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Abstract: This study is devoted to exploring the existence and the precise form of finite-order transcendental
entire solutions of second-order trinomial partial differential-difference equations

( ) ( ) ( ) ( ) ( )+ + + + + + =L f hL f f z c z c f z c z c e2 , , g z z2
1 1 2 2 1 1 2 2

2 ,1 2

and

( ) ( )( ( ) ( )) ( ( ) ( )) ( )+ + + − + + + − =L f hL f f z c z c f z z f z c z c f z z e˜ 2 ˜ , , , , ,g z z2
1 1 2 2 1 2 1 1 2 2 1 2

2 ,1 2

where ( )L f and ( )L f˜ are defined in (2.1) and (2.2), respectively, and ( )g z is a polynomial in �2. Our results
are the extensions of some of the previous results of Liu et al. Also, we exhibit a series of examples to explain
that the forms of transcendental entire solutions of finite-order in our results are precise.
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1 Introduction

Fermat’s last theorem [1] says that the Fermat equation + =x y 1m m does not admit nontrivial solutions in
rational numbers when ⩾m 3 and does admit nontrivial rational solutions when =m 2. For a positive integer
m, the equation

+ =f g 1m m (1.1)

is known as Fermat-type equation over function fields. With the help of the Nevanlinna theory [2,3], Montel [4],
Iyer [5], and Gross [6] studied the existence and form of the solutions of the functional equation (1.1)
and pointed out the following:
(i) For =m 2, the entire solutions of (1.1) are ( ) ( ( ))=f z ξ zcos and ( ) ( ( ))=g z ξ zsin , where ξ is a non-constant

entire function.
(ii) For >m 2, there are no non-constant entire solutions of (1.1).
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(iii) For =m 2, the meromorphic solutions of (1.1) are of the form
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where ϕ is a non-constant meromorphic function.
(iv) For =m 3, the meromorphic solutions of (1.1) are of the form
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where =ω 13 and ℘ satisfies (℘ ) ℘′ = −4 1
2 3 .

(v) For >m 3, there are no non-constant meromorphic solutions.

In 2004, Yang and Li [7] investigated (1.1) by replacing g with ′f when =m 2, and proved that
the transcendental entire solution of ( ) ( )+ ′ =f z f z 12 2 has the form ( ) = ∕ + ∕−f z Ae e A2 2αz αz , where
A and α are non-zero complex constants.

The advent of the difference analog lemma of the logarithmic derivative [8,9] expedites the research
activity to characterize the entire or meromorphic solutions of Fermat-type difference and differential-differ-
ence equations [10–13]. In 2012, Liu et al. [14] proved that the transcendental entire solutions with finite-order
of the Fermat-type difference equation ( ) ( )+ + =f z f z c 12 2 must satisfy ( ) ( )= +f z Az Bsin , where B

is a constant and ( )= + ∕A k π c4 1 2 , where k is an integer. In 2016, Liu and Yang [15] studied the existence and
the form of solutions of some quadratic trinomial functional equations and obtained some important results
as follows. The equation ( ) ( ) ( ) ( )+ ′ + ′ =f z αf z f z f z2 12 2 has no transcendental meromorphic solutions, and
the finite-order transcendental entire solution of ( ) ( ) ( ) ( )+ + + + =f z αf z f z c f z c2 12 2 must be of order equal
to one, where in both the equations, ≠ ±α 0, 1.

The study of several characteristics of the solutions to partial differential equations in several complex
variables [16–24] is an important topic. The Fermat-type equation like appears in particle mechanics; in
particular, it appears as the Lagrange function in the Lagrangian functional describing the “action” of a
system. As far as the author’s knowledge is concerned, Saleebly, in 1999, first started investigation about
the existence and form of entire and meromorphic solutions of Fermat-type partial differential equations
[25,26]. Most noticeably, Khavinson [27] proved that any entire solution of the partial differential equation

+ =f f 1
z z

2 2

1 2

must be linear, i.e., ( ) = + +f z z az bz c,1 2 1 2 , where �∈a b c, , , and + =a b 12 2 . Later, Li [28,29]

investigated the partial differential equations with more general forms such as + =f f p
z z

2 2

1 2

and + =f f e
z z

q2 2

1 2

,

where p and q are the polynomials in �2.
Hereinafter, we denote by ( )+ = + +z w z w z w,1 1 2 2 for any �( ) ( )= = ∈z z z w w w, , ,1 2 1 2

2.
Recently, Xu and Cao [30] extended several results from one complex variable to several complex

variables. In fact, they considered two Fermat-type equations ( ) ( )+ + =f z f z c 12 2 and ( )+ + =f z c f 1
z

2 2

1

and proved that any finite-order transcendental entire solution � � �( )→f : n 1 has the form ( ) ( ( )=f z L zcos

)+B , where L is a linear function of the form ( ) = + +L z a z a z… n n1 1 on �n such that ( ) = − ∕ −L c π kπ2 2 ( �∈k ),
and �∈B and ( ) ( )= + +f z A z A zcos Constant1 1 2 2 , where + = − ∕ −A c A c π kπ2 21 1 2 2 , �∈k , respectively.

In 2022, Xu et al. [31] explored the precise form of entire and meromorphic solutions of the following
partial differential difference equations:
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where ( )g z is a polynomial in �2 and α and β are the constants in � . For detail study, we insist the readers
to go through [31].
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As far as we know, it was Saleeby [32], who first considered another quadratic functional equation

+ + =f αfg g2 1,2 2 (1.4)

and investigated the existence and form of transcendental entire and meromorphic solutions in �n. We recall
the result.

Theorem A. [32] The transcendental entire solutions of (1.4) must be of the form ( )
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1
, where h is entire �n. The meromorphic solutions of (1.4) must be of the form
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and ( )
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, where ( )β z is meromorphic in �n and = − + −α α α 11
2 ,

= − − −α α α 12
2 , and ≠α 0, 12 .

In 2021, Li and Xu [33] considered the quadratic trinomial partial differential difference equations
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and obtained the following result.

Theorem B. [33] Let ≠α 0, 12 , ≠c 02 , and g be a non-constant polynomial in �2, and not the form of ( )ϕ z2 .
If (1.5) admits a finite-order transcendental entire solution f, then g must be of the form ( ) = + +g z z a z a z b,1 2 1 1 2 2 ,
where �( )≠ ∈a a b0 , ,1 2 2 . Furthermore, ( )f z must satisfy one of the following cases:
(i)

( ) ( ) ( )= + − + +f z z
a

A ξ A ξ e,
2

,a z a z b
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1
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where �( )≠ ∈ξ a a b c c A A0 , , , , , , ,1 2 1 2 1 2 satisfying
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where �( )≠ ∈a b0 ,j j , ( )=j 1, 2 satisfy + ≠ +a z a z a z a z11 1 12 2 21 1 22 2,

( ) ( ) ( )= + + + + +g z z a a z a a z b b and, ,1 2 11 21 1 12 22 2 1 2
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2 Main results

Inspired by Theorems A and B, and utilizing difference analogs of the Nevanlinna theory of several complex
variables [34,35], we investigate the existence and forms of transcendental entire solutions of the following
trinomial second-order partial differential-difference equations:

( ) ( ) ( ) ( ) ( )+ + + + + + =L f hL f f z c z c f z c z c e2 , , g z z2
1 1 2 2 1 1 2 2

2 ,1 1 (2.1)

and

( ) ( ) ( ) ( ( ) ( )) ( )+ + + + + + − =L f hL f f z c z c f z c z c f z z e˜ 2 ˜ , , , ,g z z2
1 1 2 2 1 1 2 2 1 2

2 ,1 2 (2.2)
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where ( )
( ) ( ) ( )= + +∂
∂

∂
∂

∂
∂ ∂L f γ δ η˜

f z z

z

f z z

z

f z z

z z

, , ,2
1 2

1
2

2
1 2

2
2

2
1 2

1 2

, and ( )
( ) ( )= + +∂
∂

∂
∂L f L α β˜

f z z

z

f z z

z

, ,1 2

1

1 2

2

, α β γ δ, , , , and η are
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2, and ( )g z is a polynomial in �2.

