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1 Introduction

Let R be the real region and O, be the region
O: = {x = (4, %) €ER,0 < x < &g},

where g € CX(R, (0, +»)) and 0 < £ < 1. Denote O =R x (0, 1).

In this work, we investigate the limiting dynamics for the following stochastic complex Ginzburg-Landau
systems with time-varying delays and multiplicative noise on unbounded thin domains O;: fort €R, t > T,
and x = (g, %) € O,

e = (A + ia)Aaede — (x + iB)|acfacde — (p + i§)asdt + h(@e(t - f6))dt + f(t, x)dt
m
+ ) Gl ° dwj,
Jj=1 1D
oV,

ae(t + 5,x) = P°(s, x), s € [-p,0],

= 0; X € aOé‘a

where i is the unit of imaginary numbers, @i¢ is the unknown complex valued function, v; is the unit outward
normal vector to d0;, A, a, k, B, y, 8, p are real constants satisfying A, x,y, p > 0,and k > |B|. f € LI%C([R, IA(R)),
h is a nonlinear Lipschitz continuous function satisfying h(0) = 0, and the Lipschitz constant of h is denoted by
L.p € C\(R, [0, p]) is an adequate given delay function with |5/(t)| < p, <1.¢; €R for j = 1,..., m, and w; for
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j =1,...,m are independent two-sided real-valued Wiener processes on a probability space. The symbol ° is
interpreted in the sense of Stratonovich’s integration.
As g = 0, system (1.1) can be transformed into the following system on R, for 7t € R and ¢ > 7,

dul = (A + ia)é(gu 0)ydt = (k + IB)UOPuCdt - (y + iSude + h(u(t - A(O)Ae + f(¢,y,)dt

m
+ ) qul o dwj,
= ! (12)
au’

— =0, € 00,
aV() 3 o

uo(T + S,yl) = l/)O(s’yl)r s € [_P: 0]

The study of global random attractors for stochastic systems was initially conducted by Ruelle in [1], and
the foundational theory regarding these attractors were subsequently developed in [2-4]. The concept of
pullback attractor for autonomous stochastic systems was introduced in [5], followed by extensive research
in [6-12].

The systematic investigation of the asymptotic behavior of deterministic dissipative systems on thin
domains was initiated by Hale and Raugel in [13]. Subsequently, their findings were expanded to encompass
various systems (see, e.g., [14-20]). Recently, the authors addressed the limiting behavior of stochastic reaction-
diffusion equations driven by multiplicative noise on both bounded thin domains and unbounded thin
domains in [7] and [21], respectively. Concurrently, the asymptotic behavior of non-autonomous stochastic
complex Ginzburg-Landau equations with multiplicative noise on bounded thin domains was examined in
[22], while the case of unbounded thin domains was investigated in [23].

Time delays are commonly encountered in various systems, leading to potential instability, oscillation,
and other system changes. Due to their practical and theoretical significance, numerous scholars have devoted
themselves to the study of time-delay systems. Recently, researchers have explored random attractors for
stochastic systems with fixed delay (as discussed in [24-27]) as well as those with time-varying delays (as
mentioned in [28-32]).

However, to the best of our knowledge, there is a scarcity of literature regarding the existence of random
attractors for stochastic complex Ginzburg-Landau equations with time-varying delays and multiplicative
noise on unbounded thin domains.

Denote by X a Banach space with norm ||-||x. Given p > 0, let C([-p, 0], X) be the set of all continuous
functions from[~p, 0] to X with the maximum norm {|@|lc(-p,01.x) = SUP_,<s<oll¢lx for ¢ € C([-p, 0], X). Denote
P = C([-p, 0], *(R)) and Q = C([-p, 0], L*(0)). Givent € R, T > 7 and a functionu : [t - p, T) — X, for each
t€[r,T), letu;:[-p,0] = X denote the function defined by u,(s) = u(t + s) for s € [-p, 0]. We denote by
(-, *)y the inner product in a Hilbert space Y. The letter c is a generic positive constant which may change its
values from line to line.

This work is organized as follows. Section 2 establishes the continuous cocycle for stochastic system (1.1).
In Section 3, all necessary uniform estimates of the solutions are provided. Section 4 is dedicated to proving the
existence and uniqueness of random attractors for system (1.1). Finally, in Section 5, we investigate the upper
semicontinuity of random attractors when a family of two-dimensional unbounded thin domains collapses
onto R.

2 Existence of continuous cocycle

To transfer system (1.1) into boundary value problems on the fixed domain O, we define a transformation
T. : O: = O by T.(x, %) = (x4, ﬁ) for x = (x4, ;) € O;. Let y = (y,,¥,) = Te(x, X), then we obtain

xn=y, %=,
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and the Jacobian matrix of T; is given by

1 0
- 60’1’)’2) _ Y, 1

a(Xb XZ) - Egyl gg(yl )

Let J* be the transpose of J, then

=

ol
g7 |egyy)

By [13], for x € O, and y € O, we obtain

Va(x) = J*Vyu(y)

and
Adi(x) = ] div (T *Syu(y)) = édivywsu(y)),

where @(x) = u(y), Vy and 4y are the gradient operator and the Laplace operator in x € O, respectively, div ,
and V, are the divergence operator and the gradient operator in y € O, respectively, and P. is the operator
defined by

gu)ﬁ B gyl)/z Uy,
Pu(y) = 1 .
) Y28y Uy, t %(1 + (@’zgyl)z)uyz

For y = (y,,y,) € O, T €R, and t > 7, system (1.1) can be rewritten as

duf = (A + ia)édiv JRUOAL - (i + iB)ucPusde — (p + iS)ucde + h(us(t - fO)At + £(¢, y,)dt

+ ) que o dwj, @.1)
=1

Puf-v=0, ye€oo,
uf(s,y) = ¥(s,y) = ¥°(s,x)° T:'(y), s € [-p, 0],

where v is the unit outward normal vector to 80.
To transfer system (2.1) to an abstract evolutionary system, we first define the inner product (-, *)m0)

on complex space L*(O) by

(U, Vo = [guidy, u,v € I20),
@]

where v is the conjugate function of v. Denote by H,(O) the space equipped with (-, -)m,0). Since
g € CX(R, (0, +»)), there exist positive constants k and k; such that

kh<ga) <k, x€R.

It is easy to obtain that Hy(O) is a Hilbert space with equivalent norm of I2(0).
For 0 < £ <1, let a.(-, -) : HY(O) x HY(O) — C be a bilinear form, which is given by

a:(u, v) = J*Wu, J*VyV)g,0),
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where

* _ g)ﬁ 1
I'u(y) = |uy, - ?yz Uyy g“yz ‘

Denote

1
i) = {10y * Z5lus By

There exist positive constants &, l;, and I, such that for all 0 < € < g and u € HY(O0),

ll”“”ilg(o) S ag(u, u) + ”u“%}(o) S 12”““2?1(0)' (2.2)

Define
1 ..
A.u = —gley(R:u), u € D(A,),

where D(4;) = {u € H*O),Ru-v=0 on 80}. Then, we have
ae(u, v) = (Aelt, V)pg,0), forall u € D(A,) and v € HY(O).

