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Abstract: In this study, we introduce the notion of a-convex sequences which is a generalization of the
convexity concept. For this class of sequences, we establish a discrete version of Fejér inequality without
imposing any symmetry condition. In our proof, we use a new approach based on the choice of an appropriate
sequence, which is the unique solution to a certain second-order difference equation. Moreover, we obtain
a refinement of the standard (right) Fejér inequality for convex sequences.
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1 Introduction

Convex functions constitute an important class of functions which is widely used in theoretical and applied
mathematics. Due to this fact, much efforts have been devoted to the study of the properties of such functions,
e.g., [1-11]. One of the important inequalities involving convex functions is the Hermite-Hadamard double
inequality, which can be stated as follows: If f: [a, b] = R is a convex function, then

a+b
2

[+ 7 ) ; f(b). 1D

b
1
f < 5 Jreodxs

The above double inequality dates back to an observation made by Hermite [12] in 1883 with an independent
use by Hadamard [13] in 1893. Hermite-Hadamard double inequality is very useful in the study of the proper-
ties of convex functions and their applications in optimization and approximation theory, e.g., [14-16]. This
fact motivated the study of inequalities of type (1.1) in various directions. One of the first generalizations of (1.1)

was obtained by Fejér (1906) in [17], where he proved that if f:[a,b] - R is a convex function and
a+b

p : [a, b] — R is integrable, nonnegative, and symmetric function with respect to the midpoint T then
+ D) ( f(@)+fB)
a
f|1 == peodx < [reopeodx < EE2 [peodx. 12)
2 a a 2 a

For other generalizations and extensions of (1.1), see, e.g., [18-34] and references therein. On the other hand,
it is natural to ask whether it is possible to weaken or withdraw the symmetry condition imposed on p in (1.2).
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In [35], a positive answer to this question has been provided. Namely, it was proved that if f: [a, b] » R
is a convex function and p : [a, b] — R is integrable, positive, and normalized function (i.e., Jap(x)dx =1),
then

b
f(Aa + ub) < If )p(x)dx < Af(a) + uf (b), .3)
where

b b
1 1
A= =g a-cl:(b -x)p(x)dx and pu= m{(x - a)p(x)dx.

a+b
2

It can be easily seen that if addition of p is symmetric with respect to the midpoint , then (1.3) reduces
to (1.2).

The notion of convex sequences is a discrete version of the convexity concept. Several interesting inequal-
ities involving convex sequences have been established, see, e.g., [6,36—41] and references therein. In parti-
cular, in [36], the authors established a discrete version of (1.2) involving convex sequences. Namely, it was

proved that if a = (a, a a3, ...,ap) ER", n23, is a convex sequence and p = (p;, Py, D3, -->Py) ER"
> with p, 2 0 for all i = 1,2,3, ...,n, then

n

is a symmetric sequence with respect to

n
e

i=1

pa; <

M=

n +
Z P M’ (1.4)
i=1 2

i=1

n+1
2

and doubly stochastic matrices, the author (among many other results) extended the right inequality in (1.4)

to sequences p that are not necessarily symmetric. Namely, he proved that, ifa = (ay, ay, as, ...,ap) €ER™,n 2 3,

is a convex sequence and p = (p;, Py, P3» -.,P,) € R" with p, > 0 for alli = 1,2, 3, ...,n, then

where N = ["T”] is the integer part of . In [39], using some matrix methods based on column stochastic

a; + . (1.5)

LIS -y
i=1

n 1 n
a < —— - Db
2pas T 200 Dpyan + L),

n+1

Note that if p is symmetric with respect to )

, then (1.5) reduces to the right inequality in (1.4).

In this study, we establish a refinement of (1.5). We also introduce the notion of a-convex sequences, where
a € R"is a positive sequence, i.e., a; > 0 for alli = 1, 2, 3, ...,n. In particular, if ¢; = 1 for all i, then an a-convex
sequence reduces to a convex sequence. For this class of sequences, we establish an extension of (1.5) always
without assuming any symmetry condition on p. Our approach is completely different to that used in [39].
Namely, our method is based on the choice of an appropriate sequence satisfying a certain second-order
difference equation involving the two sequences a and p.

