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Abstract: We prove the nonexistence of global solutions for the following wave equations with structural
damping and nonlinear memory source term

t
e + (=0)fu + (A%, = (¢ - sy u(s)Pds
0

and
t

g + (0w + (-A%ou; = (¢ - 57 Nug(s)Pds,
0

posed in (x,t) € RN x [0, ©), where u = u(x, t) is the real-valued unknown function, p > 1, a, 8 € (0, 2),
6 € (0, 1), by using the test function method under suitable sign assumptions on the initial data. Furthermore,
we give an upper bound estimate of the life span of solutions.
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1 Introduction

In this article, we study the nonexistence of global solutions for the following problems:
t
e + (<0)fu + (A%, = [( - 5 Nu(s)Pds,  x € RN, >0,

. 1.1
u(X’ 0) = uO(X)’ ut(x’ 0) = U1(X), X € [RNy
wherep >1,a,5 €(0,2),65 € (0,1) and to
t
« B
e+ (-0 + (-0, = [(€ - P Nugs)Pds, x €RY, £> 0, W

0
u(x, 0) = up(x), ui(x,0)=u(x), x€RY,
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wherep >1,a, B € (0,2),5 € (0,1), (-A): is the fractional Laplacian operator of order v € (0, 2), (v = aorp),
which stands for propagation in media with impurities; it is defined, for a regular function, by

(=0)2v(x) = FHEFIEM), (13)

where F denotes the Fourier transform and ¥ ! its inverse.

Fractional differential equations of various types have been introduced in physics, control systems,
life sciences, economical sciences, and engineering as fractional derivatives account of qualitative properties
of various phenomena.

Before we state and prove our results, we dwell a while on the existing literature. There are many
results about the nonexistence of global solutions of equations with fractional derivatives, see [1-7], to cite
but a few.

In [8], D’Abbicco obtained the critical exponent for the following wave equation with structural damping
and nonlinear memory:

t
U = A+ p(-A)hu, = j(t ~ §)Su(s)lPds, x ERN,t> 0,
J (14)

u(x, 0) = up(x), uLx,0)=w(x), x€RV,

where u > 0, § € (0,1) and p > 1. In the supercritical case, the author has shown the existence of small data
global solutions of problem (1.4) , whereas, in the sub-critical case, he proved the nonexistence of global
solutions for suitable arbitrarily small data, in the special case when u = 2.

After that, D’Abbicco and Ebert [9] considered the following semilinear evolution equations

Uy = (A)°u + (=8)°u; = [ufP, x €RN,t>0, )

u(x, 0) = up(x), ulx,0) = w(x), x€RY, '
where g € N\{0}, § € N; and

Uy — (A)Uu + (_A)sut = |ut|p, X € [RN, t> 0, (1 6)

u(X: 0) = uO(X)’ ut(X: 0) = ul(x)) X € |RN; .

where 0, § € N\{0}; when 20 < § and under suitable sign assumptions on the initial data, they obtained the
critical exponents p, =1 + (N_ZZU% for problems (1.5) and p; =1 + % for problems (1.6) for global small data
solutions. Moreover, they gave an upper estimate of the life span of solutions.

On the other hand, Dao and Fino [10] considered the semilinear structurally damped wave equation with

nonlinear memory term

t
Uy — Au + y(—A)gut = I(t - s)SuPds, x €RY,t>0, w7
. .

u(x, 0) = up(x), uLx,0)=u(x), x€RY,

where ¢t > 0,0 € (0,2),§ € (0,1) and p > 1. By applying the method of duality, they proved that, under some
restrictions on initial data uy(x) and u;(x), no global weak solution of problem (1.7) exists.

The method we use in this article has been successfully applied by Mitidieri and Pohozahev [4],
Pohozahev and Tesei [11], Pohozahev and Véron [12], Zhang [2], Kirane et al. [13], and many others after
them. It consists of a judicious choice of the test function in the weak formulation of the sought solution
of problems (1.1) and (1.2).

