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Abstract: In this study, the basic theory of the sequential Henstock-Kurzweil delta integral on time scales will
be discussed. First, we give the notion and the elementary properties of this integral; then we show the
equivalence of the Henstock-Kurzweil delta integral and the sequential Henstock-Kurzweil delta integral on
time scales. In addition, we consider the Cauchy criterion and the Fundamental Theorems of Calculus. Finally,
we prove Henstock’s lemma and give some convergence theorems. As an application, we consider the exis-
tence theorem of a kind of functional dynamic equations.
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1 Introduction

As far as we know, we need to consider both continuous and discrete cases simultaneously when we solve
some problems in many fields. But this often leads to a lot of repetitive theories. For the sake of unifying the
theories of continuous and discrete analysis, Hilger and Aulbach introduced the calculus on time scales first in
[1–3]. Later, it was soon applied to the study of differential equations [4–7]. Subsequently, some researchers
noted the need for a more general theory of integration to study the dynamic equations. Guseinov [8–10]
introduced the Riemann delta integral; then Park et al. [11] gave some conditions for the Riemann delta
integrability of functions on �[ ]a b, . Mozyrska et al. [12] introduced the Riemann-Stieltjes delta integral. Liu
and Zhao [13] studied the McShane delta integral; then Park et al. [14] discussed the relationships between the
McShane delta integral and the McShane integral. You and Zhao [15] gave some convergence theorems for the
McShane delta integral. Guseinov [9] also introduced the Lebesgue delta integral. Recently, Qin and Wang [16]
studied the Lebesgue-Stieltjes-♢α delta integral and delta measure. In fact, integrals can be studied not only on
one-dimensional time scales but also in the context of multiple integrals [17]. And more details about time
scales can be found in [5–7].

As already known, the Henstock-Kurzweil integral is a more general integral including Newton integral,
Riemann integral, improper Riemann integral, and Lebesgue integral. It was studied by Kurzweil [18] in 1957
and Henstock [19] in 1963. For more details about the Henstock-Kurzweil integral and its applications, we can
refer to [20–29]. Peterson and Thompson [30] introduced the Henstock-Kurzweil delta integral, where they
defined a gauge function as ( )=δ δ δ,L R to ensure that a δ-fine partition � for �[ ]a b, can be found. Then,
Thomson [31] studied the Henstock-Kurzweil integral on time scales using covering theory, which differs from [30].
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Later, Avsec et al. [32] generalized the Henstock-Kurzweil integral to unbounded time scales using the samemethod
as [30] and Park et al. [33] discussed the relationships between the Henstock-Kurzweil delta integral and
the Henstock-Kurzweil integral.

In fact, we know that the Henstock-Kurzweil integral is more difficult to transfer into abstract spaces than
the Lebesgue integral. In order to solve this issue, Lee [34] considered a new approach to the Henstock-
Kurzweil integral called the sequential Henstock-Kurzweil integral, but he did not develop it. Recently, Paxton
[35] studied the sequential Henstock-Kurzweil integral and gave some properties about it. Then, Iluebe and
Mogbademu [36–38] gave some convergence theorems for the sequential Henstock-Stieltjes integral, general-
ized the sequential Henstock-Kurzweil integral to set valued functions and studied the relationships between
the sequential Henstock-Kurzweil integral and the topological Henstock-Kurzweil integral. In our work,
we study the sequential Henstock-Kurzweil integral on time scales using the same method as [30] and extend
the results in [30,35].

The structure of this study is as follows. In Section 2, we give some notions about time scales and other
preliminaries. In Section 3, we give the notion of sequential Henstock-Kurzweil delta integrals; then we show
the equivalence of the sequential Henstock-Kurzweil delta integral and the Henstock-Kurzweil delta integral.
Then, we discuss the basic properties and prove Cauchy criterion of this integral. In Section 4, we give the
fundamental theorems of calculus and some examples. In Section 5, we give Henstock’s lemma and some
convergence theorems. As an application, we consider the existence theorem of a kind of functional dynamic
equation (FDE) in Section 6. Finally, we give some conclusions.

2 Preliminaries

We give some notions and other preliminaries in this section.

Definition 2.1. (Definition 1.1, [17]) We say � is a time scale, provided � � �( )⊂ ≠ ∅ and � is closed.

Definition 2.2. (Definition 1.6, 1.7, 1.8, [17]) We define the forward and backward operator on � by
�( ) { }= ∈ >σ s q q sinf : and �( ) { }= ∈ <ρ s q q ssup : , where � �∅ = ∅ =inf sup , sup inf .

Definition 2.3. (Definition 1.1, [5]) For any �∈s , s is called right-scattered (left-scattered), provided
( ) ( ( ) )> <σ s s ρ s s . �∈s is called right-dense if �<s sup and ( ) =σ s s, while if �>s inf and ( ) =ρ s s,

we say �∈s is left-dense.

Definition 2.4. (Definition 1.25, [17]) For any �∈s , we define the right-graininess and left-graininess function
on � by ( ) ( ) ( ) ( )= − = −μ s σ s s ν s s ρ s, .

Definition 2.5. (Definition 1.1.9, [6]) If � = ∞sup , let � �� ≔ , while if � < ∞sup , let � � � �� ( ( ) ]≔ ρ\ sup , sup .

Definition 2.6. (Definition 1.3, [30]) Let � �→h : and � �∈s , for any >ε 0, there exists �( ) ∈h s
Δ and there is

a neighborhood ( )N s ε, of s, we have

∣[ ( ( )) ( )] ( )[ ( ) ]∣ ∣ ( ) ∣− − − ⩽ −h σ s h x h s σ s x ε σ s x ,

Δ

for all ( )∈x N s ε, . We say ( )h s
Δ is the delta derivative of h at s and we call h is delta differentiable on � if ( )h s

Δ

exists for every � �∈s .

2  Yang Liu and Yabin Shao



Theorem 2.1. (Theorem 1.16, [5]) Assume � �→h : , for any � �∈q , we have the following properties:
(a) If h is delta differentiable at q, then h is continuous at q.
(b) If q is right-scattered and h is continuous at q, then h is delta differentiable at q with

( )
( ( )) ( )

( )
=

−
−

h q

h σ q h q

σ q q

.

Δ

(c) If q is right-dense, then h is delta differentiable at q iff the limit

( ) ( )−
−→

h u h q

u q

lim

u q

is finite. Further

( )
( ) ( )

=
−
−→

h q

h u h q

u q

lim .

Δ

u q

Definition 2.7. (Definition 1.15, [7]) Assume � �→h : , we say that h is right-dense (rd)-continuous if h is
continuous at all right-dense points in � and all its left-dense points’ left side limits are finite, we denote all rd-
continuous functions on � as �( )Crd . If h is delta differentiable on � and ( )h s

Δ is rd-continuous, we
denote �( )∈h C

rd

1 .

Throughout this study, we assume that �∈a b, , then we define the time scale interval in � by

��[ ] { }= ∈ ⩽ ⩽a b t a t b, : .

Definition 2.8. (Definition 1.5, [30]) A partition � for �[ ]a b, is defined by

� { }= = ⩽ ⩽ ⩽ ⩽ ⩽ ⩽ =−a s ξ s s ξ s b… n n n0 1 1 1

with > −s si i 1
, we call si end points, ξi tag points, and �[ ]∈s ξ a b, ,i i , sometimes we write � {([ ] )}= − =s s ξ, ,i i i i

n

1 1
.

Let �[ ] →h a b: , , we denote that �( ) ( )( )= ∑ −= −S h h ξ s s, .
i

n

i i i1 1

Definition 2.9. (Definition 1.4, 1.6, [30]) For any �[ )∈s a b, , we say ( )=δ δ δ,L R is a δ-gauge for �[ ]a b,

if ( ) >δ s 0R on �[ )a b, , ( ) ⩾δ b 0R , ( ) ( )⩾δ s μ sR , and ( ) >δ s 0L on �( ]a b, , ( ) ⩾δ a 0L . For any δ-gauge for �[ ]a b, ,
we say a partition � is a δ-fine partition, provided

( ) ( ) { }− ⩽ < ⩽ + ∈−ξ δ ξ s s ξ δ ξ i n, 1, 2, …, .i L i i i i R i1

Note that if � �= , then =δ δL R.

Theorem 2.2. (Lemma 1.9, [30]) If δ is a δ-gauge for �[ ]a b, , there exists a δ-fine partition � for �[ ]a b, .

Definition 2.10. (Definition 1.2.2, [21]) Assume �[ ] →h a b: , , we say that h is Henstock-Kurzweil integrable
on [ ]a b, if there exists a number �∈V and for any >ε 0, there exists a ( ) >δ x 0 for every δ-fine partition � ,

we have �∣ ( ) ∣− <S h V ε, , and we write ( )∫ =H h x Vd

a

b

.