The rest of the work is organized as follows. In Section 2, we introduce the notion of a-convex sequences
and provide some examples of such sequences. In particular, we give some examples of non-convex sequences
that are a-convex. In Section 3, we state our main results and discuss some special cases. We finally prove
the obtained results in Section 4.

2 a-convex sequences

We first recall the notion of convex sequences (e.g. [42]).

Definition 2.1. Let n > 3 and a = (a, ay, a3, ...,a,) € R". We say that a is a convex sequence, if

ai-1 * Qivq

a; s 2 2.1

foralli=2,..,n-1.
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Throughout this study, we shall use the following notations. By a = (aj, ...,a,) € R%, we mean thata; 2 0
foralli=1,..,n.Bya = (a, ...,a,) € R}, we mean that a; > 0 for alli =1, ...,n.
We define a-convex sequences as follows.

Definition 2.2. Let n>3 and a= (a4, a,as ..,a) ER®. We say that a is a-convex, where
a= (al) aZ; a31 ---;an) € RE; lf

(a1 — @) — a-1(a; — a-1) 2 0 2.2)
foralli=2,..,n-1.
Note that if n 23 and a = (a;, ay, a3, ...,a,) € R" is a convex sequence, then a is a-convex, where

a=(a, @, ag, ...,ay) witha; =1 foralli =1,2,3, ...,n.
We provide below some examples of a-convex sequences.

Example 2.1. Letn = 3,a = (ay, ay, @3, ...,a,) € R* and a = (&, @y, a3, ...,a,) € RL. Ifa is a convex sequence and
(@ = a-1)(ai — a;-1) 2 0 2.3)
foralli =2, ..,n - 1, then a is a-convex. Namely, for alli = 2, ...,n — 1, we have
ai(@iv = @) = Q-1(@; = Ai-1) = A(Qisg + Q-1 = 2a) + (@ =~ Q-1)(@ = Gi-p).
Since a is convex, we deduce from (2.3) that

ai(ai+1 — a;) - a-1(a; — ai-1) 2 0.

Example 2.2. Letn 2 3, a = (a1, @, a3, ...,ay) and a = (@, @, @, ...,ay), where
a=-ii-1), i=123 ..,n

and

a; = i=123, ..,n

i_zl
Foralli=2, ..,n -1, we have
Qi+ + Qi1 — 2ai =-2< 03

which shows that a is not a convex sequence. On the other hand, an elementary calculation gives us that for all
i=2 ..,n-1,

2
ai(ag+ — @) — qi-1(a; - A1) = — >0,

i(i-1

which shows that a is a-convex.

Example 2.3. Let n > m, where m > 3 is a fixed natural number. Let
a=({0-3m+1({i-Di, i=1273, ..,m, .., n
Elementary calculation shows that
Qi+ i1 - 2a;=6(i-m), =23 ...m, ..,n-1,
which implies that, if 2<i<m < n -1, then
Qjvq + Q-1 — 20; < 0.

Consequently, the sequence a = (ay, ay, as, ...,ap, ...,@n) is not convex. On the other hand, we have

1 1
7(ai+1 -a) - T(ai -ai-1)=3, 1=23, ..,m ..,n-1

1
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which shows that a is a-convex, where a = (aq, @, a3, ...,Qy, ...,Qy) and

1 .
a; = ?, 1i=1,2,3 ...,m, ..,n.

3 Main results
Our first main result is a refinement of inequality (1.5) obtained in [39].

Theorem 3.1. Let n 2 3. If p = (py, Py, D3> -->P,) € RE and a = (ay, az, as, ...,an) € R", then

a +

Y (n-ip, Y(@i-Dp
i=1 i=1

1 Ca <
-2~ - Dp, 3.1
1|2 an zizzl(l D(n - Dp, 3D

ip.ai < L
il n-1

where

Cq = Min{@j+q + aj—1 — 2a;: 1=2,3,..,n-1}
Remark 3.1. Note that the sequence a in Theorem 3.1 is not assumed to be convex.

