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Abstract: This study is devoted to exploring the existence and the precise form of finite-order transcendental
entire solutions of second-order trinomial partial differential-difference equations

LI+ 2hL(f)f (m + a, 2+ @) + f(z + @, 2 + @) = e8@2)
and
LU +2hl(NH(f@a+azn+e) - fan)+ (fa+an+e)-f(a n)=e8an,

where L(f) and L(f) are defined in (2.1) and (2.2), respectively, and g(z) is a polynomial in C2. Our results
are the extensions of some of the previous results of Liu et al. Also, we exhibit a series of examples to explain
that the forms of transcendental entire solutions of finite-order in our results are precise.
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1 Introduction

Fermat’s last theorem [1] says that the Fermat equation x™ + y™ =1 does not admit nontrivial solutions in
rational numbers when m > 3 and does admit nontrivial rational solutions when m = 2. For a positive integer
m, the equation

fmo+gm=1 (1.1

is known as Fermat-type equation over function fields. With the help of the Nevanlinna theory [2,3], Montel [4],
Iyer [5], and Gross [6] studied the existence and form of the solutions of the functional equation (1.1)
and pointed out the following:
(i) Form = 2, the entire solutions of (1.1) are f(z) = cos({(z)) and g(z) = sin(¢(z)), where ¢ is a non-constant
entire function.
(i) For m > 2, there are no non-constant entire solutions of (1.1).
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(iii) For m = 2, the meromorphic solutions of (1.1) are of the form

292 _1-¢%2)
f(Z) - 1 _ ¢2(Z) and g(z) - 1 + ¢2(Z)1
where ¢ is a non-constant meromorphic function.
(iv) For m = 3, the meromorphic solutions of (1.1) are of the form
1 @’(h)] w i‘{J’(h)]
z)= ——|1+ and g(z) = - ,
I 2wl " 3 S 7] N

where w?® = 1 and g satisfies (g’)? = 4¢3 - 1.
(v) For m > 3, there are no non-constant meromorphic solutions.

In 2004, Yang and Li [7] investigated (1.1) by replacing g with f* when m =2, and proved that
the transcendental entire solution of f(z)? +f’(z)> =1 has the form f(z) = Ae®/2 + e%[2A, where
A and a are non-zero complex constants.

The advent of the difference analog lemma of the logarithmic derivative [8,9] expedites the research
activity to characterize the entire or meromorphic solutions of Fermat-type difference and differential-differ-
ence equations [10-13]. In 2012, Liu et al. [14] proved that the transcendental entire solutions with finite-order
of the Fermat-type difference equation f(z)?>+ f(z + ¢)*> =1 must satisfy f(z) = sin(4z + B), where B
is a constant and A = (4k + 1);r/2c, where k is an integer. In 2016, Liu and Yang [15] studied the existence and
the form of solutions of some quadratic trinomial functional equations and obtained some important results
as follows. The equation f(z)*> + 2af (z)f'(z) + f 2(z) = 1 has no transcendental meromorphic solutions, and
the finite-order transcendental entire solution of f(z)? + 2af (2)f(z + ¢) + f(z + ¢)*> = 1 must be of order equal
to one, where in both the equations, a # 0, 1.

The study of several characteristics of the solutions to partial differential equations in several complex
variables [16-24] is an important topic. The Fermat-type equation like appears in particle mechanics; in
particular, it appears as the Lagrange function in the Lagrangian functional describing the “action” of a
system. As far as the author’s knowledge is concerned, Saleebly, in 1999, first started investigation about
the existence and form of entire and meromorphic solutions of Fermat-type partial differential equations
[25,26]. Most noticeably, Khavinson [27] proved that any entire solution of the partial differential equation
fzz1 + fzz2 =1 must be linear, i.e., f(z, %) = az + bz, + ¢, where a, b, c € C, and a® + b? = 1. Later, Li [28,29]

investigated the partial differential equations with more general forms such as f; +f2 = pand f; +f7 = eq,

where p and q are the polynomials in C2.

Hereinafter, we denote by z + w = (z + wy, Z, + W») for any z = (z, z), w = (wy, w,) € C2.

Recently, Xu and Cao [30] extended several results from one complex variable to several complex
variables. In fact, they considered two Fermat-type equations f(z)> + f(z + ¢)> =1 and f(z + ¢)* + fzz1 =1
and proved that any finite-order transcendental entire solution f: C" - P%C) has the form f(z) = cos(L(z)
+B), where L is a linear function of the form L(z) = ayz + ...+ a,z, on C" such that L(c) = -n/2 - 2kn (k € Z),
and B € C and f(z) = cos(4;z + A,z + Constant), where A;q + Ay = —1/2 — 2kn, k € Z, respectively.

