74A10, 74B05, 74E10, 74F05

1 Introduction

Magnetostrictive materials are among the contemporary materials that adjust to mechanical strain when
subjected to magnetic field force, in addition to their possession of magnetostrictive strains that are higher
than those of piezoelectric materials. Indeed, the higher expectancy of real-world relevance of such materials
has been asserted to be in so many fields, including “defence industry and aerospace, marine science and
offshore engineering, machinery and automotive manufacturing, high-power ultrasound, and medical ser-
vices” [1]. Mathematically, magnetoelastic coupling between the plane elastic waves and magnetic field forces
via the utilization of the classical elasticity theory and Maxwell’s equations opens up many interesting topics
that are timely, looking at the modern advances in the present-day technological advancements. In addition,
the “propagation of Rayleigh waves in a perfectly conducting elastic half-space in the presence of magnetic
fields is considered for a possible application in nondestructive measurements of mechanical and/or electro-
magnetic parameters in electromagnetic materials” [2]. In addition, certain observational and theoretical
frameworks on magneto-rotation coupling in anisotropic films were reported in the recent work of Xu
et al. [3] with regard to the interaction of acoustic surface waves with ferromagnetic films, being geared by
rotational deformation; moreover, the possible application of the scenario has been captured in the rectifica-
tion processes, with acoustomagnetic rectifiers cited as a real example. Additionally, Li et al. [4] made use of
the modified Laguerre orthogonal polynomial to examine the Rayleigh-type waves in inhomogeneous mag-
neto-electro-elastic half-plane in relation to gigantic significance in acoustic surface wave devices; also refer
[5–7] for more on the application of magnetoelastic and other modern new materials. Certainly, the surface
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waves in elastic solids, such as Rayleigh waves in the Earth’s crust, propagate by a combination of both
longitudinal and transverse motions. Studies of surface waves in elastic solids originated from the classical
contribution of Rayleigh [8]. These waves are important in many applications, such as earthquake monitoring,
non-destructive testing of materials, and in the design of earthquake-resistant structures [9–11] to mention
a few. However, these types of waves are confined to the surface of the solid, which makes them distinct
from body waves, which propagate through the bulk of the solid. In general, surface waves travel slower than
body waves, but they can cause more damage to structures due to their larger amplitudes and longer
durations.

The problem related to magnetoelasticity was studied by Knopoff [12] and Chadwick [13] and further
advanced by Kaliski and Petykiewicz [14]; for more on the propagation of SH waves on magnetoelastic media,
refer the work of Abubakar [15]. Indeed, the problem of surface waves on a rotating magnetoelastic half-space
can be formulated using asymptotic methods, through the acquisition of an approximate singularly perturbed
elliptic-hyperbolic model. The starting point is to assume that the wavelength of the waves is much smaller
than the characteristic length scale of the problem. This allows us to use an asymptotic expansion to derive
approximate solutions for the wave motion. Besides, many researchers have laid various foundational studies
with regard to the propagation of waves in dissimilar elastic media amidst the action of different body forces
and other external effects. For instance, Vinh and Seriani [16] examined the propagation of surface waves on
the orthotropic structures under the action of gravity; while Ting [17] analyzed the influence of the same
gravity on the propagation of surface waves on general anisotropic media; read [18–23] for various submis-
sions on wave dynamics in several elastic structures. Besides, such studies also exist in a variety of composite
elastic layered media, refer to studies [24–26] that heavily utilized asymptotic approach to effectively examine
the dispersion relation of layered plates under anti-plane shear assumption. The basic idea behind the
asymptotic method [27] is to find an approximate solution to a problem by making easier assumptions that
are valid only in the limit. This method is widely used in a variety of fields including elasticity, see [28–30] and
references therein. In particular, the method is useful in situations where exact solutions are difficult or
impossible to obtain, but where approximate solutions are sufficient for practical purposes.