Remark 3.2. If in Theorem 3.1, we assume that a is a convex sequence, then ¢, = 0. In this case, (3.1)
is a refinement of (1.5).

In the special case p; =1 for alli =1,2,3, ...,n, one has

(n-2)(n-1Dn

2(i-Dn-dp =2 (- Dn-10= .
i=1

i=1

and

Sn-op= 3Gi-p = T2
i=1

i=1

Hence, from Theorem 3.1, we deduce the following result.

Corollary 3.1. Let n 2 3. For all a = (a, ay, a3, ...,a,) € R", we have

S a< ey + ay - T2 e,

(3.2)
5772 12
A similar result to that given by Theorem 3.1 can be stated as follows.
Theorem 3.2. Let n 2 3. If p = (py, Py, D3, ---D,) ERE and a = (@, ay, a3, ...,a,) € R, then
n 1 n 1 n C n
2paiz |2 (= Dpifay + —— |2 (L= Dpyfan = 52 (= D(n - Dy, (33)
i=1 n i=1 n i=1 i=1

where
C, = max{aj+1 + ai-1 — 2a;: 1=2,3,..,n—- 1}

Our third main result is an extension of inequality (1.5) to the class of a-convex functions.
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Theorem 3.3. Let n23 and a=(, a, a3, ...,ay) ERL If a=(a, a, a, ...,an) €ER" is a-convex and
p = (P, Dy Dy, --,D,) € RE, then

n - n-1 n-1 p n ¢-1 p
Qaip; < [Z [a1 Y Y Lra,y YL (3.4)
i=1 =1 o=1 k=¢ Ak o=2 k=10

Remark 3.3. In the special case q; =1 for alli = 1,2, 3, ...,n, one has

-1

n—ll 1 n-1 n- n n - n
2| oo ZZ = 2m-op, ZZ o= 2 Dp.
=171 ¢=1 k=¢ =1 £=2 k=1 =1

Thus, (3.4) reduces to (1.5). Hence, we recover the obtained result in [39].

If p=1foralli=1,2,3, ..,n, making use of Fubini’s theorem, we obtain

and
nl nl -k

Lrahu bl

k=1 %k pzp+1 k=1 Tk

Hence, from Theorem 3.3, we deduce the following result.

Corollary 3.2. Let n 2 3 and a = (&, @, a3, ...,0y) € RL Ifa = (ay, @y, a3, ...,a,) € R" is a-convex, then

-1

n n-1 1 n-1 k n-1_ _ k
Yas|Y—| @y +ay”
i=1 =1z k=1 Tk k=1

Ifp=iforalli=1,23,..,n, we obtain

PEE.Flye.FHn

Qi

and

n n-1
_ 1 _ n-kn+k+1)
- z 1€ Igl 2a .

Hence, from Theorem 3.3, we deduce the following result.

Corollary 3.3. Let n 2 3 and a = (@, @y, @3, ...,ay) € RL If a = (ay, ay, as, ...,a,) € R" is a-convex, then

no g D+ -kt kel
Yiag<=| Y — alzi( )+anz(n )n )|
i=1 2|15 @ k=1 Tk k=1 Ak

Ifp,=i?foralli=1,23 ..,n, we obtain

i_g Z ZZ ”fk(k+1)(2k+1)

o=1 k=¢ k=1 Ak p=1 k=1 6ay
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and

B
I

we deduce the following result.

"zl n(n+1D@n +1) - k(k + D2k + 1)
k=1 Gak ’

M =

€

2 k=1

Hence, from Theorem 3.3,

Corollary 3.4. Let n 2 3 and a = (a, ay, @3, ...,ay) € RL If a = (a, ay, as, ...,

DE GRUYTER

a,) € R" is a-convex, then

”f n(n+ 1D@2n + 1) - k(k + D2k + 1)

k=1 Ak

4 Proofs of the main results

This section is devoted to the proofs of Theorems 3.1 and 3.3. We first establish an auxiliary result which

is crucial in the proof of Theorem 3.3.