In 2022, Xu et al. [31] explored the precise form of entire and meromorphic solutions of the following
partial differential difference equations:

of oY
+ + + + 2 = p8(21,2) 1.2)
aazl BGZZ] fa+aqzn+e) =e
and
F) of |
a_f + ﬁ_f +(f(a+ a2+ ) - f(z,z5)?=es@n), (1.3)
oz 07

where g(z) is a polynomial in C? and a and B are the constants in C. For detail study, we insist the readers
to go through [31].
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As far as we know, it was Saleeby [32], who first considered another quadratic functional equation
%+ 2afg + g% =1, (14)

and investigated the existence and form of transcendental entire and meromorphic solutions in C". We recall
the result.

cos(h(z)) + sin(h(z))
Vit+a Vi-a

, Where h is entire C". The meromorphic solutions of (1.4) must be of the form

Theorem A. [32] The transcendental entire solutions of (1.4) must be of the form f(z) = %

1 cos(h(z)) _ sin(h(z))
and ﬁ[ Ji+a Ji-a

_ a-ap) _ 1-B@?
f@) = s M9 8@ = Gapay

a=-a-+a:-1,anda®+0,1.

where B(z) is meromorphic in C" and a =-a+ +a?-1,

In 2021, Li and Xu [33] considered the quadratic trinomial partial differential difference equations

of  (off
fam+a,z+¢)+2af(z+ 0,2+ ¢)—— + || =es@rantc) (1.5)
621 621

and obtained the following result.
Theorem B. [33] Let a> # 0,1, ¢ # 0, and g be a non-constant polynomial in C?, and not the form of ¢(z).
If (1.5) admits a finite-order transcendental entire solution f, then g must be of the form g(z, z,) = mz + @z, + b,

where a;,(#0), az, b, € c. Furthermore, f(z) must satisfy one of the following cases:
@

fza,2) = £(Az<>r + A§er(warazth)
a

where & (# 0), @, a, b, ¢, 6, A1, A; € C satisfying

-1
e%(alcl*'llzCz) = M
2A¢ + AET)
(i)
f(zl, Z) = L ﬁeauz1+a1zzz+b1 + ﬁea2121+a2212+b2 ,
V2 lan Aoy
where a; (# 0), b; € C, (j = 1, 2) satisfy anz + a2, # anz + apz,
8z, ) = (an + an)z + (Ap + A2 + by + by,  and

A2 Al

. _ + _ + -

eauCi+anc; = = ay, ettt axs = a1, eMataxX: = a11Qas1.
1 2

2 Main results

Inspired by Theorems A and B, and utilizing difference analogs of the Nevanlinna theory of several complex
variables [34,35], we investigate the existence and forms of transcendental entire solutions of the following
trinomial second-order partial differential-difference equations:

L(f)Z + ZhL(f)f(Zl +q,2 + Cz) +f(Z1 +q,2 + Cz)z = eg(z1’z1) 21
and

LU+ 2hl(f)f(m+ a2+ @) + (f(a + 6, + @) — f(z, ))* = e8@2), 2.2)
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2 -
where L(f)— 6f221222) +66f(l1 ,23) +rib(]3‘z(lz;,zzz)’ and L(f)=L+ 6f(zlzz) ﬁaf(zl zz)’ a,B, y,8, and N are

the constants in C, ¢ = (g, ¢) € CZ, and g(z) is a polynomial in C2.
Before we state our main results, let us first set that

1 1 1 1

A = - and A = + 2.3)
"UoJi+h 2ii-h 2721+ h 2iVi-h
where h # 0, +1, 2 is a constant in C,
1 1
R=a+yqy+ Er)az, R, =B+ 8a, + Er]al,
1
Ry = ycf + 8ci = nae, Ry = aa + o + S (yai + 8af + nayay), 2.4)

Rjs = a + 2yaj + naj, Rjg = B + 26aj, + nay,

Rj7 = aaj + Baj + ya + 8a? i+ N, j =12
Now, we state our results as follows.

Theorem 2.1. Let ¢ = (¢, @) € C%, h € C such thath # 0, 1 and g(z, 2,) is a polynomial in C2. If f(z) be a finite-
order transcendental entire solution of equation (2.1), then one of the following cases occurs.
(i) The form of the solution fis of the form f(z, ) = YAet*% where A, L, and l, are the arbitrary constants

in C with al, + Bl, + yIZ + 812 + nhl, = 0 and

&z, z) = 2Ln

12A’e’121”222], where A’ = Aeter+be),

(i)) g must be of the form g(z, z) = L(z, z2) + H(s1) + B, where L(z, z,) = mz + ayzp, H(S1) is a polynomial
in s; = 6z - Gz, 4, Gy, B are constants in C, and the form of the solution is

fzz) = %(Azf + A )eHlam Hs) LB

L(z, z,) satisfies relation

Ay + A€
24 + A8

where ag is the coefficient of s; of the polynomial H(s;) and Rys are defined in (2.4). In particular,
if Ric — Ryg # 0 or R # 0, then H(s;) becomes linear in s;.

(iil) g(z,z2) must be of the form g(z,z) = L(z,2%) + H(s)) + B, where L(z,2) = Li(z,2) + Ly(z, 2)
and H(sy) = Hi(s)) + Hy(s) with Li(z, ) + Hi(S1) # Ly(z, ) + Hy(s1) and  Li(z, ) = anz + a2,
B = By + By; Hi(sy) is a polynomial in s; = gz — 6z, for j=1,2, and By, By, and a;; are the constants
in C, and the form of the solution is

1
eillened) = Ry + (R — Ryaag + §R3ao2 ,

f(z,2) = \/_ —[Ayeln(@2)*His)=La(c)*B) 4 A, e(Lalzy22)+ Ha(s1)=La(€)+B2)]
where Ly(z, z;) and Ly(z, z,), respectively, satisfy the relations
Ly(c) A 2 Ly(c) A 2
el®) = E[Rn + (Risq — Riga)ag + Rsag] and e™® = XZ[RW + (RysG — RosCi)aoo + Raagpl,
ao and aq, respectively, the coefficients of the linear term of the polynomials Hi(s;) and Hy(s1), and R;’s
are defined in (2.4). In particular, if RisG — Rigq # 0 or R3 # 0, then H; becomes linear in s,. Similarly,

if RysG, — Rygqp # 0 or Az # 0, then H, becomes linear in s;.