Using the definition of A, for 7 € R, t > 7, and y € O, system (2.1) can be rewritten as

duf = -(A + iw)A.usdt - (x + iB)|ufPucdt - (y + iS)usdt + h(ue(t - p(t))dt + f(t,y,)dt
+ ) qut o dwj,
j=1
Puf-v=0, ye€oo,

uf(s,y) = ¥2(s,y) = (s, x)° T7X(y), s € [-p,0].

2.3)

Next we define an inner product (, -)g,®) On I*(R) by

(u’ V)Hg([R) = J’gMdel) u,v € LZ(R))

R

and denote by Hg(R) the space equipped with (-, ~)Hg([R). Let ag(-, -) : HY(R) x HY(R) — C be a bilinear form,
which is defined by

ap(u,v) = JgVu -Vody, .
R
Define
1
Aou = _E(guyl))ﬁ’ u € D(Ay),

where D(4,) = H3(R). Then, we obtain
ao(, v) = (Aolt, VIg,w), U € D(4p), and v € H'(R).
Using the definition of Ay, for7 € R, t > 7, and y, € R, system (1.2) can be written as

dud = ~(A + i)Aoudt — (x + iB)|uCPuldt ~ (y + i)uld + h(uo(t - A(E)))dt + f(t, y,)dt

m
+ ) qul o dwj,
. = 2.4
ou
— =0, € 00,
v 31

ul(s,y,) = ¥°(s, y,) = 9°(s, ) ° T,'(y,), s € [-p, 0].
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Now, we consider the probability space (Q, ¥, P), where
Q={w € C(R,R) : w(0) = 0},

¥ is the Borel o-algebra induced by the compact-open topology of Q, and P is the corresponding Wiener
measure on (Q, 7). Define the time shift by

6iw(-) = w(+t) - w(t), w€EQQ, tER. 2.5)
Then, (Q, 7, P, (6;):er) is a metric dynamical system with the filtration
F=VF, teR,

Sss<t

where F¢ = o{w(t;) - w(t) : s <t < t; < t} is the smallest g-algebra generated by w(t;) - w(ty) for all
s<t <t <t (refer [33] for details).
On the other hand, let us consider the following stochastic equation:

dz + azdt = dw(t) 2.6)

for a > 0. As a matter of fact, we can obtain the following lemma.

Lemma 2.1. There exists a {0;};cr-invariant subset Q" € ¥ of full measure such that

lim lw(D)]

t—too

=0 foral weQ, 2.7

and the random variable given by

0
24(w) = —ajeaSw(s)ds
is well defined. Moreover, for w € Q’, the mapping

0 0
(t, w) = z*(6w) = —aIe“SGtw(s)ds = —aIe“sw(t + 8)ds + w(t)

—00 —00

is a stationary solution of (2.6) with continuous trajectories. In addition, for w € Q’

t
*( 1
LA GO —[2+6uwyds = o, 2.8)
t—+0 t t—otoo [ 5
1 t
lim n 7*(Ow)ds = E|z*| < +, (2.9)
t—to0
0

Let z; be the associated Ornstein-Uhlenbeck process on Q; for system (2.6) with a = 1 and replaced w
by w; for j =1,..., m. Then, for any j = 1,..., m, we obtain a stationary Ornstein-Uhlenbeck process generated
by a random variable z]’-’ which is defined on a metric dynamical system (Q}, 7}, P, {0:}:er). Denote

~ m
Q=Qix.xQp, P=Px..xB, and ¥F=QF,
j=1

Then, (Q, 7, P, {0;};cr) is a metric dynamical system. Let
S¢(Hu = e'u,  for u € L*(0),

and

T(W) = Sz (@) ... ° Seu(Z(®)) = LB Wld 2, € G,
Then, for every w € Q, Tw) is a homeomorphism on L?(0), and its inverse operator is defined by

TN w) =S¢, (~zp(w)) e ... ° Sg(-z{(w)) = € Zﬁicfzf(“’)lsz(o).
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Indeed, we can extend these operators from L?(0) to Q. For any { € Q, denote
(T (W))(S) = TOWX(S), (T Nw)X)s) = THOw)(s), for s € [-p,0].
It is easy to see that ||7 %w)|| and ||7(w)|| are tempered.
Moreover, since z]’-‘, Jj =1,..,m, are independent random variables, by the ergodic theorem, we obtain

a {0:}rer-invariant set Q € F of full measure such that

t
1 mo
lim ?J’||7'(6Tw)||2dr = E7IP = [JE(e2A) < +
t—too i
0 Jj=1

and

t
1 m ,‘
lim ?J’Hfr*l(efw)nZdr = E[T P = [JEe29%) < +o.
t—>too i
0 j=1

Next we investigate 6 defined in (2.5) on @ N Q instead of Q. This mapping possesses the same properties as the
original one if we choose 7 as the trace g-algebra with respect to @ N Q. We still denote by (Q, 7, P, {0:}tcr)
the corresponding metric dynamical system throughout this study.
To convert the stochastic system into a deterministic one, let vé(t) = 7 1(6,w)u(t) and o(w) = Z;ﬁlcjz}‘(w),
where u¢ is a solution of system (2.3). Then, for t €R, ¢t > 7, and y € O, v® satisfies
dv® . . .
o - A At - (k+ BV |TOw)P = (y + i6)vE + a(Biw)v*
+ T O T Or-poyw)ve(t = p(D))) + T Bw)f (¢, yy), (2.10)
Pvf-v=0, y€ad0,
vi(s,y) = 9%(s,y), s €[-p,0],

where ¢¢ = 7 (0.0)y°.

By the Galerkin method, we know that for every w € @, 7 € R, and ¢¢ € Q, system (2.10) has a unique
solution Ve(:, 7, w, @f) € C([t - p, T + T], L¥(0)) N I*((t, T + T), HY(O)) for every T > 0 and s € [-p, 0] with
VE(S, T, w, %) = @%(s). In addition, the solution vZ(:, 7, w, ¢%) is (¥, B(Q))-measurable in w € Q and continuous
with respect to ¢¢ € Q for all t 2 7. We now define a mapping ¥¢: R* xR x Q x Q — Q for system (2.3).
Givent ER* 7€R, w € Q, and Y € Q, let

lIJE(t’ T) wl l/)E)() = u[ﬁ-r('y T; Q—Tw: !/}8) = 7-(9t+rw)vtir(" T: 9—’1’0)1 (Pg))

where ¢ = 7 (8.w)@¢. We can check that ¥¢ is a continuous cocycle for system (2.3) on Q.
Let R : C([-p, 0], L*(O,)) - C([-p, 0], L*(O)) be a mapping given by

RPHY) = YT, ¥° € C([-p, 01, I%0y)), y€O.
Define a mapping ¥¢ : R* x R x Q x C([-p, 0], LO,)) = C([-p, 0], L*(Oy)) by
Wt 7, w, ) = R, T, 0, RY°)

forallt eRY, TER, w € Q, and 1/3‘E € C([-p, 0], L%0)). Then, ¥* is a continuous cocycle for system (1.1).
Similarly, let vo(t) = 7 7%(6,w)u’(t), system (2.4) can be transformed into the following system on R, for t > 7:

0
% = —(A + i)AV° - (x + iBVPV [T(Bw)* = (y + iV + g (Bw)V°

+ T Ow)R(T(B;-poyw)V°(t = A1) + T Ow)f (t,¥,), @11
oo ’
a_Vo =0, Yy € 00,
Vé)(s’yl) = §00(3,y1), S € [_pa 0]’

where ¢° = 7 (0,0)y°.
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By the above argument, we find that system (2.4) generates a continuous cocycle W(t, 7, w, ¥°) in the
space P.