Definition 2.11. (Definition 9, [35]) Let �[ ] →h a b: , , we say that h is sequential Henstock-Kurzweil integrable
on [ ]a b, if there exists a number �∈V and for any >ε 0, there exists a sequence of positive functions { } =

∞
δk k 1

such that for every δk -fine partition �k , its end points are {{ }}= < < < = =
∞

a s s s b… ,k k m k k0 1 1k
its tag points

are {{ }} =
∞

ξ ξ ξ, , …,k k m k k1 2 1k
, we have �∣ ( ) ∣ ( )− < → ∞S h V ε k, k , and we write ( )∫ =SH h x Vd .

a

b

Remark 2.1. We say that h is not sequential Henstock-Kurzweil integrable on [ ]a b, if for any �∈V and there
exists a >ε 0

0
, we cannot find a sequence of positive functions { } =

∞
δk k 1

satisfying �∣ ( ) ∣ ( )− < → ∞S h V ε k, k 0
,

where �k is a δk-fine partition for [ ]a b, .
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Example 2.1. Let �[ ] →h : 0, 1 , then we define

�

( )
( )

( ) { }
⎪

⎪

=
⎧
⎨
⎩

= =

∈ ∪
h x n

x

m

n

m n

x

1

, , , 1,

0, 0, 1 \ 0, 1 .

We claim that h is sequential Henstock-Kurzweil integrable with

( ) ( )∫ =SH h x xd 0.

0

1

Let >ε 0 be given, assume { } =
∞

δk k 1
is a decreasing sequence on [ ]0, 1 , let K be large enough such that < ε

K

1 ,
we define

( ) ( )
( )⎪

⎪
=
⎧
⎨
⎩

−
= = ⩾

δ x

nε

n

x

m

n

m n n

1 2

, , , 1, 2,

1, otherwise.

K

n

When >k K , for every δk-fine partition �k , the tag points ξ have two cases:

If =ξ
m

n
, ( ) =h ξ

n

1 , if �( ) { }∈ ∪ξ 0, 1 \ 0, 1 , ( ) =h ξ 0, thus

�

�∣ ( )∣ ( )( )( )∑ ∑= − < =
=

∈

−
=

∞

S h h ξ x x

ε

ε,

2

.k

n

m

nk nk n k

n

n

1

1

1

k

Therefore, ( ) ( )∫ =SH h x xd 0

0

1

.

Theorem 2.3. (Theorem 1, [35]) Let �[ ] →h a b: , , h is Henstock-Kurzweil integrable on [ ]a b, if and only if
h is sequential Henstock-Kurzweil integrable on [ ]a b, .

Remark 2.2. When h is Henstock-Kurzweil integrable on [ ]a b, , by Definition 2.10, there exists a function
( ) >δ x 0 on [ ]a b, . Then, we let =δ δk . It is easy to show that h is sequential Henstock-Kurzweil integrable

on [ ]a b, . Conversely, if h is sequential Henstock-Kurzweil integrable on [ ]a b, , by Definition 2.11, there exists a
sequence of positive functions { } =

∞
δk k 1

and a positive integer K , let ( ) ( )= +δ x δ xK 1
. Obviously, h is Henstock-

Kurzweil integrable on [ ]a b, .

Definition 2.12. (Definition 1.7, [30]) Let ��[ ] →h a b: , , we say that h is Henstock-Kurzweil delta integrable on
�[ ]a b, if there exists a number �∈V and for any >ε 0, there exists a δ-gauge ( )=δ δ δ,L R , for each δ-fine

partition � , we have �∣ ( ) ∣− <S h V ε, , and we write ( )∫ =HD h s VΔ

a

b

.

3 Sequential Henstock-Kurzweil delta integral on time scales

We now give the definition of the sequential Henstock-Kurzweil delta integral and show its equivalence to the
Henstock-Kurzweil delta integral. Then, we discuss the basic properties about it and give the Cauchy criterion.

Definition 3.1. Assume ��[ ] →h a b: , , we say that h is sequential Henstock-Kurzweil delta integrable on

�[ ]a b, if there exists a number �∈V and for any >ε 0, there exists a sequence of δ-gauges { ( )}= =
∞

δ δ δ,k L

k

R

k

k 1

such that for every δk -fine partition �k , its end points are

{{ }}= < < < < = =
∞

a s s s s b… ,k k k m k k0 1 2 1k

its tag points are {{ }} =
∞

ξ ξ ξ, , …,k k m k k1 2 1k
, we have �∣ ( ) ∣ ( )− < → ∞S h V ε k, k , we write ( )∫ =SHD h s VΔ

a

b

and �([ ] )∈h SHD a b, .
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Remark 3.1. We say that h is not sequential Henstock-Kurzweil delta integrable on �[ ]a b, if for any �∈V

and there exists a >ε 0
0

, we cannot find a sequence of δ-gauges { } =
∞

δk k 1
satisfy �∣ ( ) ∣ ( )− < → ∞S h V ε k, k 0

,
where �k is a δk-fine partition for �[ ]a b, .

Example 3.1. Let ��[ ] →h a b: , and = ⋃ =
∞

S q
i i1

, q
i
is a rational number in �[ ]a b, . We define h by

�
( )

[ ]
= ⎧⎨⎩

∈
∈h s

s S

s a b S

1, ,

0, , \ .

For any >ε 0, let K be large enough such that < ε
K

1 , then we define ( ) ( )= = +δ q δ q ,
L

K

i R

K

i

ε

2

i 1

⩾i 1, ( ) ( ) { ( )}= =δ s δ s μ s1, max 1,
L

K

R

K for �[ ]∈s a b S, \ , then we assume { } =
∞

δk k 1
is a decreasing sequence,

so when >k K , for every δk-fine partition �k , we have

�

�∣ ( )∣ ( )( ) ( ) ( )( )∑ ∑= − ⩽ + <
=

∈

−
=

∞

S h h ξ s s δ q δ q ε, .k

i

m

ik ik i k

i

L

K

i R

K

i

1

1

1

k

Therefore, ( )∫ =SHD h sΔ 0

a

b

.

Theorem 3.1. Let ��[ ] →h a b: , , h is Henstock-Kurzweil delta integrable on �[ ]a b, if and only if
�([ ] )∈h SHD a b, .

Proof. ( )⇒ Since h is Henstock-Kurzweil delta integrable on �[ ]a b, , for any >ε 0, there exists a ( )=δ δ δ,L R ,
for every δ-fine partition � , we have

�( ) ( )∫− <S h HD h s ε, Δ .

a

b

Let ( )= =ε k 1, 2, …

k

1 , for one ε, we have one δk , so we obtain a sequence of δ-gauges { } =
∞

δk k 1
, for every

δk-fine partition �k , we have

�( ) ( )∫− <S h HD h s

k

, Δ

1

.k

a

b

Therefore, there exists a { }∈ =
∞

δ δK k k 1
, when >k K , for every δk -fine partition �k , we have

�( ) ( ) ( )∫− < → → ∞S h HD h s

k

k, Δ

1

0 .k

a

b

So, ( ) ( )∫ ∫=SHD h s HD h sΔ Δ

a

b

a

b

.
( )⇐ For any >ε 0, since �([ ] )∈h SHD a b, , we have a { ( )}∈ = =

∞
δ δ δ δ,N n L

n

R

n

n 1
, when >n N , for every δn-fine

partition �n we have

�( ) ( )∫− <S h SHD h s, Δ ε.n

a

b

We choose = +δ δN 1
, denote � �= +N 1

, so every +δN 1
-fine partition � +N 1

is a δ-fine partition. So

� �( ) ( ) ( ) ( )∫ ∫− = − <+S h SHD h s S h SHD h s, Δ , Δ ε.

a

b

N

a

b

1

Therefore, ( ) ( )∫ ∫=HD h s SHD h sΔ Δ

a

b

a

b

, and the proof is complete. □

Theorem 3.2. If �([ ] )∈h SHD a b, , the value of this integral is unique.
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Proof. Suppose the value of this integral is not unique and �( )∫ = ∈SHD h s VΔ

a

b

1
. Let �∈V

2
, ≠V V

2 1

such that ( )∫ =SHD h s VΔ

a

b

2
.