Before we state our main results, let us first set that
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where ≠ ±h 0, 1, 2 is a constant in � ,
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Now, we state our results as follows.

Theorem 2.1. Let �( )= ∈c c c,1 2
2, �∈h such that ≠ ±h 0, 1 and ( )g z z,1 2 is a polynomial in�2. If ( )f z be a finite-

order transcendental entire solution of equation (2.1), then one of the following cases occurs.
(i) The form of the solution f is of the form ( ) = ∑ +f z z Ae, l z l z

1 2
1 1 2 2, where A l, 1, and l2 are the arbitrary constants

in � with + + + + =αl βl γl δl ηl l 01 2 1

2

2

2
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(ii) g must be of the form ( ) ( ) ( )= + +g z z L z z H s B, ,1 2 1 2 1 , where ( ) = +L z z a z a z,1 2 1 1 2 2, ( )H s1 is a polynomial
in = −s c z c z1 2 1 1 2, a a B, ,1 2 are constants in � , and the form of the solution is
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where a0 is the coefficient of s1 of the polynomial ( )H s1 and Rj’s are defined in (2.4). In particular,
if − ≠R c R c 01 2 2 1 or ≠R 03 , then ( )H s1 becomes linear in s1.

(iii) ( )g z z,1 2 must be of the form ( ) ( ) ( )= + +g z z L z z H s B, ,1 2 1 2 1 , where ( ) ( ) ( )= +L z z L z z L z z, , ,1 2 1 1 2 2 1 2

and ( ) ( ) ( )= +H s H s H s1 1 1 2 1 with ( ) ( ) ( ) ( )+ ≠ +L z z H s L z z H s, ,1 1 2 1 1 2 1 2 2 1 and ( ) = +L z z a z a z,j j j1 2 1 1 2 2,
= +B B B1 2; ( )H sj 1 is a polynomial in = −s c z c z1 2 1 1 2 for =j 1, 2, and B B,1 2, and aji are the constants

in � , and the form of the solution is
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where ( )L z z,1 1 2 and ( )L z z,2 1 2 , respectively, satisfy the relations

[ ( ) ] [ ( ) ]( ) ( )= + − + = + − +e
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1
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2 1

2
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21 2

a0 and a00, respectively, the coefficients of the linear term of the polynomials ( )H s1 1 and ( )H s2 1 , and Rij’s
are defined in (2.4). In particular, if − ≠R c R c 015 2 16 1 or ≠R 03 , then H1 becomes linear in s1. Similarly,
if − ≠R c R c 025 2 26 1 or ≠A 03 , then H2 becomes linear in s1.

Next, we exhibit some examples in support of Theorem 2.1.
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Example 2.2. Let = =α β 0, = =γ δ 1, = −η 2, = − ∕h 5 4, = =c c πi1 2 , and ( ) ( )= +g z z z2 1 2 . Then, it can be easily
seen that ( ) = +f z z e, z z

1 2
1 2 is a solution of (2.1), which is the conclusion (i) of Theorem 2.1.
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where A1 and A2 are given by (2.3).

Example 2.4. Let = =α β 0, = =γ δ 1, = −η 2, ( ) = +L z z z1 1 2, ( ) = +L z z z22 1 2, ( ) ( )= =H s H s 01 1 2 2 ,
and = =B B 11 2 . Then, in view of conclusion (iii) of Theorem 2.1, it can be easily verified

that ( ) [ ]= ++ + + +f z z A e A e, z z z z
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2 1
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Theorem 2.5. Let �( )= ∈c c c,1 2
2, �∈γ δ η h, , , such that ≠ ≠ ±γ h0, 0, 1 and ( )g z z,1 2 is a polynomial in �2.

Let ( )f z be a finite-order transcendental entire solution of (2.2). Then, one of the following cases must occur.
(i) ( ) ( ) ( )= − + −f z z ϕ β z α z ϕ β z α z,1 2 1 1 1 1 2 2 2 1 2 2 , where ϕ

1
and ϕ

2
are finite-order transcendental entire functions

in �2 satisfying
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where = =α α γ β β δ,1 2 1 2
and + =α β β α η1 2 1 2 .

(ii) ( ) ( )= + + − +g z z a z a z H c z c z B,1 2 1 1 2 2 2 1 1 2 , where H is a polynomial in −c z c z2 1 1 2 and + =a c a c kπi41 1 2 2 ,
�∈k ,
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where α α β, ,1 2 1
, and β

2
are defined in (i) and G0 and G1 are finite-order transcendental entire functions in �2
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(iii) If + ≠γc δc ηc c2

2

1

2
1 2, then g must be of the form ( ) = + +g z z a z a z B,1 2 1 1 2 2 , �∈a a B, ,1 2 , and the form

of the solution is
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A ξ A ξ

γa δa ηa a
e,

2 2
,a z a z B

1 2 1 1 1 1 2 2 2 1 2 2

1 2
1

1

2

2

2
1 2

1

2 1 1 2 2

Characterizations of transcendental entire solutions  5



where �( )≠ ∈ξ 0 , + + ≠γa δa ηa a 01

2
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2
1 2 , α α β, ,1 2 1
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2
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(iv) If + ≠γc δc ηc c2
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2
1 2, then g must be of the form ( ) ( ) ( )= + + +g z z L z z L z z B B, , ,1 2 1 1 2 2 1 2 1 2, where ( ) =L z z,j 1 2

+a z a zj j1 1 2 2 with ( ) ( )≠L z z L z z, ,1 1 2 2 1 2 , �∈a B,ij j and the form of the solution is

( ) ( ) ( )
( ) ( )

( ) ( )

= − + − +
+ +

+
+ +

+ +
f z z ϕ β z α z ϕ β z α z

A e

γa δa ηa a

A e

γa δa ηa a
,

2 2
,

L z z B L z z B

1 2 1 1 1 1 2 2 2 1 2 2

1
,

11

2

12

2
11 12

2
,

21

2

22

2
21 22

1 1 2 1 2 1 2 2

where + + ≠γa δa ηa a 021

2

22

2
21 22 , + + ≠γa δa ηa a 011

2

12

2
11 12 , α α β β, , ,1 2 1 2

are the same as in (i), A1 and A2

are defined in (2.3), ϕ
1
and ϕ

2
are finite-order transcendental entire functions in �2 such that

( ) ( ) ( ) ( )

( )

( )

( )

( )

− + − + − + − = − + −

⎧

⎨
⎪

⎩
⎪

= + + +

= + + +

ϕ β z α z β c α c ϕ β z α z β c α c ϕ β z α z ϕ β z α z and

e
A

A
γa δa ηa a

e
A

A
γa δa ηa a

1,

1.