The remainder of this article is organized as follows: In Section 2, some preliminaries and main results are
presented. Section 3 is devoted to the proof of the main results.
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2 Preliminaries and main results

The left-hand side and right-hand side Riemann-Liouville fractional integrals of order § € (0, 1) for an integr-
able function f are, respectively, defined by

O = 5] j(t - SPIf(s)ds, >0,
and
T
g __1 5-1
Bl 0 = 1y fs - 07 s, 0<e<T,
t

where T is the Euler gamma function. Let AC([0, T]) be the space of all functions which are absolutely
continuous on [0, T] with 0 < T < o, Then, for f€ AC([O T]), the left-hand side and right-hand side
Riemann-Liouville fractional derivatives [D0|J (t) and D Tf (t) of order 6 € (0, 1) are, respectively, defined by

1
T - §) dt

DA = O = j(t - )f(s)ds, >0,

and

Dief () = (0 = - j(s—t) *f(s)ds, t<T.

I‘(l 6) dt

Note that for every f, g € C([0, T]) such that [DS,tf 0, [DﬁTg(t) exist and are continuous, for all t € [0, T},
and 0 < § < 1, we have the formula of integration by parts

T T
Jo§nwewae = foieorwa. @D
0 0
Further, if f€ LP(0,T), g € LY(0, T), and p, q = 1,q = p/(p - 1), then
T T
Jagnwewar = Jagw@rwat. 22
0 0
Note also that, for all f € ACK*1[0, T], k = 0, we have
dk
(-D¥ DS (0) = DIFF (@), @3)
where
dif
ACH10,T]={f : [0,T] >R and I3 € AC[0, T]}.

Moreover, for all f€ L1(0,T), 1 < q < o, the following formula holds true
[Dgn[l‘gnf(t) =f(t), forall te€ (0,T). 2.4

In addition, let

2.5)
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then, for n = 0, we have

SNt = M —(8+n)[ - L]n_m_ﬁ 2.6
[D”Tw(t)_l‘(m+l—n—6)T 1- o , ©2.6)
and
T
j[zﬁ(t)]ﬁ|ﬂ);ﬁ}”zﬁ(t)|%dt = CT-(+o))s, @7

0
On the other hand, for a function v : RY — R in the Schwartz space of rapidly decaying functions,

v(x) = v(§)

x =g

(~0)v(x) = Gy PV. | s, 28)
IRN

where P.V. denotes the principal value and Cy,, is a suitable normalization constant.

Remark. Note that the two definitions of fractional Laplacian (1.3) and (2.8) are equivalent [14].

Let v € (0,2) and

B if |x| <1, 09
P00 =1 oy v if x> 1, '

with (x) = (1 + (|x| - D% for all x € RV; then, @ € C%(RY), and the following estimate holds true
|(-A)20(x)| < Cp(x), forall x € RV, (2.10)
Furthermore, let ¢ be a smooth function, and let
or(x) = o(x/T), forall x € RV
Then,
(-A)20,(x) = TV((-A):0)(x/T), forall x € RY. (2.11)

In addition, for p > 1 and T > 0, then the following estimate holds

_1
IgoT P 0N(=A)20, (0l dx < CTN-74,  x € RV, 212)
[RN

Now, we are in position to announce the main results of this article.
Theorem 2.1. Let p > 1, a, B € (0,2), § € (0, 1). Assume that ugy = 0, u; € L' such that
Iul(x)dx > 0. 213)
[RN
Then there exists no global weak solutions of problem (1.1) for any

60 + a

Moreover, if [0, T,) is the life span of u, then, for the initial data w;(x) = pg(x), p > 0, g € L! and verifies (2.13),
there exists a constant C > 0 such that

T,< Cp‘m, 0=a- min[ﬁ, %], q=pl(p-1.
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Theorem 2.2. Let p > 1,a, B € (0,2), § € (0, 1). Assume that uy = 0, u; € L! such that (2.13). Then, there exists

no global weak solutions of problem (1.2) for any

<1+ 3190 2.15)
N

In addition, let [0, T,) be the life span of solution u of problem (1.2). Then, for the initial data w;(x) = pg(x), p > 0,

g € L! and verifies (2.13), there exists a constant C > 0 such that

[ .
T, < Cp~a+o@-no-v, g = min

B, %] a=pi(p - 1.

Theorem 2.3. Let p > 1,a, B € (0,2), § € (0,1). Assume that uy = 0, u; € L. such that
wx)zpd+|x])*, p>0and N<u< (80 + a)q - (1+ 6)6. (2.16)
Then, there exists no global weak solutions of problem (1.1) for any p > 1 and satisfying inequality (2.14). More-

over, if [0, T,) is the life span of u, then there exists a positive constant C independent of p such that

I, < Cp'm, 0=a- min[ﬁ, %] q=pl(p-1.