However, the literature lacks strong revelation with regard to the propagation of surface waves on
homogeneous magnetoelastic media specifically amidst the action of an external excitation, such as rotation,
in addition to their quest in the design and analysis of modern materials, including magnetostrictive materials,
piezoelectric materials, ferromagnetic media, multi-functional materials, electromagnetic materials, acousto-
magnetic rectifiers, functionally graded piezoelectric material, and magneto-electro-elastic devices among
others; hence, the present study thus attempts to derive an explicit asymptotic model for the propagation
of surface waves on a homogeneous isotropic magneto-rotato elastic half-space. To derive the equations of
motion for the surface waves, we begin with the equations of motion for a magnetoelastic half-space. In
addition, to account for the effect of rotation, we introduce a Coriolis force term in the equations of motion [31].
Indeed, our case of rotational effect consideration is the most generalized version, in comparison with Xu et al.
[3], in which only infusion rotational deformation strain in the system. Indeed, both vertical and tangential
face loadings will be imposed on the face of the structure, in addition to the assumption that the structure is in
a rotational frame of reference. Further, both the analytical and asymptotic approaches [18] will be deployed
to examine the resulting secular equation and subsequently analyze the approximate equation of motion for
surface wave propagation, of course after being acquired. Moreover, we will examine the exactness of the
approximate secular equation relative to the analytical one, at the same time assess the impact of the presence
of both the magnetic field intensity H0 and the Poisson ratio ν on the propagation of the surface wave in the
governing homogeneous structure. Finally, we will give some fine submissions for future consideration;
indeed, for some solid foundation in this arena, one may consult [32–38], where different examinations
were provided with regard to wave movements in dissimilar scenarios. In addition, one is referred to
[39–41] for some recent findings on the propagation of waves in semiconductor materials. The study is
organized as follows: Section 2 outlines the governing equations. Section 3 gives the formulation of the model
to be tackled in the present study. Section 4 derives the secular equation analytically, while Section 5 acquires
the approximate model asymptotically. Section 6 discusses the acquired approximate secular equation. Section
7 gives a particular example of interest, while Section 8 provides some concluding notes.
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2 Governing equations

Let us make consideration of the generalized equation of plane motion in tensorial form, in the presence of
body forces Fi for =i 1, 2, 3 as follows [18]:

+ = = =σ F ρu i j, 1, 2, 3,ij j i i tt, , (1)

where ρ is the density of the medium; and the commas indicate differentiation with respect to corresponding
variables,ui are in-plane displacement components, while σij are the stress components to be explicitly defined
later. Additionally, when the body forces Fi are specifically considered to be due to electromagnetic field forces,
then Fi admits the following explicit expression [25,37]:

( )= − = =F μ H e ε μ u i j, 1, 2, 3,i i i tt0 0

2
, 0 0 , (2)

where e represents the dilational expression, which is given in three-dimension as follows:

= + +e u u u ,1,1 2,2 3,3 (3)

where H0 is the magnetic field intensity, ε0 is the electric permeability, and μ
0
is the magnetic permeability, all

induced by the magnetic field force, which is characterized by the following linearized Maxwell’s equations:

( ) ( )

→ = → × → → = − → → =
→ = → × → → = → × → → =

H J ε E E μ H H

E μ u H h u H E

Curl , Curl , Div 0,

, Curl , Div 0,

t t

t

0 , 0 ,

0 ,

(4)

where → = → +H h H ,0 with vech denoting the induced magnetic field.
In this regard, also, when the medium is presumed to be in the rotating frame, the acceleration ui tt, in (1)

is then re-expressed in the presence of Coriolis and centripetal accelerations as follows [38]:

( )→ + → × → + → × → × →
u u u u2Ω Ω Ω ,i tt i tt t, , ,

(5)

where Ω represents the rotating angular velocity, while ( )→ =u u u u, ,1 2 3 and ( )
→ =Ω Ω , Ω , Ω1 2 3 .

3 Formulation of the problem

To formulate the governing model, we make consideration to an isotropic magnetoelastic half-space that
occupies the region −∞ < < ∞x x,1 2 and ≥x 03 , rotating about x3-axis with the angular velocity presiding by

Figure 1: Rotating magneto-elastic half-space under the effects of surface loadings.
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the vector ( )
→ =Ω 0, 0, Ω , along with surface loadings; comprising the vertical and tangential loads, P and Q,

respectively; Figure 1 shows the schema of the structure. In fact, such consideration finds relevance in modern
materials science, and in the study of turbulent and seismic waves such as earthquakes and tornados,
which involve highly external excitations, alongside rotational effects.