L c

L c

1 1 1 1 2 1 1 1 2 2 2 1 2 2 2 1 2 2 1 1 1 1 2 2 2 1 2 2

2

1

11

2

12

2
11 12

1

2

21

2

22

2
21 22

1

2

The following examples show that the forms of solutions are precise.

Example 2.6. Let = = = =α α β β 11 2 1 2
. Choose �( )= ∈c c c,1 2

2 such that − =c c 2 log21 2 . Then, in view of con-
clusion (i) of Theorem 2.5, we can easily deduce that ( ) ( )= ++ ∕ ∕f z z e e, 2 z z z

1 2
2 21 2 2 is a solution of (2.2)

with ( ) = −g z z z z,1 2 1 2.

Example 2.7. Let = =α α 11 2 , = =β β 0
1 2

, = =a a 11 2 , and = =c c πi41 2 . Let ( ) = +g z z z z,1 2 1 2, ( ) = ∕G z e2 z
0 2

22

and ( ) = ∕G z e4 z
1 2

22 . Then, in view of conclusion (ii) of Theorem 2.5, we can easily deduce that ( ) ( )= + ∕f z z e, 4 z z
1 2

21 2

is a solution of (2.2).

Example 2.8. Let = = = = =ξ α α β β 11 2 1 2
, = +c πilog21 , = −c πilog22 , and ( )−ψ z z

1 1 2 = ( )− +ϕ z z
1 1 2

( )− = −ϕ z z ez z

2 1 2
1 2. Then, in view of conclusion (iii) of Theorem 2.5, we can easily see that ( ) =f z z,1 2

( )+− + + + ∕e ez z
A A

z z

2

1 21 2
1 2

1 2 is a solution of (2.2), where A1 and A2 are given by (2.3).

Example 2.9. Let = = = =α α β β 11 2 1 2
, ( )− = −ϕ z z ez z

1 1 2
1 2, and ( )− =ϕ z z 0

2 1 2 . Choose �( )= ∈c c c,1 2
2 such that

− =c c πi41 2 . Let ( ) = +L z z z21 1 2 and ( ) = +L z z z22 1 2 such that ( )( ) = + ∕e A A A9L c
2 1 1

1 and ( )( ) = + ∕e A A A9L c
1 2 2

2 ,

where A1 and A2 are given by (2.3). Then, we can easily verify that ( ) ( )= + +− + + + +f z z e A e A e, z z z z z z
1 2

1

9 2
1

2 5
2

2 61 2 1 2 1 2

is a solution of (2.2) with ( ) = + +g z z z z, 2 2 111 2 1 2 .

3 Proofs of the main results

Before proving the main results, we present here some necessary lemmas that will play a key role to prove
the main results of this article.

Lemma 3.1. [36] Let ≢f 0
j

( )=j 1, 2, 3 be meromorphic functions on �n such that f
1
is not constant, +f f

1 2

+ =f 1
3

, and such that

( ) ( ) ( ( ))∑
⎧
⎨
⎩

⎛

⎝
⎜

⎞

⎠
⎟ +

⎫
⎬
⎭
< +

=

+N r
f

N r f λT r f O T r f,
1

2 , , log ,

j j

j j j

1

3

2

holds for all r outside possibly a set with finite logarithmic measure, where <λ 1 is a positive number.
Then, either =f 1

2
or =f 1

3
.
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Lemma 3.2. [36] Let ( ) ( ) ( )a z a z a z, ,…, n0 1 ( )⩾n 1 be meromorphic functions on �m and ( ) ( ) ( )g z g z g z, ,…,
n0 1

are
entire functions on �m such that ( ) ( )−g z g z

j k
are not constants for ⩽ < ⩽j k n0 . If ( ) ( )∑ ≡= a z e 0j

n

j
g z

0
j , and

∣∣ ( ) ( ( ))=T r a o T r, j , where ( ) ( )= ⩽ < ⩽
−T r T r emin ,j k n

g g
0

j k for =j n0, 1,…, , then ( ) ≡a z 0j for each =j n0, 1,…, .

Lemma 3.3. [37–39] For an entire function F on�n, ( ) ≢F 0 0 and put ( ) = < ∞ρ n ρF . Then, there exist a canonical
function f

F
and a function �∈g

F

n such that ( ) ( ) ( )=F z f z e
F

g z
F . For the special case =n 1, f

F
is the canonical

product of Weierstrass.

Lemma 3.4. [40] If g and h are entire functions on the complex plane � and ( )g h is an entire function of finite-
order, then there are only two possible cases: either
(i) the internal function h is a polynomial and the external function g is of finite-order; or else
(ii) the internal function h is not a polynomial but a function of finite-order, and the external function g is of zero

order.

Proof of Theorem 2.1. Let ( )f z z,1 2 be a transcendental entire solution of equation (2.1). Let us make
a transformation

( ) ( ) ( ) ( )= − + + = +L f U V f z c z c U V
1

2
, ,

1

2
.1 1 2 2 (3.1)

Then, equation (2.1) becomes

( ) ( ) ( )+ + − =h U h V e1 1 ,g z z2 2 ,1 2

which can be rewritten as

( ) ( ) ( ) ( )
⎜ ⎟⎜ ⎟
⎛
⎝

+
+

− ⎞
⎠
⎛
⎝

+
−

− ⎞
⎠
=∕ ∕ ∕ ∕

h U

e
i

h V

e

h U

e
i

h V

e

1 1 1 1
1.

g z z g z z g z z g z z, 2 , 2 , 2 , 21 2 1 2 1 2 1 2

(3.2)

Since f is finite-order transcendental entire, in view of Lemmas 3.3 and 3.4, it follows from (3.2) that

( ) ( )
( )

( ) ( )
( )

⎧

⎨
⎪

⎩
⎪

+
+

−
=

+
−

−
=

∕ ∕

∕ ∕
−

h U

e
i

h V

e
e

h U

e
i

h V

e
e

1 1

1 1
,

g z z g z z

h z z

g z z g z z

h z z

, 2 , 2

,

, 2 , 2

,

1 2 1 2

1 1 2

1 2 1 2

1 1 2

where ( )h z z,1 1 2 is a polynomial in �2, from which we obtain

( ) ( )
( )

( ) ( )
( )=

+
+

=
−
−

−
∕

−
∕U

e e

h
e V

e e

i h
e

2 1
and

2 1
.

h z z h z z

g z z

h z z h z z

g z z

, ,

, 2

, ,

, 2
1 1 2 1 1 2

1 2

1 1 2 1 1 2

1 2 (3.3)

Set

( )
( )

( ) ( )
( )

( )= + = −γ z z
g z z

h z z γ z z
g z z

h z z,
,

2
, and ,

,

2
, .

1 1 2

1 2

1 1 2 2 1 2

1 2

1 1 2
(3.4)

Therefore, it follows from (3.3) and (3.4) that

( ) ( ) ( ) ( )

=
+
+

=
−
−

U
e e

h
V

e e

i h2 1
and

2 1
.

γ z z γ z z γ z z γ z z, , , ,
1 1 2 2 1 2 1 1 2 2 1 2

(3.5)

In view of (3.1) and (3.5), we obtain that

( ) [ ]

( ) [ ]

( ) ( )

( ) ( )

⎧

⎨
⎪

⎩
⎪

= +

+ + = +

L f A e A e

f z c z c A e A e

1

2
,

,
1

2
.