Denote by X. = C([-p, 0], L*(O,)), Xo =P, and X; = Q. For each i=¢, 0, or 1, let D; = {Di(7, w):
T €ER, w € Q} be a family of nonempty subsets of X;. Then, D; is called tempered if for every ¢ > 0, it holds
that

lim e~%||Dy(7 - t, 0.w)||x, = O,

t—+o0
where ||Dil|x; = sup,cp |IX]lx. Denote by D; the collection of families of tempered nonempty subsets of X;, i.e.,
D;=1{D; = {Di(1,w) : T ER, w € Q} : D; is tempered in X;}.
Moreover, we assume that y satisfies

m

Lel

B avp | . .
E2y-2%k(oWw)) - ﬁ ]|:|1[E(echzj) + }|:|1[E(e 262)| > 0. (2.12)
Let
§(w) =y -2o(w)] - Le—%yp(llﬂw)llz + 1T Hw)IP). (2.13)
e
By the ergodic theory and (2.12 ), we have
tlilfl %j'f(e,w)dl =EE=E>0. (2.14)
- 0

In this study, we need the following conditions to derive uniform estimates of solutions, for every 7 € R:

T

[ X1 (s, I s < +es, (215)

—00

and for any { > 0,

0
. 1z
1im e [ el (s + 1,3yl ds = 0. (2.16)
In the sequel, we will use the Agmon inequality as follows:

1 1
llli=io) < cllullag [l Yu € HXO), and O C R @17)

3 Uniform estimates of solutions

In this section, we obtain uniform estimates of solutions to system (2.10) in H,(O), which is important for
establishing the existence and uniqueness of 9;-pullback random attractors for system (2.10).

Lemma 3.1. Suppose (2.12) and (2.15) hold. For every 0 <e<¢g, TER, w€ Q, and D; = {Dy(7, w):
TER,w € Q} € Dy, there exists T = T(7, w, D1) > p, independent of €, such that for allt > T, the solution
Ve of system (2.10) with w replaced by 0_.w satisfies

VEC, T - t, 0w, (/’5)||%([-p,01,Hg(0)) < R(7, w),
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where ¢¢ € Dy(7 - t, 0.,w) and Ri(7, w) is defined by
0

Ri(T, 0) = ¢ [ el OO TG W) + 7,3l A 3.1

where c is a positive constant independent of €.
Proof. Taking the inner product of system (2.10) with v¢ in H,(O) and keeping real part, we have

1d
5 a0 = v, v9) + (- + o@DIVIfy0) ~ K [ V170w Py
o

+Re(T 1 (0w)f (t,3,), v¥)ny0) + Re(T H(Ow)(T(Or-p0@IVE(t = A1), V) ny0)

(3.2)
< -2a,(v%, v¥) + (-y + o (B)|[V¥llky0) + cllTO)IPIF (YDl
+ Livelf o) + Re(THOWRTIO st = B0, ¥)ion
By (3.2), we have
d t t t
E eL E(elw)dl”VE”%Ig(O) + erJ; E(sz)dlas(ve’ VE) + %e_l; E(le)dlnvsn%_]g(o)
(3.3

< e 400y 1 25(0) + EGNIVI 0 * el CCONT YOI (L y I,

+ 2e], OO Re (7Y BT, s o)VE(t - H(D))), V) H,0)-

For any s > 7, we obtain

S N
el €O e 0, + 22 el €O0Ma we(r), ve(rar + L el €Oyt o dr
T

T
N

< [vEOlfgc0) * IeL O~y + 20(0rw) + EO,w)) VI g0y dr
S ‘ (B4
+ ¢ [l CON TG WP IFr, I g A

T
N

+ 2Re jeL OO (TG, w)(TTBr-pr)VE(r = H())), VEIr) g0y
T
For the last term of (3.4), by the fact of {(w) < y, we have

N

2Re [l €09 TG T, oV = Fr). V(D yiondr

T

N N
< sIeL O T10,0) V() [ 0ydr + €71 Ieﬁ OO (O, 5V = Py 0ydr
o '
< 8IeL OO T B,0) V()i 0y A 3.5)

T

N
)
— il ~
T T s o ) | A

T
N

e [e) €0 TG, 0))2 o) By o +

T

IA

N
Lzeyp Irf(e d
— | ). 0D igg wWEr)| o dr
e - po) Jp (ACED A ]A%)



DE GRUYTER Limiting dynamics for stochastic complex Ginzburg-Landau systems

Lez

Lete = , then we obtain from (2.13), (3.4), and (3.5) that

N
W6y + 2 el Mo, v + %Iefs O e 1)y o dr

T

< ey ope J 7O+ cIeI OO 10 ) I,y

T

([R)

1
Le2) ol
+ ||‘P I t-p,01 H,(0)) Iej 6 770,w)|2dr.

V1= P bt

Considering time 7 - t instead of 7 with ¢ > 0, and then replacing w by 6_,w, we obtain
v ([
v5(s, T = £, 6-c, 9l 0) * 5 fejs 0N jve(r, 7~ t, 0000, 9%y 0y A
Tt
S r
+ 2) IeL §0-lg (ve(r, T = t, 0_gw, @), VE(T, T = t, O_qw, @))dr

Tt

1
r Le2YP
< le J;itf(el—rw)dl + fp I I &6 Tw)le,T(er Tw)||2dr llo¢ ”C( [p.0LH,(0))
0 (

+e Jef O TG, ) I, 1) e -

Tt

Replacing s by 7 + ¢ in (3.7) and taking supremum when ¢ € [-p, 0], then we obtain

2
Ve €, T = t, 0.0, 9)|[c(1-p,01. 5,0

-t
0 (0 Lewp r
< sup ef Wl [ ot ZEC [ o] 00yrig ) par

-p<t<0 1- 0 —t-p

Ow)dl
X || 0¥1q-p.orazion * € Ief EOON TG W) If(r + T,y Rag AT

—00

Since ¢(w) <y, we have

0
sup el €0t ¢ oyp
-p<i=0

By (2.14), for any & > 0 and w € Q, there is a T = Ty(&, w) > 0 such that for all |¢| = T}, we obtain

< &t

t
[&@w) - Erar
0

-_ 9

(3.6)

