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Abstract: In this study, the basic theory of the sequential Henstock-Kurzweil delta integral on time scales will
be discussed. First, we give the notion and the elementary properties of this integral; then we show the
equivalence of the Henstock-Kurzweil delta integral and the sequential Henstock-Kurzweil delta integral on
time scales. In addition, we consider the Cauchy criterion and the Fundamental Theorems of Calculus. Finally,
we prove Henstock’s lemma and give some convergence theorems. As an application, we consider the exis-
tence theorem of a kind of functional dynamic equations.
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1 Introduction

As far as we know, we need to consider both continuous and discrete cases simultaneously when we solve
some problems in many fields. But this often leads to a lot of repetitive theories. For the sake of unifying the
theories of continuous and discrete analysis, Hilger and Aulbach introduced the calculus on time scales first in
[1-3]. Later, it was soon applied to the study of differential equations [4-7]. Subsequently, some researchers
noted the need for a more general theory of integration to study the dynamic equations. Guseinov [8-10]
introduced the Riemann delta integral; then Park et al. [11] gave some conditions for the Riemann delta
integrability of functions on [a, b]y. Mozyrska et al. [12] introduced the Riemann-Stieltjes delta integral. Liu
and Zhao [13] studied the McShane delta integral; then Park et al. [14] discussed the relationships between the
McShane delta integral and the McShane integral. You and Zhao [15] gave some convergence theorems for the
McShane delta integral. Guseinov [9] also introduced the Lebesgue delta integral. Recently, Qin and Wang [16]
studied the Lebesgue-Stieltjes-¢, delta integral and delta measure. In fact, integrals can be studied not only on
one-dimensional time scales but also in the context of multiple integrals [17]. And more details about time
scales can be found in [5-7].

As already known, the Henstock-Kurzweil integral is a more general integral including Newton integral,
Riemann integral, improper Riemann integral, and Lebesgue integral. It was studied by Kurzweil [18] in 1957
and Henstock [19] in 1963. For more details about the Henstock-Kurzweil integral and its applications, we can
refer to [20-29]. Peterson and Thompson [30] introduced the Henstock-Kurzweil delta integral, where they
defined a gauge function as § = (&;, 8g) to ensure that a §-fine partition # for [a, b]y can be found. Then,
Thomson [31] studied the Henstock-Kurzweil integral on time scales using covering theory, which differs from [30].

* Corresponding author: Yabin Shao, School of Science, Chongging University of Posts and Telecommunications, Nanan, 400065,
Chongging, China; Key Laboratory of Cyberspace Big Data Intelligent Security, Ministry of Education, Nanan, 400065, Chongging,
P. R. China, e-mail: shaoyb@cqupt.edu.cn

Yang Liu: School of Science, Chongging University of Posts and Telecommunications, Nanan, 400065, Chonggqing, P. R. China,
e-mail: traply@126.com

8 Open Access. © 2024 the author(s), published by De Gruyter. This work is licensed under the Creative Commons Attribution 4.0
International License.


https://doi.org/10.1515/dema-2024-0056
mailto:traply@126.com
mailto:shaoyb@cqupt.edu.cn

2 = Yang Liu and Yabin Shao DE GRUYTER

Later, Avsec et al. [32] generalized the Henstock-Kurzweil integral to unbounded time scales using the same method
as [30] and Park et al. [33] discussed the relationships between the Henstock-Kurzweil delta integral and
the Henstock-Kurzweil integral.

In fact, we know that the Henstock-Kurzweil integral is more difficult to transfer into abstract spaces than
the Lebesgue integral. In order to solve this issue, Lee [34] considered a new approach to the Henstock-
Kurzweil integral called the sequential Henstock-Kurzweil integral, but he did not develop it. Recently, Paxton
[35] studied the sequential Henstock-Kurzweil integral and gave some properties about it. Then, Iluebe and
Mogbademu [36-38] gave some convergence theorems for the sequential Henstock-Stieltjes integral, general-
ized the sequential Henstock-Kurzweil integral to set valued functions and studied the relationships between
the sequential Henstock-Kurzweil integral and the topological Henstock-Kurzweil integral. In our work,
we study the sequential Henstock-Kurzweil integral on time scales using the same method as [30] and extend
the results in [30,35].

The structure of this study is as follows. In Section 2, we give some notions about time scales and other
preliminaries. In Section 3, we give the notion of sequential Henstock-Kurzweil delta integrals; then we show
the equivalence of the sequential Henstock-Kurzweil delta integral and the Henstock-Kurzweil delta integral.
Then, we discuss the basic properties and prove Cauchy criterion of this integral. In Section 4, we give the
fundamental theorems of calculus and some examples. In Section 5, we give Henstock’s lemma and some
convergence theorems. As an application, we consider the existence theorem of a kind of functional dynamic
equation (FDE) in Section 6. Finally, we give some conclusions.

2 Preliminaries

We give some notions and other preliminaries in this section.
Definition 2.1. (Definition 1.1, [17]) We say T is a time scale, provided T C R(T # &) and T is closed.

Definition 2.2. (Definition 1.6, 1.7, 1.8, [17]) We define the forward and backward operator on T by
o(s)=inf{g €T : q > s} and p(s) = sup{q € T : q < s}, where inf@ = supT, supd = infT.

Definition 2.3. (Definition 1.1, [5]) For any s € T, s is called right-scattered (left-scattered), provided
a(s) > s(p(s) <s). s€T is called right-dense if s <supT and o(s) = s, while if s >infT and p(s) = s,
we say s € T is left-dense.

Definition 2.4. (Definition 1.25, [17]) For any s € T, we define the right-graininess and left-graininess function
on T by u(s) = a(s) - s, v(s) =s - p(s).

Definition 2.5. (Definition 1.1.9, [6]) If supT = o, let TX = T, while if supT < o, let T = T\(p(supT), supT].