In addition, throughout this study, we will be considering the plane strain assumption of displacement
components of the following form:

( ) ( ) ( )= ≠ = = = ≠u u x x t u u x x t u u x x t, , 0, , , 0, , , 0,1 1 1 3 2 2 1 3 3 3 1 3 (6)

where x ,1 and x3 are space variables, and t is the time variable. Then, the equations of motion, under
the influence of rotational effects and body forces F1 and F ,3 are expressed as follows [38]:

( )

( )

+ + = − −
+ + = + −

σ σ F ρ u u u

σ σ F ρ u u u

2Ω Ω ,

2Ω Ω ,

tt t

tt t

11,1 13,3 1 1, 3,
2

1

13,1 33,3 3 3, 1,
2

3

(7)

where ρ is the density of the medium. Additionally, ( )=σ k l, 1, 3kl are the stress components defined by

( )= + +σ μ u u λδ u ,kl k l l k kl k k, , , (8)

where μ and λ are the Lame’s constants; while ( )=δ k l, 1, 3kl is the Kronecker delta function.
Here we consider the body forces ( )=F l 1, 3l to be due to the magnetic field force as follows [25,37]:

( )

( )

= + −
= + −

F μ H u u ε μ u

F μ H u u ε μ u

,

,

tt

tt

1 0 0

2
1,11 3,13 0 0 1,

3 0 0

2
1,13 3,33 0 0 3,

(9)

where the magnetic field intensity H0, electric permeability ε0, and magnetic permeability μ
0
are present due

to the presence of the magnetic field, while Ω is the angular velocity at which the elastic medium rotates
uniformly.

Therefore, on inserting (8) and (9) into (7), the equations of motion become

( ) ( ) ( )

( ) ( ) ( )

+ + + + + + = + − +

+ + + + + + = + − −

λ μ μ H u λ μ μ H u μu ε μ H ρ u ρ u ρ u

λ μ μ H u λ μ μ H u μu ε μ H ρ u ρ u ρ u

2 Ω 2 Ω ,

2 Ω 2 Ω .

tt t

tt t

0 0

2
1,11 0 0

2
3,13 1,33 0 0

2

0

2
1,

2
1 3,

0 0

2
3,33 0 0

2
1,13 3,11 0 0

2

0

2
3,

2
3 1,

(10)

Furthermore, the imposed boundary conditions at the surface ( =x 02 ) are given by

( )+ + = − = −σ μ H u u P σ Q, and ,33 0 0

2
1,1 3,3 13 (11)

where ( )=Q Q x t,1 and ( )=P P x t,1 are imposed tangential and vertical loads, respectively. To proceed, one
adopts Lame’s elastic potentials ( )= x x tΦ Φ , ,1 3 and ( )= x x tΨ Ψ , ,1 3 in order to decompose the displacement
components ul, ( )=l 1, 3 as follows:

= − = +u uΦ Ψ , Φ Ψ ,1 ,1 ,3 3 ,3 ,1 (12)

upon which the coupled equations of motion (10) transform to the following:

( )

( )

+ − = −

+ − = − +

c

ρ

c

c

ρ

c

Φ Φ
1

Φ
¯

2ΩΨ Ω Φ ,

Ψ Ψ
1

Ψ
¯

2ΩΦ Ω Ψ ,

tt t

tt t

,11 ,33

1

2 ,

1

2 ,
2

,11 ,33

2

2 ,

2

2 ,
2

(13)

along with the following transformed loaded boundary conditions at =x 02 :

( )

+ − = −

− + + = −

Q

μ

κ κ

P

μ

2Φ Ψ Ψ ,

2 Φ Φ 2Ψ ,

,13 ,11 ,33

2
,11

2
,33 ,13

(14)
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with ρ̄ , c1, c2, and κ explicitly taking the following expressions:

=
+

=
+ +

+
=

+
=ρ

ρ

ρ μ H ε

c

λ μ H μ

ρ μ H ε

c

μ

ρ μ H ε

κ

c

c
¯

2
, , ,

0

2

0

2
0

1

0

2

0

0

2

0

2
0

2

0

2

0

2
0

1

2

(15)

where c1 and c2 above are the longitudinal and transverse speeds in the magnetoelastic isotropic media,
respectively.

4 Secular equation

In this section, we first derive the resulting secular equation analytically by considering the loads = =P Q 0.
In fact, the expressions for Lame’s elastic potentials Φ and Ψ are harmonically presumed to take the following
pattern:

( ) ( )( ) ( )= = = −− −
f x e g x e iΦ , Ψ , 1 ,ik x ct ik x ct

3 3
1 1 (16)

where k is the dimensional wave number, while c is the dimensional phase speed.
Next on inserting (16) into (13), one obtains

( )− − = −− −
f k α ρκ ε f ik ρκ C εg¯ 2 ¯,33

2 2 2 2 2 1
1 (17)

and

( )− − =g k β ρε g ik ρC εf¯ 2 ¯ ,
,33

2 2 2 2
2 (18)

where

= = = − = − =C

c

c

C

c

c

α C β C ε

kc

, , 1 , 1 ,
Ω

.1

1

2

2

1

2

2

2

2

(19)

It can be seen from (12) and (13) that for a specific range of wave numbers ≫ ∕k cΩ 2, or equivalently ≪ε 1,
they become weakly coupled. This observation suggests using a perturbation approach, which will be studied
later.