4.1 Auxiliary result

Let n>4, a=(a,a, as, ay, ...,a,) €RL,

equation

and p= (Pppz’pz’pzv .

ai(bi+1 — by) — a-1(bj — bi-) = -p, =2, ..
under the boundary conditions

b1=bn=0

..D,) € RE. We consider the difference

41

4.2)

Lemma 4.1. Problem (4.1) under boundary conditions (4.2) admits a unique solution b = (by, by, bs, by, ...,b,) €

RZ given by

0 if i€{ln}
n-1 1 1n-1 k
3 —] Y= if i=2,
bi = =117 Ak

Proof. Let us introduce the sequence

C = ai(bm - bi), i= ,.,n-1
From (4.1) and (4.4), we have
a = wb,

and

¢G=C1=-p, 1=2,..,n-1,
which implies by induction that

i
G=q- Zpk, i=2..,n-1

if i€{3,4,..,n-1%.

4.3

(4.4)

4.5)

(4.6)
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In view of (4.4), we obtain

that is,
14 i1k D
bi=by+aby —-Y Y-% i=3.,n-1 4.7
k=2 Ak k= ¢=2 K
On the other hand, taking i = n - 1 in (4.1) and using that b, = 0, we obtain
Un-1bp-1 + Ap-p(bp-1 = bp-2) = Pn-1- 4.8)

Similarly, taking, respectively,i =n —-1andi=n - 2 in (4.7), we obtain
bp-1 = by = ——- ) —. (4.9

Combining (4.8) with (4.9) and using (4.7) with i = n - 1, we obtain

n-2 1 n-2 k D n-2
)p
(n-1|by + aib; z — - Z ——|+ @b, - Zl’e = Dnp-1-
k=2 Ak k=3 =20k 0=2

After simplification, the above identity reduces to

n-1 1 1n-1 k p
bz = |l z — Z —. (4.10)
=1 ) g2 02k
We now use (4.7) and (4.10) to obtain
nl -1
bi=|Y—| T i=3..n-1, @11)
k=1 Ak
where
n-1 i-1

After simplifications, we obtain

k n-1
3 ZﬂZ-f &”l'. 4.12)

n-1 n-1 k i-1 i-1 ¢-1 n-1
1 pe1 ), 1
b2l (2 2020t 2 2o 20!
k=1“k ) |k=i ¢=i%k j=1% =2 k=1%k j=1 %Y

for alli = 3, ...,n — 1. This completes the proof of Lemma 4.1. O
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4.2 Proof of Theorem 3.1

By the definition of c,, we have
Qis1 + Qi1 — 2052 ¢4, 1=2,3,..,n—1. (4.13)
We introduce the sequences A = (4, Ay, 4s, ...,A,) and B = (By, By, Bs, ...,By) defined by
Bi=(i-1D(n-1), i=123, ..n (4.19)
and
A= a+ %Bi, i=1,2,3 ..n.
Foralli=2,3,..,n -1, we have
A + Ay = 2; = (@t + @it = 20) + S (Bus + Biy = 2B). (415)
On the other hand, for alli = 2,3, ...,n — 1, we have
By + By = 2B;=in-i-D+({-2)(n-i+1)-2(i-1(n-1i)=-2,
which implies by (4.15) that
A1 + A1 — 24 = (@1 + Q-1 - 20)) — €, 1=2,3,...,n—1. (4.16)
Then, from (4.13) and (4.16), we deduce that A is a convex sequence. Applying inequality (1.5), we obtain

Za—nﬂm.
i=1

n

2 DA <

i=1

1

gm—04&+n_1

1
n-1

Note that
Ai=a and A, = a,

Hence, the above inequality is equivalent to

n C n 1 n
2 pai+ —aBi] | 2= Dpla + 2 (i = Dpfan,
i=1 2 i=1 n-1l5
that is,
n n 1 n c n
Ypai < | (- dpja+ — | (- Dpjan - 5 2 piBs
i=1 i=1 n i=1 i=1
which proves (3.1). O

4.3 Proof of Theorem 3.2
The proof is similar to that of Theorem 3.1. Namely, by the definition of C,;, we have
i1 + Q-1 — 2a; < Cqy, 1=2,3,...,n - 1. 4.17)