Definition 2.6. (Definition 1.3, [30]) Leth : T — R ands € T, for any ¢ > 0, there exists h4(s) € R and there is
a neighborhood N(s, €) of s, we have
[[h(a(s)) = h(x)] = h4(s)[a(s) - x]| < €la(s) - x|,

for all x € N(s, €). We say h4(s) is the delta derivative of h at s and we call h is delta differentiable on T if h%(s)
exists for every s € T,
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Theorem 2.1. (Theorem 1.16, [5]) Assume h : T — R, for any q € T, we have the following properties:
(@) If his delta differentiable at q, then h is continuous at q.
(b) If q is right-scattered and h is continuous at q, then h is delta differentiable at q with

h(a(@) - h(@)

h4(q) =
@ a(@) - q
(c) If q is right-dense, then h is delta differentiable at q iff the limit
i 20 = h(@)
u=q U= (q
is finite. Further
_h@) - h(q)
hA(q) = lim ———=.
(q) PR a—

Definition 2.7. (Definition 1.15, [7]) Assume h : T — R, we say that h is right-dense (rd)-continuous if h is
continuous at all right-dense points in T and all its left-dense points’ left side limits are finite, we denote all rd-
continuous functions on T as C4(T). If h is delta differentiable on T and h4(s) is rd-continuous, we
denote h € CL(T).

Throughout this study, we assume that a, b € T, then we define the time scale interval in T by

[a,bly ={t€T :a<t<b}

Definition 2.8. (Definition 1.5, [30]) A partition # for [a, b]y is defined by
P={a=5)< <85 <..$S5-1 €&, <8, = b}

with s; > s;_1, we call s; end points, & tag points, and s;, & € [a, b]y, sometimes we write P = {([Si-1, Sil, &)¥i=1.
Leth : [a,b] —» R, we denote that S(h, P) = Y1, h(&)(Si — Si-1).

Definition 2.9. (Definition 1.4, 1.6, [30]) For any s € [a, b)y, we say & = (&1, 8g) is a 6-gauge for [a, b]y
if 8g(s) > 0 on [a, D)y, 8r(b) = 0, 8g(s) = u(s), and &.(s) > 0 on (a, bly, &;(a) = 0. For any 6-gauge for [a, bly,
we say a partition # is a §-fine partition, provided

G0 ssii<si< &+ (&), 1€{L,2, ..,n}

Note that if T = R, then &; = &3.

Theorem 2.2. (Lemma 1.9, [30]) If § is a &-gauge for [a, D]y, there exists a §-fine partition P for [a, Dly.

Definition 2.10. (Definition 1.2.2, [21]) Assume h : [a, b] —» R, we say that h is Henstock-Kurzweil integrable
on [a, b] if there exists a number V € R and for any € > 0, there exists a §(x) > 0 for every §-fine partition P,

we have |S(h, P) - V| < g, and we write (H)I:hdx =V.

Definition 2.11. (Definition 9, [35]) Let h : [a, b] — R, we say that h is sequential Henstock-Kurzweil integrable
on [a, b] if there exists a number V € R and for any € > 0, there exists a sequence of positive functions {&x}z-1
such that for every &, -fine partition P, its end points are {{a = Sox < Si <...<Smx = D}}i=1, its tag points

b
are {{&u, Eator o> Emu -1, We have [S(h, Py) - V| < e(k — ), and we write (SH)[ hdx = V.
Remark 2.1. We say that h is not sequential Henstock-Kurzweil integrable on [a, b] if for any V € R and there

exists a & > 0, we cannot find a sequence of positive functions {&}x-; satisfying |S(h, Pyx) — V| < gy(k — ),
where Py is a §-fine partition for [a, b].
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Example 2.1. Let h : [0,1] » R, then we define

S|

m
, x=—,(m,n) =1,
o (m,n)

, x € (0, D\Q U {0, 1}.

h(x) =

(=}

We claim that h is sequential Henstock-Kurzweil integrable with
1
(SH) [ hx)dx = 0.
0

Let € > 0 be given, assume {6x};- is a decreasing sequence on [0, 1], let K be large enough such that% <eg,
we define

ne

Sx(x) = {(n - D2V’
1, otherwise.

m
x=;,(m,n)=1,n>2,

When k > K, for every &-fine partition P, the tag points £ have two cases:
If&=" h() =1 if§ € (0,D\Q U {0, 1}, h(§) = 0, thus

myeN *© £
ISP = | 2 GOk = X < | 2| = &:
n=1 n=1

Therefore, (SH )J'Olh(x)dx = 0.

Theorem 2.3. (Theorem 1, [35]) Let h : [a, b] » R, h is Henstock-Kurzweil integrable on [a, b] if and only if
h is sequential Henstock-Kurzweil integrable on [a, b].

Remark 2.2. When h is Henstock-Kurzweil integrable on [a, b], by Definition 2.10, there exists a function
6(x) > 0 on [a, b]. Then, we let § = &. It is easy to show that h is sequential Henstock-Kurzweil integrable
on [a, b]. Conversely, if h is sequential Henstock-Kurzweil integrable on [a, b], by Definition 2.11, there exists a
sequence of positive functions {§x};-; and a positive integer K, let §(x) = Sx+1(x). Obviously, h is Henstock-
Kurzweil integrable on [a, b].

Definition 2.12. (Definition 1.7, [30]) Let h : [a, b]y — R, we say that h is Henstock-Kurzweil delta integrable on
[a, b]y if there exists a number V € R and for any ¢ > 0, there exists a §-gauge § = (8, 6g), for each &-fine

b
partition £, we have |S(h, #) - V| < g, and we write (HD)IahAs =V.

3 Sequential Henstock-Kurzweil delta integral on time scales

We now give the definition of the sequential Henstock-Kurzweil delta integral and show its equivalence to the
Henstock-Kurzweil delta integral. Then, we discuss the basic properties about it and give the Cauchy criterion.

Definition 3.1. Assume h : [a, b]y — R, we say that h is sequential Henstock-Kurzweil delta integrable on
[a, b]y if there exists a number V € R and for any & > 0, there exists a sequence of §-gauges {8 = (6§, 55}y
such that for every &i-fine partition Py, its end points are

{{a = so < Sy < Sy < e <Smik = b}};;b

its tag points are {{&, &aks -rEmktiner, We have |S(h, Py) - V| < e(k - «), we write (SHD)I:hAs =V
and h € SHD([a, b]y).
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Remark 3.1. We say that h is not sequential Henstock-Kurzweil delta integrable on [a, b]y if for any V € R
and there exists a g > 0, we cannot find a sequence of §-gauges {&x}r-; satisfy |S(h, Px) — V| < gy(k — ),
where Py is a & -fine partition for [a, bly.