Next, we exhibit some examples in support of Theorem 2.1.
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Example 2.2. Leta==0,y=6=1,n=-2,h = -5/4,¢ = ¢ = mi, and g(z) = 2(z + z). Then, it can be easily
seen that f(z, z,) = e#*2 is a solution of (2.1), which is the conclusion (i) of Theorem 2.1.

Example 23. a=8=0,¢=q=¢6=y=6=1,n=2, and g(z,2) =2 + % + (z — )* + 1. Then, in view

of conclusion (ii) of Theorem 2.1, one can easily verify that f(z, z,) = %6[21”2*(21‘22)2*”/ 2 is a solution of

azf(zly ZZ) + azf(zl) ZZ) " zazf(zlx ZZ)

2
azf(Zb ZZ) + azf(Zb ZZ) + zazf(zly ZZ) +92h
azt oz} 020z,

9zt 0z} 02,07,

]/(Zl +0, %+ G)

2
+ f(zl +Q,2 + CZ)Z = ela*tn+(z-2) "’1]’

where 4; and A, are given by (2.3).

Example 24. Let a=B=0, y=68=1, n=-2, Li(2)=2z+2, Ly2)=2z+2, H(s)=Hs) =0,
and B;=B;=1. Then, in view of conclusion (iii) of Theorem 21, it can be easily verified

1 . .
that f(z, ) = ;[Aje”*22*1 + Aye**2*1] is a solution of

2
0 (z, 2,) . 0 (z, 2,) _ Zazf(zl, ) 90 0% (z, 2,) . 0%f (a1, z) _ zazf(lb z)
9zt 0z} 0202 azt 0z} 02,07

+f(z + a,z + @) = el32*32*2] where A, and A, are given by (2.3).

y(zl +0, %+ G)

Theorem 2.5. Let ¢ = (g, ¢) € C%, y,68,n, h € C such that y # 0, h % 0, +1 and g(z, 2,) is a polynomial in C2.
Let f(z) be a finite-order transcendental entire solution of (2.2). Then, one of the following cases must occur.
0 f(a, ) = ¢,(B,z — azp) + ¢,(Brz1 — wz), where ¢, and ¢, are finite-order transcendental entire functions
in C? satisfying
0Bz — iz + Pia — mG) + 9,(Byz — Wz + Py — 10) — G(Biz — i) — G (Byzs — zy) = £e8D2,

where ma, = y, BB, = 6 and ayf3, + B,z = 1.
(i) g(@, ) = mz + oz + H(Gz — az) + B, where H is a polynomial in ¢z — Gz, and mq + a6 = 4k,
kez,
1 z/az/ay
f(Zb Z) = i; I J’ e%[alzl+aZZZ+H(szl’CIZZ)+B]dzldzl

0 0
7/ a

2

where a;, ay, B, and B, are defined in (i) and G, and G, are finite-order transcendental entire functions in C?
satisfying

mz - Pz

(4]

Wz = Poza
dz + G — = )

a

71/ ay

1
e

0

d21

mz - pa me - pia
0 + - Gy

a a

wmz - Pz ]

[¢4]

1

Wz, — Bz -0
ay ’

WZy — P2y WG — PG
bar , @ -Ba)
a a

(iii) If ycz2 + 6c12 * NaG, then g must be of the form g(z,z) = mz + @z + B, a1, a, B € C, and the form
of the solution is

Me%[alh*'azlﬂ'B]
yai + 8a; + naya

[, ) = ¢,(Biz - mzy) + Qy(Bozn — Wzp) +

’
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where £(#0) € C, yaf + 6a22 +nayay # 0, m, ag, By, and B, are the same as in (i), 4 and A, are defined
in (2.3), ¢, and ¢, are finite-order transcendental entire functions in C* such that

¢, By — iz + Bi6 — &) + ¢y(Boz — oz + Bra — 1G) = ¢0(Biz - aizp) + ¢,(Bz — az) and

(A€ + A&V (yal + 8ai + naway) N
A(AE + A

1
ezlma+axy) =

1.

(v) Ifyci + 8¢t # nae, then g must be of the form g(z, ) = Li(z1, 2) + Ly(21, ) + By + By, where Li(z, 2,) =
apz + ajzy with Li(z, ) # Ly(z, 2), a;, B; € C and the form of the solution is
Ay el@.z)+By Ajel(@m)+By

+ ’
V2(yad + 8ah + nanan)  V2(yaf + 8ak + naxaz)

f(@, z) = ¢,(Bizs — uz) + §y(Byza — W2p) +
where yaZ + Saf, + Naxax * 0, yafi + §af + nanay, * 0, @, a, B, B, are the same as in (i), A; and A,
are defined in (2.3), ¢, and ¢, are finite-order transcendental entire functions in C? such that

¢1(Byz — iz + Bra — 1) + 9Bz — wzp + Bya — 6) = ¢(Bia — ) + ¢, (Byz — zy) and

A
el = Xz(}’aﬁ + 8ay + nanaw) + 1,
1
Ly(c) = ﬂ 2 2
el0) = A (yas + bay, + nanax) + 1.
2
The following examples show that the forms of solutions are precise.