Theorem 2.4. Letp > 1,a, 5 € (0,2), 8§ € (0,1). Assume that uy = 0,4y € Lﬁoc such that
wmx)zpd+xP*, p>0and N<u< @+ 6)q-1o. 2.17)

Then, there exists no global weak solutions of problem (1.2) for any p > 1 verifying the inequality (2.15). Moreover,
there exists C > 0 such that

a .
T, < Cp™@+o@-vo-u, 0 = min

a
B, E]’
where q = p/(p - 1).

3 Proof of main results

In this section, we present the proofs of the results announced here earlier. For simplicity, we use C to denote
a positive constant, which may vary from line to line, but it is not essential to the analysis of the problems.
Before starting, we introduce the fractional Sobolev space for any s € R.

HRY) = u € ARY) : j(l + [EPYIFW)(E)PAE < oor.
[RN

Then, we present the definition of weak solutions for problems (1.1) and (1.2).

Definition 3.1. Let p > 1, T > 0 and (uo, ;). We say that
u € Lio([0, T) x RY)
is a local weak solution to problem (1.1), or that

u € L ([0, T) x RY),  u, € LE([0, T) x RY),
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is a local weak solution to problem (1.2), if for any test function ¢ € C([0, T]; H%RN)) n C'([0, T]; HARN)) N
CX([0, T]; LA(RY)), with supp¢p C RY such that ¢(-,T) = 0 and ¢,(-,T) = 0 it holds:
X

T
U = [ [ulgo0e, 0+ a0, 0) - (-039,0x, 0)dxde - [w(09(x, 0)dx
oRY RY 3.1

+ [up00(@,(x, 0) - (~0)ip(x, 0)dx,

RN

where
T
U =1 [15, lupece Haxde,
oRY
for problem (1.1), and

T
U= r(a)”uglt P d(x, £)dxdt.
oRY

for problem (1.2). If T = o, we say that u is a global weak solution.
Actually, we are ready to prove the main results of the article.

Proof of Theorem 2.1. The proof is by contradiction. Let u be a global weak solution of problem (1.1). Using
Definition (3.1), and recalling that u, = 0, we obtain

[ 1 luPx, DX + [ 1G)g0x, 0)dx
@ RY (3.2)

= Iu¢tt(x, £)dxdt + Iu(—A)%¢(x, £)dxdt - ju(—A)§¢t(x, t)dxdt,
Q Q Q

forg € C([0, T]; HYRN)) n CY([0, T1; HARN)) N C4([0, T]; LARN)), withsupp,¢ C RV, and ¢(-, T%) = ¢,(-, T%)
= 0, where = RY x [0, T9).
Now, for all x € RN and 0 < t < T9, let

¢(X: t) = D;SITH{(X’ t) = q)T(X) Dszl/)(t), T > Oa 6 € (01 1)1

where

Ix] "

or(x) = (/)[7], () = [1 - %] , m>1, (3.3

¢ is given in (2.9), and 0 is a positive parameter, which will be fixed later. Set

U= r(5)j|u|P((x, t)dxdt.
Q

By using formulas of integration by parts (2.1)—(2.2), and from (2.4), we can write expression (3.2) as follows:
U+ J—ul(x)(pT(X)[DzTelﬁ(O)dx
[RN

= [ug, oD@ dxde + [u (~0)kp, D2 (O dxde - [u (kg 0D M@ dxde G
Q Q Q

=M + My + Ms.

Next, we shall estimate each term of the right-hand side of equality (3.4). First, by applying e-Young’s inequality

1 1 1
ab < eaP + CbY, with0<s<§, a,b >0, and;+5=1,
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to M;, we obtain

M1 < [ lulp, COD 83y dxde
Q
< el + G [100x, O Flop (oRID 3yl dxd.
Q

Further, by using properties (2.6) and (2.7) with n = 2, and using the change of variables y = x/T, r = t/T9,
we obtain the estimate

|My| € €U + CT-(2+6)0q+0+N (3.5

Similarly, we apply e-Young’s inequality to M, to obtain

M| < [lull(-2) 00D E (0 dxd e
Q
< el + G 100, O I(-0)20, 00D S ()1 dxd .
Q

Moreover, from formulas (2.6)-(2.7) with n =0, and by passing to the new variables y = x/T, r = t/T?,
then using the scaling properties (2.11) and estimate (2.12), we obtain that

|My| < eU + CT-(80+0)q+0+N (3.6)