γ z z γ z z

γ z z γ z z

1
,

2
,

1 1 2 2 2
,

1
,

1 1 2 2 1 2

1 1 2 2 1 2

(3.6)
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After simple calculation, it follows from the two equations of (3.6) that

( ) ( )( ) ( ) ( ) ( ) ( ) ( )+ − =− + + − + + + + − + +A

A
Q z z e Q z z e

A

A
e, , 1,γ z z γ z c z c γ z z γ z c z c γ z c z c γ z c z c2

1
1 1 2

, ,

2 1 2
, , 2

1

, ,
1 1 2 1 1 1 2 2 2 1 2 1 1 1 2 2 2 1 1 2 2 1 1 1 2 2 (3.7)

where

( ) ⎟ ⎟⎜ ⎜=
∂
∂

+
∂
∂

+
⎛

⎝
⎜
⎛
⎝

∂
∂

⎞
⎠
+
∂
∂

⎞

⎠
⎟ +

⎛

⎝
⎜
⎛
⎝

∂
∂

⎞
⎠
+
∂
∂

⎞

⎠
⎟

+
⎛

⎝
⎜
∂
∂

∂
∂

+
∂
∂ ∂

⎞

⎠
⎟ =

Q z z α

γ

z
β

γ

z
γ

γ

z

γ

z
δ

γ

z

γ

z

η

γ

z

γ

z

γ

z z
j

,

, 1, 2.

j

j j j j j j

j j j

1 2

1 2 1

2 2

1

2
2

2 2

2

2

1 2

2

1 2

(3.8)

Now, we discuss two possible cases.
Case 1. Let ( ) ( )+ + − + + =γ z c z c γ z c z c k, ,

2 1 1 2 2 1 1 1 2 2 , a constant in � . In view of (3.4), we conclude that ( )h z z,1 1 2

is constant. Let �( )= ∈ξ eh z z,1 1 2 . Then, (3.6) yields that

( ) ( )( ) ( )= + + =∕ ∕L f C e f z c z c C e, , ,g z z g z z
1

, 2
1 1 2 2 2

, 21 2 1 2 (3.9)

where ( )= + −C A ξ A ξ1

1

2
1 2

1 , ( )= + −C A ξ A ξ2

1

2
2 1

1 .

Note that

[( )( ) ]≠ + = + + +−C C C A A ξ ξ A A0 and
1

2
4 .2 1

2

2

2

1

2

2

2 2 2
1 2

(3.10)

If =C 01 , in view of (3.9) and (3.10), it follows that

( ) ( )
⎪

⎪
⎧
⎨
⎩

∂
∂

+
∂
∂

+
∂
∂

+
∂
∂

+
∂
∂ ∂

=

+ + = ± ∕

α
f

z
β

f

z
γ

f

z
δ

f

z
η

f

z z

f z c z c e

0,

, .g z z

1 2

2

1

2

2

2

2

2

1 2

1 1 2 2
, 21 2

(3.11)

From the first equation of (3.11), we obtain that

( ) ∑= +f z z Ae, ,l z l z
1 2

1 1 2 2

where A l, 1, and l2 are the arbitrary constants in � satisfying the relation + + + + =αl βl γl δl ηl l 01 2 1

2

2

2
1 2 .

From the second equation of (3.11), we obtain that

( ) ∑= ⎛
⎝± ′ ⎞

⎠
+g z z Ln A e, 2 ,l z l z

1 2
1 1 2 2

where ′ = +A Ael c l c1 1 2 2. This is conclusion (i).
If ≠C 01 , then from (3.9), we obtain that

[ ( ) ( )]

⎟ ⎟⎜ ⎜

⎟⎜

⎜ ⎟ ⎜ ⎟

∂
∂

+
∂
∂

+
⎛

⎝
⎛
⎝
∂
∂

⎞
⎠ +

∂
∂

⎞

⎠
+

⎛

⎝
⎛
⎝
∂
∂

⎞
⎠ +

∂
∂

⎞

⎠

+ ⎛
⎝

∂
∂

∂
∂

+
∂
∂ ∂

⎞
⎠
= + + −

α
g

z
β

g

z
γ

g

z

g

z
δ

g

z

g

z

η
g

z

g

z

g

z z

C

C
e

1

2

1

2

1

2

2
.g z c z c g z z

1 2 1

2 2

1

2
2

2 2

2

2

1 2

2

1 2

1

2

, ,
1

2 1 1 2 2 1 2

(3.12)

Since g is a polynomial in �2, it follows from (3.12) that ( ) ( )+ + −g z c z c g z z, ,1 1 2 2 1 2 must be constant,
say �∈ζ .

Then, g can be written as ( ) ( ) ( )= + +g z z L z z H s B, ,1 2 1 2 1 , where ( ) = +L z z a z a z,1 2 1 1 2 2, ( )H s1 is a polyno-
mial in = −s c z c z1 2 1 1 2, a a,1 2, and B are the constants in � . Hence, it follows from (3.12) that

( )
( )

( )− ′ + ⎛
⎝ ′ + ′ ⎞⎠ =

+
+

−′
−

−R c R c H R H H
A ξ A ξ

A ξ A ξ
e R

1

2

2
,L c

1 2 2 1 3

2 1 2
1

2 1
1 4

1

2 (3.13)

where ′R s are defined in (2.4).
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If − = =R c R c R01 2 2 1 3, then from (3.13), we obtain

( )
( ) =

+
+

−

−e
A ξ A ξ

A ξ A ξ
R

2
.L c 2 1

1

1 2
1 4

1

2

If − ≠R c R c 01 2 2 1 or (here “or” is in inclusive sense) ≠R 03 , then it follows from (3.13) that ′H must be
constant, say a0, which is the coefficient of s1 in the polynomial ( )H s1 .

Therefore, from (3.13), we obtain that

( )
( )( ) =

+
+

⎡
⎣ + − + ⎤

⎦
−

−e
A ξ A ξ

A ξ A ξ
R R c R c a R a

2

1

2
.L c 2 1

1

1 2
1 4 1 2 2 1 0 3 0

2
1

2 (3.14)

Hence, in either case ( )L z satisfies relation (3.14).
Therefore, in view of the second equation of (3.9), we obtain the form of the solution as

( ) ( ) [ ( ) ( ) ( ) ]= + − + − +f z z A ξ A ξ e,
1

2
.L z z H s L c B

1 2 2 1
1 ,

1

2 1 2 1

This is conclusion (ii).
Case 2 Let ( ) ( )+ + − + +γ z c z c γ z c z c, ,

2 1 1 2 2 1 1 1 2 2 be non-constant. Then, in view of (3.7), it follows that ( )Q z z,
1 1 2

and ( )Q z z,
2 1 2 both cannot be zero at the same time.

If ( ) ≡Q z z, 0
1 1 2 and ( ) ≢Q z z, 0

2 1 2 , then (3.7) yields that

( ) ( ) ( ) ( ) ( )− =− + + + + − + +Q z z e
A

A
e, 1.γ z z γ z c z c γ z c z c γ z c z c

2 1 2
, , 2

1

, ,
2 1 2 1 1 1 2 2 2 1 1 2 2 1 1 1 2 2

In view of the aforementioned equation, it follows that

( )

( )

( ) ( ) ( ) ( )

( ) ( )

⎜ ⎟⎟⎜
⎛
⎝ +

⎞
⎠
=

⎛
⎝

⎞
⎠

=

+ + − + + − + +

− + +

N r
A e A

N r
Q z z e

S r e

,
1

,
1

,

, .