Example 3.1. Let h : [a, bly » R and S = Ui4q;, ¢; is a rational number in [a, b]y. We define h by

h(s) = 1, SES,
©=lo, selabms.
For any £>0, let K be large enough such that % <¢g, then we define &(q,) = 85(q,) = %
i21, §(s) =1, 85(s) = max{l, u(s)} for s € [a, b];\S, then we assume {&}r., is a decreasing sequence,
so when k > K, for every &-fine partition P, we have

myeN

Y h(E)(Sik — Sa-1k)

i=1

<&

Y 8Kq) + 8K

i=1

1SCh, Pl =

<

Therefore, (SHD)I:hAs =0.

Theorem 3.1. Let h:[a,bly » R, h is Henstock-Kurzweil delta integrable on [a,bly if and only if
h € SHD([a, b]y).

Proof. (=) Since h is Henstock-Kurzweil delta integrable on [a, b]y, for any € > 0, there exists a § = (&, &),
for every §-fine partition £, we have
b

S(h, P) - (HD)IhAs <e.

Lete = %(k =1,2,...), for one &, we have one &, so we obtain a sequence of §-gauges {Sx}x-1, for every
Sk-fine partition #, we have

<.
k

b
S(h, Py - (HD)jhAs

a
Therefore, there exists a §x € {Sk}r-1, when k > K, for every &-fine partition P, we have

b
S(h, Py) - (HD)IhAs

So, (SHD)[ hAs = (HD)], hs.
(&) For any € > 0, since h € SHD([a, bly), we have a 8y € {6, = (6], 6§)}n-1, When n > N, for every 6,-fine
partition #, we have
b
S(h, Py) - (SHD)IhAs
a

<&

We choose § = 8y+1, denote P = Py.q, SO every Sy.1-fine partition Py.q is a §-fine partition. So

b
S(h, P) - (SHD)IhAs

b
S(h, Pyar) - (SHD)IhAs
a

<eE&.

Therefore, (HD)I:hAs = (SHD)I:hAs, and the proof is complete. O

Theorem 3.2. If h € SHD([a, b]y), the value of this integral is unique.
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Proof. Suppose the value of this integral is not unique and (SHD)J';hAs =VheR. Let ER, LT
b
such that (SHD)Ia hAs = V.
For any ¢ > 0, since h € SHD([a, b]y), we have a &y € {6, = (&, 68)}n=1, When n > N, for every &,-fine
partition #,, we have
€
[SCh, ) = Vil < 5.
Similarly, we have another &y € {5, = (6", S§)}m=1, When m > M, for every §,,-fine partition #,,, we have

&
1SCh Pr) = V) < 3.

For every &, € {6, = (6f, Sg)lp-1 and S € {6 = (&', S )}m=1, We choose
8K = min{6}, 8™}, 6k = min{8%, Sf¥k=m=n=1,2, ...).

Therefore, {8, = (85, 8K)}%-; is a sequence of §-gauges on [a, b]y, and for each §-fine partition Py, it is also
6, and &,,-fine partition for [a, bly.

Then, for the above &, there exists a 8x € {6 = (85, 85)}r-;, when k > max{M, N} and Py is a &-fine
partition, we have

Vi = Vo = V1 = S(h, Pi) + S(h, Pi) - Vil
<V = S(h, Pl + ISCh, Pi) = Vil
<e.

Therefore, the value of this integral is unique. O

Theorem 3.3. Let h € SHD([a, b]y), if h(s) = 0 for any s € [a, by, then

b
(SHD)IhAs > 0.
a

Proof. Since h € SHD([a, bly), for any & > 0, we have a & € {8 = (65, 5K)}5.., when k > K, for every &;-fine
partition P, we have

b

Sth, Py - (SHD)IhAs <e

Therefore,

b
lim S(h, P) = (SHD)IhAs,
a
and we know S(h, Pk) = Z?:IiENh(Eik)(Sik - s(i—l)k): h(flk) 20, Sk - S(i-1k 2 0, so S(h, Pk) = 0, thus we have
b
(SHD) [ has > 0. O

a

Theorem 3.4. Let hy, h, € SHD([a, Dly), for any a, B € R, we have ahy + Bh, € SHD([a, b]y) and

b b b
(SHD)Iahl + Bhos = (SHD)thlAs + (SHD)BIths.
a a a

Proof. The case where a = 0, f = 0 is trivial, so we assume a # 0, § # 0.
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For any € > 0, since h; € SHD([a, b]y), we have a 8y € {6, = (8], 6§)}-1, Wwhen n > N, for every &,-fine
partition $, we have
b
S(hy, P) - (SHD)_[hlAs
a

&
< —

2la|’

Similarly, we have another &y € {5, = (6], 88 )m=1, When m > M, for every §,,-fine partition %, we have

< —

&
2181

b
S(hy, Pr) - (SHD)_[hZAs
a

As in the proof of Theorem 3.2, we choose &K = min{6}, &M}, 5k = min{&g, 87}, so {8 = (8F, SK)Ie- is a
sequence of §-gauges on [a, bly, and for every &x-fine partition Py, it is also 6, and &,,-fine partition for [a, bly.
For the above g, we let K = max{M, N}, when k > K and Py is a &-fine partition, we have

S(ahy + Bhy, Pi) -

b b
(SHD)a JhlAs + (SHD)B jths

b b
(SHD)a IhlAs + (SHD)B jths

myeN

Y (ahy + Bhy)(Ew)(Sik — Si-1p) ~

i=1

JELEL,
2 2 '

Therefore, ah; + Bhy, € SHD([a, b]y) and

b b b
(SHD)I(ahl + BhpAs = (SHD)thlAs + (SHD)ﬁIths. 0

Theorem 3.5. Let hy, h, € SHD([a, b]y), and h(s) < hy(s) for any s € [a, b];, then (SHD)J:hlAs < (SHD)J:hZAs.
It is easy to show by Theorems 3.3 and 3.4.