We introduce the sequence A = (4;, Ay, 43, ...,Ap) defined by

C .
Ai =-a; - ?aBi, 1= 1, 2, 3, R (%
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where the sequence B = (By, By, Bs, ...,Bp) is defined by (4.14). For alli = 2, 3, ...,n — 1, we have by (4.17)

C
Aps1 + Aing — 24i =~ (@ + @1 — 2a) - 7a(Bi+1 + Bi-1 — 2B;)

(4.18)
==(ap1 + @i~ 20) + G 20,
which shows that A is a convex sequence. Applying the inequality (1.5), we obtain
n 1 n 1 n
2pAS |20 i)pl-]Al e PG 1)pi]An.
Note that
A =-aq; and A, = -a,
Hence, the above inequality is equivalent to
1 c 1 |<
Zpl -a; - —Bz] < 2 (= Dpyfar = —— 2 (i - Dpy|an,
n-1 i=1 n-1l5
that is,
1 |< . Cax,. .
Zpl a Z(n - Dpyjm + —— |2 (0= Dptfan - 21 Y (= D(n - Dp,
n-1 i=1 25
which proves (3.3). d
4.4 Proof of Theorem 3.3
We study separately the casesn = 3 and n > 4.
* The case n = 3. In this case, we have
n—11‘1 n—1n—1€ n€—1€ n 2 4 1 2 2p€ 3 iy
Solles 5heas 2 San-|3 ka3 32 eay S| an 6
=1z ¢=1 k=0 Ak e=2 k=1 | i1 =1 ar o=1 k=¢ Tk o=2 k=14
On the other hand ve
2 2 3 ¢-1 2 2
p p p 1
@y Y -ta) ——al[p12—+—2 vaf Zapy ) —
=1 k=¢ @k =2 k=1k k=14 2 k=1K
4 (4.20)
2
Zlap+ap+p[—+a3 1z
k=1 Tk e TR 1 =1 Tk

Hence, in view of (4.19) and (4.20), after simplifications, we obtain

n- 1 - - p n ¢-1 p 2
Z Z Z “ra,y Y- Z —[ay(a3 - @) - (@ - ap)).
=1t £=1 k=¢ e=2 k=19 ) = - nma,

Furthermore, since a is a-convex, we have (with n = 3)
a(az - ap) - m(az — @) = 0.

Consequently, we obtain (for n = 3)

n- 1 -1 n-1 P n ¢-1 p n
s T2 0d T2 Sanzo
=1 r o=1 k=¢ Ak =2 k=1 ) =1
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which proves (3.4) in the case n = 3.
*The casen = 4. Let b = (by, by, bs, by, ...,b,) € RY be the sequence defined by (4.3). By Lemma 4.1, we have

n n-1
Yaip, = ap; + anp, — 2 ailai(bi — by) — ai-a(b; = bi-y)]. (4.21)
i=2

i=1

On the other hand, we have

n-1 n-1
Y alaibi - by) = ai-a(bi = b))l = Y bila@in - @) - (@ - ai-y))
i=2 i=2
n-1 n-1 n-1 n-1 n-1 n-1
= Y a@bi - ) @b - ) @b + ) ai@iibioy - ) abiai + ) baya
i=2 i=2 i=2 i=2 i=2 i=2
n-1 n-1
+ D bt — ) bitiaig
i=2 i=2
n-1 n-1 n-1 n-1
= | Y @by = Y biaiaaia| + | D biaia - Y aaiqb;
i=2 i=2 i=2 i=2
n-1 n-1 n-1 n-1
+| 2 biia; — Y aiabi| + | Y aiabig — Y aibiig
i=2 i=2 i=2 i=2
n-1 n-1
= |@p-1@nobn + Y Qia@ioihy = Y @ig@-1h; — by
i=3 i=3
n-2 n-2
+ (@b + Y auaab; = Y auab; = ap-bnran
i=2 i=2

= Ap-10p-1bp — bou@y + Athby — Ap-1by-1ay.