From equation (17), we have

( ( ) )= − − −
g

iκ

k ρC ε

f k α ρκ ε f

2 ¯
¯ .

2
1

,33

2 2 2 2 (20)

Then, on inserting equation (20) into (18), we obtain

− + =f k γ f k γ f 0,
,3333

2

1 ,33

4

2
(21)

where

( ) ( )( )= + − + = − − −− − −
γ α β ρε κ γ α ρκ ε β ρε κ ρ C C ε¯ 1 and ¯ ¯ 4 ¯ .

1

2 2 2 2

2

2 2 2 2 2 1 2
1 2

2 (22)

The solution of (21), decaying away from the surface =x 02 , can be expressed in the form

∑=
=

−
f A e ,

j

j

kλ x

1

2

j 3 (23)

where =A j, 1, 2j are constants, while λj takes the following expression:

( )
=

+ − −
λ

γ γ γ1 4

2
.j

j

1 1

2

2 (24)
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Further, substituting (23) in (20), we obtain

∑=
=

−
g χ A e ,

j

j j

kλ x

1

2

j 3 (25)

where

( )= − + −
χ

iκ

ρC ε

λ α ρκ ε

2 ¯
¯ .

j j

1

2 2 2 2 (26)

Finally, upon inserting solutions (23) and (25) into the boundary conditions, we arrive at

[ ( ) ]

[( ) ( )]

∑

∑

+ + =

− + − =

=

=

iλ λ χ A

λ κ iχ λ A

2 1 0,

1 2 1 0,

j

j j j j

j

j j j j

1

2

2

1

2

2 2

(27)

yielding the following resulting analytical secular equation (dispersion relation):

( )

( )

( ) ( )

( ) ( )

+ +
+ +

=
− + −
− + −

iλ λ χ

iλ λ χ

λ κ iχ λ

λ κ iχ λ

2 1

2 1

1 2 1

1 2 1
.

1 1

2

1

2 2

2

2

1

2 2

1 1

2

2 2

2 2

(28)

Hence, we graphically analyze the obtained secular equation in (28) by fixing the involving parameters
as follows [25]: density = × −

ρ 8 10 kg m3 3, Young’s modulus = ×E 2 10 GPa ,2 electric permeability =ε0

× − − −8.85 10 kg m s A ,12 1 3 4 2 and the magnetic permeability = × − − −
μ π4 10 kg m s A .

0

7 2 2

Figure 2 depicts the dependence of the scaled phase velocity = ∕C c cR R (where cR is the Rayleigh wave
speed) on the dimensionless ε, via the exact secular relation determined (28) by varying the effects of the
magnetic field intensity H0 in Figure 2 (a) and the Poisson ratio ν in Figure 2 (b). Notably, it is vividly noted from
Figure 2 that an increase in both the magnetic field intensity and the Poisson ratio increases the dependence
of CR on ε.

Furthermore, we asymptotically examine the analytically obtained exact secular equation in (28)
by making consideration of the fact that ≪ε 1. Therefore, we expand (28) as follows:

( )+ + =D D ε O ε 0,0 1
2 (29)

Figure 2: Relationship between the scaled phase velocity CR and the dimensionless ε. (a) =ν 0.2 and (b) =H 100
4.
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where

( )

( )
( ( )) ( )

= + −

=
+

⎛
⎝ − − + + − − ⎞

⎠

D β αβ

D

ρ

κ α β

α κ αβ β κ αβ

1 4 ,

4 ¯
1 2 1 1 1 .

0
2 2

1
2 2 2

(30)

It may be seen that the expansion in (29) contains the Rayleigh wave equation at the leading order D0,
while the effect of rotation is contained in the next order, the correction D1.

In this regard, when ≫ε 1, from (19), we obtain that ≫ −
k cΩ 2

1. Therefore, upon introducing the dimen-
sionless wave number K , we obtain

= ≫K

c k

Ω
1,

2 (31)

which is a short-wave approximation. Hence, we examine the relevance of CR vs K via the analytically obtained
exact secular relation in (28) with respect to the significance of the magnetic field intensity H0 and the Poisson ratio
ν in Figure 3 (a) and (b), respectively. Also, without much delay, it is observed that an increase in both quantities
(H0 and ν) enhances the propagation of surface waves in the magnetoelastic half-space.