Proof. Since hy, h, € SHD([a, bly), by Theorem 3.4 we know that h, — h; € SHD([a, b];). In addition,
hy(s) - hy(s) = 0 for any s € [a, b];. By Theorem 3.3 we have

b
(sHD)J' (h, - h)As > 0,
a

the proof is complete. O

Theorem 3.6. Let h, |h| € SHD([a, b]y), then
b

IhAs
a

We can prove it right away using Theorem 3.5.

b

(SHD) < (SHD) [ IhIas.

Theorem 3.7. For any ¢ € (a, b)y, if h € SHD([a, cly), h € SHD([c, bly), then h € SHD([a, b]y), and

b c b
(SHD)JhAs = (SHD)jhAs + (SHD)jhAs.

Proof. Since h € SHD(|[a, cly), h € SHD([c, b]y), for any € > 0, we have a Sy € {5, = ([, Sp)}=1 ON [a, ]y,
when n > N, for every §,-fine partition #,, we have

£
<.
2

S(h, Py - (SHD)IhAs
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In the same way, we have another 8y € {8, = (6", 8g )}m=1 O [C, b]y, when m > M, for every &,-fine
partition #,,, we have

€
<.
2

b
S(h, Pr) - (SHD)IhAs

Assume {6 = (85, 8})}r-; is a decreasing sequence, let K be large enough such that % < g, then define
a §-gauge & € {8 = (8, 6§ -1 on [a, blr, let §/(s) = 6/'(s), s € [a, )y, and
87 (c), v(c) =0
8 (c) =

$@>(ﬂ, v(e) > 0,

§X(s) = min{sM s € (c, bly, 65(s) = minjs, ,S € [a, O)y, 65(s) = 8%(s), s € [c, by.

s-¢C
(), 51

2 (S), maX[u(S), 3

Then, let P, be a &-fine partition for [a, b]y, when k > K, by the way we define &, ¢ has two cases:
¢ is an end point or a tag point.
(1) If ¢ is an end point, we denote that
Pr=P UP” ={a = Sok < Stk <...<Spk = € = S(p+1)k <o <Smyk = b},
where

P’ ={a = Sok < Stk <...<Spk = C},
P ={c= S(p+k < S(p+2)k <o <Smk = b}.

We know, P’ is a Sy-fine partition and #” is a &,-fine partition by the way we define §-gauge. Therefore, we have

b

c c b
Sth, Py - (SHD)IhAs + (SHD)IhAs S(h, P’ U P”) - (SHD)J'hAs + (SHD)J'hAs

b
S(h, ") - (SHD)jhAs

< + <E.

S(h, P") - (SHD)IhAs

(2) If ¢ is a tag point, assume that ¢ = &y, we use the following equation:
h(c)(spk = Sp-i) = h(C)(Spic = €) + h(c)(c = Sp-1yk)-

Then, we have
b

S(h, Py - (SHD)IhAs + (SHD)IhAs

myeN

> h(&w)(Sik — Sa-1k) ~

i=1

(SHD)IhAs + (SHD)IhAs

p-1

memmsmw+mmcs@m)(wmﬁm
i=1

N

mreN
Y h(&w)(sik = Sa-1k) + R(C)(Spk = €) = (SHD)_[hAS
i=p+1
2 2 ’

Therefore, h € SHD([a, bly) and (SHD)[  hs = (SHD)[*has + (SHD)[" hass. 0
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Theorem 3.8. (Cauchy criterion) Assume h: [a, bly » R, h € SHD([a, bly) if and only if for any € > 0,
there exists a 6 € {8k = (6K, SK)}r-1, when k > K, for all §;-fine partitions Py and Qy for [a, by, we have

ISCh, Pi) = S(h, Q)| < &.

Proof. (=) If h € SHD([a, b]y), for any € > 0, there exists a §x € {8 = (8K, 55)}}’;1, when k > K, we denote Py
and Qy are &-fine partitions, so

b
S(h, Py - (SHD)IhAs

£
<_)
2

b
S(h, Qo) - (SHD)_[hAs

£
< -,

2
Then, we have

ISCh, P1) = S(h, Qi) <

+ < E.

b
S(h, Py - (SHD)IhAs

b
S(h, Qo) - (SHD)IhAs

(€) Let £ >0 be given, there exists a Sx € {8 = (8, 85)}r-;, when k > K;, for all &,-fine partitions
Pr and Qy for [a, bly, we have

ISR, Pr) = S(h, Q)| < g

Without loss of generality we assume that {§; = (6F, 5K)}t-; is a decreasing sequence and for any n > k,
Q,, is a &i-fine partition, so|S(h, Qx) - S(h, Q)| < % therefore {S(h, Qx)}-1 is a Cauchy sequence in R . Thus, there

b
exists A € R, S(h, Qx) - A(k — =), we denote A = (SHD)fahAs.
For the above &, there exists K; > 0, when k > K,, we have

b
S(h, Q) - (SHD)J'hAs

£
<.
2

Then, let K = max{K;, K;}, so there exists a 8x € {8 = (8F, 5})}r., when k > K, we have

b
SCh, Py - (SHD)_[hAs

< IS(h, Pi) = S(h, Q)| +

b
S(h, Qo) - (SHD)JhAs

Therefore, h € SHD([a, b]y).

Example 3.2. Let T = [2,4] N Z and h(s) = a(s)? + sa(s) + s%.
For any € > 0, we define the following sequence of §-gauges {Sx}i-1:

1 3 1
S@=1+3, & =5+
1 1 3 1

Kooy -+ o 1 keoy = 2, 1
53 2+k’ 6 (3) 2+k’
1 1 1
55(4)=§ e S =1+ %
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for every positive integer k, we choose K large enough such that % < &, when k > K, by the way we define
&-gauge, it is easy to show that the &-fine partition P, only can be {([2, 3], 2), ([3, 4], 3)}, it is obvious that

[SCh, Pr) = S(h, Q)| = 0 < &,

where Py, Qx are §-fine partitions, by Theorem 3.8, we know h is sequential Henstock-Kurzweil delta integr-
ableon T.

4 Fundamental theorems of the sequential Henstock-Kurzweil
delta integral on time scales

The fundamental theorems of the sequential Henstock-Kurzweil delta integral are given in this section,
which are very useful when we calculate integrals.