For any >ε 0, since �([ ] )∈h SHD a b, , we have a { ( )}∈ = =
∞

δ δ δ δ,N n L

n

R

n

n 1
, when >n N , for every δn-fine

partition �n, we have

�∣ ( ) ∣− <S h V

ε

,

2

.n 1

Similarly, we have another { ( )}∈ = =
∞

δ δ δ δ,M m L

m

R

m

m 1
, when >m M , for every δm-fine partition �m, we have

�∣ ( ) ∣− <S h V

ε

,

2

.m 2

For every { ( )}∈ = =
∞

δ δ δ δ,n n L

n

R

n

n 1
and { ( )}∈ = =

∞
δ δ δ δ,m m L

m

R

m

m 1
, we choose

{ } { }( )= = = = =δ δ δ δ δ δ k m nmin , , min , 1, 2, … .
L

k

L

n

L

m

R

k

R

n

R

m

Therefore, { ( )}= =
∞

δ δ δ,k L

k

R

k

k 1
is a sequence of δ-gauges on �[ ]a b, , and for each δk-fine partition �k , it is also

δn and δm-fine partition for �[ ]a b, .
Then, for the above ε, there exists a { ( )}∈ = =

∞
δ δ δ δ,K k L

k

R

k

k 1
, when { }>k M Nmax , and �k is a δk -fine

partition, we have

� �

� �

∣ ∣ ∣ ( ) ( ) ∣

∣ ( )∣ ∣ ( ) ∣

− = − + −
⩽ − + −
<

V V V S h S h V

V S h S h V

ε

, ,

, ,

.

k k

k k

1 2 1 2

1 2

Therefore, the value of this integral is unique. □

Theorem 3.3. Let �([ ] )∈h SHD a b, , if ( ) ⩾h s 0 for any �[ ]∈s a b, , then

( )∫ ⩾SHD h sΔ 0.

a

b

Proof. Since �([ ] )∈h SHD a b, , for any >ε 0, we have a { ( )}∈ = =
∞

δ δ δ δ,K k L

k

R

k

k 1
, when >k K , for every δk -fine

partition �k , we have

�( ) ( )∫− <S h SHD h s ε, Δ .k

a

b

Therefore,

�( ) ( )∫=
→∞

S h SHD h slim , Δ ,

k

k

a

b

and we know �
�( ) ( )( ) ( )( ) ( )= ∑ − ⩾ − ⩾=

∈
− −S h h ξ s s h ξ s s, , 0, 0k i

m

ik ik i k ik ik i k1 1 1

k , so �( ) ⩾S h, 0k , thus we have

( )∫ ⩾SHD h sΔ 0.

a

b

□

Theorem 3.4. Let �([ ] )∈h h SHD a b, ,
1 2

, for any �∈α β, , we have �([ ] )+ ∈αh βh SHD a b,
1 2

and

( ) ( ) ( )∫ ∫ ∫+ = +SHD αh βh s SHD α h s SHD β h sΔ Δ Δ .

a

b

a

b

a

b

1 2 1 2

Proof. The case where = =α β0, 0 is trivial, so we assume ≠ ≠α β0, 0.
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For any >ε 0, since �([ ] )∈h SHD a b,
1

, we have a { ( )}∈ = =
∞

δ δ δ δ,N n L

n

R

n

n 1
, when >n N , for every δn-fine

partition �n we have

�( ) ( )
∣ ∣

∫− <S h SHD h s

ε

α

, Δ

2

.n

a

b

1 1

Similarly, we have another { ( )}∈ = =
∞

δ δ δ δ,M m L

m

R

m

m 1
, when >m M , for every δm-fine partition �m, we have

�( ) ( )
∣ ∣

∫− <S h SHD h s

ε

β

, Δ

2

.m

a

b

2 2

As in the proof of Theorem 3.2, we choose { } { }= =δ δ δ δ δ δmin , , min ,
L

k

L

n

L

m

R

k

R

n

R

m , so { ( )}= =
∞

δ δ δ,k L

k

R

k

k 1
is a

sequence of δ-gauges on �[ ]a b, , and for every δk-fine partition �k , it is also δn and δm-fine partition for �[ ]a b, .
For the above ε, we let { }=K M Nmax , , when >k K and �k is a δk-fine partition, we have

�

�( ) ( ) ( )

( )( )( ) ( ) ( )( )

∫ ∫

∫ ∫∑

+ −
⎛

⎝
⎜ +

⎞

⎠
⎟

= + − −
⎛

⎝
⎜ +

⎞

⎠
⎟

< + =

=

∈

−

S αh βh SHD α h s SHD β h s

αh βh ξ s s SHD α h s SHD β h s

ε ε

ε

, Δ Δ

Δ Δ

2 2

.

k

a

b

a

b

i

m

ik ik i k

a

b

a

b

1 2 1 2

1

1 2 1 1 2

k

Therefore, �([ ] )+ ∈αh βh SHD a b,
1 2

and

( ) ( ) ( ) ( )∫ ∫ ∫+ = +SHD αh βh s SHD α h s SHD β h sΔ Δ Δ .

a

b

a

b

a

b

1 2 1 2

□

Theorem 3.5. Let �([ ] )∈h h SHD a b, ,
1 2

, and ( ) ( )⩽h s h s
1 2

for any �[ ]∈s a b, , then ( ) ( )∫ ∫⩽SHD h s SHD h sΔ Δ

a

b

a

b

1 2

.
It is easy to show by Theorems 3.3 and 3.4.

Proof. Since �([ ] )∈h h SHD a b, ,
1 2

, by Theorem 3.4 we know that �( )− ∈ [ ]h h SHD a b,
2 1

. In addition,
( ) ( )− ⩾h s h s 0

2 1

for any �[ ]∈s a b, . By Theorem 3.3 we have

( ) ( )∫ − ⩾SHD h h Δs 0,

a

b

2 1

the proof is complete. □

Theorem 3.6. Let �∣ ∣ ([ ] )∈h h SHD a b, , , then

( ) ( ) ∣ ∣∫ ∫⩽SHD h s SHD h sΔ Δ .

a

b

a

b

We can prove it right away using Theorem 3.5.

Theorem 3.7. For any �( )∈c a b, , if � �([ ] ) ([ ] )∈ ∈h SHD a c h SHD c b, , , , then �([ ] )∈h SHD a b, , and

( ) ( ) ( )∫ ∫ ∫= +SHD h s SHD h s SHD h sΔ Δ Δ .

a

b

a

c

c

b

Proof. Since � �([ ] ) ([ ] )∈ ∈h SHD a c h SHD c b, , , , for any >ε 0, we have a { ( )}∈ = =
∞

δ δ δ δ,N n L

n

R

n

n 1
on �[ ]a c, ,

when ⩾n N , for every δn-fine partition �n, we have

�( ) ( )∫− <S h SHD h s

ε

, Δ

2

.n

a

c

The sequential Henstock-Kurzweil delta integral on time scales  7



In the same way, we have another { ( )}∈ = =
∞

δ δ δ δ,M m L

m

R

m

m 1
on �[ ]c b, , when ⩾m M , for every δm-fine

partition �m, we have

�( ) ( )∫− <S h SHD h s

ε

, Δ

2

.m

c

b

Assume { ( )}= =
∞

δ δ δ,k L

k

R

k

k 1
is a decreasing sequence, let K be large enough such that < ε

K

1 , then define

a δ-gauge { ( )}∈ = =
∞

δ δ δ δ,K k L

k

R

k

k 1
on �[ ]a b, , let �( ) ( ) [ )= ∈δ s δ s s a c, ,

L

K

L

N , and

( )

( ) ( )

( )
( )

( )

⎪

⎪
=
⎧
⎨
⎩

=

⎧⎨⎩
⎫⎬⎭ >

δ c

δ c ν c

δ c

ν c

ν c

, 0,

min ,

3

, 0,

L

K

L

N

L

N

( )δ s
L

K = �( ) ( ]
⎧
⎨
⎩

⎫
⎬
⎭

∈−
δ s s c bmin , , ,

L

M
s c

3

, ( )δ s
R

K = ( ) ( )
⎧
⎨
⎩

⎧
⎨
⎩

⎫
⎬
⎭
⎫
⎬
⎭

−
δ s μ smin , max ,

R

N
c s

3

, �[ )∈s a c, , ( )δ s
R

K = �( ) [ ]∈δ s s c b, ,
R

N .

Then, let �k be a δk-fine partition for �[ ]a b, , when >k K , by the way we define δk , c has two cases:
c is an end point or a tag point.