5 Asymptotic model for surface waves

Here, an asymptotic model for surface waves associated with the rotating magnetoelastic half-plane under
consideration is introduced below, which depends upon the approach recently deployed in [18,29].

At first, let us define the following dimensionless scaling:

( )= − = =ξ k x c t η kx τ kεc t, .R R1 3 (32)

Therefore, the transformed model in (13), coupled to the transformed conditions in (14), is then re-expressed
via this new scaling as follows:

( ) ( )
( )

( )

( ) ( ) ( )

+ + − − − = −
⎛

⎝
⎜

−
−

− +
⎞

⎠
⎟

+ + − − − = ⎛
⎝ − − − ⎞

⎠

−
α ε α ε α ρ

α

β

ε ε κ ε

β ε β ε β ρ β ε ε ε

Φ Φ 2 1 Φ 1 Φ ¯

2 1

1

Ψ Ψ Φ ,

Ψ Ψ 2 1 Ψ 1 Ψ ¯ 2 1 Φ Φ Ψ ,

γγ R ξξ R ξτ R ττ

R

R

ξ τ

γγ
R

ξξ
R

ξτ
R

ττ
R

ξ τ

,
2

,
2

,
2 2

,

2

2
,

2
,

2 2

,
2

,
2

,
2 2

,
2

,
2

,
2

(33)

Figure 3: Relationship between the scaled phase velocity CR and the dimensionless wave number K . (a) =ν 0.2 and (b) =H 100
3.
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and

( )

+ − = −

− + + = − =

Q

k μ

κ κ

P

k μ

γ

2Φ Ψ Ψ ,

2 Φ Φ 2Ψ , at 0,

ξγ ξξ γγ

ξξ γγ ξγ

, , , 2

2
,

2
, , 2

(34)

where

= − = −α

c

c

β

c

c

1 , and 1 .R

R

R

R

2

1

2

2

2

2
(35)

Now, we make use of an asymptotic series to expand the Lamé elastic potentials Φ and Ψ as a series
of terms, where each term corresponds to a different order in the small parameter ε as follows:

( ( ) ( ) )

( ( ) ( ) )

= + +
= + +

−

−

ε ξ γ τ ε ξ γ τ

ε ξ γ τ ε ξ γ τ

Φ Φ , , Φ , , … ,

Ψ Ψ , , Ψ , , … ,

1
0 1

1
0 1

(36)

such that at leading order ( )−
ε

1 , equation (33) and the boundary equation (34) become

+ = + =α βΦ Φ 0, Ψ Ψ 0,γγ R ξξ γγ
R

ξξ0,
2

0, 0,
2

0, (37)

and

( )

+ − =
− + + = =κ κ γ

2Φ Ψ Ψ 0,

2 Φ Φ 2Ψ 0, at 0.

ξγ ξξ γγ

ξξ γγ ξγ

0, 0, 0,

2
0,

2
0, 0,

(38)

Thus, equation (37) admits the following solutions:

( ) ( )= =ξ α γ τ ξ β γ τΦ Φ , , , and Ψ Ψ , , .R R0 0 0 0 (39)

Next on inserting the harmonic solutions (39) into the boundary conditions expressed in (38), and thereafter,
upon using the characteristics of harmonic functions, we obtain

�

�

( ) ( )

( ) ( )

+ + =

+ + = =

α β

β β γ

2 Φ 1 Ψ 0,

1 Φ 2 Ψ 0, at 0,

R ξξ
R

ξξ

R
ξξ R ξξ

0,
2

0,

2
0, 0,

(40)

where � denotes the Hilbert transform.
Indeed, the famous secular equation by the name “Rayleigh equation” is obtained from (40) as follows:

( )+ − =β α β1 4 0,
R

R R

2 2 (41)

along with

� �( ) ( )= − =λ λΨ Φ and Ψ Φ ,0 0 0 0 (42)

where

=
+

=
+

λ

α

β

β

β

2

1

1

2
.

R

R

R

R

2

2

(43)

From equation (33), we obtain the next order

( )
( )

( )

( ) ( )

+ = − − −
−
−

+ = − − + −

α α

ρ α

β

β β ρ β

Φ Φ 2 1 Φ
2 ¯ 1

1

Ψ ,

Ψ Ψ 2 1 Ψ 2 ¯ 1 Φ .