γ z c z c γ z c z c γ z z γ z c z c

γ z z γ z c z c

2
, ,

1 2 1 2
, ,

, ,

2 1 1 2 2 1 1 1 2 2 2 1 2 1 1 1 2 2

2 1 2 1 1 1 2 2

Also, note that

( ) ( )( ) ( ) ( ) ( )=+ + − + + + + − + +N r e S r e, , ,γ z c z c γ z c z c γ z c z c γ z c z c, , , ,
2 1 1 2 2 1 1 1 2 2 2 1 1 2 2 1 1 1 2 2

( )
( ) ( )

( ) ( )⎛
⎝

⎞
⎠ =+ + − + +

+ + − + +N r
e

S r e,
1

, .
γ z c z c γ z c z c

γ z c z c γ z c z c

, ,

, ,

2 1 1 2 2 1 1 1 2 2

2 1 1 2 2 1 1 1 2 2

By the second main theorem of Nevanlinna for several complex variables, we obtain

( )

( )

( )

( ) ( )

( ) ( )

( ) ( )
( ) ( )

( ) ( )
( ) ( )

( ) ( ) ( ) ( )

⎟⎜

⩽ + ⎛
⎝

⎞
⎠

+ ⎛
⎝ − ∕

⎞
⎠
+

⩽ +

+ + − + +

+ + − + +
+ + − + +

+ + − + +
+ + − + +

+ + − + + − + +

T r e

N r e N r
e

N r
e A A

S r e

S r e S r e

,

, ,
1

,
1

,

, , .

γ z c z c γ z c z c

γ z c z c γ z c z c

γ z c z c γ z c z c

γ z c z c γ z c z c

γ z c z c γ z c z c

γ z c z c γ z c z c γ z z γ z c z c

, ,

, ,

, ,

, ,
1 2

, ,

, , , ,

2 1 1 2 2 1 1 1 2 2

2 1 1 2 2 1 1 1 2 2

2 1 1 2 2 1 1 1 2 2

2 1 1 2 2 1 1 1 2 2

2 1 1 2 2 1 1 1 2 2

2 1 1 2 2 1 1 1 2 2 2 1 2 1 1 1 2 2

This implies that ( ) ( )+ + − + +γ z c z c γ z c z c, ,
2 1 1 2 2 1 1 1 2 2 is constant, which is a contradiction. Similarly, we

can obtain a contradiction for the case ( ) ≢Q z z, 0
1 1 2 and ( ) ≡Q z z, 0.

1 1 2 Hence, ( ) ≢Q z z, 0
1 1 2 and ( ) ≢Q z z, 0

2 1 2 .
Since ( )γ z z,

1 1 2 and ( )γ z z,
2 1 2 are the polynomials in �2 and ( ) ( )+ + − + +γ z c z c γ z c z c, ,

2 1 1 2 2 1 1 1 2 2

is non-constant, applying Lemma 3.1 to equation (3.7), we obtain that either

( ) ( )( ) ( ) ( ) ( )= =− + − + +A

A
Q z e Q z z e1, or , 1.γ z γ z c γ z z γ z c z c2

1
1 2 1 2

, ,
1 1 2 1 2 1 1 1 2 2

If

( ) ( ) ( ) =− + +A

A
Q z z e, 1,γ z z γ z c z c2

1
1 1 2

, ,
1 1 2 1 1 1 2 2 (3.15)
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then from (3.7), it follows that

( ) ( ) ( ) =− + +Q z z e
A

A
, .γ z z γ z c z c

2 1 2
, , 1

2

2 1 2 2 1 1 2 2 (3.16)

As ( )γ z z,
1 1 2 and ( )γ z z,

2 1 2 are polynomials, in view of (3.15) and (3.16), we conclude that ( ) −γ z z,
1 1 2

( )+ +γ z c z c,
1 1 1 2 2 and ( ) ( )− + +γ z z γ z c z c, ,

2 1 2 2 1 1 2 2 both are constants in � , and hence, we can obtain that
( ) ( ) ( )= + +γ z z L z z H s B, ,

1 1 2 1 1 2 1 1 1 and ( ) ( ) ( )= + +γ z z L z z H s B, ,
2 1 2 2 1 2 2 1 2, where ( ) = +L z z a z a z,j j j1 2 1 1 2 2, ( )H sj 1

is a polynomial in = −s c z c z1 2 1 1 2, and a a B, ,j j1 2 1, and B2 are the constants in � for =j 1, 2. Note that
( ) ( ) ( ) ( )+ ≠ +L z z H s L z z H s, ,1 1 2 1 1 2 1 2 2 1 . Otherwise, ( ) ( )+ + − + +γ z c z c γ z c z c, ,

2 1 1 2 2 1 1 1 2 2 would become constant,
a contradiction to our assumption. Hence, the form of the polynomial g is ( ) ( ) ( )= + +g z z L z z H s B, ,1 2 1 2 1 ,
where ( ) ( ) ( )= +L z z L z z L z z, , ,1 2 1 1 2 2 1 2 , ( ) ( ) ( )= +H s H s H s1 1 1 2 1 , and = +B B B1 2.

Therefore, in view of (3.15) and (3.16), we obtain that

( ) ( )

( ) ( )

( )

( )

⎧

⎨
⎪

⎩
⎪

− ′ + ′ + ″ = −

− ′ + ′ + ″ = −

R c R c H R H H
A

A
e R

R c R c H R H H
A

A
e R

,

,

L c

L c

15 2 16 1 1 3 1

2

1

1

2

17

25 2 26 1 2 3 2

2

2

2

1

27

1

2

(3.17)

where ′R s are defined in (2.4).
Then, by similar arguments as in Case 1, we obtain from (3.17) that

( ( ) )

( ( ) )

( )

( )

⎧

⎨
⎪

⎩
⎪

= + − +

= + − +

e
A

A
R R c R c a R a

e
A

A
R R c R c a R a

,

,

L c

L c

2

1

17 15 2 16 1 0 3 0

2

1

2

27 25 2 26 1 00 3 00

2

1

2

(3.18)

where a0 and a00, respectively, the coefficients of the linear term of the polynomials ( )H s1 1 and ( )H s2 1 .
Therefore, in view of the second equation of (3.6), we obtain

( ) ( )( ) ( ) ( ) ( ) ( ) ( )= ++ − + + − +f z z A e A e,
1

2
,L z z H s L c B L z z H s L c B

1 2 2
,

1
,1 1 2 1 1 1 1 2 1 2 2 1 2 2

where ( )L c1 and ( )L c2 can be found from (3.18).
This is conclusion (iii).
If ( ) ( ) ( ) =− + +Q z z e, 1γ z z γ z c z c

2 1 2
, ,

2 1 2 1 1 1 2 2 , then it follows from equation (3.7) that ( ) ( ) ( ) =− + +Q z z e, 1γ z z γ z c z c

1 1 2
, ,

1 1 2 2 1 1 2 2 .
Since ( )γ z z,

1 1 2 and ( )γ z z,
2 1 2 are both polynomials in �2, it follows that ( ) ( )− + + =γ z z γ z c z c η, ,