3.7

(3.8)

(3.9

(3.10)

By the temperedness of || 7{6w)|[* and |7 ~X(6w)|[?, for any &, > 0 and w € Q, there exists a T, = Ty(&, w) = T,

such that for |t] 2 T,
(|76 w)|?* < e and |7 Y(Ow)|* < e,
Taking & = & = %E , for all t = T,, we obtain from (3.10) and (3.11) that

0 0 - =
oL E00a _ - [ GOw-Da-Et o o35

(311

(3.12)
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and
-t - -t 2
[ ehomymoupar< [ eifrars Zett (3.13)
~t-p ~t-p

Since ¢f € Dy(7 - t, 0_,w) and D; € D,, we find from (3.12) and (3.13) that

-t
e Le: '
limsup|e [Lsowa, 27 I el OO T0,0) P dr |[|9%] 2 —p,015,009) = O- (314)
t—+c0 - 0 —(—p
By (3.8), (3.14), and (2.15), we can obtain the result. O

From Lemma 3.1 we can obtain the following inequality.

Lemma 3.2. Suppose (2.12) and (2.15) hold. For all 0 <e<¢g, TER, w € Q, and D, = {Dy(1,w) : T ER,
w € Q} € Dy, there exists T = T(t, w, Dy) 2 2p + 1, independent of €, such that for all t > T, the solution v¢
of system (2.10) with w replaced by 0_,w satisfies

T
I (@e(VE(r, T = t, B0, 99), VE(r, T = £, 60, 99)) + [[VE(r, T = ¢, 0000, 99) [y 0))r < CR(T, W),
7-2p-1

where ¢ € Dy(t - t, 0_,w), ¢ is a positive constant independent of €, and Ry(7, w) is given by (3.1).
Next we obtain uniform estimates of solutions to system (2.10) in C([-p, 0], HX(O)).

Lemma 3.3. Suppose (2.12) and (2.15) hold. For all 0 <e<¢g, TER, w € Q, and D, = {D:(7,w) : T ER,
w € Q} € Dy, there exists T = T(t, w, D) 2 2p + 1, independent of €, such that for all t 2 T, the solution v¢
of system (2.10) with w replaced by 0_.w satisfies

||V.f(', T-t, e—rw; (P£)||?;([_p,0],Hsl(0)) < RZ(T: w), (315)

where ¢ € Dy(T - t, 0_,w), Ry (7, w) is determined by
0
Ry(T, ) = i(@)R(T, 0) + e [ eFT ORI + 7,3z (3.16)

—00

where ri(w) is tempered, c is a positive constant independent of €, and Ry(7, w) is given by (3.1).
Proof. Taking the inner product of system (2.10) with A,v¢ in H,(O) and keeping real part, we have

1d
Eaas(vs, VE) + A||A£v€||§{g(0) + pag(ve, ve) - a(Bw)ag(ve, ve)
= = Re((k + BV [TOW)P, Aev¥)n,0) + Re(T (0w (t, 1), Aev¥)ny0) 8.17)

+Re (T HOW(T (- pyw)vE(t = A(1)), AeVE),0)-
According to the definition of a.(u, v), we obtain

([VePVe [TTOW)IP, AevE)my0)
= [|TOW)|PT* Yy (Ve Ave), J* VyvE)hy0)

_ gy — gy _
(IVePve), b5 = jyz(lvslzvf)ylv; - ?yz(lvflzvs) 75, (3.18)

= 76w [g
o

2
i 2 D€ —1 2 Ve
o (B s oo, o
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Note that
-Re(x + iﬁ)(|v3|2v5)yj17§j
oVE avez ove
= -k |[vE]? LA Re(k + iB)vi——— [V ov
& % ay/‘
& a € 2 a—&‘ 2 6—8 2
= -k |V | —]| - Kk |vE] 1~ kRe|ve ] +[31m[v‘E v ’
) ) %) )
ove al £|2 2 ove 2
\% K| o|v 1%
= - k|| =—| - o|—=— + BIm|v®
oy | "2y ) P [ 6%’
OVE 2 al £|2 2
% k| olv
< -(k- £[2 - — , Vji=12
G- BDVF 5 =5y |
and

Re(k + iB)([veve)y, 5, + (veve),, %)

oW LovE vt 00 O v | ov E]

=Re(k + iB)| —— o VP v vep
o | oy, 0y1 o, 9y, oy 9y M
6|v£|2 ave || v e
< K%+ BZ | sl |v£|2 — |+ JK%+ ﬁz | sl
9y, || 9y, 9y, 6y1

By (3.18)-(3.20), ¥ > |B| and Young’s inequality, there exists & > 0 such that for every 0 < € < g,
—Re(x + iB)(Iv:[v* |T(Bw)P, Aev)myo0) < 0.

By Young’s inequality again, we have

Re(7 N Ow)f (t,31), AeV)ny0) < —IIA Vell0) + T OIPIF YD)l e -
For the last term of (3.17), we obtain

Re (T (O:w)h(T(Or-poywIve(t = A(D))), Aev¥)py0)
< %IIAsVSII%gw) + |7 O)IPITOr-po@)IPIIVE(E = Ay c0)-
Applying (3.17) and (3.21)—(3.23), we obtain
L, v) + Ao + @y - 200y, v9)

< T OWIPIFE Yy + CLPIT O NT Oyl PIIVECE = A0y,

which implies that

d
aa‘g(vS V) < (=2 + 20(8w))ac(ve, v*) + clIT O & )z,
+ LT MO TBr-poy@) | PIVECE = A 09+

-_ 1"

(319)

(3:20)

(321

(3:22)

(3.23)

(3.24)

(3.25)
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Givent > 0,TER,w € Q,and s € (t + ¢ — 1, T + 1), where t € [-p, 0], integrating (3.25) on (s, T + 1), it can be
derived that

a(Vi(T+ , T -t w, %), V(T + , T - , w, §))

= ag(VE(S, T-tw, ‘PE): Vg(s: T-tw, ¢8))

T+

+ [ -2y + 200005, T - 1,0, 0%, vi(r, T - £, 0, 9
’ (3.26)

T+

+e Infr (GIPIF Tyl dr

T+

+ cI? I||‘7"1(9,w)||2||7(6r_,;(r)w)||2||v£(r - P, T = t, 0, 99|l 0)dr
N

Integrating (3.26) with respect to s over (t + ¢t — 1, 7 + 1), and replacing w by 0_,w, we have

a;(Vi(T + , T - t, 0w, 9F), VE(T + (, T - t, 6w, 9°))
T+
I (1 = 2y +2|0(0r-)Dac(vi(r, T = t, 0w, 9°), VE(r, T = t, 00, 9%))dr

T+i-1
T+

o [ T @IFIF 3|, dr

T+i-1
T+

+ cl? _[ [T Or-c)IPITOr-pr)-cIPIVECr = B(r), T = ¢, 6, 9|y 0y

T+i-1
T

I ag(Vi(r, T = t, 0w, 9°), VE(r, T — t, 600, 9%))dr
T-p-1

< 11 -2y +2 max |o(6,w)|
VE[-p-1,0]