γγ R ξξ R ξτ

R

R

ξ

γγ
R

ξξ
R

ξτ
R

ξ

1,
2

1,
2

0,

2

2
0,

1,
2

1,
2

0,
2

0,

(44)

8  Ali M. Mubaraki



Corrector terms Φ1 and Ψ1 may be represented by

= + + = + +φ γφ φ ψ γψ ψΦ and Ψ ,1 1 2 3 1 1 2 3
(45)

where ( )=φ φ ξ α γ τ, ,
j j R and ( )= =ψ ψ ξ β γ τ j, , , 1, 2

j j R
are arbitrary plane harmonic functions. Consequently,

with regard to the harmonic functions φ
2
and ψ

2
, we obtain

� �
( )

( )
( )

( )= −
−

= −
−

φ

α

α

ψ

β

β

1
Φ , and

1

2
Ψ ,

R

R

τ

R

R

τ2

2

0, 2

2

0,
(46)

whereas for the particular solutions ( )=φ φ ξ β γ τ, ,
R3 3

and ( )=ψ ψ ξ α γ τ, ,R3 3
, we obtain

( )

( )
=

−
− −

=
−

−
φ

ρ α

β α β

ψ

ρ β

β α

2 ¯ 1

1

Ψ , and

2 ¯ 1

Φ .
ξ

R

R R R

ξ

R

R R

3,

2

2 2 2
0 3,

2

2 2 0 (47)

At next order, the boundary conditions (34) at =γ 0 become

( )

+ − = −

− + + = −

Q

k μ

κ κ

P

k μ

2Φ Ψ Ψ ,

2 Φ Φ 2Ψ .

ξγ ξξ γγ

ξξ γγ ξγ

1, 1, 1, 2

2
1,

2
1, 1, 2

(48)

Employing (45), (46), and (47), we infer at =γ 0

�

�
�

�

�

( ) ( )
( )

( )
[( )( ) ( )( )] ( )

( )

( ) ( )
( )

( ) ( )
[( ( ) )( ) ( )] ( )

⎜ ⎟

⎜ ⎟

+ + +
⎛

⎝
−

−
−
+

⎞

⎠

+
− −

− + + + − = −

− + − +
⎛

⎝ +
−

⎞

⎠

+
− − +

− − − − − = −

α φ β ψ

α

α

β α

β

ρ

β α β

α β α β

Q

k μ

β φ β ψ

α

β β

ρα

β α β β

κ β α β

P

k μ

2 1 2
1 2 1

1
Φ

2 ¯

1

1 1 1 1 Φ

1 2 2
2

1
1 Φ

4 ¯

1 1

1 2 1 1 Φ .

R ξξ R ξξ

R

R

R
R

R

ξτ

R R R

R R R R
ξ

R ξξ R ξξ

R

R R

ξτ

R

R R R R

R R R
ξ

1,

2

1,

2 2

2 0,

2 2 2

2 2 2 2
0, 2

2

1, 1, 2 0,

2 2 2 2

2 2 2 4
0, 2

(49)

Then, the solvability of (49) gives at =γ 0

� �( ) [( ) ( )]+ = − + +B

k μB

β P β Q2Φ Φ
1

2
1 2 ,ξτ R ξ

R R0, 0, 2

2 (50)

where

( )
( ) (( ( ) )( ) ( ))=

− −
⎡
⎣ − + − − − − − ⎤

⎦B

ρ

B β α β

β α β α κ β α β

4 ¯

1

1
1

2
1 2 1 1 ,R

R R R

R R R
R

R R R2 2 2

2 2 2 2 2 4 (51)

with

( ) ( ) ( )= − + − − −B α

β

α

β

α

β

β1 1 1 .
R

R

R

R

R

R

R

2 2 4 (52)

Additionally, upon utilizing the leading order approximation, we obtain

≈ ≈
ε

Ψ

ε

ΨΦ
1

Φ ,
1

,0 0
(53)

along with operator identities

( )⎜ ⎟∂ =
⎛
⎝
∂ − ∂

⎞
⎠

+ε

k c

O ε2
1 1

,ξτ

R

tt2 11 2

2 (54)
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then (50) can be expressed using the original dimensional variables ( )x x t, ,1 2 at the surface =x 0,2 that is,

� �( ) [( ) ( )]− + = − + +
c

B

c

Φ

μB

β P β QΦ
1

Φ
Ω 1

2
1 2 .

R

tt

R

R R,11 2 ,

2

,1
2 (55)

In addition, the equation representations for the potentials functionsΦ and Ψ are obtained using the following
elliptic equations from equations (33) as:

+ = + =α βΦ Φ 0, and Ψ Ψ 0,
R R

,33
2

,11 ,33
2

,11 (56)

while the relationship between the two potential functions at the surface is found to be

( ) ( )= −
+

x t

β

x tΨ , 0,
2

1
Ψ , 0, ,

R

,1 1 2 ,2 1 (57)

following from (42).