( )1 If c is an end point, we denote that

� � � { }( )= ′ ∪ ″ = = < < < = = < < =+a s s s c s s b… … ,k k k pk p k m k0 1 1 k

where
� { }′ = = < < < =a s s s c… ,k k pk0 1

� { }( ) ( )″ = = < < < =+ +c s s s b… .p k p k m k1 2 k

We know, � ′ is a δN -fine partition and �″ is aδM -fine partition by the way we define δ-gauge. Therefore, we have

� � �

� �

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

∫ ∫ ∫ ∫

∫ ∫

−
⎛

⎝
⎜ +

⎞

⎠
⎟ = ′ ∪ ″ −

⎛

⎝
⎜ +

⎞

⎠
⎟

⩽ ′ − + ″ − <

S h SHD h s SHD h s S h SHD h s SHD h s

S h SHD h s S h SHD h s ε

, Δ Δ , Δ Δ

, Δ , Δ .

k

a

c

c

b

a

c

c

b

a

c

c

b

(2) If c is a tag point, assume that =c ξpk , we use the following equation:
( )( ) ( )( ) ( )( )( ) ( )− = − + −− −h c s s h c s c h c c s .pk p k pk p k1 1

Then, we have

�

�

�( ) ( ) ( )

( )( ) ( ) ( )

( )( ) ( )( ) ( )

( )( ) ( )( ) ( )

( )

( ) ( )

( )

∫ ∫

∫ ∫

∫

∫

∑

∑

∑

−
⎛

⎝
⎜ +

⎞

⎠
⎟

= − −
⎛

⎝
⎜ +

⎞

⎠
⎟

⩽ − + − −

+ − + − −

< + =

=

∈

−

=

−

− −

= +

∈

−

S h SHD h s SHD h s

h ξ s s SHD h s SHD h s

h ξ s s h c c s SHD h s

h ξ s s h c s c SHD h s

ε ε

ε

, Δ Δ

Δ Δ

Δ

Δ

2 2

.

k

a

c

c

b

i

m

ik ik i k

a

c

c

b

i

p

ik ik i k p k

a

c

i p

m

ik ik i k pk

c

b

1

1

1

1

1 1

1

1

k

k

Therefore, �([ ] )∈h SHD a b, and ( ) ( ) ( )∫ ∫ ∫= +SHD h s SHD h s SHD h sΔ Δ Δ

a

b

a

c

c

b

. □
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Theorem 3.8. (Cauchy criterion) Assume ��[ ] →h a b: , , �([ ] )∈h SHD a b, if and only if for any >ε 0,
there exists a { ( )}∈ = =

∞
δ δ δ δ,K k L

k

R

k

k 1
, when >k K , for all δk-fine partitions �k and �k for �[ ]a b, , we have

� �∣ ( ) ( )∣− <S h S h ε, , .k k

Proof. ( )⇒ If �([ ] )∈h SHD a b, , for any >ε 0, there exists a { ( )}∈ = =
∞

δ δ δ δ,K k L

k

R

k

k 1
, when >k K , we denote �k

and �k are δk -fine partitions, so

� �( ) ( ) ( ) ( )∫ ∫− < − <S h SHD h s

ε

S h SHD h s

ε

, Δ

2

, , Δ

2

.k

a

b

k

a

b

Then, we have

� � � �∣ ( ) ( )∣ ( ) ( ) ( ) ( )∫ ∫− ⩽ − + − <S h S h S h SHD h s S h SHD h s ε, , , Δ , Δ .k k k

a

b

k

a

b

( )⇐ Let >ε 0 be given, there exists a { ( )}∈ = =
∞

δ δ δ δ,K k L

k

R

k

k 11

, when >k K
1
, for all δk -fine partitions

�k and �k for �[ ]a b, , we have

� �∣ ( ) ( )∣− <S h S h

ε

, ,

2

.k k

Without loss of generality we assume that { ( )}= =
∞

δ δ δ,k L

k

R

k

k 1
is a decreasing sequence and for any >n k ,

�n is aδk-fine partition, so � �∣ ( ) ( )∣− <S h S h, ,k n

ε

2

, therefore �{ ( )} =
∞

S h, k k 1
is a Cauchy sequence in� . Thus, there

exists �∈A , �( ) ( )→ → ∞S h A k, k , we denote ( )∫=A SHD h sΔ

a

b

.
For the above ε, there exists >K 0

2
, when >k K

2
, we have

�( ) ( )∫− <S h SHD h s

ε

, Δ

2

.k

a

b

Then, let { }=K K Kmax ,
1 2

, so there exists a { ( )}∈ = =
∞

δ δ δ δ,K k L

k

R

k

k 1
, when >k K , we have

�

� � �

( ) ( )

∣ ( ) ( )∣ ( ) ( )

∫

∫

−

⩽ − + −

< + =

S h SHD h s

S h S h S h SHD h s

ε ε

ε

, Δ

, , , Δ

2 2

.

k

a

b

k k k

a

b

Therefore, �([ ] )∈h SHD a b, . □

Example 3.2. Let � �[ ]= ∩2, 4 and ( ) ( ) ( )= + +h s σ s sσ s s
2 2.

For any >ε 0, we define the following sequence of δ-gauges { } =
∞

δk k 1
:

( ) ( )

( ) ( )

( ) ( )

= + = +

= + = +

= + = +

δ

k

δ

k

δ

k

δ

k

δ

k

δ

k

2 1

1

, 2

3

2

1

,

3

1

2

1

, 3

3

2

1

,

4

1

2

1

, 4 1

1

,

L

k

R

k

L

k

R

k

L

k

R

k

The sequential Henstock-Kurzweil delta integral on time scales  9



for every positive integer k , we choose K large enough such that < ε
K

1 , when >k K , by the way we define
δ-gauge, it is easy to show that the δk-fine partition �k only can be {([ ] ) ([ ] )}2, 3 , 2 , 3, 4 , 3 , it is obvious that

� �∣ ( ) ( )∣− = <S h S h ε, , 0 ,k k

where � �,k k are δk-fine partitions, by Theorem 3.8, we know h is sequential Henstock-Kurzweil delta integr-
able on � .

4 Fundamental theorems of the sequential Henstock-Kurzweil
delta integral on time scales

The fundamental theorems of the sequential Henstock-Kurzweil delta integral are given in this section,
which are very useful when we calculate integrals.

Definition 4.1. (Definition 3.5, [17]) Assume � �→h : , we say that h is pre-differentiable on L if h is continuous
on � and there exists a subset � �⊂L such that h is delta differentiable on L and � �

L\ is countable
and contains no right-scattered points of � .

Theorem 4.1. Let ��[ ] →h a b: , , ��[ ] →H a b: , is continuous, and H is pre-differentiable on �
�[ ]⊂L a b,

such that ( ) ( )= ∈H s h s s L,

Δ , then �([ ] )∈h SHD a b, and

( ) ( ) ( )∫ = −SHD h s H b H aΔ .

a

b

Proof. We denote �{ [ ] ( ) }= ∈ >O s a b μ s, : 0 , O contains all right-scattered points in �[ ]a b, , by Definition 4.1,
⊂O L and �[ ]a b L, \ is a countable set, we denote it as { }=B r r, , …

1 2
, which is countable or finite.

Now, we define a sequence of gauges { ( )}= =
∞

δ δ δ,k L

k

R

k

k 1
on �[ ]a b, in the following way:

Let ∈g O
i

, we define ( ) ( )=δ g μ g
R

k

i i
, because h is delta differentiable at g

i
, so there exists { ( )} =

∞
δ g

L

k

i k 1
1

,
we have

∣[ ( ( )) ( )] ( )[ ( ) ]∣
( )

∣ ( ) ∣− − − <
−

−H σ g H u H g σ g u

ε

b a

σ g u

4

,
i

Δ

i i i
(1)

for all �[ ( ) ]∈ −u g δ g g,
i L

k

i i
1

, and due to the continuity of H , we have { ( )} =
∞

δ g
L

k

i k 1
2

such that

∣[ ( ) ( )] ( )[ ]∣− − − < +H g H u H g g u

ε

2

,
i

Δ

i i i 2

(2)

for all �[ ( ) ]∈ −u g δ g g,
i L

k

i i
2

, so we define

( ) { ( ) ( )}= ∈δ g δ g δ g g Omin , , .
L

k

i L

k

i L

k

i i
1 2

Then, we consider ∈g L O\ , because H is differentiable at g , so there is a ( ) >δ g 0 such that

∣[ ( ) ( )] ( )[ ]∣
( )

∣ ∣− − − <
−

−H g H u H g g u

ε

b a

g u

4

,

Δ (3)

for all �[ ( ) ( )]∈ − +u g δ g g δ g, , so we define

( ) ( ) ( )= = ∈δ g δ g δ g g L O, \ .
L

k

R

k

Finally, we consider the points in B, let ∈r Bi , because H is continuous at ri, there is a ( ) >N r 0i such that

∣[ ( ) ( )] ( )[ ]∣− − − < +H s H u h r s u

ε

2

,i
i 2

(4)
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for any �[ ( ) ( )]∈ − +s u r N r r N r, ,i i i i . Therefore, we define

( ) ( ) ( )= = ∈δ r δ r N r r B, .
L

k

i R

k

i i i

In conclusion, { ( )}= =
∞

δ δ δ,k L

k

R

k

k 1
be a sequence of δ-gauges on �[ ]a b, , let �k be a δk-fine partition for �[ ]a b, .