Example 2.6. Let a; = a; = B, = B, = 1. Choose c = (g, ) € C? such that ¢ - ¢ = 2log2. Then, in view of con-
clusion (i) of Theorem 2.5, we can easily deduce that f(z,z) = 2e@*2)/2 + e2/2 js a solution of (2.2)
with g(z, ) = z - 2.

Example 2.7. Let ;s =y =1, B;=B,=0, ;= a, =1, and ¢ = ¢ = 47i. Let g(z, ) = z + 2, Go(z) = 2e%/?
and Gy(z;) = 4e*/2, Then, in view of conclusion (ii) of Theorem 2.5, we can easily deduce that f(z, z,) = 4e(@+2)/2
is a solution of (2.2).

Example 28. Let {=a=a=f,=F,=1, g=1log2+mi, g=log2-mi, and Y,(z1-2) = ¢(za-2)+
¢y(z — z,) = 272, Then, in view of conclusion (iii) of Theorem 2.5, we can easily see that f(z,z) =

en 2 4 %e@l”ﬁ”/z is a solution of (2.2), where A; and A, are given by (2.3).

Example 2.9. Letay = a4, = B, = B, =1, ¢,(z - z) = e27%, and ¢,(z - 2) = 0. Choose c = (g, @) € C2 such that
G - ¢ =4m. Let Li(z) = z; + 22, and Ly(z) = 27 + z, such that eX1(© = (94, + A;)/A; and el = (94; + Ay)/A,,

where A, and 4, are given by (2.3). Then, we can easily verify that f(z, z,) = e2 2 + ﬁ(fhe“zzﬁs + Aje?ntuth)

is a solution of (2.2) with g(z, z,) = 2z + 2z, + 11.

3 Proofs of the main results

Before proving the main results, we present here some necessary lemmas that will play a key role to prove
the main results of this article.

Lemma 3.1. [36] Let f] £0 (j=1,2,3) be meromorphic functions on C" such that f; is not constant, f; + f,
+ f; = 1, and such that

;

J=1

N, <AT(r.f;) + 0Qog* T (r, f;))

r, %] +2N (. f})

holds for all r outside possibly a set with finite logarithmic measure, where A <1 is a positive number.
Then, either f, =1or f; = 1.
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Lemma 3.2. [36] Let ay(z), a1(2), .., an(z) (n = 1) be meromorphic functions on C™ and g,(z), g(2),..., g,(z) are
entire functions on C™ such that g(z) - g(z) are not constants for 0 <j <k<n. If Z?=0a]-(z)et‘:’i(l) =0, and

IIT(r, a)) = o(T(r)), where T(r) = min o<j<k<nT(r, €57&) for j = 0,1,..., n, then aj(z) = 0 for each j = 0,1,..., n.

Lemma 3.3. [37-39] For an entire function F on C", F(0) # 0 and put p(ng) = p < . Then, there exist a canonical
function f, and a function g, € C" such that F(z) = f(z)e%®. For the special case n = 1, f; is the canonical
product of Weierstrass.

Lemma 3.4. [40] If g and h are entire functions on the complex plane C and g(h) is an entire function of finite-

order, then there are only two possible cases: either

() the internal function h is a polynomial and the external function g is of finite-order; or else

(i) the internal function h is not a polynomial but a function of finite-order, and the external function g is of zero
order.

Proof of Theorem 2.1. Let f(z,2) be a transcendental entire solution of equation (2.1). Let us make
a transformation

L(f) = %(U— V), f@taznte) = %aﬂ ). 31

Then, equation (2.1) becomes
1+ U2+ (1 - h)V?=es@n),

which can be rewritten as

Ji+hU J1-hvV

Vi+hU J1-hV B B
8@z Vggammiz [T

8@z Vs (32)

Since f is finite-order transcendental entire, in view of Lemmas 3.3 and 3.4, it follows from (3.2) that

Vi+hU J1-hV
8@z U ggamnlz

Ji+hU J1-hV
e8(@.z)/2 t e8(@.z)/2

= eli(za,2)

= e‘hl(ll,lz)’

where hy(z, z,) is a polynomial in €2, from which we obtain

eh@.z) + o~h(z,2) eh@.z) — p=hi(z,2)
U= —eg(zlyZZ)/z and V= —eg(zl,Zz)IZ. (3.3)
21+ h 2iN1-h
Set
8(z, z) 8(z, z)
W (a, z) = 9 +h(z,2) and Yy, (z,2%) = 9 - hi(z, 2,). 34
Therefore, it follows from (3.3) and (3.4) that
en@z) + eVi(z1,22) en@z) — eyy(z1,22)
Us———— and V= —ree. (3.5)
21+ h 2iN1-h

In view of (3.1) and (3.5), we obtain that

L(f) = L[Ale}/l(Zl’ZZ) + Ageran)],

2 36)
1 .
fa+azn+ao)= N [Ayen(@2) + Ajer@m)],
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After simple calculation, it follows from the two equations of (3.6) that