Taking into consideration that b; = b, = 0, we obtain

n-1 n-1
- Y aaibisg — by) = ai-1(bi = bi—1)] = bata@y + Anesbna@n = Y bila@i — @) - ai-1(a; — ai-p)].  (4.22)
i=2 i=2

Then, combining (4.21) with (4.22), we obtain

n n-1
2 @ip, = mp; + AP, + bati@y + @yo1bn1@n — Y bilai(@i - @) - 1@ — ai-1)].
i=1 i=2

Since b € R and a;(a;+1 — a;) — ai-1(a; — a;-1) 2 0, we deduce from the above inequality that

n
2.aip; < ax(py + @by) + ap(p, + Un-1bp-1). 4.23)
i=1
Now, from (4.3), we have
n-1 1p-1 k l@
by =&y — 2
=1%t) k=2 ¢=2%
and
n-1 4 )1 n-2 n-2 ¢-1
1 - 1 1
bn—l - L pn 1 iy ©e
=) (-1 4G  n-1p2p k=1 Ak
Then,
n-1 1n-1 k n-1 -1 n-1 n-1 k
1 D, 1 1 D
pean-ne[Ta| T2 -[TE 3T 22 e
=1 k= o2k |51 e =1t g2 =2k
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On the other hand, by Fubini’s theorem, we have

n- 1 n-1 k n—l - - n-1 n-1
& - i - P
which implies by (4.24) that
n-1 1 “Ip-1 n-1 P
p, + ab; = [Z —J y YL (4.25)
=1 t) p=1 k= Uk

Furthermore, we have

n-1 n-2 1 n-2 ¢-1
(3
Dp * Gn-1bp-1=p, Z Pp-1 Z— + Z —_—
=1r 1Y =2 k=1
n-1, 1 1n-1 ¢-1
1 )
e 2 2,
r=_1l £=2 k=1 4.26)
n-1 1 n-1 1 n-1 ¢-1 D
= Z | |bhl* -
=1 e L
_ -1 _
2] 5 5
=1 ] o= k=1
Finally, (3.4) follows from (4.23), (4.25), and (4.26). O

5 Conclusion

The study of convex sequences is of great importance in many applications, such as combinatorics, algebra,
geometry, analysis, probability, and statistics, e.g., [43-46]. Two main results are established in this study. The
first one (Theorem 3.1) is a Fejér-type inequality that holds for any sequence a = (ay, ay, as, ...,a,) € R". In the
particular case, when a is a convex sequence, the obtained inequality is a refinement of inequality (1.5)
obtained in [39]. Our second main result (Theorem 3.3) is a Fejér-type inequality that holds for a-convex
sequences without any symmetry condition imposed on the sequence p. In the particular case, when q; = 1
foralli =1,2,3, ...,n,an a-convex sequence is a convex sequence. In this case, our obtained inequality reduces
to inequality (1.5). The approach used in the proof of Theorem 3.3 is completely different from that used in [39].
Namely, our method is based on the choice of an appropriate sequence b, which is the unique solution to a
certain second-order difference equation (Lemma 4.1). We believe that the proposed approach can be useful
for the study of Hermite-Hadamard-type and Fejér-type inequalities for other classes of sequences. In this
work, we only studied right-Fejér-type inequalities for a-convex sequences. It would be interesting to study
some possible extensions of the left-sided inequality in (1.4) to the class of a-convex sequences.

Acknowledgements: The authors would like to thank the handling editor and the referees for their helpful
comments and suggestions.

Funding information: Mohamed Jleli was supported by Researchers Supporting Project number (RSP2024R57),
King Saud University, Riyadh, Saudi Arabia.

Author contributions: All authors contributed equally in this work. All authors have accepted responsibility
for the entire content of the manuscript and approved its submission.



12

= Mohamed Jleli and Bessem Samet DE GRUYTER

Conflict of interest: Prof. Bessem Samet is a member of the Editorial Board of the journal Demonstratio
Mathematica but was not involved in the review process of this article.

Ethical approval: The conducted research is not related to either human or animal use.

Data availability statement: Data sharing is not applicable to the article as no datasets were generated or
analyzed during this study.

References

[11 G. Adilov and L. Yesilce, Some important properties of B-convex functions, J. Nonlinear Convex Anal. 19 (2018), 669-680.