Let K be large enough such that < ε
K

1 , when >k K , we have

�

�

�

( )( ) ( ) ( )

( )( ) ( ) ( )

∣ ( )( ) ( ) ( )∣

( )

( ) ( )

( ) ( )

∑

∑

∑

− − +

= − − +

⩽ − − +

=

∈

−

=

∈

− −

=

∈

− −

h ξ d d H b H a

h ξ d d H d H d

h ξ d d H d H d .

j

m

jk jk j k

j

m

jk jk j k jk j k

j

m

jk jk j k jk j k

1

1

1

1 1

1

1 1

k

k

k

There are three possibilities for ξjk : ∈ ∈ ∈ξ B ξ O ξ L O, , \jk jk jk .
If ∈ξ Ojk , then we know ( ) >σ ξ ξjk jk , and by the way we define δ we know that =d ξjk jk or ( )=d σ ξjk jk ,

if =d ξjk jk , using (2), we have

∣ ( )( ) ( ) ( )∣( ) ( )− − + <− − +h ξ d d H d H d

ε

2

.jk jk j k jk j k
j

1 1
2

If ( )=d σ ξjk jk , using (1), we have

∣ ( )( ) ( ) ( )∣
( )

∣ ∣( ) ( ) ( )− − + <
−

−− − −h ξ d d H d H d

ε

b a

d d

4

.jk jk j k jk j k jk j k1 1 1

If ∈ξ Bjk , using (4), we have

∣ ( )( ) ( ) ( )∣( ) ( )− − + <− − +h ξ d d H d H d

ε

2

.jk jk j k jk j k
j

1 1
2

If ∈ξ L O\jk , using (3), we have

∣ ( )( ) ( ) ( )∣
( )

∣ ∣( ) ( ) ( )− − + <
−

−− − −h ξ d d H d H d

ε

b a

d d

4

.jk jk j k jk j k jk j k1 1 1

Therefore,

�

∣ ( )( ) ( ) ( )∣

( )
( )

( )
( )

( ) ( )

( ) ( )

∑

∑

− − +

< + +
−

− +
−

−

=

=

∈

− −

=

∞

+ + − −

h ξ d d H d H d

ε ε ε

b a

d d

ε

b a

d d

ε

2 2 4 4

.

j

m

jk jk j k jk j k

j

j j
jk j k jk j k

1

1 1

1

2 2
1 1

k

In conclusion, �([ ] )∈h SHD a b, and ( ) ( ) ( )∫ = −SHD h s H b H aΔ

a

b

. □

Example 4.1. Let � � { }=
⎧
⎨
⎩

∈
⎫
⎬
⎭
∪−

n: 1

n

n

1 , we define

( ) ( )= +h q q σ q .

We claim that �([ ] )∈h SHD 0, 1 and ( )∫ =SHD h qΔ 1

0

1

.
We define �( ) = ∈H q q q,

2 , and we know � �� = , let � �=L , then we show ( ) ( )=H q h q
Δ on L.

For any � �∈q , let >ε 0 be given, for every �( )∈ − +u q ε q ε, , we have

∣[ ( ( )) ( )] ( )[ ( ) ]∣

∣ ( ) ( ( ))[ ( ) ]∣

∣( ( ) )( )∣ ∣ ( ) ∣∣ ∣ ∣ ( ) ∣

− − −
= − − + −
= − − = − − < −

H σ q H u h q σ q u

σ q u q σ q σ q u

σ q u u q σ q u u q ε σ q u .

2 2

The sequential Henstock-Kurzweil delta integral on time scales  11



Therefore, H is pre-differentiable on L, and ( ) ( )=H q h q
Δ on L, thus

( ) ( ) ( )∫ = − =SHD h q H HΔ 1 0 1.

0

1

Example 4.2. Let � � { }=
⎧
⎨
⎩

∈
⎫
⎬
⎭
∪n: 0

n

1 , we define

( )

( ) ( )

=

⎧

⎨
⎪

⎩
⎪

− + ⎛
⎝

⎞
⎠ − −

≠

=

−
h s

s s s s

s

s

s

2 1 sin 1 sin

, 0,

0, 0, 1.

s

s

2

1

3

Then, �([ ] )∈h SHD 0, 1 and

( )∫ = −SHD h sΔ sin1 1.

0

1

We define

( )
⎪

⎪

=
⎧
⎨
⎩

≠

=
H s

s

s

s

s

sin

, 0,

1, 0.

Then, we show ( ) ( )=H s h s
Δ on �( )0, 1 , for every �( )∈s 0, 1 , s is right-scattered and H is continuous at s.

It is easy to show �( ) ( )= ∈−σ s s, 0, 1

s

s1

, so by Theorem 2.1, we know

( )
( ( )) ( )

( )

( ) ( )

( )

=
−
−

=

⎛
⎝

⎞
⎠ −

−

=
− + ⎛

⎝
⎞
⎠ − −

=

−
−

−

−

H s

H σ s H s

σ s s

s

s s s s

s

h s

sin

2 1 sin 1 sin

.

Δ

s

s

s

s

s

s

s

s

s

s

1

1

sin

1

2

1

3

We denote �( )=L 0, 1 , so H is pre-differentiable on L, and ( ) ( )=H s h s
Δ on L, so by Theorem 4.1, we have

( ) ( ) ( )∫ = − = −SHD h s H HΔ 1 0 sin1 1.

0

1

Lemma 4.1. Let �([ ( )] )∈h SHD s σ s, , we have

( ) ( ) ( ( ) ) ( )

( )

∫ = −SHD h q q σ s s h sΔ .

s

σ s

Proof. The case ( ) =σ s s is easy, we suppose ( ) >σ s s, so the partition for [ ( ))s σ s, only can be
� { ( )}= = < =s s s σ s

0 1
, and the tag point is s, we define ( ) ( ) ( )= =δ s δ s μ s1,

L

k

R

k , so � is a δk-fine partition,

so ( ) ( ) ( ( ) ) ( )
( )∫ = −SHD h q q σ s s h sΔ

s

σ s

. □

Theorem 4.2. Let �([ ] )∈h SHD a b, and h is continuous on �[ ]a b, , then we define

( ) ( ) ( )∫=H q SHD h s sΔ ,

a

q

for each �[ ]∈q a b, , then H is delta differentiable at every �[ )∈q a b, and ( ) ( )=H q h q
Δ .
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Proof. Since h is continuous on �[ ]a b, , h is bounded. So there exists >M 0, for every �[ ]∈q a b, ,
we have ∣ ( )∣ ⩽h q M . We shall prove H is continuous on �[ ]a b, .

For any >ε 0 and �[ ]∈q u a b, , , when ∣ ∣− <q u
ε

M
, we have

∣ ( ) ( )∣ ( ) ( ) ( ) ( )

( ) ( ) ( ) ∣ ( )∣

( )

∫ ∫

∫ ∫

∫

− = −

= ⩽

⩽ <

H q H u SHD h s s SHD h s s

SHD h s s SHD h s s

SHD M s ε

Δ Δ

Δ Δ

Δ .

a

q

a

u

q

u

q

u

q

u

Therefore, H is continuous.
By Theorem 2.1 and Lemma 4.1, for any �[ )∈q a b, , if q is right-scattered, we have

( )
( ( )) ( )

( )

( ) ( ) ( ) ( )

( )

( ) ( )

( )
( )

( )

( )

∫ ∫

∫

=
−
−

=
−

−

=
−

=

H q

H σ q H q

σ q q

SHD h s s SHD h s s

σ q q

SHD h s s

σ q q

h q

Δ Δ

Δ

.

Δ

a

σ q

a

q

q

σ q

If q is right-dense, we have

( )
( ) ( )

( ) ( ) ( ) ( )

( ) ( )

∫ ∫

∫

=
−
−

=
−

−

=
−

→

→

→

H q

H m H q

m q

SHD h s s SHD h s s

m q

SHD h s s

m q

lim

lim

Δ Δ

lim

Δ

.

Δ

m q

m q

a

m

a

q

m q

q

m

For the above >ε 0, since h is continuous at q, so for every �[ )∈s a b, , there exists >δ 0, when ∣ ∣− <s q δ,
∣ ( ) ( )∣− <h s h q ε, thus

( ) ( )

( )

( ) ( ) ( ) ( )

∣ ∣
( ) ∣ ( ) ( )∣

∫

∫ ∫

∫

−
−

=
−

⎛

⎝
⎜ −

⎞

⎠
⎟

⩽
−

− <

SHD h s s

m q

h q

m q

SHD h s s SHD h q s

m q

SHD h s h q s ε

Δ

1

Δ Δ

1

Δ .

q

m

q

m

q

m

q

m

Therefore, H is delta differentiable at every �[ )∈q a b, and ( ) ( )=H q h q
Δ . □

Example 4.3. Let � �[ ]= ∩2, 4 , we define ( ) ( ) ( )= + +h q σ q qσ q q
2 2.