2 1 2 1 1 1 2 2 1

and ( ) ( )− + + =γ z z γ z c z c η, ,
1 1 2 2 1 1 2 2 2

, where �∈η η,
1 2

. This implies that ( ) ( )− + +γ z z γ z c z c, ,
1 1 2 1 1 1 2 2

( ) ( )= − + + = +γ z z γ z c z c η η, ,
2 1 2 2 1 1 2 2 1 2

. Therefore, we can write γ
1
( ) ( ) ( )= + +z z L z z H s ζ, ,1 2 1 2 1 1 and ( )γ z z,

2 1 2

( ) ( )= + +L z z H s ζ,1 2 1 2. But, then we obtain ( ) ( )+ + − + + = −γ z c z c γ z c z c ζ ζ, ,
2 1 1 2 2 1 1 1 2 2 2 1, constants, which

is a contradiction. □

Proof of Theorem 2.5. Let ( )f z z,1 2 be a finite-order transcendental entire solution of equation (2.2).
Let us make a transformation

( ) ( ) ( ) ( ) ( )= − + − = +L f U V f z c f z U V˜
1

2
,

1

2
. (3.19)

Then, by similar arguments as in Theorem 2.1, we can obtain that

( ) [ ]

( ) ( ) [ ]

( ) ( )

( ) ( )

⎧

⎨
⎪

⎩
⎪

= +

+ + − = +

L f A e A e

f z c z c f z z A e A e

˜
1

2

, ,
1

2
,

γ z z γ z z

γ z z γ z z

1
,

2
,

1 1 2 2 1 2 2
,

1
,

1 1 2 2 1 2

1 1 2 2 1 2

(3.20)

where γ
1
and γ

2
are defined in (3.4) and A1 and A2 are defined in (2.3).
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In view of equations in (3.20), we obtain that

( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

+
+

+
− =− + + − + + + + − + +A Q z z A

A
e

A Q z z A

A
e

A

A
e

, ,
1,γ z z γ z c z c γ z z γ z c z c γ z c z c γ z c z c

2 1 1 2 1

1

, ,
1 2 1 2 2

1

, , 2

1

, ,
1 1 2 1 1 1 2 2 2 1 2 1 1 1 2 2 2 1 1 2 2 1 1 1 2 2 (3.21)

where

( ) ⎟ ⎟⎜ ⎜=
⎛

⎝
⎜
⎛
⎝

∂
∂

⎞
⎠
+
∂
∂

⎞

⎠
⎟ +

⎛

⎝
⎜
⎛
⎝

∂
∂

⎞
⎠
+
∂
∂

⎞

⎠
⎟ +

⎛

⎝
⎜
∂
∂

∂
∂

+
∂
∂ ∂

⎞

⎠
⎟ =Q z z γ

γ

z

γ

z
δ

γ

z

γ

z
η

γ

z

γ

z

γ

z z
j, , 1, 2.

j

j j j j j j j

1 2

1

2 2

1

2
2

2 2

2

2
1 2

2

1 2

(3.22)

Now, we consider two possible cases.
Case 1. Let �( ) ( )+ + − + + = ∈γ z c z c γ z c z c k, ,

2 1 1 2 2 1 1 1 2 2 . In view of (3.4), we conclude that ( )h z z,1 1 2 is constant.
Set �= ∈e ξh1 . Then, (3.20) yields that

( ) ( ) ( )( ) ( )= + + − =∕ ∕L f C e f z c z c f z z C e˜ , , , ,g z z g z z
1

, 2
1 1 2 2 1 2 2

, 21 2 1 2 (3.23)

where ( )= + −C A ξ A ξ1

1

2
1 2

1 , ( )= + −C A ξ A ξ2

1

2
2 1

1 .
Note that

[( )( ) ]+ = + + +−C C A A ξ ξ A A
1

2
4 .1

2

2

2

1

2

2

2 2 2
1 2

(3.24)

Subcase 1.1. Let =C 01 . Then, in view of (3.24), we obtain that = ±C 12 . Therefore, it follows from (3.23) that

( ) ( ) ( )

( ) ( ) ( )
⎪

⎪
⎧
⎨
⎩

∂
∂

+
∂

∂
+

∂
∂ ∂

=

+ + − = ± ∕

γ
f z z

z
δ

f z z

z
η

f z z

z z

f z c z c f z z e

, , ,
0,

, , .g z z

2
1 2

1

2

2
1 2

2

2

2
1 2

1 2

1 1 2 2 1 2
, 21 2

(3.25)

Now, in view of the results in [35, page 2178, line 21], the first equation of (3.25) can be written as

( )( ) ( )+ ′ + ′ =α D β D α D β D f z 0,1 1 2 2
(3.26)

where ≡ ∂
∂D

z1

, ′ ≡ ∂
∂D

z2

, = =α α γ β β δ,1 2 1 2
, and + =α β α β η1 2 2 1

.
Solving (3.26), we obtain that

( ) ( ) ( )= − + −f z z ϕ β z α z ϕ β z α z, ,1 2 1 1 1 1 2 2 2 1 2 2

where ϕ
1
and ϕ

2
are finite-order transcendental entire functions in �2.

In view of the second equation of (3.25), we obtain that

( ) ( ) ( ) ( ) ( )− + − + − + − − − − − = ±ϕ β z α z β c α c ϕ β z α z β c α c ϕ β z α z ϕ β z α z e .g z z

1 1 1 1 2 1 1 1 2 2 2 1 2 2 2 1 2 2 1 1 1 1 2 2 2 1 2 2
,

1

2 1 2

This is conclusion (i).
Subcase 1.2. Let =C 02 . Then, in view of (3.24), it yields that = ±C 11 .

Therefore, it follows from (3.23) that

( ) ( ) ( )

( ) ( )

( )⎪

⎪

⎧
⎨
⎩

∂
∂

+
∂

∂
+

∂
∂ ∂

= ±

+ + − =

γ
f z z

z
δ

f z z

z
η

f z z

z z
e

f z c z c f z z

, , ,
,

, , 0.

g z z

2
1 2

1

2

2
1 2

2

2

2
1 2

1 2

,

1 1 2 2 1 2

1

2 1 2

(3.27)

Clearly, second equation of (3.27) shows that f is a periodic function of period c. In view of the two

equations in (3.27), it follows that ( ( ) ( )) =+ + −e 1g z c z c g z z, ,
1

2 1 1 2 2 1 2 . This implies that ( ) = + +g z z a z a z,1 2 1 1 2 2

( )− +H c z c z B2 1 1 2 , where H is a polynomial in −c z c z2 1 1 2 and + =a c a c kπi41 1 2 2 , �∈k .
Now, in view of the results in [35, page 2178, line 21], the first equation of (3.27) can be written as

( )( ) ( ) ( )+ ′ + ′ = ±α D β D α D β D f z z e, ,g z z
1 1 2 2 1 2

,
1

2 1 2 (3.28)

where ′D D α α β, , , ,1 2 1
, and β

2
are defined in (3.26).
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Let ( ) ( ) ( )+ ′ =α D β D f z z u z z, ,2 2 1 2 1 2 . Then, in view of the results in [[31], page 2182, line 22], we obtain