Definition 4.1. (Definition 3.5, [17]) Assume h : T — R, we say that h is pre-differentiable on L if h is continuous
on T and there exists a subset L C TX such that h is delta differentiable on L and T*\L is countable
and contains no right-scattered points of T.

Theorem 4.1. Let h : [a,bly = R, H : [a, bly — R is continuous, and H is pre-differentiable on L C [a, b|X
such that HA(s) = h(s), s € L, then h € SHD([a, b]y) and
b
(SHD)_[hAs = H®) - H(a).
a

Proof. We denote O = {s € [a, b]y : u(s) > 0}, O contains all right-scattered points in [a, b]y, by Definition 4.1,
OCL and [a,bly\L is a countable set, we denote it as B = {n, n, ..}, which is countable or finite.

Now, we define a sequence of gauges {&; = (85, 5K)ix-, on [a, by in the following way:
Let g € O, we define Sg(gi) = u(g), because h is delta differentiable at g;, so there exists {Sfl(gi)}ﬁq,
we have

&
Ab - a)

[H(a(g)) - HW)] - HY(g)lo(g) - ull < la(g) - ul, @

for all u € [g; - £ (g), &I, and due to the continuity of H, we have {5 (g)};-; such that

1F(g) = HI ~ Hglg; ~ ull < 5z @
for all u € [g; - 6£(g), &I, so we define

51(g) = min{(sfl(gi): 552(&')}’ & € 0.

Then, we consider g € L\0, because H is differentiable at g, so there is a §(g) > 0 such that

&€
Ab - a)

[H(g) - Hw)] - HA)lg ~ ull < lg — ul, €)

forallu € [g - 6(g), g + 6(8)]r, so we define
8i(g) = 6k(g) = (), gEL\O.

Finally, we consider the points in B, let r; € B, because H is continuous at r;, there is a N(r;) > 0 such that

[H(s) = HGOI = hDls = ull < 51, @)
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for any s,u € [, - N(ry), r; + N(1;)]r. Therefore, we define
8f(m) = 8§(r) = N(), 1 €B.

In conclusion, {8 = (65, §X)}r-, be a sequence of §-gauges on[a, by, let P be a §;-fine partition for[a, b]y.

Let K be large enough such that % < g, when k > K, we have

mreN
Y h(E)(di — d(-1) - H(b) + H(a)
=1
my€EN
= | Y h(Ex)(di — d-1x) - H(di) + H(d(j-1x)
=
my€EN
< Y |hG)(di - dij-ak) — H(dj) + H(d(-10)!-
=1

There are three possibilities for &y: & € B, &k € 0, & € L\O.
If &y € O, then we know (&) > &, and by the way we define § we know that dj = i or dj = a(&jr),

if djx = &jx., using (2), we have
[h(Eji)(djre — dj-mi) — H(dj) + H(dj-1r)| < %
If djx = 0(&), using (1), we have
[h(Ejr)(djx — dij-1) — H(dy) + H(d(j-1yr)] < ﬁ'dﬂ( = dj-oil-
If & € B, using (4), we have
[h(Eji)(djre — d(j-mi) — H(dj) + H(d(j-1r)| < %
If & € L\O, using (3), we have

€
[h(&r)(djre = dj-1) — H(dj) + H(dj-1)| < mmjk = dj-1kl-

Therefore,
myeN
> hE)(dy — dij1i) — H(dye) + H(d(j-10)]
j=1
- & € € e
) ]zlm t o T - gy e Ao+ T (@i )
= €&
In conclusion, h € SHD([a, bly ) and (SHD)[, hs = H(b) - H(a). -

"T_l 1 n € Ny U {1}, we define
h(q) = q + a(q).

We claim that h € SHD([0, 1]y) and (SHD)| hAq = 1.
We define H(q) = ¢% q € T, and we know TX = T, let L = T, then we show H*(q) = h(q) on L.
For any q € T, let ¢ > 0 be given, for every u € (q - €, q + €)y, we have

[H(o(q)) - Hw)] - h(@)[a(q) - ul|

= |o%(q) - u* - (q + o(q@)[a(q) - ul|
= |(a(q) - W - @) = |lo(q) — ullu - q| < ela(q) - ul.

Example 4.1. Let T =
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Therefore, H is pre-differentiable on L, and H*(q) = h(q) on L, thus

1
(SHD)IhAq = H(1) - HQO) = 1.
0

Example 4.2. Let T = % :n € Nt U {0}, we define
(s®-2s + 1)sin :—s] - (1-s)sins
h(s) = S , s#0,
0, s=0,1.

Then, h € SHD([0, 1]y) and
1

(SHD)J'hAs = sinl - 1.
0

We define
sins
) S # Oy
H(s) = S
1, s=0.

Then, we show H(s) = h(s) on (0, 1)y, for every s € (0, 1), s is right-scattered and H is continuous at s.
N

It is easy to show a(s) = =, s € (0, D)y, so by Theorem 2.1, we know
. (CIO)R2:(6)
a(s)-s
1=s ol s | _ sins
N sin 1-s s
- S _
1-s §

(s - 2s + 1)sin %] - (1-s)sins

= 5 = h(s).

We denote L = (0, 1)1, so H is pre-differentiable on L, and HA(s) = h(s) on L, so by Theorem 4.1, we have
1

(SHD)_[hAs = H(1) - H(0) = sinl - 1.
0

Lemma 4.1. Let h € SHD([s, a(s)]y), we have
a(s)
(SHD) [ h@)Aq = (3(5) = S)h(s).

N

Proof. The case dg(s) =s is easy, we suppose o(s)>s, so the partition for [s,d(s)) only can be
P ={s =55 < 81 = 0(s)}, and the tag point is s, we define 8K(s) = 1, 8K(s) = u(s), so P is a & -fine partition,

s0 (SHD)[” “h(@)8q = (a(s) - $)h(s). 0

Theorem 4.2. Let h € SHD([a, b]y) and h is continuous on [a, b]y, then we define
q
H(q) = (SHD)[h(s)as,
a

for each q € [a, by, then H is delta differentiable at every q € [a, b)y and HA(q) = h(q).
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Proof. Since h is continuous on [a,bly, h is bounded. So there exists M > 0, for every q € [a, bly,
we have |h(q)| € M. We shall prove H is continuous on [a, b]y.