By Example 3.2, we know h is sequential Henstock-Kurzweil delta integrable on � , then h is clearly
continuous on � . We consider ( ) = −H s s 8

3 .

The sequential Henstock-Kurzweil delta integral on time scales  13



For any � { }∈s \ 4 , s is right-scattered, therefore

( )
( )

( )
( ) ( ) ( )=

−
−

= + + =H s

σ s s

σ s s

σ s sσ s s h s .

Δ

3 3

2 2

By Theorem 4.2, we have

( ) ( ) ( ) ( ) ( ) ( )∫ ∫= + + = − =SHD h q q SHD σ q qσ q q q s H sΔ Δ 8 .

s s

2 2

2 2 3

5 Henstock’s lemma and some convergence theorems

The proof of Henstock’s lemma and some convergence theorems are given.

Lemma 5.1. Let �([ ] )∈h SHD a b, , then for any �[ ] ( )∈ >c d a b d c, , , �([ ] )∈h SHD c d, .

Proof. Since �([ ] )∈h SHD a b, , by Theorem 3.8, for any >ε 0, there exists a { ( )}∈ = =
∞

δ δ δ δ,K k L

k

R

k

k 1
, when >k K ,

for all δk-fine partitions �k and �k for �[ ]a b, , we have

� �∣ ( ) ( )∣− <S h S h ε, , .k k

For the above sequence of δ-gauges { ( )}= =
∞

δ δ δ,k L

k

R

k

k 1
, we have δk-fine partitions { } =

∞
Sk k 1

for �[ ]c d, , δk -fine
partitions { } =

∞
Tk k 1

for �[ ]a c, , δk-fine partitions { } =
∞

Dk k 1
for �[ ]d b, , when >k K , we take � � { }∈ = +

∞
S,

k

S

k

S

k k K 1
,

� { }∈ = +
∞

T
k

T

k k K 1
, � { }∈ = +

∞
D

k

D

k k K 1
, we know � � �∪ ∪

k

S

k

T

k

D and � � �∪ ∪
k

S

k

T

k

D are δk-fine partitions,
then we have

� �

� � � � � �

� �

∣ ( ) ( )∣

∣ ( ) ( )∣

∣ ( ) ( )∣

−
= ∪ ∪ − ∪ ∪
= − <

S h S h

S h S h

S h S h ε

, ,

, ,

, , .

k

S

k

S

k

S

k

T

k

D

k

S

k

T

k

D

k k

Therefore, �([ ] )∈h SHD c d, . □

Definition 5.1. A finite collection � {[ ] }( )= − =s s ξ* , ,
k i k ik ik i

m

1 1

k is called a δk-fine subpartition for �[ ]a b,

if {[ ] [ ] [ ]}( )−s s s s s s, , , , …, ,k k k k m k m k0 1 1 2 1k k
are nonoverlapping subintervals of �[ ]a b, except end points

and [ ] [ ( ) ( )]( ) ⊂ − +−s s ξ δ ξ ξ δ ξ, ,i k ik ik L

k

ik ik R

k

ik1
.

Lemma 5.2. (Henstock’s lemma) Let �([ ] )∈h SHD a b, , for any >ε 0, there exists a sequence of δ-gauges { } =
∞

δk k 1

and >K 0, when >k K , if � {[ ] }( )= − =q q ξ* , ,
k i k ik ik i

m

1 1

k is a δk-fine subpartition for �[ ]a b, , then

�( ) ( )

( )

∫∑− <
=

−

S h SHD h s ε, * Δ .
k

i

m

q

q

1

k

i k

ik

1

Furthermore,

( )( ) ( )( )

( )

∫∑ − − <
=

−

−

h ξ q q SHD h s εΔ 2 .

i

m

ik ik i k

q

q

1

1

k

i k

ik

1

Proof. For any >ε 0, since �([ ] )∈h SHD a b, , there exists a { ( )}∈ = =
∞

δ δ δ δ,K k L

k

R

k

k 11

, when >k K
1
, for every

δk-fine partition �k , we have

�( ) ( )∫− <S h SHD h s

ε

, Δ

2

.k

a

b
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The case � �=*
k k is trivial, we consider the case � �≠*

k k . We choose nonoverlapping intervals
� � �{[ ] [ ] [ ] }( )−γ γ γ γ γ γ, , , , …, ,

k k k k p k p k0 1 1 2 1
k k

that satisfy

� � �[ ] ( ) [ ]( ) ( )⋃ = ⋃
=

−
=

−a b q q γ γ, \ , , .

i

m

i k ik

j

p

j k jk

1

1

1

1

k k

By Lemma 5.1, �([ ] )( )( )∈ =−h SHD γ γ j p, 1, 2, …,
j k jk k1

.

So there exists a { ( )} ( )∈ = ==
∞

δ δ δ δ j p, 1, 2, …,jK jk L

jk

R

jk

k k12

, when >k K
2
, for every δjk -fine partition �jk ,

we have

�( ) ( )

( )

∫− <
−

S h SHD h s

ε

p

, Δ

2

.jk

γ

γ

k

j k

jk

1

Then, we define another sequence of gauges { ( )}= =
∞

δ δ δ,jk L

jk

R

jk

k 1
on �[ ]( )−γ γ,

j k jk1

by the formula:

( ) { ( ) ( )} ( ) { ( ) ( )}= =δ q δ q δ q δ q δ q δ qmin , , min , .
L

jk

L

k

L

jk

R

jk

R

k

R

jk

For every δjk -fine partition � ′
jk
, we define � � �( )= ∪ ⋃ ′=*

k k j

p

jk1

k , when { }>k K Kmax ,
1 2

, �k is a δk -fine
partition for �[ ]a b, and we have

� � �( ) ( ) ( )∑= + ′
=

S h S h S h, , * , .k k

j

p

jk

1

k

Denote �[ ]( )= ⋃ = −A q q,
i

m

i k ik1 1

k , since A and �[ ] ( )( ) =−γ γ i p, 1, 2, …,
i k ik k1

are collections of �[ ]a b, , by Theorem 3.7
and Lemma 5.1, we have

( ) ( ) ( )

( ) ( )

( ) ( )

( )

∫ ∫ ∫

∫ ∫

∑ ∑

∑

= +

= +

= =

=

− −

−

SHD h s SHD h s SHD h s

SHD h s SHD h s

Δ Δ Δ

Δ Δ .

a

b

i

m

q

q

j

p

γ

γ

A
j

p

γ

γ

1 1

1

k

i k

ik
k

j k

jk

k

j k

jk

1 1

1

Therefore,

�

� �

� �

� �

( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( )

( )

( )

( )

∫

∫

∫ ∫

∫ ∫

∑

∑ ∑

∑ ∑

∑

−

= − − ′

= − + − ′

⩽ − + − ′

<

=

= =

= =

=

−

−

−

−

S h SHD h s

S h SHD h s S h

S h SHD h s SHD h s S h

S h SHD h s SHD h s S h

ε

, * Δ

, Δ ,

, Δ Δ ,

, Δ Δ ,

.

k

i

m

q

q

k

i

m

q

q

j

p

jk

k

a

b

j

p

γ

γ

j

p

jk

k

a

b

j

p

γ

γ

jk

1

1 1

1 1

1

k

i k

ik

k

i k

ik
k

k

j k

jk

k

k

j k

jk

1

1

1

1

The proof of the first part of this lemma is complete, then we consider next part.
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We separate � *
k
into two parts:

� �

� �

([ ] ) ( )( ) ( )

([ ] ) ( )( ) ( )

( ) ( )

( ) ( )

( )

( )

∫

∫

⎪

⎪

⎪ ⎪

⎪

⎪ ⎪

⎪

=
⎧
⎨
⎩

∈ − − ⩾
⎫
⎬
⎭

=
⎧
⎨
⎩

∈ − − <
⎫
⎬
⎭

+
− −

−
− −

−

−

q q ξ h ξ q q SHD h s

q q ξ h ξ q q SHD h s

, , * : Δ 0 ,

, , * : Δ 0 .

k i k ik ik k ik ik i k

q

q

k i k ik ik k ik ik i k

q

q

1 1

1 1

i k

ik

i k

ik

1

1

Therefore, � � �= ∪+ −
*
k k k

, by the first part of this lemma, we have

�

�

( )( ) ( )

( )( ) ( )

([ ] )
( )

([ ] )
( )

( )
( )

( )
( )