[2] D. Bertsekas, A. Nedi, and A. Ozdaglar, Convex Analysis and Optimization, Athena Scientific, Belmont, 2003.

[31 N. Hadjisawas, S. Komlosi, and S. Schaible, Handbook of Generalized Convexity and Generalized Monotonicity, Springer-Verlag,

[4]
(5]
(6]
7
(8]
[9]
(o]
m

(2]
[13]

4]
(3]

(6]

(71
(8]

E)

[20]

[21]
[22]

[23]
[24]
[25]
[26]
[27]
[28]

[29]
[30]

Berlin, 2005.

C. P. Niculescu and L. E. Persson, Convex Functions and Their Applications. A Contemporary Approach, Springer-Verlag, New York, 2006.
J. E. Pecari¢, F. Proschan, and Y. L. Tong, Convex Functions, Partial Orderings and Statistical Applications, Academic Press, Boston, 1992.
A. W. Roberts and D. E. Varberg, Convex Functions, Academic Press, New York, 1973.

B. Samet, On an implicit convexity concept and some integral inequalities, ). Inequal. Appl. 308 (2016), 1-16.

B. Samet, A convexity concept with respect to a pair of functions, Numer. Funct. Anal. Optim. 43 (2022), 522-540.

S. Varosanec, On h-convexity, ). Math. Anal. Appl. 326 (2007), 303-311.

X. M. Yang, A characterization of convex function, Appl. Math. Lett. 13 (2000), 27-30.

V. Roomi, H. Afshari, and S. Kalantari, Some existence results for a differential equation and an inclusion of fractional order via (convex)
F-contraction mapping, ). Inequal. Appl. 2024 (2024), 28.

C. Hermite, Sur deux limites d’une intégrale défine, Mathesis 3 (1983), 1-82.

J. Hadamard, Etude sur les propriétés des fonctions entiéres et en particulier d’une fonction considérée par Riemann, ). Math. Pures Appl.
58 (1893), 171-215.

A. Guessab and G. Schmeisser, Sharp integral inequalities of the Hermite-Hadamard type, ). Approx. Theory. 115 (2002), 260-288.
A. Guessab and G. Schmeisser, Sharp error estimates for interpolatory approximation on convex polytopes, SIAM J. Numer. Anal. 43
(2005), 909-923.

A. Guessab and B. Semisalov, Optimal general Hermite-Hadamard-type inequalities in a ball and their applications in multidimensional
numerical integration, Appl. Numer. Math. 170 (2021), 83-108.

L. Fejér, Uber die Fourierreihen, II, Math. Naturwiss Anz. Ungar. Akad. Wiss. 24 (1906), 369-390.

S. Abramovich and L. E. Persson, Fejér and Hermite-Hadamard type inequalities for N-quasiconvex functions, Math. Notes 102 (2017),
599-609.

H. Chen and U. N. Katugampola, Hermite-Hadamard and Hermite-Hadamard-Fejér type inequalities for generalized fractional integrals,
J. Math. Anal. Appl. 446 (2017), 1274-1291.

M. R. Delavar and M. De La Sen, A mapping associated to h-convex version of the Hermite-Hadamard inequality with applications,

J. Math. Inequal. 14 (2020), 329-335.

M. R. Delavar, On Fejér’s inequality: generalizations and applications, ). Inequal. Appl. 2023 (2023), no. 1, 42.

S. S. Dragomir, Reverses of the first Hermite-Hadamard type inequality for the square operator modulus in Hilbert spaces, ). Linear Topol.
Algebra 11 (2022), 1-13.

S.S. Dragomir and R. P. Agarwal, Two inequalities for differentiable mappings and applications to special means of real numbers and to
trapezoidal formula, Appl. Math. Lett. 11 (1998), 91-95.

S.S. Dragomir, Y. J. Cho, and S. S. Kim, Inequalities of Hadamard’s type for Lipschitzian mappings and their applications, ). Math. Anal.
Appl. 245 (2000), 489-501.

S. S. Dragomir and C. E. M. Pearce, Selected Topics on Hermite-Hadamard Inequalities and Applications, RGMIA Monographs, Victoria
University, Melbourne, 2000.