( ) ( )∫ ⎜ ⎟= ± + ⎛
⎝

− ⎞
⎠

∕

u z z
α

e dz G
α z β z

α
,

1
,

z α

g z z
1 2

1
0

,
1 0

1 2 1 1

1

1 1

1

2 1 2

where G0 is a finite-order transcendental entire function in �2.
Since we have assumed that ( ) ( ) ( )+ ′ =α D β D f z z u z z, ,2 2 1 2 1 2 , we obtain that

( )∫ ⎜ ⎟

∂
∂

+
∂
∂

= ± + ⎛
⎝

− ⎞
⎠

∕

α
f

z
β

f

z α
e z G

α z β z

α

1
d .

z α

g z z
2

1
2

2 1
0

,
1 0

1 2 1 1

1

1 1

1

2 1 2 (3.29)

By similar argument, we obtain from (3.29) that

( ) [ ( ) ]∫ ∫ ∫ ⎜ ⎟ ⎜ ⎟= ± + ⎛
⎝

− ⎞
⎠

+ ⎛
⎝

− ⎞
⎠

∕ ∕
+ + − +

∕

f z z
γ

e dz dz
α

G
α z β z

α
dz G

α z β z

α
,

1 1
,

z α z α

a z a z H c z c z B

z α

1 2

0 0

1 1

2
0

0

1 2 1 1

1

1 1

2 2 2 1

2

1 1 1 2

1

2 1 1 2 2 2 1 1 2

1 2

where G1 is a finite-order transcendental entire function in �2.
In view of the fact that + =a c a c kπi41 1 2 2 , �∈k , it follows from the second equation of (3.27) that

∫ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎡
⎣⎢

⎛
⎝

−
+

− ⎞
⎠
− ⎛

⎝
− ⎞

⎠
⎤
⎦⎥

+ ⎛
⎝

−
+

− ⎞
⎠
− ⎛

⎝
− ⎞

⎠
=

∕

α
G

α z β z

α

α c β c

α
G

α z β z

α
dz G

α z β z

α

α c β c

α
G

α z β z

α

1
0.

z α

2
0

0

1 2 1 1

1

1 2 1 1

1

0

1 2 1 1

1

1 1

2 2 2 1

2

2 2 2 1

2

1

2 2 2 1

2

1 2

This is conclusion (ii).
Subcase 1.3. Let ≠C 01 and ≠C 02 . Then, after simple calculations, (3.23) yields that

[ ( ) ( )]

⎟ ⎟⎜ ⎜ ⎟⎜⎜ ⎟ ⎜ ⎟

⎛

⎝
∂
∂

+ ⎛
⎝
∂
∂

⎞
⎠
⎞

⎠
+

⎛

⎝
∂
∂

+ ⎛
⎝
∂
∂

⎞
⎠
⎞

⎠
+ ⎛

⎝
∂
∂ ∂

+
∂
∂

∂
∂

⎞
⎠

= ⎡⎣ − ⎤⎦+ + −

γ
g

z

g

z
δ

g

z

g

z
η

g

z z

g

z

g

z

C

C
e

1

2

1

2

1

2

2
1 .g z c z c g z z

2

1

2
1

2 2

2

2
2

2 2

1 2 1 2

1

2

, ,
1

2 1 1 2 2 1 2

(3.30)

Since g is a polynomial in �2, in view of (3.30), we conclude that ( ) ( )+ + − =g z c z c g z z ξ, ,1 1 2 2 1 2 , �∈ξ .
This implies that ( ) ( ) ( )= + +g z z L z z H s B, ,1 2 1 1 2 1 1, where ( ) = +L z z a z a z,1 1 2 11 1 12 2, ( )H s1 is a polynomial
in ≔ −s c z c z1 2 1 1 2, �∈a a B, ,11 12 1 . Hence, we obtain from (3.30) that

( ) ( )⎡
⎣
⎛
⎝ + ⎞

⎠ − ⎛
⎝ + ⎞

⎠
⎤
⎦ ′ + + − ⎛

⎝ ′ + ″⎞⎠ =
⎡⎣ − ⎤⎦γa ηa c δa ηa c H γc δc ηc c H H

C

C
e

1

2

1

2

1

2

2
1 .L c

11 12 2 12 11 1 2

2

1

2
1 2

2 1

2

1

2 1 (3.31)

Since + ≠γc δc ηc c2

2

1

2
1 2, in view of (3.31), we conclude that ′H is constant. This implies that ( ) = +H s a s b1 0 1 0.

Hence, ( )g z reduces to the form

( ) ( )= + = + +g z z L z z B a z a z B, , ,1 2 1 2 1 1 2 2 (3.32)

where = +a a a c1 11 0 2, = −a a a c2 12 0 1 and = +B B b1 0.
Therefore, in view of (3.30) and (3.32), we obtain that

( )[ ] = + − ++e
C

C
γa δa ηa a

4
1.a c a c 2

1

1

2

2

2
1 2

1

2 1 1 2 2 (3.33)

Now, the first equation of (3.23) can be rewritten as

( ) ( ) [ ]+ ′ + ′ = + +γD δD ηDD f z z C e, ,a z a z B2 2

1 2 1

1

2 1 1 2 2 (3.34)

where ≡ ∂
∂D

z1

and ′ ≡ ∂
∂D

z2

.

Therefore, complementary function of (3.34) is ( ) ( )= − + −ϕ β z α z ϕ β z α zC.F.
1 1 1 1 2 2 2 1 2 2 , where α α β, ,1 2 1

, and
β

2
are same as in (i),ϕ

1
andϕ

2
are finite-order transcendental entire functions in�2, and the particular integral is

[ ]∫∫=
+ +

=
+ +

∕
+ +C e

γa δa ηa a
e dvdv

C

γa δa ηa a
eP.I.

4 4
,

B

v a z a z B1
2

1

2

2

2
1 2

1

1

2

2

2
1 2

1

2 1 1 2 2

where = +v a z a z1 1 2 2.
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Hence, from (3.23), we obtain

( ) ( ) ( )
( )

[ ]= − + − +
+

+ +

−
+ +f z z ϕ β z α z ϕ β z α z

A ξ A ξ

γa δa ηa a
e,

2 2
.a z a z B

1 2 1 1 1 1 2 2 2 1 2 2

1 2
1

1

2

2

2
1 2

1

2 1 1 2 2

Substituting ( )f z z,1 2 into the second equation of (3.23) and combining with (3.33), we obtain that

( ) ( ) ( ) ( )− + − + − + − = − + −ϕ β z α z β c α c ϕ β z α z β c α c ϕ β z α z ϕ β z α z .
1 1 1 1 2 1 1 1 2 2 2 1 2 2 2 1 2 2 1 1 1 1 2 2 2 1 2 2

This is conclusion (iii).
Case 2. Let ( ) ( )+ + − + +γ z c z c γ z c z c, ,

2 1 1 2 2 1 1 1 2 2 be non-constant. Then, obviously, ( ) +A Q z z A,2 1 1 2 1 and
( ) +A Q z z A,1 2 1 2 2 cannot be identically zero at the same time. Otherwise, in view of (3.21), it follows that

( ) ( )+ + − + +eγ z c z c γ z c z c, ,
2 1 1 2 2 1 1 1 2 2 is a constant, which implies that ( ) ( )+ + − + +γ z c z c γ z c z c, ,

2 1 1 2 2 1 1 1 2 2 is a constant.
This is a contradiction to our assumption.