6 Discussion of the approximate secular equation

Proceeding, equation (55) could be written using the related pseudo-differential operator at =x 02 as follows:

�[( ) ( )]− + −∂ = − + +
c

B

c

Φ

μB

β P β QΦ
1

Φ
Ω 1

2
1 2 .

R

tt

R

R R,11 2 ,

2

11
2 (58)

In particular, the later boundary equation coincides with [18] in case of no rotation; see also [28] for a similar
situation but without the action of the magnetic field force.

Consequently, we can deduce from (58) the approximation of the secular equation under the combined
effects of rotation and magnetic field in the absence of effective loading ( )= =P Q 0 as follows:

= −C

B

kc

1
Ω

,R

R

2

(59)

where the above equation may equally be expressed in terms of ε in (19)4 as

= −C εB1 ,R R
(60)

or through the dimensionless wave number K in (31) as

= −C

B

K

1 .R

R (61)

The coefficient BR represents the influence of rotation on the propagation of surface waves at a leading
order. The approximation outlined in (61) takes into consideration the sign of the coefficient BR defined
by equation (51), which is contingent upon Poisson’s ratio ν (Figure 4). Here, and in the following discussion,
we employ the magnetoelastic properties [25]: = × − − −

μ π4 10 kg m s A
0

7 2 2, and = × − − −
ε 8.85 10 kg m s A0

12 1 3 4 2,
along with = ×E 2 10 GPa2 , and = × −

ρ 8 10 kg m .3 3

From Figure 1, it can be noted that the constant BR is positive when < <ν0 0.25, < <ν0 0.24,
and < <ν0 0.22 and negative when < <ν0.25 0.5, < <ν0.24 0.5, and < <ν0.22 0.5 for =H 00 , =H 2,0000 ,
and =H 3,0000 , respectively. Additionally, it is observed that in cases of =H 00 , =H 2,0000 , and =H 3,0000 ,
the constant =B 0R at Poisson’s ratio =ν 0.25, =ν 0.24, and =ν 0.22, respectively. Under this circumstance,
equation (58) simplifies to the established hyperbolic-elliptic model for Rayleigh waves in [27]. In addition,
graphical comparison between the analytically obtained exact secular equation in (28) and those of the
asymptotic relations (60) and (61) are depicted in Figure 5, showing the relationships between the dimensionless
phase speed CR against the dimensionless ε and the wave number K , respectively. In addition, in the same
Figure 5, the solid and dashed lines indicate the exact dispersion relation in equation (28) and the
approximation in equation (60) or (61), respectively.
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Hence, as Figure 5 (a) illustratively depicts the comparison between the exact and approximate secular
equations by portraying the relationship between CR vs ε for several fixed values of H ,0 it is therefore noted
that the disparity between the two equations shrinks with an increase in H ;0 in fact, there is a mounting hope
that the two would be equal upon suitably choosing an appropriate value for the magnetic field intensity H .0

However, an opposite trend is noted in Figure 5 (b), with regard to the relationship between CR vs K ; in fact,
an agreement is attained between the two secular equations when H0 is chosen relatively smaller than 103.
Besides, one would clearly see the depictions of the harmonic curves when H0 takes the values 104 and 10 ,6

sequentially, where partial-sided conformity is achieved on the K axis, which is a kind of short-wave propaga-
tion. Note that the overall development depends on the sign for the coefficient B ,R that is, whether positive
or negative.

Figure 4: Relationship between BR in equation (44) against the Poisson’s ratio ν.

Figure 5: Comparison between the exact (solid line) and the leading asymptotic (dashed line) secular equations (a) CR versus epsilon (b)
CR versus K.
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7 Example: moving point load

In this example, we simulate near-resonant regimes of the moving point of vertical stress P only, to demon-
strate the effectiveness of the proposed approximate formulations for the Rayleigh wave. As might be
expected, the dynamic response caused by a load travels at a speed close to the Rayleigh wave speed. For
the present governing problem, the suggested model for the surface wave includes an elliptic equation for the
interior >x 03 , given as in (56), along with boundaries (57) at =x 03 . Now, let us rewrite the boundary value
problem expressed in (56) and (58) in the moving coordinate system ( ) ( )= −r x x ct x, , .3 1 3 Hence, the steady
state limit is governed by

+ =αΦ Φ 0,
R rr,33
2

, (62)

and associated by the boundary condition at =x 03 as follows:

( )
( )+ −∂ = −

+B

c

Φ

β

μB

P δ rΓΦ
Ω 1

2
,rr

R

rr

R

,

2

2

0
(63)

where the vertical applied load P is considered in the form of Delta function, P0 is a constant,
and ∣ ∣ ∣ ∣= − ≪CΓ 1 1R corresponds to the near-resonant region.