R. Jaksi¢, L. Kvesi¢, and J. E. Pecari¢, On weighted generalization of the Hermite-Hadamard inequality, Math. Inequal. Appl. 18 (2015),
649-665.

M. Jleli and B. Samet, On Hermite-Hadamard-type inequalities for subharmonic functions over circular ring domains, Numer. Funct. Anal.
Optim. 44 (2023), 1395-1408.

C. P. Niculescu, The Hermite-Hadamard inequality for convex functions of a vector variable, Math. Inequal. Appl. 5 (2002), 619-623.
C. P. Niculescu and L. E. Persson, Old and new on the Hermite-Hadamard inequality, Real Anal. Exchange 29 (2003), 663-685.

M. Z. Sarikaya and H. Budak, On Fejér type inequalities via local fractional integrals, ). Fract. Calc. Appl. 8 (2017), 59-77.



DE GRUYTER On a discrete version of Fejér inequality =— 13

31

[32]

[33]

[34]

[35]
[36]

371
[38]
[39]

[40]
[41]
[42]
[43]
[44]

[45]

[46]

T. Szostok, Inequalities of Hermite-Hadamard type for higher order convex functions, revisited, Commun. Pure Appl. Anal. 2 (2021),
903-912.

A. Taghavi, V. Darvish, H. M. Nazari, and S. S. Dragomir, Hermite-Hadamard type inequalities for operator geometrically convex
functions, Monatsh. Math. 181 (2016), 187-203.

S.-H. Wang, New integral inequalities of Hermite-Hadamard type for operator m-convex and (a, m)-convex functions, ). Comput. Anal.
Appl. 22 (2017), 744-753.

Sz. Wasowicz, Support-type properties of convex functions of higher order and Hadamard type inequalities, ). Math. Anal. Appl. 332
(2007), 1229-1241.

Z. Pavi¢, The Fejér inequality and its generalizations, Filomat 32 (2018), 5793-5802.

Z. Latreuch and B. Belaidi, New inequalities for convex sequences with applications, Int. J. Open Problems Comput. Math. 5 (2012),
no. 3, 15-27.

A. M. Mercer, Polynomials and convex sequence inequalities, ). Inequal. Pure Appl. Math. 6 (2005), 8.

D. S. Mitrinovi¢ and P. M. Vasi¢, Analytic Inequalities, Springer-Verlag, New York, 1970.

M. Niezgoda, Sherman, Hermite-Hadamard and Fejér like inequalities for convex sequences and nondecreasing convex functions, Filomat
31 (2017), 2321-2335.

S. Wu, The generalization of an inequality for convex sequence, ). Chengdu University (Natural Science) 23 (2004), no. 3, 11-15.

S. Wu and H. N. Shi, Majorized proof of inequality for convex sequences, Math. Practice Theory 33 (2003), no. 12, 132-137.

V. L. Levin and S. B. Steckin, Inequalities, Amer. Math. Soc. Transl. 14 (1960), 1-29.

F. Brenti, Log-concave and unimodal sequences in algebra, combinatorics, and geometry: An update, Contemp. Math. 178 (1994), 71-89.
R. P. Stanley, Log-concave and unimodal sequences in algebra, combinatorics, and geometry, Ann. New York Acad. Sci. 576 (1989),
500-534.

W.-S. Du, R. P. Agarwal, E. Karapinar, M. Kosti¢, and ). Cao, Preface to the special issue: A themed issue on mathematical inequalities,
analytic combinatorics and related topics in honor of Professor Feng Qi, Axioms 12 (2023), 846.

S. K. Panda, R. P. Agarwal, and E. Karapinar, Extended suprametric spaces and Stone-type theorem, AIMS Math. 8 (2023), 23183-23199.



	1 Introduction
	2 α-convex sequences
	3 Main results
	4 Proofs of the main results
	4.1 Auxiliary result
	4.2 Proof of Theorem 3.1
	4.3 Proof of Theorem 3.2
	4.4 Proof of Theorem 3.3

	5 Conclusion
	Acknowledgements
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