A A
Xzol(zl’ Zz)eyl(zl,zz)—yl(zl+cl,zz+cz) + Qz(zly Zz)eyz(zl,zz)—yl(zl+cl,zz+c2) — _2eyz(zl+cl,zz+cz)—yl(z1+cl,zz+cz) = 1’ (37)
1 1

where

oy, 3 oy, @2 ay. P oYy,
Oz, ) = a— ﬁ—y] “_V]y + yj' 6”&’ +—y]]

9z, 0z 9z} 0z, 0z
(3.8)

ay; oy, 0%y,
[ L= | j=12

621 622 621622

Now, we discuss two possible cases.
Casel.Lety,(z1 + ¢, + @) - y,(& + G,  + @) = k, a constant in C. In view of (3.4), we conclude that hy(z, z,)

is constant. Let & = eM(@%) € C. Then, (3.6) yields that
L(f) = Cleg(z1,zz)/2’ f(Zl +Qq,2 + Cz) = Czeg(zl’ZZ)/z, (3.9)
1 _ 1 _
where G, = (A& + A DG = 75 Al + Al .
Note that

1
G;#0 and C+Cj= E[(Af + AP + £ + 4A14). (3.10)

If C; = 0, in view of (3.9) and (3.10), it follows that
7] 02 62 02
a_f + B_f + f f n f
0z 0z, 621 622 02,02,

f@+a 2+ o) =tes@nl

>

(311

From the first equation of (3.11), we obtain that
fz, ) = ZAelm”ZZZ,

where A, I, and I, are the arbitrary constants in C satisfying the relation aly + Bl + ylf + 8l + nhl, = 0
From the second equation of (3.11), we obtain that

g(ZL ) = ZLn[iZA’ el1Z1+lzzz]’

where A’ = Aeha*le2, This is conclusion (i).
If C; # 0, then from (3.9), we obtain that

dg .08 o), o ogl” o
azfﬁaz2 [2[62] azf +6[2[az2] az?

2
[1 og og + o8 ] 2C1 1[g(zﬁqzﬁcz) -8(z21.2))],

56_216_22 621622 Cz

—/

(312)

Since g is a polynomial in C? it follows from (3.12) that g(z + @,  + 6) — g(z, ) must be constant,
say (EC.

Then, g can be written as g(z, z,) = L(z, z,) + H(s1) + B, where L(z, ) = a7 + ayz;, H(s;) is a polyno-
mial in 81 = 6 - a2, a1, a;, and B are the constants in C. Hence, it follows from (3.12) that

AT AL g

Ry, (3.13)
Al + A&t

/ 1 /2 /,
(Ri¢ - Rg)H' + Ry EH + H

where R’s are defined in (2.4).
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If R - Ryg = 0 = R;, then from (3.13), we obtain

Al + AE!

1) =
e = .
ST a@E s aEy

If R — Ryg # 0 or (here “or” is in inclusive sense) R; # 0, then it follows from (3.13) that H' must be
constant, say ag, which is the coefficient of s; in the polynomial H(s;).
Therefore, from (3.13), we obtain that

Ay + AE?
2(Ai€ + A

Hence, in either case L(z) satisfies relation (3.14).
Therefore, in view of the second equation of (3.9), we obtain the form of the solution as

1
eiL(C) = Ry + (Rig — Rye)ag + ERgaoz . (3.14)

5 2) = 5 (af + Mg el s sora,

This is conclusion (ii).
Case2Lety,(z1 + ¢, 2 + @) - (&1 + G,  + @) be non-constant. Then, in view of (3.7), it follows that Q,(z, z,)
and Q,(z, z,) both cannot be zero at the same time.

If Q,(z, 2,) = 0 and Q,(z, 2,) # 0, then (3.7) yields that

A
Q,(z1, zy)eV @@ -narante) — Xzeyz(zl+cl,22+cz)—yl(zl+cbzz+62) =1
1

In view of the aforementioned equation, it follows that

1 1
N[r, A enatante)p@tante) + A =N|r, Qy(2, zy)eV @) Natazter)

= S(r, er@z)-na* ezt

Also, note that

N(r, erdatanto)-natrante)) = §(r, erlatanta)-p@a*ant))

N[ 1 ] = S(r, evdarantc) natantc)),

r
7 ea@tanzytco) -y (a1t zatcr)

By the second main theorem of Nevanlinna for several complex variables, we obtain

T(r, eYaartcuztc)-pa+a,ntc))
1

T eVlateLzter)-y(zte,zter)

< N(r, erdaranta)narantc)) + N[r

1
T ehatanta)-p@atante) - A (A,

+ N[T ] + S(r, eVz(Zl+C1,Zz+Cz)—V1(Zl+C1,Zz+Cz))
< S(r, eVz(Z1+cl,zz+cz)—yl(z1+c1,zz+cz)) + S(r, eVz(Zl,Zz)‘V1(21+C1»22+Cz))_

This implies that y,(z + ¢, 2 + @) - y,(z + ¢, 2, + @) is constant, which is a contradiction. Similarly, we
can obtain a contradiction for the case Q,(z, z) # 0 and Q,(z, z;) = 0. Hence, Q,(z;, zz) # 0 and Q,(z, z,) # 0.