Repeating the same argument as earlier, we obtain for M; the following estimate:

1| < [Jull(-0)2p, () ID () dxde
Q

tT

< el + G, [IC0x, DI II-0):p,CoRID S by dxd.
Q

That is,
|Ms| < eU + CT-(6+D0+p)q+0+N 3.7

Now, at this stage, let us set

0= maxla - B, %] = a - minjB, %] (3.8)
Then, from (3.5)—(3.7), expression (3.4) can be written as follows:
(1 - 3e)U + CT-%I (0P, () dx < CT-CO0q+0+N, 39

[RN
where we have used the fact that [DflTel/)(O) = CT-%, Consequently,

'[vul(x)‘PT(X)dX < CTOrOar Q0N = T, (3.10)
R

where
K=(80+a)qg-(1+6)0-N. 3.11)
Taking into account that inequality (2.14) is equivalent to k = 0, we have to consider two cases:
* The case k > 0: Passing to the limit in (3.10), as T goes to ®, it follows that
Iul(x) dx <0,
[Rll

which contradicts assumption (2.13).
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* The case k = 0: We treat this case in a standard way as above by taking this time
@r(0) = ¢(IXIL/T),

wherel < L < T islarge enough such that when T — o we do not have L — o« at the same time. Note that there
exists a constant C > 0 independent of T and L such that

(1= 38)U + CT% [ ()@, () dx < (CL™ + CLUN + CLAN)T-(@0+@g+0+n, (312)
IRN
Whereupon,
[weoe,cdx < L + croas + crpvyr=, 3.13)
[RN

Thus, using k = 0, N > g max{a, B} and taking the limit when T tends to ® in inequality (3.13), then letting
L — o, we obtain

Iul(x) dx < 0;

[RN

this contradicts again the assumption. Therefore, the solution u of problem (1.1) cannot be global.

* Upper estimate of the life span of solution of problem (1.1).

In the case p<1+ (80 +a)/((N+60-a) © k>0. Also, noting that for the initial condition u(x) =
eg(x) € L1, with g(x) verifying (2.13), there exists T > 0 such that

jg(x)¢T(x)dx >c>0, forall T>T.
IRN
Assume that u,, is a local solution of problem (1.1) in [0, T,], with T, > TG, then we have

(1-39)U + CT'%J’Sg(X)(pT(x)d X < CT-(60+@)q+0+N
[RN
1
Furthermore, setting T = TS, we obtain

_(69+a)q—9—N
1,5 [ pgoprdx s cr, ¢ (3.14)

R
Hence, we have
_K
p [ g0p 0 dx < 15,
[RN

Finally, for some positive constant C, independent of p, we obtain
_0
T, < Cpr,

where 6 and k are, respectively, given in (3.8) and (3.11). This completes the proof. (I

Proof of Theorem 2.2. We proceed by contradiction. Supposing that u is global weak solution of problem (1.2),
using Definition (3.1), recalling that u, = 0, we have

1) [0 ludPgCx, dxde + [w(g(x, 0)dx
° R ) (3.15)
= fug,(x, axdt + [uc-n)ipex, dxdt - [u-0)igx, Hdxde,
Q Q Q
for all test function ¢ € C([0, T]; HXRN)) n CY([0, T]; HARM)) n C%([0, T]; L*(RYN)), with supp ¢ C RV,
and ¢(, T = ¢,(-, T?) = 0, where = R¥ x [0, T9).
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Then, to achieve the aim we choose the test function @(x, t), for all x € R¥ and 0 < t < T?, as follows:
P(x, £) = Dfirod(x, £) = @r(x) Diretp(t), T>0, §€(0,1),

where ¢,(x) is given in (3.3), the function ¥ is defined by

m
, T>0, m>»1,

t
¥(t) = [1 ~ 7o
and o is a positive parameter, which we will fixed later. Let us set

V= F(6)I|utll’((x, t)dxdt.
Q

Thus, by formulas of integration by parts (2.1) and (2.2), and identinty (2.4), we can write expression (3.15)
as follows:

v+ J’ ()P, (0D 8 o(0)dx

|RN
= [ue 900DV Axdt + [u(-2)p,00%(0) dxdt (316)
Q Q
- Iut (=02, (0D S pot(t) dxdt = Ky + Ky + Ko,