∫

∫

∑

∑

− − <

− − <

∈
−

∈
−

−
+

−

−
−

−

h ξ q q SHD h s ε

h ξ q q SHD h s ε

Δ ,

Δ .

q q ξ

ik ik i k

q

q

q q ξ

ik ik i k

q

q

, ,

1

, ,

1

i k ik ik k
i k

ik

i k ik ik k
i k

ik

1

1

1

1

Thus,

�

�

( )( ) ( )

( )( ) ( )

( )( ) ( )

( )

([ ] )
( )

([ ] )
( )

( )

( )
( )

( )
( )

∫

∫

∫

∑

∑

∑

− −

= − −

+ − −

< + =

=
−

∈
−

∈
−

−

−
+

−

−
−

−

h ξ q q SHD h s

h ξ q q SHD h s

h ξ q q SHD h s

ε ε ε

Δ

Δ

Δ

2 .

i

m

ik ik i k

q

q

q q ξ

ik ik i k

q

q

q q ξ

ik ik i k

q

q

1

1

, ,

1

, ,

1

k

i k

ik

i k ik ik k
i k

ik

i k ik ik k
i k

ik

1

1

1

1

1

□

Theorem 5.1. (Uniform convergence theorem) Let �{ } ([ ] )⊂h SHD a b,n and hn is uniformly convergent
to h on �[ ]a b, . Then, �([ ] )∈h SHD a b, and

( ) ( ) ( )∫ ∫ ∫= =
→∞ →∞

SHD h s SHD h s SHD h slim Δ lim Δ Δ .

n

a

b

n

a

b

n

n

a

b

Proof. Since hn is uniformly convergent to h on �[ ]a b, , for any >ε 0, there exists >N 0
1

, when >n m N,
1
,

we have ∣ ∣ ∣ ∣
( ) ( )

− < − <− −h h h h,n

ε

b a
m

ε

b a3 3

, then

∣ ∣ ∣ ∣

∣ ∣ ∣ ∣

( )

− = − + −
⩽ − + −

<
−

h h h h h h

h h h h

ε

b a

2

3

.

n m n m

n m

Thus,
( ) ( )

− < − <− −h h
ε

b a
n m

ε

b a

2

3

2

3

and we know that �{ } ([ ] )⊂h SHD a b,n , it is easy to show that

( )
( )

∫ =−SHD sΔ

a

b ε

b a

ε2

3

2

3

, by Theorem 3.4, we have

( ) ( )∫− < − <
ε

SHD h h s

ε2

3

Δ

2

3

.

a

b

n m
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Thus, ( ) ( )∫ ∫− <SHD h s SHD h sΔ Δ

a

b

n
a

b

m

ε2

3

, then ( )∫⎧
⎨
⎩

⎫
⎬
⎭ =

∞

SHD h sΔ

a

b

n

n 1

is a Cauchy sequence in � , by the com-

pleteness of � , there exists �∈A , we have

( )∫ =
→∞

SHD h s Alim Δ .

n

a

b

n

For the above >ε 0, there exists >N 0
2

, when >n N
2
, we have

( )∫ − <SHD h s A

ε

Δ

3

.

a

b

n

Then, we will show �([ ] )∈h SHD a b, and ( )∫ =SHD h s AΔ

a

b

.
Since �([ ] )∈h SHD a b,m , fix m, there exists a { ( )}∈ = =

∞
δ δ δ δ,

K

m

k

m

L k

m

R k

m

k, , 1
m

, when >k Km, for every δ
k

m-fine
partition �

k

m, we have

�( ) ( )∫− <S h SHD h s

ε

, Δ

3

.m k

m

a

b

m

Let { }= + +M N Nmax 1, 1
1 2

and =δ δk k

M . Therefore, for all δk -fine partitions �k , there are also δ
k

M -fine
partitions, when >k KM , we have

� �

�

�

� �∣ ( ) ( )∣

( )( ) ( )( )

( ( ) ( ))( )

∣( ( ) ( ))∣( )

( ) ( )

( )

( )

∑ ∑

∑

∑

−

= − − −

= − −

⩽ − − <

=

∈

−
=

∈

−

=

∈

−

=

∈

−

S h S h

h ξ s s h ξ s s

h ξ h ξ s s

h ξ h ξ s s

ε

, ,

3

.

k M k

i

m

ik ik i k δ

i

m

M ik ik i k δ

i

m

ik M ik ik i k δ

i

m

ik M ik ik i k δ

1

1

1

1

1

1

1

1

k

k

M

k

k

M

k

k

M

k

k

M

Therefore, we have

� � � �∣ ( ) ∣ ∣ ( ) ( )∣ ( ) ( ) ( )∫ ∫− ⩽ − + − + − <S h A S h S h S h SHD h s SHD h s A ε, , , , Δ Δ .k k M k M k

a

b

M

a

b

M

The result follows by the arbitrariness of ε. □

Example 5.1. Let � � { }=
⎧
⎨
⎩

∈
⎫
⎬
⎭
∪n: 0

n

1 , we define

�

�

�

( ) =

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪⎪

∈ ⎡
⎣

⎤
⎦ ∩

− ∈ ⎛
⎝

⎤
⎦ ∩

∈ ⎛
⎝

⎤
⎦ ∩

h s

n s s

n

n

n s s

n n

s

n

, 0,

1

,

2

,

1

,

2

,

0,

2

, 1 .

n

We claim that ( ) ( )∫ =→∞ SHD h s slim Δ 0n n
0

1

.

When =s 0, we have ( ) =h s 0n , then when �( ]∈s 0, 1 , let >n
s

2 , we have ( ) =h s 0n , thus

( ) ( )= =
→∞

h s h slim 0.

n

n
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Then, we show that this convergence is uniform. We know

�

∣ ( ) ∣− = ⎛
⎝
⎞
⎠ =∈

h s h

n n

sup 0

1 1

.

s

n n

Therefore, � ∣ ( ) ∣− =→∞ ∈ h slim sup 0 0n s n , hn is uniformly convergent to 0, by Theorem 5.1, we have

( ) ( )∫ ∫= =
→∞ →∞

SHD h s SHD h slim Δ lim Δ 0.

n

n

n

n

0

1

0

1

Theorem 5.2. (Monotone convergence theorem) Let �{ } ([ ] )⊂h SHD a b,n and assume that
(1) ( ) ( )=→∞h s h slimn n for every �[ ]∈s a b, ;

(2) ( ) ( )⩽ +h s h sn n 1
for every ��[ ]∈ ∈s a b n, , ;

(3) ( ) ( )∫ =→∞ SHD h s s Vlim Δn
a

b

n .

Then, �([ ] )∈h SHD a b, and ( ) ( )∫ =SHD h s s VΔ

a

b

.

Proof. For any >ε 0, since ( ) ( )∫ =→∞SHD h s s Vlim Δn
a

b

n , there exists >N 0
1

, when >n N
1
, we have

( )∫ − <SHD h s V

ε

Δ

3

.

a

b

n

Then, ( ) ( )=→∞h s h slimn n for every �[ ]∈s a b, , there exists ( ) >N ε s N,
2 1

, then we have

∣ ( ) ( )∣
( )

( ) − <
−

h s h s

ε

b a3

.N ε s,
2

Let ′ >ε 0 be given, since �{ } ([ ] )⊂h SHD a b,n , there exists a sequence ofδ-gauges { ( )}= =
∞

δ δ δ,
k

n

Lk

n

Rk

n

k 1
on �[ ]a b, ,

when >k Kn, for every δ
k

n-fine subpartition �
k

n, we assume �
k

n has +m 1 end points, by Lemma 5.2, we have

( )( ) ( )( )

( )

∫∑ − − <
′

=
−

−

h ξ s s SHD h s

ε

Δ

3

.

i

m

n ik ik i k

s

s

n

1

1

i k

ik

1

Therefore, we define

( ) ( ) ( ) ( )( )
( )

( )
( )

( ) ( )
= =+ +δ s δ s δ s δ s, .