Since y,(z1,2) and y,(z,2) are the polynomials in C? and y,(z+a,2z+6)-y(z+ a2+ )
is non-constant, applying Lemma 3.1 to equation (3.7), we obtain that either

%Ql(z)em(n-h(zw) =1, or Q,(z, zp)eVm)n@tennter) = 4,
1
If

%Q1(Zly ZZ)eV1(21,Zz)‘V1(Zl+Cl,Zz+Cz) =1, (3.15)
1
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then from (3.7), it follows that
A

(a1, zy)eVan)-y(atenntc) = —
Ay

(3.16)

As yi(z, z,) and y,(z, ;) are polynomials, in view of (3.15) and (3.16), we conclude that y,(z, z,) -
VW + a,z+ ¢) and yy(4, %) - y,(z1 + G, 2 + @) both are constants in C, and hence, we can obtain that
V121, 22) = Li(z1, 2) + Hi(s1) + By and yy(z, ) = Ly(z, 2) + Hy(s1) + By, where Li(z, ) = a1z + Qjpzp, Hi(s1)
is a polynomial in s; = ¢z - 6z, and aj, aj, By, and B, are the constants in C for j=1,2. Note that
Li(z, z) + Hi($1) # Lo(a, ) + Hy(sy). Otherwise, y,(z + 6, 2 + @) — y,(z4 + @, Z + ¢) would become constant,
a contradiction to our assumption. Hence, the form of the polynomial g is g(z, z) = L(z, ) + H(s;) + B,
where L(z, 2,) = Li(z, z,) + Lz, 23), H(s1) = Hy(s1) + Hy(s1), and B = By + By.

Therefore, in view of (3.15) and (3.16), we obtain that

, , ~_ A
(Ris0, — RisC)H] + Ry(H> + HY) = XeLl(C) - Ry,
A2 (3.17)
, y " 2
(RysG, — RoysC)Hy + Ry(Hy> + Hy') = Xlé’LZ(C) - Ry,
where R’s are defined in (2.4).
Then, by similar arguments as in Case 1, we obtain from (3.17) that

A
el = X(R” + (Ris¢ — Risc)ao + Raad),
1
(3.18)
A
el = XZ(RW + (Rise — Rysc)ago + Rsady),

where a, and agg, respectively, the coefficients of the linear term of the polynomials H;(s;) and Hy(sy).
Therefore, in view of the second equation of (3.6), we obtain

f(zl’ z) = %(AZeLl(ZLZZ)*’HI(Sl)_Ll(C)"'Bl + AleLZ(ZLZZ)+H2(sl)_L2(C)+B2)’

where Li(c) and L,(c) can be found from (3.18).

This is conclusion (iii).

If Q)(z, zp)e @2 @zt = 1 then it follows from equation (3.7) that Q,(z, z)e@@) vlatan+e) = 1,
Since y,(z1,2) and y,(z,2) are both polynomials in C? it follows that y,(z,2) - V(@ + a2 + @) =N
and y(z,2) - Yz + a6,z +6)=n, where n,n, €C. This implies that y(z,2)-y(a+ a2+ ¢)
=y,(z1, ) - (&1 + G,  + @) = N, + 1,. Therefore, we can write y,(z, z,) = L(z, 2) + H(s1) + G and y,(z, 25)
= L(z, o) + H(s1) + (3. But, then we obtain y,(z + 6,2 + &) - y,(z + ¢, 2 + ¢) = { — 4, constants, which
is a contradiction. O

Proof of Theorem 2.5. Let f(z,2) be a finite-order transcendental entire solution of equation (2.2).
Let us make a transformation

. 1 1
L =—U-YV), +c) - =—U+ V). 3.19
0] ﬁ( ), fz+0o)-f(2) ﬁ( ) (3.19)
Then, by similar arguments as in Theorem 2.1, we can obtain that
Z(f) = %[Ale}ﬁ(llylz) + AzeVz(Zl,Zz)]
2 (3.20)

1
fa+azn+a6)-fazn)= W[Azeyl(zl’m + Ager(an),

where y; and y, are defined in (3.4) and 4; and A, are defined in (2.3).
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In view of equations in (3.20), we obtain that

wevl(ll,lz)*V1(21+01,Zz+62) + weyz(zl,zz)fyl(zl+c1,zz+c2) - ﬁeyz(z1+c1,z2+cZ)—y1(z1+cl,zpq) =1, (3.21)
Al Al A1
where
ay, ) oy, ay, ) oY ay, ay;,  o%,
Q@ z) = y|| 2| + =3 |+ 8|2 + =5 |+ 0|2t + —=| j=12 (3.22)
J 07 aZl 0z, 622 07 02y 02,07

Now, we consider two possible cases.
Casel.Lety,(z+ G, 2+ 6) - y(a + a, %+ ¢) =k € C.Inview of (3.4), we conclude that hy(z, z,) is constant.
Set eli = £ € C. Then, (3.20) yields that

L(f) = Ces@DI2 f(z + ¢,z + ¢) - f(z, ) = Ce8@2I2 (3.23)
where C; = %(Aﬁ + AED), G = %(Azf + A€,
Note that
1
CE+ ¢ = J[(AF + ADE + £2) + 4Ak] (324)

Subcase 1.1. Let C; = 0. Then, in view of (3.24), we obtain that C, = +1. Therefore, it follows from (3.23) that

0 (z, 2,) . 652f(l1, 7) N 0% (z, 2,) =0

0zt 9z} 0207 ’ (3.25)
f@+a,zn+0)-f(a z) = tesanl
Now, in view of the results in [35, page 2178, line 21], the first equation of (3.25) can be written as
(D + BD")(aD + B,D")f (z) = 0, (3.26)

9 =9 - — -
where D = o D' = 5, =y, BB, = 6, and B, + aP; = n.