Q

where ¥(t) € C*([0, T]) is test function defined by
TU

w(t) = [D3,p(s)ds, and W) = -D3ap(o).
t

The difference, with respect to the proof of Theorem 2.1, is related to the estimate of the term containing ¥(¢).
Now applying &-Young’s inequality

1
+==1

1
ab < eaP + C.b1, with 0 <e< 3 a,b>0, and p

]

= |-

in each term of the right-hand side to (3.16), we obtain for the first term K; the following estimate:

K| < [ludo, COD3hp(e) dxdt
Q
< &V + G [100, O P lp CoRID (o dxd.
Q

Then, from (2.6)-(2.7) with n = 1, and by considering the change of variables y = x/T, r = t/T°, we obtain
|Kj| < eV + CT(6+Dogra+N, (3.17)

Next, for the second term of the right-hand side of (3.16), we have

1Kl < [ludi-2Yp, GOl dxd
Q

< eV + G 1000 DI I(-A) g, OO dxd.
Q

Hence, by using the fact that ¥(¢t) < ¥(0), from (2.6) and (2.7) with n = 0, and by introducing the following
change of variables y = x/T, r = t/T¢, then by using scaling properties (2.11) and estimate (2.12), it yields

|Ky| < €V + CT(~9)04-aqra+N, (3.18)
By applying similar arguments like the first and second term of (3.16) to the third term, we have

|Ks| < €V + CT-(o+pa+o+N, (3.19)
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Whereupon, from (3.17) to (3.19), and using the fact that [DflTagb(O) = CT~%, then expression (3.16) can be
written as follows:

(1 - 3e)V + €T [y (), (x)dx < CT-Dorawy (320)
IRN
Consequently,
[ w0000 dx < er-tsoaveN = cr, (3.21)
[RN
where
A=@1+68)q-1o- N, (3.22)
with
. |a
0 = min)=, B]. (3.23)

Note that inequality (2.15) is equivalent to A = 0. So, we have to distinguish two cases.
* The case A > 0 : Passing to the limit in inequality (3.21) when T goes to ®©, we obtain

Ilh(X) dx <0,
[RN

this contradicts assumption (2.13).
* The case A = 0 is treated as in Theorem 2.1. Then, the solution of problem (1.2) cannot be global.
Proceeding as in the proof of Theorem 2.1, we give an upper bound estimate of the life span of solution

1
of (1.2). By using inequality (3.20), and fixing T = TS, we can write

_(1+6)qU—U—N
(1-3e)V + CT;* [ pglopyydx < €T,
|RN

Whereupon,

_A
p [ g0pr00dx < €157,
[RN

where A and o are, respectively, given in (3.22) and (3.23). Note that A and o are two positive constants.
Then, we can obtain the following upper bound estimate of life span of solutions of problem (1.2)

o . |a
I,<Cp2, 0= mm[E, ﬁ],
where we have used the assumption (2.13). This completes the proof. O

Proof of Theorem 2.3. We repeat the same calculation as in the proof of Theorem 2.1; we arrive at

(1 - 38)U + CT% [ (), (x)dx < CT- 0000, (3.24)

[RN

First, the nonexistence of global weak solutions of problem (1.1) is obtained when inequality (2.14) holds. Next,
to estimate the life span of solutions of problem (1.1), we assume that initial condition y; satisfy the assumption
(2.17). Then we have

Jue)p00dx 2 p [ @ + o 00dx,

RY R
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Further, by using the change of variable y = x/T, we obtain

[ w00 0 dx > crep. (3.25)

[RN
Moreover, by combining (3.24) and (3.25), we obtain
p<CT™,

where x’ = (60 + a)q — (1 + §)8 - u. Note that assumption (2.17) guarantees the positivity of x’. Finally, fixing
1
T = T¢, where T, is the maximal existence time of solution. Then we have

T, < Cp'%,

where C is a positive constant independent of p and 0 is given in (3.8). This concludes the proof. O

Proof of Theorem 2.4. The proof is completely analogous to the proof of Theorem 2.3, but here we obtain for
some positive constant C independent of p

I, < Cp v,

where A’ = (1 + §)(q - 1)o — u > 0, and 7 is given in (3.23). The conclusion follows. O
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