+e I ITHGOIRIFE + T,y a0
-p-1
2

T

max |7 7(6,w)|P max 0,)| 1 VE(r, T = £, 00, 9| 0T,
1= X 7O max | 760.0)] [ e @, 00

+
7-2p-1

which along with Lemma 3.2 implies that thereisa T = T(7, w, D1) 2 2p + 1 such that forallt > T and w € Q,
we obtain

a:(VE(, T - t, 00w, 9°), VEC, T - t, 0w, 9F))
2

cL
< C(1-2V+2 max |U(9vw)|)R1(T: w) + max [|[7(0w)|? max |[|7(6,w)|*Ri(T, w)
ve[-p- 1 - pyvel-p-1,0] ve[-2p-1,0]

3.27)
+c I TGP + 7,3 -
_p 1
For the last term of (3.27), we have
0
¢ [ 1T ORI + 7,3l dr < cef@*l)Ief’nT GWIFIFT+ 7,y g (328)
-p- 1 —0
which together with (3.27) and Lemma 3.1 implies the desired result. |

The next step involves establishing the uniform smallness of solutions for system (2.10) with respect to
large space and time variables, which is crucial in proving the asymptotic compactness of solutions on the
unbounded domain O.
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Lemma 3.4. Suppose (2.12) and (2.15) hold. For all 0 <e<¢g, TER, w € Q, and D; = {Dy(7, w) :

- 13

TER,

wEQRLE D and n > 0, there exist T = T(t, w,D1,n) 2 2p + 1 and N = N(7, w, n) 2 1, independent of €, such

that for allt > T and n = N, the solution v¢ of system (2.10) with w replaced by 0_.w satisfies

su I Ilve(s 1T 4, 0.0, 99y, Yy Py dy, <,
= = Oy, =N 0

where ¢ € Dy(7 - t, O_w).

Proof. We choose a smooth function ¢ such that 0 < <1 for all ¢ € R*, and

0, 0=spu<1;
MW =11 ys2

Iy P

V¢ in Hy(O) and keeping real part, we have

Let n € Z*, multiplying system (2.10) with 19[

Ly, [ 1 y, [2
2= Igﬁ[ o[ vebdy + ngﬁ ] vefdy - o(emgga | Py
_ R . I.YI |2 . 2 2 Iyl |2
= — Re(A + ia)|A.VE, J|——|v¢ - Re(k + iB)||ve[ve |T(Ow)I*, | —5—|v*
Hy(0) Hg(0)
B WP T ) i)
+Re|7T 1 (Ow)f (t,y,), 9 2 + Re|T M Ow)(T(Or-pyw)VE(t = p(1))), I —5 .
Hg(0) Hy(0)
Note that
2
—Re(A + ia)|A.V5, 0[“’” Ve
Hg(0)
2
= -Re(A + ia)IgP*Vyﬁ l)22| ve| - v, me)dy
— R 2 Iyl e =
= —Re(d + za)jga " V,vePdy - Re(A + za)jgv 7,9 = || - 7 v,me)dy

IA

S+ jg|v€|u v 19[ ut Lu v,v¢|dy

IA

Eva j e 22l - (p[ ]l] v,v¢|dy
n<ly, [£v2n 0
2

c e En
< ;fg VP + 105, = =3, 75, | (dy
4
0
c
< —(||VE||%1g(0) + ag (V¢ v¥))
S —

IVl

Observe that

E

T U Ow)f (¢, y1), 0

[Iy1 §

Hy(0)

(329

(3.30)

(33D

(3.32)
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=Re Ig?" Ow)f (¢, yl)f/‘[ly1 ] vedy

(3.33)
v i} b P
. %Igﬁ[# vePdy + c [g 1T 09| = | (e v )Pdy.
o o
For the last term of (3.31), we have
-1 £ 5 by 5 e
T O T O-peywIvE(t = p(1))), | ==~ |v
H,y(0)
AN
=Re IgT 1(60,w)h(T(6;-peyw)veE(t - p(t)))ﬁ[ 1 ]de (3.34)
D’ § by ~
—Ig [T OO | Iveidy + gIga[# TPVt = FOIF .
o
By using (3.31)-(3.34), we obtain
Ig D) uepay + y - o(etw»jga | wekay + KIgﬁ | v raaeay
2 dt
i P § ly §
—||vf||2 Yoy + Igﬁ[ o[ Ivedy + cjgrr 6w)P3| == | IF (¢, yp)Pdy
1 2 Iy | £[2 ly 2 |y)€ 2
+ —Ig T Ow)PS| 2| Ivepdy + = Igﬁ [T s Vet - FE)Pdy,
which implies that
A [sooat o D1F || e
dt[e B Igﬁ ) [vE|>dy
o
< Sperp eJ[f(Bzw)dl+(_ + £(Qw) + 20(6 ))ers‘(@zw)dzj’ 8—'2 e2q
= n”V HHEl(O) T y @ 00w T g n2 |V | Ly
v cel f(elwm’jg T 0aPo %A e,y Py + sel “W’””Ig TR 2] ]| “Pdy
+_If<ezw>dl‘|'3& 0 21ve(t - G(6)PRd
P 89|~ |TO-poyw)|*[veE(t = p(t))Idy.
o
For any s > 7, we obtain
s " [yl |2
el €00t [ g5 21 veco)pay
o
[y |2 c S or
< jgﬁ #] Ve(D)Pdy + E||v£||%lg(0)JeL {0wxlgy
(3.35)

j( y + EBw) + 20(Bw))el. €0 jgﬂ ] ve(r)Pdydr

+ cJ’eL {0 Ig |7"1(9,w)|2¢9[#] If (r, yp)Pdydr
o

T
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+ gjef {6t jg |71(6,w) 9 D

T

i ] [VE(r)[Pdydr

L2 1 [ oot [ o 1P
+ - Ief E[gﬁ 2

T

|T6,—sryw) A IVE(r = p(r))[Pdydr.

For the last term of (3.35), by the fact of {(w) < y, we obtain

L2 1 [ o [ | D )
- f el 00 f 8 #] TG IV = Ar)Pdydr
Lre® [ e@wa A Y
S e(1- py) Po) I J—g‘9 |T(Ow) [P |vE(r)|*dydr.