Solving (3.26), we obtain that
f(@, ) = ¢,(B1z — mz) + §,(Byz1 — o2p),
where ¢, and ¢, are finite-order transcendental entire functions in C2.
In view of the second equation of (3.25), we obtain that
0By - Wz + P16 — 16) + 0y(Boz — Wzp + By — W0) — $,(Biz — izp) — By(Byzs — Qyzy) = tes@m),

This is conclusion (i).
Subcase 1.2. Let G, = 0. Then, in view of (3.24), it yields that ¢; = £1.
Therefore, it follows from (3.23) that

2 2 2
0 (21, 2) + 66 f (2, ) 0 °f (21, z,) - selgnm)
az} 0z} 0202, (3.27)

fa+az+0)-f(az)=0.

Clearly, second equation of (3.27) shows that f is a periodic function of period c. In view of the two

equations in (3.27), it follows that e:E@*az*c)-g@z) =1, This implies that g(z,2) = mz + a2z +
H(ez - 6z) + B, where H is a polynomial in ¢z — gz and a1q + a6, = 4kni, k € Z.
Now, in view of the results in [35, page 2178, line 21], the first equation of (3.27) can be written as

(@D + BD')@D + B,D")f (21, 2,) = +eis @2, (3.28)

where D, D', a;, ay, B, and f3, are defined in (3.26).
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Let (@D + B,D")f (21, z,) = u(z, ). Then, in view of the results in [[31], page 2182, line 22], we obtain

zlm

1
H(Z1, Zz) = ia— -[ efg(zl’ZZ)dll + Gy
1
0

mz, — Bz
[04] ’
where Gy is a finite-order transcendental entire function in C2.

Since we have assumed that (@D + B,D")f (2, z) = u(z, z,), we obtain that

7/

iz - Bz
/i .Bzi = sl [ elsmngy + g P2 PA Bin| (3.29)
0z 07y a a
0
By similar argument, we obtain from (3.29) that
zlm nla zlay
f(Zly ZZ) = il I I e%[l1121+azZz+H(CzZ1—L‘1Zz)+l‘3]dzldz1 + l I GO M]dzl + Gl M]’
y 0 0 @ 0 % @

where G, is a finite-order transcendental entire function in C2.
In view of the fact that q1q + ay¢, = 4k, k € Z, it follows from the second equation of (3.27) that

zn/a
1
— G
a) I

This is conclusion (ii).
Subcase 1.3. Let C; # 0 and C; # 0. Then, after simple calculations, (3.23) yields that

Wz - Bz N e - Bia
a a

Wz - Bz

(4]

dz + Gy

0 0

QyZy — PyrZq a6 — pGa
pe o)

a2y — Bz -0
a a '

ay

2 2 2 2 2
ya_é;J,la_g 6_g2'+16_g Lol 98 10808
ozf 2|0z 0zy; 2(0z 0210z, 207 07y (3.30)
= ﬁ[ lg@+enzte)-g(@z)] — 1]_
G

Since g is a polynomial in C?, in view of (3.30), we conclude that g(z + a, 2 + ) - g(z, %) = &, £ € C.
This implies that g(z,2) = Li(z, ) + H(s;) + By, where Li(z, %) = anz + apz, H(s;) is a polynomial
in 81 = 6z — 6z, a1, a2, B; € C. Hence, we obtain from (3.30) that

G - H' + (ycf + 8¢t - nae)

1 1 1 2C
[Van + -nay dayy + —flan]q —H* + H”] = —1[€%L1(C) - 1]. (3.3D)
2 2 2 G
Since yc22 + 6012 # GG, in view of (3.31), we conclude that H” is constant. This implies that H(s;) = ag$; + b.
Hence, g(z) reduces to the form

8(z,2) = L(z,2) + B=mz + ayz + B, (3.32)

where a; = a;; + agG, a; = a3 — agq and B = By + b,.
Therefore, in view of (3.30) and (3.32), we obtain that

C
erlacrtac) = ﬁ(yal2 + 8af - naaz) + 1. (3.33)
1

Now, the first equation of (3.23) can be rewritten as

(yD? + 6D + NDD")f (7, 23) = Cerlwartar*B], (3.34)

where D = ai and D’ = i.
Z1 3Z2
Therefore, complementary function of (3.34) is C.F. = ¢,(,z1 — mz) + ¢,(B,z — 1:2), where ay, ay, ,, and

B, are same as in (i), ¢, and ¢, are finite-order transcendental entire functions in C%, and the particular integral is

4C,eB2 4¢

yai + 8ay + naya; yai + a; + naia;

P.L

where v = a1z + ayz,.
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Hence, from (3.23), we obtain

2V2(AE + A€

_1)
laizi+ayz,+B)
7 3 e .
yai + éay + naya,

fa,z) = ¢1(B1Z1 - wmz) + ¢2(B2Z1 - W) +

Substituting f(z, z,) into the second equation of (3.23) and combining with (3.33), we obtain that
0Bz — aizy + Bia — i) + (B2 — ez + Bya — 16) = ¢,(Biz — z) + ¢(Brz — Wz).