For any € > 0 and q, u € [a, b]y, when |q - u| < %, we have

q u
IH(q) - H(w)| = (SHD)Ih(s)As - (SHD)Jh(s)As

(SHD) [n(s)As | < (SHD) [|h(s)Ias
q q

u
< (SHD) [Mas < e.
q
Therefore, H is continuous.

By Theorem 2.1 and Lemma 4.1, for any q € [a, b)y, if q is right-scattered, we have

H(a(q)) - H@qQ)

HA(q) =
@ a(@) - q
a(q) q
(SHD)L h(s)As (SHD)L h(s)As
B a(q) - q
a(q)
(SHD)L h(s)As
= = h(q).
a(@) - q @
If q is right-dense, we have
Hi(q) = lim 2 (m) - H(q)

m-q m-gq

m q
(SHD)L h(s)As - (SHD)L h(s)As

= lim
m-q m-gq
m
(SHD)[ " h(s)As
o q
= hm —_—
m-q m-gq

For the above € > 0, since h is continuous at g, so for every s € [a, b)y, there exists § > 0, when|s - q| < 6,
|h(s) = h(q@)| < ¢, thus

(SHD)J;mh(s)As

m-gq - h(q)

1 K m
“lm-q (SHD)_!h(s)As - (SHD){h(q)As
1

< (SHD){|h(s) - h(q)lAs < e.

Therefore, H is delta differentiable at every q € [a, b)y and H*(q) = h(q). O

Example 4.3. Let T = [2, 4] N Z, we define h(q) = a(q)* + qa(q) + q*

By Example 3.2, we know h is sequential Henstock-Kurzweil delta integrable on T, then h is clearly
continuous on T. We consider H(s) = s® - 8.
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For any s € T\{4}, s is right-scattered, therefore
o(s)’ - s3

HYs) = a(s)-s

= g(s)? + sa(s) + s2 = h(s).
By Theorem 4.2, we have

(SHD) [h(@)Aq = (SHD)[0(q)? + qo(g) + q*Aq = 5* - 8 = H(s).
2 2

5 Henstock’s lemma and some convergence theorems
The proof of Henstock’s lemma and some convergence theorems are given.
Lemma 5.1. Let h € SHD([a, bly), then for any c,d € [a, bly(d > ¢), h € SHD([c, d]y).

Proof. Since h € SHD([a, b]y), by Theorem 3.8, for any € > 0, there exists a 6 € {6 = ((Sf, 6,’,5)}§=1, whenk > K,
for all &-fine partitions Py and Qy for [a, b]y, we have

ISCh, Pi) = S(h, Q)| < e.

For the above sequence of §-gauges {5, = (6K, 5K)}r.,, we have &;-fine partitions {S;}5-, for [c, d]y, §c-fine
partitions {T;}z., for [a, cly, S-fine partitions {Dy}z.; for [d, bly, when k > K, we take P3, Q} € {Silreks1,
Pl e {Tilke, PP E Dok, we know PRUPLUPPL and QfUPLUPLY are & -fine partitions,
then we have

ISCh, P) = S(h, Q)
= |SCh, PR U PLU PP - S(h, Qf U PE U PP
= |S(h, Pr) = S(h, Q)| < €.

Therefore, h € SHD([c, d]y). (I

Definition 5.1. A finite collection P} = {[Si-1k, sil, Extis is called a & -fine subpartition for [a, by
if {[Sok, S1kl, [S1k> Sakls ---» [Same-1)k> Smek]}  are nonoverlapping subintervals of [a, b]y except end points

and [S-1yk Sikl C [&x = 8 (&), & + Sp(Ea)].

Lemma 5.2. (Henstock’s lemma) Let h € SHD([a, bly), for any € > 0, there exists a sequence of 5-gauges {5y }r-1
and K > 0, when k > K, if Py = {91y Gicd> Exhs is a S-fine subpartition for [a, bly, then

Qi

my
S(h,PY) - > (SHD) J' hAs| < e.
=1 Qi-1yk
Furthermore,
my i
Z h(&)(qy - (I(H)k) - (SHD) J his | < 2e.

i=1
-1k

Proof. For any € > 0, since h € SHD([a, b]y), there exists a &g € {6 = (8K, 6,’,5)}§=1, when k > K;, for every
6i-fine partition Py, we have

£
<.
2

b
Sth, Py - (SHD)_[hAs
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The case P} = Py is trivial, we consider the case Pj # Pr. We choose nonoverlapping intervals
oo Vil s i Vol oo [V(pk—l)k’ Vpkkh} that satisfy

Dy

my
[a, b]TI\ile(Q(i_Dk: ql'k)TI = ]Lle[V(;_l)k, ij]TI.
By Lemma 5.1, h € SHD([y(j_l)k, y]-k]v)(j =12, ..,pp)

So there exists a &, € {6 = (Sjk, 61?{)}?:1( j =12, ..,p), when k > K,, for every §j-fine partition Py,
we have

Yik
S(h, Py - (SHD) [ has| < =
2py

Y-k

Then, we define another sequence of gauges {jx = (Sjk, 61§k)}§(°=1 on [Yj-qye Vgelr by the formula:
81(q) = min{s{(q), 5“(@)}, 6%'(q) = min{S§(q), 6K (@)}
For every §-fine partition 7, we define Py = PIU (U?’;lP}k), when k > max{K, K}, Py is a & -fine

partition for [a, b]y and we have

Dy
S(h, i) = S(h, P} + 2 S(h, Po).
j=1

Denote A = U,Z"i[q(i_l)k, v, since A and [y, Vilr (0 = 1, 2, .., p,) are collections of[a, by, by Theorem 3.7
and Lemma 5.1, we have

b my Qi Py Vik
(stD)[nas =Y (SHD) [ has + Y (sHD) [ has
¢ ! Q-1k U Y1
! J-Dk
Pr Vi
= (stiD)[nas + Y (sHD) [ has.
4 I Yi-vk
Therefore,
my ik
s - 3(sHD) | nas
=1 -1k
my Qi Pe
= |S(h, Pr) - ) (SHD) I has - 3 S(h, P
i=1 q; j=1
(i-Dk
b p Vi »
LS (e
= |Sth, Pr) - (SHD)IhAS + Z(SHD) I hAs — ZS(h)y)}k)
“ U Yi-vk J=1
b p Vik
k
< | P - (SHD)[has | + Y |(SHD) [ has - (b7
‘ o Yj-v

< &

The proof of the first part of this lemma is complete, then we consider next part.
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We separate P} into two parts:

Gix
SDZ = ([Q(i—l)k’ ql'k]: &) € P; . h(fik)(qik - q(i—l)k) - (SHD) I hAs = 0f,
Qii-1k
G
P = (-1 Gil> §ix) € P 2 Ry = qi-ay) ~ (SHD) J hAs < 0;.