If ( ) + ≡A Q z z A, 02 1 1 2 1 and ( ) + ≢A Q z z A, 01 2 1 2 2 , then (3.21) it yields

( ( ) ) ( ) ( ) ( )+ − − ≡+ + + +A Q z z A e A e A e, 0.γ z z γ z c z c γ z c z c
1 2 1 2 2

,
2

,
1

,
2 1 2 2 1 1 2 2 1 1 1 2 2 (3.35)

In view of Lemma 3.2 and (3.35), we can easily obtain a contradiction. Similarly, we can obtain a contra-
diction for the case ( ) + ≢A Q z z A, 02 1 1 2 1 and ( ) + ≡A Q z z A, 01 2 1 2 2 . Hence, we must have ( ) + ≢A Q z z A, 02 1 1 2 1

and ( ) + ≢A Q z z A, 01 2 1 2 2 .
Now, in view of Lemma 3.1, we obtain from (3.21) that either

( )
( ) ( )

+
≡− + +A Q z z A

A
e

,
1γ z z γ z c z c

2 1 1 2 1

1

, ,
1 1 2 1 1 1 2 2

or

( )
( ) ( )

+
≡− + +A Q z z A

A
e

,
1.γ z z γ z c z c

1 2 1 2 2

1

, ,
2 1 2 1 1 1 2 2

If
( ) ( ) ( ) ≡+ − + +e 1

A Q z z A

A

γ z z γ z c z c
,

, ,1 2 1 2 2

1

2 1 2 1 1 1 2 2 , then in view of (3.21), it follows that
( ) ( ) ( ) ≡+ − + +e 1

A Q z z A

A

γ z z γ z c z c
,

, ,2 1 1 2 1

2

1 1 2 2 1 1 2 2 .

Therefore, we must obtain that ( ) ( )− + + =γ z z γ z c z c ξ, ,
2 1 2 1 1 1 2 2 1 and ( ) ( )− + + =γ z z γ z c z c ξ, ,

1 1 2 2 1 1 2 2 2,
�∈ξ ξ,1 2 . Thus, it follows that ( ) ( ) ( ) ( )− + + = − + + = +γ z z γ z c z c γ z z γ z c z c ξ ξ, 2 , 2 , 2 , 2

1 1 2 1 1 1 2 2 2 1 2 2 1 1 2 2 1 2.
This implies that ( ) ( ) ( )= + +γ z z L z z H s B, ,

1 1 2 1 2 1 1 and ( ) ( ) ( )= + +γ z z L z z H s B, ,
2 1 2 1 2 1 2, where ( ) =L z z a z,1 2 1 1

+ a z2 2 and ( )H s1 is a polynomial in ≔ −s c z c z1 2 1 1 2, �∈a a B B, , ,1 2 1 2 . Hence, we must obtain that
( ) ( )+ + − + + = −γ z c z c γ z c z c B B, ,

2 1 1 2 2 1 1 1 2 2 2 1, a constant in � , which is a contradiction to the assumption.
Therefore, we must have

( )
( ) ( )

+
≡− + +A Q z z A

A
e

,
1.γ z z γ z c z c

2 1 1 2 1

1

, ,
1 1 2 1 1 1 2 2 (3.36)

In view of (3.21) and (3.36), we obtain that

( )
( ) ( )

+
≡− + +A Q z z A

A
e

,
1.γ z z γ z c z c

1 2 1 2 2

2

, ,
2 1 2 2 1 1 2 2 (3.37)

Since ( )γ z z,
1 1 2 and ( )γ z z,

2 1 2 are the polynomials in �2, from (3.36) and (3.37), we can conclude that
( ) ( )− + + =γ z z γ z c z c η, ,

1 1 2 1 1 1 2 2 1
and ( ) ( )− + + =γ z z γ z c z c η, ,

2 1 2 2 1 1 2 2 2
, �∈η η,

1 2
. Thus, we have ( ) =γ z z,

1 1 2

( ) ( )+ +L z z H s B,1 1 2 1 1 1 and ( ) ( ) ( )= + +γ z z L z z H s B, ,
2 1 2 2 1 2 2 1 2, where ( ) = +L z z a z a z,j j j1 2 1 1 2 2 and ( )H sj 1 is a poly-

nomial in ≔ −s c z c z1 2 1 1 2, �∈a a B, ,j j j1 2 for =j 1, 2.
Therefore, in view of (3.22) and (3.36), we obtain that

[( ) ( ) ] ( )( ) [ ] ( )( )+ − + ′ + + − ′ + ″ = − − + +γa ηa c δa ηa c H γc δc ηc c H H
A

A
e γa δa ηa a2 2 1 .L c

11 12 2 12 11 1 1 2

2

1

2
1 2 1

2

1

1

1

11

2

12

2
11 12

1
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Since + − ≠γc δc ηc c 02

2

1

2
1 2 , we conclude that ( )H s1 1 is a linear polynomial in s1, and thus, ( ) ( )+L z H s1 1 1

becomes linear in � . For the sake of convenience, we still denote that ( ) ( )= +γ z L z B
1 1 1. In a similar manner,

from (3.22) and (3.37), we can conclude that ( ) ( )= +γ z L z B
2 2 2.

Therefore, it follows from (3.36) and (3.37) that

( )

( )

( )

( )

⎧

⎨
⎪

⎩
⎪

= + + +

= + + +

e
A

A
γa δa ηa a

e
A

A
γa δa ηa a

1,

1.

L c

L c

2

1

11

2

12

2
11 12

1

2

21

2

22

2
21 22

1

2

(3.38)

Now, in view of the first equation of (3.20), it follows that

( ) ( ) [ ]( ) ( )+ ′ + ′ = ++ +γD δD ηDD f z z A e A e,
1

2
,L z z B L z z B2 2

1 2 1
,

2
,1 1 2 1 2 1 2 2 (3.39)

where ≡ ∂
∂D

z1

and ′ ≡ ∂
∂D

z2

.

Now, in view of the results in [[31], page 2178, line 21], the complementary function of (3.39) is
( ) ( )− + −ϕ β z α z ϕ β z α z

1 1 1 1 2 2 2 1 2 2 , where α α β, ,1 2 1
, and β

2
are same as in (i), ϕ

1
and ϕ

2
are finite-order transcen-

dental entire functions in �2, and the particular integral is

( ) ( )

( ) ( )

=
+ +

+
+ +

+ +A e

γa δa ηa a

A e

γa δa ηa a
P.I.

2 2
.

L z z B L z z B
1

,

11

2

12

2
11 12

2
,

21

2

22

2
21 22

1 1 2 1 2 1 2 2

Hence, the form of the solution of (3.39) is

( ) ( ) ( )

( ) ( )

( ) ( )

= − + −

+
+ +

+
+ +

+ +

f z z ϕ β z α z ϕ β z α z

A e

γa δa ηa a

A e

γa δa ηa a

,

2 2
.

L z z B L z z B

1 2 1 1 1 1 2 2 2 1 2 2

1
,

11

2

12

2
11 12

2
,

21

2

22

2
21 22

1 1 2 1 2 1 2 2 (3.40)

Substituting (3.40) into the second equation of (3.20) and combining with (3.38), we obtain that

( ) ( ) ( ) ( )− + − + − + − = − + −ϕ β z α z β c α c ϕ β z α z β c α c ϕ β z α z ϕ β z α z .
1 1 1 1 2 1 1 1 2 2 2 1 2 2 2 1 2 2 1 1 1 1 2 2 2 1 2 2

This is conclusion (iv). □
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