This is conclusion (iii).
Case 2. Let V(7 + a,2z + @) - (4 + 6,2, + @) be non-constant. Then, obviously, 4;Q,(z,2) + 4; and
A1Q,(z, z,) + A, cannot be identically zero at the same time. Otherwise, in view of (3.21), it follows that
en@arante)yn@ranta) ig g constant, which implies that y,(z1 + ¢,z + ) - y)(z + @, 2 + @) is a constant.
This is a contradiction to our assumption.

If AQ,(z1, ) + A1 = 0 and 41Q,(z, ) + Ay # 0, then (3.21) it yields

(A1Q,(z1, ) + Ap)eVdaz) — Ajeraatazares) — pjehatanre) = (), (3.35)

In view of Lemma 3.2 and (3.35), we can easily obtain a contradiction. Similarly, we can obtain a contra-
diction for the case 4,Q,(z, ;) + A; # 0 and 4,Q,(z, z,) + A; = 0. Hence, we must have 4,0,(z, ) + 4 #0
and Ale(le 7) + A % 0.

Now, in view of Lemma 3.1, we obtain from (3.21) that either

A0z, ) + A

en@.z)-y(ataznte) = |

A
or
Q2 2) * Ay e = 1.
A
If %fﬂwel’z(zbzz)‘Vl(zﬁcl’zz”z) = 1, then in view of (3.21), it follows that %ﬁmmeVl(Zl’ZZ)‘Vz(Zl*Cl’zz"CZ) =1

Therefore, we must obtain that y,(z,2)-p(a+az+6)=§& and y(a,2)-p@a+az+¢) =&,

&, € C. Thus, it follows that y(z,2) - y(za + 26,2 + 20) = V(z, 2) — V(2 + 26,2 + 20) = & + &,

This 1mphes that )/1(21, ) = L(z,2) + H(s;) + B; and ]/2(21, ) = L(z, z,) + H(s1) + B, where L(z, %) = a1z

+ az, and H(s;) is a polynomial in s = ¢z - 6z, @, ay, By, B; € C. Hence, we must obtain that

V(a+a,z+¢6)-y(a+az+6)= By - By, aconstant in C, which is a contradiction to the assumption.
Therefore, we must have

weyl(zl,zz)—yl(zl+cl,zz+cz) =1. (336)
4

In view of (3.21) and (3.36), we obtain that

A10y(z1, ) + Ay

eVi@Lz)-ya+azte) = 1, (3.37)
Ay

Since y,(z, z) and y,(z,2) are the polynomials in €2, from (3.36) and (3.37), we can conclude that
Nz, z) ~ @+ 6,2+ ¢)=n and Y (z,2) - y(z + &, 2 + G) = Iy, Iy, 1), € C. Thus, we have y(z, ) =
Li(z, ) + Hy(s1) + By and y,(z, 25) = La(21, ) + Ha(S1) + By, where Li(z, ) = ajz; + ;52 and Hi(sy) is a poly-
nomial in $; = ¢z — a2, aj;, ajp, B; € C for j =1, 2.

Therefore, in view of (3.22) and (3.36), we obtain that

A
[2yan + nawp)e, - (28ay, + naw)alH + (yef + 8¢t - nac)(H* + H') = Xi[eLl(C) - 1] - (yaj + 8afy + nayayy).



14 — Hong Yan Xu and Goutam Haldar DE GRUYTER

Since yc? + 8¢ - nae # 0, we conclude that Hi(sy) is a linear polynomial in s;, and thus, Li(z) + Hi(s)
becomes linear in C. For the sake of convenience, we still denote that y,(z) = L1(z) + By. In a similar manner,
from (3.22) and (3.37), we can conclude that y,(z) = Ly(z) + B,.

Therefore, it follows from (3.36) and (3.37) that

Ay
eli(©) = Zl(yalz1 + 8afy + nanarp) + 1,

(3.38)
A
el = Zl()’azzl + 8az, + Nanay) + 1.
Now, in view of the first equation of (3.20), it follows that
1
(yD* + D" + nDD")f (7, z,) = ﬁ[AleLl(Zl’zz)"Bl + Ayela(@m) By (3.39)

e} a
where D = % and D' = ——.
Z1 0z

Now, in view of the results in [[31], page 2178, line 21], the complementary function of (3.39) is
¢,(Bz — mzy) + ¢,(Byzn — @Zp), where @y, ay, B, and B, are same as in (i), ¢, and ¢, are finite-order transcen-
dental entire functions in C?, and the particular integral is

Ay el(@.z)+By Ayl m)+By

= + .
V2(yafi + Say + nanap)  V2(yag + Sa + nanaz)

PIL

Hence, the form of the solution of (3.39) is
[z, ) = (B2 — nzy) + O,(Byza — WoZp)
AleLl(ZlyZZ)"'Bl AzeLz(Zl,Zz)+Bz (3.40)
+ + .
V2(yad + 8ah + nanay)  2(yad + Sak + naxaz)

Substituting (3.40) into the second equation of (3.20) and combining with (3.38), we obtain that
6Bz — zy + Bia — i) + ¢,(Byz — Wz + B0 — 1G) = ¢(Biz — izy) + (87 — zp).
This is conclusion (iv). |
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