Y-k

Therefore, P} = Pi U Py, by the first part of this lemma, we have

ik

Z h(&u)(qy — Q(i-1)k) - (SHD) I hAs | < ¢,

([Q(iq)k,qik],fik)epz q(i*l)k

i

z h(&u)(qy - q(i-1)k) - (SHD) I has | <e.
([q(.-_l)k,q,-k],fik)ei”i

Qi-1k
Thus,
e ik
.Z h(Ga)( @y = qi-1y) ~ (SHD) .[ his
i=1 i~k
Qi

= Y hG@y - o) - (SHD) [ has
([Q(i-nk:qik],fik)epi

Qi-1yk
Gix
¥ > h(&u)( Gy = qi-1x) — (SHD) I has
U1y Qi - E) EP ke Qi-1k
< g+g=2¢e -

Theorem 5.1. (Uniform convergence theorem) Let {h,} C SHD([a, b]y) and h, is uniformly convergent
to h on|a, bly. Then, h € SHD([a, b]y) and
b b b
nm(SHD)J'hnAs = (SHD)I lim h,As = (SHD)_[hAs.
n—oo n—oo
a a a

Proof. Since h, is uniformly convergent to h on [a, bly, for any € > 0, there exists N; > 0, when n, m > Ny,

& &
we have |h, - h| < - |hm = h| < -ay then

[hy = Ml =1hp = b + h = hy
<lhy = h] + |h = Ayl

2€
< .
3(b - a)
Thus, —S(bzf 5 <hn= < % and we know that {h,} C SHD([a, bly), it is easy to show that
b
(SHD)_[a ﬁAs = 23—8 by Theorem 3.4, we have

b
2€ 2&
-5 < (SHD){(h,, - Rl < -



DE GRUYTER The sequential Henstock-Kurzweil delta integral on time scales == 17

00

b
(SHD)L hnAs] is a Cauchy sequence in R, by the com-

n=1

b b
Thus, [(SHD)], huds - (SHD)[ hmbs | < %, then

pleteness of R, there exists A € R, we have
b
11m(3HD)jhnAs = A

n—oo
a

For the above € > 0, there exists N, > 0, when n > N,, we have
b
(SHD)IhnAs -A

a

£
<.

Then, we will show h € SHD([a, b]y) and (SHD)I:hAs =A.

Since h,, € SHD([a, bly), fix m, there exists a § }{’}n € {67 = (6% SR )}r=1, when k > Ky, for every &;"-fine
partition P}, we have

b
S(hm, PP - (SHD) [ hnds
a

&
<.
3

Let M = max{N; + 1, N; + 1} and &, = 6. Therefore, for all §,-fine partitions P, there are also §-fine
partitions, when k > Ky, we have

|S(hs Pk) - S(hM) Pk)l

myr€eN myg€eN
= | 2 h(E)(sik — Si-v sy = 2 hu(Ea)(Sik = Sa-pi)s
i=1 i=1
myg€EN
= | Y (h(w) - (&) (si - S-1K)gH
i=1
myeN

VA

2 () = ha(Ea) (i = St < g

i=1
Therefore, we have

b b

IS(h, Pr) - Al < ISCh, ) - SChar, POl + | SCus, Pro) - (SHD)IhMAs + (SHD)IhMAs -4l <e
a a
The result follows by the arbitrariness of €. O
Example 5.1. Let T = % 1 n € Nj U {0}, we define
1
Jns, s €0, ;] NnT,
2 1 2
hn(s)=ﬁ‘\/ﬁ3, se€|l N
2
0, se|—1|INT.
n

We claim that lim,,_.o(SHD) |, hu(s)As = 0.
When s = 0, we have h,(s) = 0, then when s € (0, 1]y, let n > %, we have h,(s) = 0, thus

lim h,(s) = h(s) = 0.

n—o
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Then, we show that this convergence is uniform. We know

sup|hn(s) = 0| = hy,

SET

1] _ 1
n NI
Therefore, lim, .. Sup,cy|h.(s) = 0| = 0, h, is uniformly convergent to 0, by Theorem 5.1, we have

1 1
lim(SHD)IhnAs = (SHD)I lim hyAs = 0.
n—oo 0 et

Theorem 5.2. (Monotone convergence theorem) Let {h,} C SHD([a, bly) and assume that
1) lim,-h,(s) = h(s) for every s € [a, b]r;
(2) hp(S) < hpei(S) for every s € [a, bly,n €N;

(3) 1imyo(SHD)[ hu(s)As = V.
Then, h € SHD([a, bly) and (SHD)[,h(s)As = V.

b
Proof. For any ¢ > 0, since (SHD)limnqua h,(s)As = V, there exists N; > 0, when n > N;, we have

b
(SHD)Ih,,As -V

a

£
<.
3

Then, lim,,-.h,(s) = h(s) for every s € [a, b]y, there exists Ny(e, s) > N;, then we have

€
[Rne,s)(S) = h(s)| < 3b-a)

Lete’ > 0 be given, since {h,} C SHD([a, b]y), there exists a sequence of §-gauges {67 = (&%, Sgi)}r=1 Onla, by,
when k > K, for every &;-fine subpartition P}, we assume 3 has m + 1 end points, by Lemma 5.2, we have

Sik ,

Y | ha(Ea)(six = Si-1x) — (SHD) _[ hpAs | < %

SN

S@i-1k
Therefore, we define
Nye, _ oly(e,
8K(s) = 61657 11y(9), 8K(S) = i) ay(S).