In addition, let us take

( )
= = −

+
r

B

c

ζ

μB B

P c β

Γ

Ω
, and Θ

2 Ω

1
Φ,

R

R

R

2

0 2
2

(64)

then equation (63) is rewritten as

( ) ( )+ −∂ =B δ ζsign Γ Θ Θ .R ζζ ζζ, (65)

The solution of the latter equation is then obtained through the application of the Fourier integral transform
as follows:

( ( ) )

( )

( ( ) )
∫ ∫=

−
=

−
−∞

∞

→

∞

π

e ω

ω B ω π

ωζ

ω B ω

ωΘ
1

2

d

1 sign Γ

1
limRe

cos

1 sign Γ
d .

iωζ

R a

a
R0

(66)

Here we restrict ourselves only to the case of no poles on the real axis with >ω 0 and ( ) <Bsign Γ 0R ,
then the integral (66) gives the solution

(∣ ∣) (( )∣ ∣) ( ∣ ∣) (∣ ∣)( (( )∣ ∣))= ⎡
⎣ + − − − + ⎤

⎦π

ζ a ζ a ζ ζ π a ζ aΘ
1

cos Ci 1 Ci
1

2
sin 2Si 1 , ~ 0. (67)

Figure 6: Relationship between the quantity Θ and the moving coordinate ζ .
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where

( ) ( )∫ ∫= − = −
∞ ∞

y

y

y

t y

y

y

tCi
cos

d , and Si
sin

d ,

y y

(68)

see e.g. [42]. Note that this scenario can occur either in the sub-critical regime ( <C 1R ) with a sign
of the coefficient <B 0R or in the super-Rayleigh regime ( >C 1R ) with >B 0R .

Moreover, this scenario has been captured in Figure 6, showing the variational effect of the quantity Θ on
the moving coordinate ζ when = −

a 10 9. Indeed, the steady-state problem for moving point load on a rotating
elastic half-plane is illustrated in the figure, using the approximate model for the Rayleigh wave, which gives
an explicit near-resonant solution.

8 Conclusion

In conclusion, an explicit model of the Rayleigh waves in a homogeneous isotropic magnetoelastic half-space
has been derived, with the structure framed under rotational reference. Generalized mechanical vertical and
tangential excitation loads are further incorporated into the surface of the structure. Analytical and asymp-
totic approaches were first deployed for the analysis of the resulting secular equation and thereafter, con-
centrated hugely on the derivation and analysis of the approximate equation of motion for surface wave
propagation. Notably, it was observed that an increase in both H0 and ν enhanced the propagation of surface
waves in the media. Further, it is noted that the disparity between the exact and approximate secular
equations shrinks with an increase in H ;0 in fact, there is a mounting hope that the two would be equal
upon suitably choosing an appropriate value for the magnetic field intensity H .0 It was also verified that when
considering Poisson’s ratio, such as when =ν 0.25 at leading order, the influence of rotation disappears when
there is no magnetic field present. This aspect holds significance for numerous applications within the field
of electrical engineering.

In this regard, further developments can include analysis of a second-order refined model [22], the 3D
moving load problem [23], and the generalization to the case of anisotropy [43] by incorporating magnetic field
force and rotation; indeed, a scenario of material inhomogeneity could equally be an interesting future
prospect. Finally, the asymptotic formulation provides a useful tool for analyzing the behavior of surface
waves on a rotating magnetoelastic half-space. The resulting equations can be used to gain insights into
complex models of such nature and to design several experiments to study wave motion in more detail.
Besides, it is hopeful that the renowned Lie’s symmetry method [44,45], which gives multiple invariant
solutions for wave equations (in particular), will be utilized to project and the propagating wave in the media.
Indeed, the present study will find relevance in modern materials science, and in the study of turbulent and
seismic waves such as earthquakes and tornados, which involve highly external excitations, alongside rota-
tional effects. In addition, the study is expected to play a vital part in the production of earthquake-resisting
structures, in addition to its relevance in new materials like magnetostrictive materials, ferromagnetic films,
multi-functional materials, electromagnetic materials, acoustomagnetic rectifiers, and magneto-electro-elastic
devices among others.
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