Lete = Loz

, then we obtain from (2.13), (3.35) and (3.36) that

Jga =

\

Oiw)dl
Py + IV R, Ief Folar

] Ve(s)Pdy < e deu J’ P

+ C_I.ej E(elw)dl-[g |7~ 1(0 )lZa[ D)l ]If(r y1)| dydr

Le

+ \/1—||€0 & pO]Hg(O))IeI gc(elw)dlj’gﬁ

p

] |7(0,w)Pdydr.
Considering time 7 - ¢t instead of 7 with ¢ > 0, and then replacing w by 6_,w, we obtain

by, P
Jso S
0

< o[ oo

|V£(S, T- t’ 0_-[(1), q)s)lzdy

S
2 ¢ Ol
19 narson *+ IV, J eb €O ar

-t

S r 2
+c [ el oro J'g (70— c) PO D%

-t

Le:¥ o), EOw
V ~Po [ -t[. p J

Replacing s by 7 + ¢ in (3.37) and taking supremum when ¢t € [-p, 0], we obtain

lf(r:)’1)|2dydr

|
|7(6r-c) *dydr|| 9| —p,01, 1,000

sup Igﬁ
—p<L<0 )

by, ,
[VE(T + (, T — t, 0w, @°)|*dy

0
0 r
- [ &Owary g2 C e Ow)dl
< e LA el oy + eVP;uvang(O)JeL foelgr
-t

+ ceVpJ' Jy f<9lw>d’jg 1716w |23[ il ][f(r +7,y,)PPdydr

—00

LeEVP p
b oo 28T j £6wL [ g
1-p, '[ ‘[g

] |T(6,w)PAydr||9f] 2 -p,0, Hy(0))-
~t-p

- 15

(3.36)

(337

(3.38)
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By (3.13), ¢ € Dy(7 - t, 0-w), and D; € D, we find that there exists I = T;(7, w, D1, n) = 2p + 1 such that for
allt > T,

0
-[ &owa 2
e'Pe LE( ) ||(p£||C([—p 0L,H,(0))

+e Lew J’ J' g(e,w)dl-[ga

/—_po—tp

] |7(6,w)PAydr||Weié-p.01, Hy(0)) (3.39)

n
3

<

By Lemma 3.3 and (3.13), there exist T; = T)(7, w,D;) 2 T, and N; = Ny(7, w,n) 21 such that for all t > T,
and n = Ny,

0
c " n
o= [1vE|12 E(Ow)al
e n||v ||H£1(0) leIo dr < 3" (3.40)

-t

By (2.15), we can obtain that there exists N; = Ny(7, w, ) 2 N; such that for all n = N,

Ceypj I c@wa I 2 170wl U

—00

] If (r + 7, ypPdydr

- con [el g e | [M ] £+ y,Pdydr 64D
® Ly, I>n
< I
3
By using (3.38)-(3.41), we can obtain the result. 0

The following estimate is needed to obtain the equicontinuity of the solution of system (2.10).

Lemma 3.5. Suppose (2.12) and (2.15) hold. For all 0 <e<¢g, TER, w € Q, and D, = {D(1,w) : T ER,
w € Q} € Dy, there exists T = T(7, w, D1) = 2p + 1, independent of €, such that for allt 2T and-p < 4 < , £ 0,
the solution v¢ of system (2.10) with w replaced by 0_,w satisfies

T+l

[ 14w, 7 = t, 6.0, 09 0 < Re(z, ), (342)

T+

where ¢¢ € Dy(7 - t, 0_,w), € is a positive constant independent of € and Ry(7, w) is determined by (3.16).

Proof. By (3.24), we have
T+l

A _[llAsvf(r,r— t, 0, 09|t 0 dr

™+

< a(Vi(T+ 4, T -t PO, VE(T + 4, T - &, 0, 9%))

T+

(3.43)
+ [ 2y + 200D, T - tw, 09, v T - 1,0, 9))dr
T+
Tlﬂz T+

¢ [ 1T OWIFC ) o dr + el [ [T O@)IFITO s IV = p0)yoydr.

T+ T+
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Replacing w with 6_,w, we find that

T+

A J [AeVE(r, T = t, 6-:, 9| [, 0ydr
T+

< a(VE(T+ 1, T - t, 000, 9F), V(T + 1y, T — t, 01w, 0F))

+ 2 max |o(6w)| J a.(veé(r, T - t, 0w, %), V¥(r, T - t, - w, &))dr
1€[-p,0] bt (3.44)

. cIu'r OWIPIFT + T,y o, dr

-p

Y Jnax IIT 1(9w)||2 Jnax ||7(9vw)llZ I [VE(r, T = ¢, 60, 09[0T

-2p
Note that
0

I||T (GWIFIF + 7,3 s dr < cef? [ e THGPIF G + 7,3 01,

p —00
which together with (3.44) and Lemmas 3.2 and 3.3 completes the proof. O

Next we obtain the uniform estimates for the solution u® to the stochastic system (2.3).

Lemma 3.6. Suppose (2.12) and (2.15) hold. For all 0 <e<¢g, TER, w € Q, and D, = {Dy(7,w) : T ER,
w € Q} € Dy, there exists T = T(7, w, D1) 2 2p + 1, independent of €, such that for all t > T, the solution u®
of system (2.3) with w replaced by 6_.w satisfies

||urg(" T-t, 0_-[(,0, ws)”g([—p,o],Hg(O)) < L(Ty (,0), (345)
where L(T, w) = r3(W)Ry(7, w), ¥* € Dy(7 - t, 6w), and r;(w) is tempered. Moreover, uf(:, T - t, 0., Y°) :
[-p, 0] = I?(0) is equicontinuous.

Proof. Given D; = {D¢(7,w) : T € R, w € Q} € D4, denote
Dy ={Dy(7,0) = v € Q: Vo < [T (@)IIIDs(T, W)lla} : TER, 0 € Q}. (3.46)

Since D1 € D, and |7 _1|| is tempered, we know that D; also belongs to D1. By ¢ € Dy(7 - t, 0_w), we obtain
that

¢¢ =7 0.y and |pllq < [T O-@IDi(T - ¢, 6-)]la- 3.47)

By (3.46) and (3.47), we obtain y* € Di(1 - t, 0_w). By Lemma 3.3, there exists T = T(7, w, D1) = 2p + 1 such
that for allt > T,

[VEC, T - t, 0-.w, 905)”%([—;),0],1{;(0)) < Ry(7, w).
Note that
Us(L, T - t, 0w, Y°) = T(0-.w)Vve(L, T - t, 1w, @°). (3.48)
For allt = T, we obtain
£, - 2 211,E(. _ 2
”ur( , Tt 9_1—(1), wg)”(‘([_p,o]’Hsl(o)) S Lé?_%?%] ||7—(elw)|| ”VT( , T, 9_-[(1), (ps)”(‘([_p’o]’Hgl(o))

< max [|7(6w)|*Ry(T, w).
LE[-p,0]

Thus (3.45) is proved.
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By Lemmas 3.3 and 3.5 and (2.10), we obtain that there exists T = T(7, w, D;) = 2p + 1 such that for all

t=T,

T

)

dr

V{?(r, (e t) e—Tw) (pg)

2

L*0)

where ¢ = ¢(t, w) > 0. For any 4, ; € [-p, 0], we obtain

dr <c,

[VE(, T = t, 0., 9°) = VE(t, T = t, 60, 95)]|12(0)

T+l

d
I avf(r, T-t, 0w, p)dr

T+ LZ(O)
T+ 2 %
<y - bt J’ SV, T -t 0.0, 09|  dr (3.49)
dr LZ(O)
T+
1
T d 2 2
<y - L2|; j d—vs(r, T-t, 0w, °) dr
= r 120)
1
< clu- gl
which together with (3.48) implies that
llur (2, T = £, 6000, ¥°) = ur (4, 7 = £, 0.0, Y¥)|I120)
< |70 )VE (2, T = 8, O-cw, 9°) = Vi (1, T = t, O, 9°)||120)
(3.50)
+ [ 70,0) = TOIVFC, T =, 60, 9°)]lq
1
< clu - bl + CRA(T, )| TO.) - TOW).
By the continuity of 7(6;w), we can obtain the result. O

4 Existence of random attractors

In this section, we will show the existence of D;-pullback attractors for system (2.3) and D,-pullback attractors
for system (2.4), respectively. First, we prove that system (2.3) has a tempered D;-pullback absorbing set.