Ny(e,s)

Let Pk be a 8-fine partition, by the way we define &, Py is also a § Koo+

-fine partition, we have

> h(Ew)(si = Sa-1x) = V

i=1

<

my my
Y h(Ew)(Sik = S-1k) = 2 Mwe,e0(E)(Sik — Si-1k)
i=1

i=1

+

my
2 e, (&) (Sik = Si-k) = V
i=1

my
< Y IhE) = hve, a0 (G (S = S0
i=1
my Sik
+ Y | hee0Ex)(Sik — Sa-1x) — (SHD) I Ry, 50AAS
i=1

S(i-1k

my Sik

+ | 2(SHD) [ Ryegods - V|-
=1 S(i-Dk
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It is easy to show that

Y 1(h(E) = Rvye, 210 S = Sai-1pe)| < g

i=1
Let K be large enough such that % <g whenk>K,lete = mik we have

my Sik
€
2 | Rve 0 (&) (Six = Sii-1) — (SHD) _[ hye,0As | < 3

=1 S(i-Dk

Then, we consider the last term, let

/N

p =min{Ny(¢, &) - 1 <1< myd,
q =max{Ny(e, &) 1 1< i< my}.

/N

Since hp(s) < hy4q(s) for every s € [a, b]y, n € N, thus

b b
(SHD)J'h,,As < (SHD)Ihn+1As.
a a

Thus,
e b m, Sik
v-g< (SHD)[hps < 3 (SHD) [ Moo,
a i=1 S(i-1)k
my Sik b e
Y (SHD) [ hyegohs < (SHD) [hds < V + 5
=1 Si-1k a
Therefore,
my Sik
£
> SHD) [ hyegods - V| < 5
=1 S(i-1k
The proof is complete. O

6 An application for the existence theorem of FDEs

In this section, we consider the existence theorem of the following FDEs:

Y4(8) = h(s, y(8), y(T(5))), s € [s0, P(so)],

y(s) = p(s), s € [7(So), Solr, )

where  h € Gy([a, bly xR xR), ¢ € Gq([7(S0), So]), 7:[a, bly = [a,bly, and 7(s) <s,s € [a, b]y,
@(S0) = SUPg,s<plS * T(S) < So}. We assume [7(so), ¢(so)]r C [a, bly, and [a, b]y is an infinite set.

Definition 6.1. Let y : [7(So), ¢(so)lr = R, y is called a solution of (5), provided y € CL([7(so), ¢(so)lr)
and it satisfies the conditions of (5).

Theorem 6.1. Assume [sy, §(So)ly contains infinite points of [a, bly and h € SHD([a, bly), if there exists
a number M € R and for any s € [a, bly, |h| € M, then the initial value problem (5) has at least one solution
y on[z(sp), p(So)lr-
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Proof. Let

Ya(8) = 9(s0) + (SHD)Ih(p,yn-l(p), e(@(PNAp, s € [so, $(So)l-

So

For any € > 0 and sy, S; € [Sg, @(So)]r, when |s; — s5| < ﬁ, for any n € N, we have

i (50) = 33 (52| = | (SHD) [ (P, Y1 (B, 9T (P)))AP

S1

< (SHD)[In(p, Y+ (p), 9(z(p)))IAp

S1
<E.

Therefore, {y, } is equi-continuous on [Sy, $(So)]y.
Then, for any n € N, we have

o(s0) + (SHD) [ (P, 3,4 (p), 9(z(p))p

So

()=

<1p(s)l + (SHD) [Ih(p. Y1 (p), ¢(z(p))IAp

So

<le(so)l + Mb - Mso.

Thus, {y,} is uniformly bounded on [so, ¢(So)]r, according to the Arzela-Ascoli Theorem, we know {y,} has
a subsequence {y,, }, which uniformly converges to a continuous function y, and we know

Yy () = 9(s0) + (SHD) [1(p, Y1 (P, 9z ()P,

So

let k = o, we have

¥(s) = p(s0) + (SHD) [A(p, y(p), o(z(p)))Ap.

So

And we know y4(s) = h(s, y(s), o(t(p))), s € [So, $(So)]r. Let

_ |ots0) + SHD)[h(p.y(p). 0z @)D, s €[50, Blsolr,

So

o(s), s € [7(So), Solv -

y(s)

It is clear that y(s) is a solution of (5). O

Example 6.1. Let T = [1,2] U

2+ %] and [1, 2] C R, consider the following equation:
nenN

b{e) =t - (y(s»Z[[y[;]]Z . 1]
4+ (y(s)? + MZ”Z

y(s) =2s +1, s€[L2].

*
nnEN

i) = ,  SELU

We claim this equation has at least one solution.
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Let

(W(s)* + 5(0(s))* + (u(s)*((v(s))* + 1).

h(s, u(s), v(s)) = 4+ (u(s))? + (V(s))?

We know

(W(s)* + 5(w(s))? + (U(s))*(v(s))* + 1)
4+ (u(s))* + (v(s))
_ (u(s))? + (v(s))?
4+ (u(s)* + (v(s))*
<1+16=17.

|h(s, u(s), v(s))| =

+ ()

By Theorem 6.1, the results follow.

7 Conclusion and future research

The aim of this study was to extend the theory of integrals on time scales. From the outset, we define the
sequential Henstock-Kurzweil delta integral. Then, we give some properties and the Cauchy criterion of this
integral. Finally, we consider the fundamental theorems of calculus and convergence theorems. As an applica-
tion, we consider the existence theorem of a kind of FDE. The results of this study are the generalization of the
results in [30,35]. As we know, vector-valued integrals are the direct generalization of ordinary numerical
integrals [39-46]. In 1938, Pettis introduced the Pettis integral, which is an important integral when we
consider the weak topology on the Banach space X [47-49]. If we replace Lebesgue integrable in the definition
with Henstock-Kurzweil integrable, we obtain a more general integral called the Henstock-Kurzweil-Pettis
integral [50-53]. Cichon [54], the author introduced the Henstock-Kurzweil-Pettis integral on time scales and
got some good results. For future research, we can replace Henstock-Kurzweil integrable with sequential
Henstock-Kurzweil integrable and study the sequential Henstock-Kurzweil-Pettis integral on time scales.
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