L

k

L K

N ε s

R

k

R K

N ε s

1

,

1

,

N ε s N ε s
2

,

2

2
,

2

Let �k be a δk -fine partition, by the way we define δk , �k is also a ( )

( )+δ
K

N ε s

1

,

N ε s
2

,

2 -fine partition, we have

( )( )

( )( ) ( )( )

( )( )

∣( ( ) ( ))( )∣

( )( ) ( )

( )

( )

( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( )

( )

( )

( )

∫

∫

∑

∑ ∑

∑

∑

∑

∑

− −

⩽ − − −

+ − −

⩽ − −

+ − −

+ −

=
−

=
−

=
−

=
−

=
−

=
−

=

−

−

h ξ s s V

h ξ s s h ξ s s

h ξ s s V

h ξ h ξ s s

h ξ s s SHD h s

SHD h s V

Δ

Δ .

i

m

ik ik i k

i

m

ik ik i k

i

m

N ε ξ ik ik i k

i

m

N ε ξ ik ik i k

i

m

ik N ε ξ ik ik i k

i

m

N ε ξ ik ik i k

s

s

N ε ξ

i

m

s

s

N ε ξ

1

1

1

1

1

, 1

1

, 1

1

, 1

1

, 1 ,

1

,

k

k k

ik

k

ik

k

ik

k

ik

i k

ik

ik

k

i k

ik

ik

2

2

2

2

1

2

1

2
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It is easy to show that

∣( ( ) ( ))( )∣( ) ( )∑ − − <
=

−h ξ h ξ s s

ε

3

.

i

m

ik N ε ξ ik ik i k

1

, 1

k

ik2

Let K be large enough such that < ε
K

1 , when >k K , let ′ =ε
ε

mk

, we have

( )( ) ( )( ) ( ) ( )

( )

∫∑ − − <
=

−

−

h ξ s s SHD h s

ε

Δ

3

.

i

m

N ε ξ ik ik i k

s

s

N ε ξ

1

, 1 ,

k

ik

i k

ik

ik2

1

2

Then, we consider the last term, let

{ ( ) }

{ ( ) }

= ⩽ ⩽
= ⩽ ⩽

p N ε ξ i m

q N ε ξ i m

min , : 1 ,

max , : 1 .

ik k

ik k

2

2

Since ( ) ( )⩽ +h s h sn n 1
for every ��[ ]∈ ∈s a b n, , , thus

( ) ( )∫ ∫⩽ +SHD h s SHD h sΔ Δ .

a

b

n

a

b

n 1

Thus,

( ) ( ) ( )

( )

∫ ∫∑− < ⩽
=

−

V

ε

SHD h s SHD h s

3

Δ Δ ,

a

b

p

i

m

s

s

N ε ξ

1

,

k

i k

ik

ik

1

2

( ) ( )( )

( )

∫ ∫∑ ⩽ < +
=

−

SHD h s SHD h s V

ε

Δ Δ

3

.

i

m

s

s

N ε ξ

a

b

q

1

,

k

i k

ik

ik

1

2

Therefore,

( ) ( )

( )

∫∑ − <
=

−

SHD h s V

ε

Δ

3

.

i

m

s

s

N ε ξ

1

,

k

i k

ik

ik

1

2

The proof is complete. □

6 An application for the existence theorem of FDEs

In this section, we consider the existence theorem of the following FDEs:

�

�

( ) ( ( ) ( ( ))) [ ( )]

( ) ( ) [ ( ) ]

⎧
⎨
⎩

= ∈
= ∈

y s h s y s y τ s s s ϕ s

y s φ s s τ s s

, , , , ,

, , ,

Δ

0 0

0 0

(5)

where � ��([ ] )∈ × ×h C a b,rd , ([ ( ) ])∈φ C τ s s,rd 0 0
, � �[ ] [ ]→τ a b a b: , , , and �( ) [ ]⩽ ∈τ s s s a b, , ,

( ) { ( ) }= ⩽⩽ ⩽ϕ s s τ s ssup :
s s b0 0

0

. We assume � �[ ( ) ( )] [ ]⊂τ s ϕ s a b, ,
0 0

, and �[ ]a b, is an infinite set.

Definition 6.1. Let ��[ ( ) ( )] →y τ s ϕ s: ,
0 0

, y is called a solution of (5), provided �([ ( ) ( )] )∈y C τ s ϕ s,
rd

1

0 0

and it satisfies the conditions of (5).

Theorem 6.1. Assume �[ ( )]s ϕ s,
0 0

contains infinite points of �[ ]a b, and �([ ] )∈h SHD a b, , if there exists
a number �∈M and for any �[ ]∈s a b, , ∣ ∣ ⩽h M , then the initial value problem (5) has at least one solution
y on �[ ( ) ( )]τ s ϕ s,

0 0
.
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Proof. Let

�( ) ( ) ( ) ( ( ) ( ( ))) [ ( )]∫= + ∈−y s φ s SHD h p y p φ τ p p s s ϕ s, , Δ , , .
n

s

s

n0
1

0 0

0

For any >ε 0 and �[ ( )]∈s s s ϕ s, ,
1 2 0 0

, when ∣ ∣− <s s
ε

M
1 2

, for any �∈n , we have

∣ ( ) ( )∣ ( ) ( ( ) ( ( )))

( ) ∣ ( ( ) ( ( )))∣

∫

∫

− =

⩽

<

−

−

y s y s SHD h p y p φ τ p p

SHD h p y p φ τ p p

ε

, , Δ

, , Δ

.

n n

s

s

n

s

s

n

1 2
1

1

1

2

1

2

Therefore, { }y
n

is equi-continuous on �[ ( )]s ϕ s,
0 0

.
Then, for any �∈n , we have

∣ ( )∣ ( ) ( ) ( ( ) ( ( )))

∣ ( )∣ ( ) ∣ ( ( ) ( ( )))∣

∣ ( )∣

∫

∫

= +

⩽ +

⩽ + −

−

−

y s φ s SHD h p y p φ τ p p

φ s SHD h p y p φ τ p p

φ s Mb Ms

, , Δ

, , Δ

.

n

s

s

n

s

s

n

0
1

0
1

0 0

0

0

Thus, { }y
n

is uniformly bounded on �[ ( )]s ϕ s,
0 0

, according to the Arzela-Ascoli Theorem, we know { }y
n

has
a subsequence { }y

nk

, which uniformly converges to a continuous function y, and we know

( ) ( ) ( ) ( ( ) ( ( )))∫= + −y s φ s SHD h p y p φ τ p p, , Δ ,
n

s

s

n0
1k k

0

let → ∞k , we have

( ) ( ) ( ) ( ( ) ( ( )))∫= +y s φ s SHD h p y p φ τ p p, , Δ .

s

s

0

0

And we know �( ) ( ( ) ( ( ))) [ ( )]= ∈y s h s y s φ τ p s s ϕ s, , , ,

Δ

0 0
. Let

�

�

( )
( ) ( ) ( ( ) ( ( ))) [ ( )]

( ) [ ( ) ]

∫
=

⎧

⎨
⎪

⎩⎪

+ ∈

∈

y s

φ s SHD h p y p φ τ p p s s ϕ s
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, , Δ , , ,

, , .

s

s

0 0 0

0 0

0

It is clear that ( )y s is a solution of (5). □

Example 6.1. Let �
�

[ ]= ∪
⎧
⎨
⎩
+

⎫
⎬
⎭ ∈

1, 2 2

n

n

1 and �[ ] ⊂1, 2 , consider the following equation:
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y s s s

5 1
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, 2 2

1

,

2 1, 1, 2 .

Δ

s s s

s n

2

4

2

2

2

2

2

2

2

2

We claim this equation has at least one solution.
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Let

( ( ) ( ))
( ( )) ( ( )) ( ( )) (( ( )) )

( ( )) ( ( ))
=

+ + +
+ +

h s u s v s

v s v s u s v s

u s v s

, ,

5 1

4

.

4 2 2 2

2 2

We know

∣ ( ( ) ( ))∣
( ( )) ( ( )) ( ( )) (( ( )) )

( ( )) ( ( ))

( ( )) ( ( ))

( ( )) ( ( ))
( ( ))

=
+ + +

+ +

=
+

+ +
+

⩽ + =

h s u s v s

v s v s u s v s

u s v s

u s v s

u s v s

v s

, ,

5 1

4

4

1 16 17.

4 2 2 2

2 2

2 2

2 2

2

By Theorem 6.1, the results follow.

7 Conclusion and future research

The aim of this study was to extend the theory of integrals on time scales. From the outset, we define the
sequential Henstock-Kurzweil delta integral. Then, we give some properties and the Cauchy criterion of this
integral. Finally, we consider the fundamental theorems of calculus and convergence theorems. As an applica-
tion, we consider the existence theorem of a kind of FDE. The results of this study are the generalization of the
results in [30,35]. As we know, vector-valued integrals are the direct generalization of ordinary numerical
integrals [39–46]. In 1938, Pettis introduced the Pettis integral, which is an important integral when we
consider the weak topology on the Banach space� [47–49]. If we replace Lebesgue integrable in the definition
with Henstock-Kurzweil integrable, we obtain a more general integral called the Henstock-Kurzweil-Pettis
integral [50–53]. Cichoń [54], the author introduced the Henstock-Kurzweil-Pettis integral on time scales and
got some good results. For future research, we can replace Henstock-Kurzweil integrable with sequential
Henstock-Kurzweil integrable and study the sequential Henstock-Kurzweil-Pettis integral on time scales.
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