Lemma 4.1. Suppose (2.12) and (2.16) hold. For all0 < € < &, the continuous cocycle W¢ associated with system
(2.3) has a closed measurable Dq-pullback absorbing set K € D1, which is defined by

K(t,w)={ueq: |uy <L, w)}tER,wEQ,
where L(7, w) is given by (3.45).
Proof. For each 7 € R, we obtain L(7, ) : @ » R is (¥, B(R))-measurable. On the other hand, for every
TER,w € Q, and D; € Dy, thereisa T = T(zr, w, D) = 2p + 1, independent of &, such that for allt > T,
We(t, T - t, 00, Di(T - t, O_,w)) € K(7, 0).

Consequently, K = {K(7,w) : T € R, w € Q} is a closed measurable D;-pullback absorbing set for &, in D;.
Next we prove that K is tempered. Given ¢ > 0,7 € R, and w € Q, we obtain

0
tr
SRy (T + t, Bw) = cectn(etw)jeff OO TG W PIF(r + T+ €Yo, dr 4.0

—00
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0
+ cetefeD [ BTG WP T+ 7+ £yl

—00

([R)

Let 0 <eg< min{%, %} and € = & = & in (3.10) and (3.11), by the temperedness of ri(6,w), for each 7 € R
and w € Q, we have

limsupe‘'Ry(7 + t, 6,w)

t——o00

< limsupce(s-or J’ ol €O - O Earen- [ 0w -Dal-g e+ T+ 8y,

t—>-o0

)“LZ([R)

—00

0
+ limsupceé (P+Dest Iefres'r+t'|V(r + T+t

t—>—0

([R) 4.2)

—00

0
< cec-4elimsupelsetr) Ie(E 2r|f(r + 7+ 6yl

t——o0

([R)

—00

0
+ ce @ erlimsupef (P*De(c-eXt+D) Ie(f P+ 7+ 6,3 o, dr-

—00
t— —o

By (2.16), we obtain

lim eRy(T + t, Biw) = 0

t—-oo

which together with the temperedness of r3(w) completes the proof. O

Lemma 4.2. Suppose (2.12) and (2.16) hold. For all0 < e < &, T € R, and w € Q and D, = {Dy(7,w) : T ER,
w € Q} € Dy, the sequence {We(tn, T — t,, 0,0, Xx)}r-1 has a convergent subsequence in Q, provided t, — o
and X, € D1(T - ty, 0-,w).

Proof. For t;, —» o, by Lemma 3.6, there is a N = N(7, w, D;) such that for alln > N and ¢ € [-p, 0],

”uf(l-s T- tn: e—t,lw Xn)”Hl(O) = L(T, CL)) (43)

By the compactness of imbedding H(0)=L*(0) and (4.3), for eacht € [-p, 0], the sequence {uf(t, T = ty, 6,0, Xp)}fret
is relatively compact in L?(0). In addition, by Lemma 3.6, the sequence {uf(t, T = ty, 6,0, Xp)}n=1 is equicontin-
uous. By using the Ascoli-Arzela theorem, the sequence {uf(t, T - t,, 0-;,W, Xn)}hn=1 is relatively compact in Q. This
completes the proof. O

Theorem 4.1. Suppose (2.12) and (2.16) hold. For all, 0 < € < gy, the cocycle ¥¢ associated with system (2.3) has
a unique Dq-pullback attractor A, = {A(t,w) :TER,w €E Q} € D, In Q.

Proof. By Lemma 4.1, ¥¢ has a closed measurable D;-pullback absorbing set K € D, and Lemma 4.2 shows
that ¥¢ is asymptotically compact in Q with respect to ;. Hence, the existence and uniqueness of D;-pullback
random attractor A, of W¢ follows from Proposition 3.5 of [34] immediately. O

Similar to Theorem 4.1, we have the following theorem.

Theorem 4.2. Suppose (2.12) and (2.16) hold. Then, the cocycle W° associated with system (2.4) has a unique
Do-pullback attractor Ay = {A|T,w) : TER,w € Q} € D( in P.
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5 Upper semicontinuity of random attractors
In this section, we need the following estimates to establish the convergence of random attractors.

Lemma 5.1. Suppose (2.12) holds. For all0 < e <&, TER, w € Q, T > 0, and ¢¢ € Q, then the solution v¢
of system (2.10) satisfies, for allt € [t,T + T},

T+T

v, 7, @, 0910087 < clloflly + € [ PGy IBgey (G
T T
where c is a positive constant depending on 7, w, and T, but independent of €.

Proof. By (3.6), for t € [z, T + T, we obtain

t t
Zﬂje.[[ §0dlg (ve(r, T, w, 9°), VE(T, T, w, 9))dr + g‘[e.[ §0W yer, T, w, g05)||§,g(0)dr

T

S Ol O + cI J} €O g ) P11,y g 52)
LeV T
+ Jl— el Hg@»I Jl 0o, mypdr,
p
which along with (2.2) and the continuity of £(6,w) and 7(6,w) with respect to ¢t implies (5.1). O

Similar to Lemma 5.1, we obtain the following lemma.

Lemma 5.2. Suppose (2.12) holds, there existsT € R,w € Q,T > 0, and Y° € P, the solution v° of (2.11) satisfies,
forallt € [t,7+ TJ,

+T

I||v°<r 7, 0, YO a0 + J||v°(r T, 0, YOy 0 < el + cJ Iy A (53)
where c is a positive constant depending on 7, w, and T, but independent of €.

Next we introduce average function defined by

1

Gu = Iu(yl, y)dy, for u € L0).

0

From Lemma 3.1 of [13], we can obtain the average function to the case of the unbounded domains.

Lemma 5.3. Ifu € HY(O), then Gu € HY(R) and
llu = Gulla, o) = cellullyio)
where c is a positive constant independent of €.

Since # can be embedded into @ as the subspace of functions independent of y,, we can investigate
the cocycle W0 as a mapping from # into Q, then we obtain the convergence of We.

Theorem 5.1. Suppose (2.15) and (2.16) hold. Lett € R, t 2 7, w € Q, and u(t, w) > 0, if Y € C([-p, 0],H81(O))
such that |[Y®|lc-p,0,5%0) S U(T, w), then we obtain

lim |We(t, 7, 0, ¥&) - ¥U(t, T, 0, GY)||q = 0.
-0
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Proof. For [ € H(R), multiplying (2.11) with I and then integrating over Hy(R), we obtain
dv® . - . -
Jeg Ty, + 0+ iwfeiTdy + v+ i6 - o(6w) [gTay,
R R R
= - (k+ iB)[g VP [TOWRTy, + [gT10w)f (¢ y)Tdy,
R R
+ [gT 10T (t - FE)Tdy, .
R
If g is in H(O), J;Q(yl,yz)dyz belongs to H'(R). For any ¢ € H'(0), (5.4) can be written as

dv® . .
[E 1.0) + (A + i)V, 0))m0) + (¥ + 18 ~ 00NV, Ony0)
g

= = (k+ BITOWPIVPV, Qmyo) + T O (L), Dny0)
+ T HOw)R(TOr-pryw)V°(t = (1)), Q)ry(0)-

, @

Since V0 is independent of y,, we obtain from (5.5), the following equation:

dv® . .
[F + (A +ia)a(v°, ) + (y + 6 - a(6w))(V', Q)x0)
H,(0)
g

= = (k + iB)ITOW)(IVPV, Qmy0) + T HBw)(f(t,31)s @m0

g)’1 0
?V)ﬁ’yz Q)’z

, @

+ T HOW)((TOr-prV°(r = A(r)), @m0y = (A + i)

Hy(0)
By (2.10) and (5.6), we have that for any ¢ € HY(O),

d(ve - 0
[(v "),Q

i + (A + i@)a(ve - V0, ) + (y + i8 - a(6w)(v¢ = V°, Q0

Hy(0)

8,

= = (k + PITOPvFve = VPV, Qo) + (A + i) P V) Y50,

Hy(0)
+ T HOW)(TOe-pew)ve(t = P))) = H(T(Or-pewIv’(t = (D)), Dry0)-

Setting @ = v¢ — v0 and keeping the real part in (5.7), we have

d
231V = Vi) + Aaeve =0, = v0) + (7 = 0 @WDIV ~ Wl

= - Re(k + iB)ITOw)P (v Pve - VOPVO, ve = v)p 0
+ Re T (0w)(N(TOr-pryw)vE(t = (1)) = h(T(Or-pyw)v°(t = A(O)), vE = VO r,0)

18
+Re(A + ia) ?1 y01’y2 (Ve =)y,
Hy(0)

By using the Agmon inequality, we obtain
-Re(k + iB)|TOw)P(IvePve = VOV, vE = v o)
= - Re(k + IB)ITO)E[ g VR - vO)F = W)dy
o

~ Re(k + iﬁ)IﬂGtw)IZJg(IV£|2 = VORIV - vO)dy
o

< - Re(k + B)ITOW)E [ gV - WP — vy
o

21

(5.4)

(5.5

(5.6)

(5.7

(5.8)

(5.9
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- Re(k + B)|TTO)E [ gu(TE(ve = v0) + V(F* - TV - Wydy
o

IA

4 I‘Ketw)lz_[g(lvolIVEIIV‘E = VP + ORIV - vOP)dy
o

IA

¢ ITOWPAV g lVil=o) + IVIBe) [ v ~ vOPdy
o

A

2
< clTOIPUVIG ) + VIR0 *+ IV + V02w IVE = VIl 0)-
Note that

Re T M (Ow)(h(TT6s- 5y w)vE(t = (1)) = R(T(Or-poywIv(t = A(1))), v = VO)p,0)
LT MO TOe-po@)llIIve(e = A = vt = pElImo) IVE = VOllac0) (5.10)

IN

IN

1 ~ ~
2L OOIITEr-pow)IFlIve - Vo) + IVECE = D) = VOt = O c0)-

By (2.2), we have

Re(A + ia) &vo (ve = v0) Re(A + ia)(g, Vo, y, (V& = v9))
g y1’y2 Y2 H.0) B4 yl’yZ Yy Yy L7(0)
'

(5.11)

IA

Cf||V0||H1([R)||V£ - V0||H§(0)

ce(IveIs 0 + VI

IA

([R))'

From (5.8)-(5.11), for t = 7, we obtain

2
EHVS - V0||Hg(0)

< 2000V = Vllig0) + ce(llville, *+ VI,

HXO) ®)

(5.12)
2
+ IOV ) *+ V20 * VIR *+ 1012 IIVE = VI c0)

1 ~ ~
* ST OWIFITC-po) IV - V0 + 2IVECE = A) = VOt = AO)firc0)-

Integrating (5.12) on (7, t), for all t € [z, T + T] with T > 0, we have

t
[lve(t) - VO(t)szqg(O) <|v&(o) - VO(T)”%-Ig(O) + IW(V, w)|[v&(r) - VO(”)H%Ig(O)d”

T

t
+ e [V B0, *+ VYOI, )ar (5.13)
T

+ 2 [ - )~ v - BN,

where

w(tx W) = C||7—(9tw)“2(“\)8(l’)”i12(0) + ||V£(t)||iz(0) + ”VO(I)”iIZ([R) + ”VO(I)H%Z([R))

1 (5.14)
+ 20 @)l + ST G T Or-pow)I-
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Then, we have for t € [t,7 + T],
t
[VEC) = VPOl < cllvi) = v Ol + Clg}%w(t, W)IIIVﬁ(') - vO)llpdr
‘ (5.15)

T+T

+ce j AV + IO g )dr + ¢ [I1uC) = veOlbdr.
T

By (5.15) and Lemmas 5.1 and 5.2, we find that there exists a positive constant y = (7, w, T), independent of €,
such that for all t € [z, T + T},
[VEC) = VPOl s e masctenm@ T VEC) - v2()|

) ) ot (5.16)
+ egectomances OO + 19elfy + [ I )l dr):

T
Then, by Lemma 5.3, for all t € [7, 7 + T], we obtain
ufC, 7, w,¥8) - ulC, 7, w, GVl
o, ||‘7'(91w)||2||v ¢, T, 0, T 7 O)Y®) = v, T, 0, T (0GP0

IA

IA

max ||7(9w)||zec(1+maxielf 1@ (L, W))T”T_l(e wW)YE - f‘l(erw)gl/)e”é

(€[T-p,7+T
T

+ max 70w Pepectmac T (YOG + g7l + er [ )

< max 1T7T6w)| P ceect maxeturr@CIDITOw0) 1[92 c-p.oy a0
LE|T-p, T+
+T
e [ T(0w)|Peyecmaxecteer@CWID(IYO|IE, + ||pelig + _[Ilf(r DIz dr)-
Since [[Y®|c(-p,01, 810y < H(T, w), we can derive the desired result. 0

Now we establish the upper semicontinuity of random attractors as € — 0.

Theorem 5.2. Suppose (2.12) and (2.16) hold, then for every T € R and w € Q,
limdist o(A (7, W), Ay(T, w)) =0
e-0

Proof. For the proof, please see Theorem 5.5 in [28]. O
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