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Abstract: We prove the nonexistence of global solutions for the following wave equations with structural
damping and nonlinear memory source term
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posed in �( ) [ )∈ × ∞x t, 0,N , where ( )=u u x t, is the real-valued unknown function, >p 1, ( )∈α β, 0, 2 ,
( )∈δ 0, 1 , by using the test function method under suitable sign assumptions on the initial data. Furthermore,

we give an upper bound estimate of the life span of solutions.
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1 Introduction

In this article, we study the nonexistence of global solutions for the following problems:
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where >p 1, ( )∈α β, 0, 2 , ( )∈δ 0, 1 and to
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where >p 1, ( )∈α β, 0, 2 , ( )∈δ 0, 1 , ( )−Δ

ν

2 is the fractional Laplacian operator of order ( )∈ν 0, 2 , ( )=ν α βor ,
which stands for propagation in media with impurities; it is defined, for a regular function, by
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where � denotes the Fourier transform and � −1 its inverse.
Fractional differential equations of various types have been introduced in physics, control systems,

life sciences, economical sciences, and engineering as fractional derivatives account of qualitative properties
of various phenomena.

Before we state and prove our results, we dwell a while on the existing literature. There are many
results about the nonexistence of global solutions of equations with fractional derivatives, see [1–7], to cite
but a few.

In [8], D’Abbicco obtained the critical exponent for the following wave equation with structural damping
and nonlinear memory:
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where >μ 0, ( )∈δ 0, 1 and >p 1. In the supercritical case, the author has shown the existence of small data
global solutions of problem (1.4) , whereas, in the sub-critical case, he proved the nonexistence of global
solutions for suitable arbitrarily small data, in the special case when =μ 2.

After that, D’Abbicco and Ebert [9] considered the following semilinear evolution equations
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where � { }∈σ \ 0 , �∈δ ; and
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where � { }∈σ δ, \ 0 ; when <σ δ2 and under suitable sign assumptions on the initial data, they obtained the
critical exponents

( )
≔ + − +

p 1
σ

N σ0

2

2
for problems (1.5) and ≔ +p 1

δ

N1

2 for problems (1.6) for global small data
solutions. Moreover, they gave an upper estimate of the life span of solutions.

On the other hand, Dao and Fino [10] considered the semilinear structurally damped wave equation with
nonlinear memory term
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where >μ 0, ( )∈σ 0, 2 , ( )∈δ 0, 1 and >p 1. By applying the method of duality, they proved that, under some
restrictions on initial data ( )u x0 and ( )u x1 , no global weak solution of problem (1.7) exists.

The method we use in this article has been successfully applied by Mitidieri and Pohozahev [4],
Pohozahev and Tesei [11], Pohozahev and Véron [12], Zhang [2], Kirane et al. [13], and many others after
them. It consists of a judicious choice of the test function in the weak formulation of the sought solution
of problems (1.1) and (1.2).

The remainder of this article is organized as follows: In Section 2, some preliminaries and main results are
presented. Section 3 is devoted to the proof of the main results.
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2 Preliminaries and main results

The left-hand side and right-hand side Riemann-Liouville fractional integrals of order ( )∈δ 0, 1 for an integr-
able function f are, respectively, defined by
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where Γ is the Euler gamma function. Let ([ ])AC T0, be the space of all functions which are absolutely
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then, for ≥n 0, we have
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On the other hand, for a function � �→v : N in the Schwartz space of rapidly decaying functions,
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where P.V. denotes the principal value and CN ν, is a suitable normalization constant.

Remark. Note that the two definitions of fractional Laplacian (1.3) and (2.8) are equivalent [14].
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In addition, for >p 1 and >T 0, then the following estimate holds
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Now, we are in position to announce the main results of this article.
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Theorem 2.2. Let >p 1, ( )∈α β, 0, 2 , ( )∈δ 0, 1 . Assume that ≡u 00 , ∈u L1
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3 Proof of main results

In this section, we present the proofs of the results announced here earlier. For simplicity, we use C to denote
a positive constant, which may vary from line to line, but it is not essential to the analysis of the problems.
Before starting, we introduce the fractional Sobolev space for any �∈ +s
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Next, we shall estimate each term of the right-hand side of equality (3.4). First, by applying ε-Young’s inequality
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to M1, we obtain
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( ) ( )= + − + −κ δθ α q δ θ N1 . (3.11)

Taking into account that inequality (2.14) is equivalent to ≥κ 0, we have to consider two cases:
• The case >κ 0: Passing to the limit in (3.10), as T goes to ∞, it follows that

�

( )∫ ≤u x xd 0,1

n

which contradicts assumption (2.13).

Absence of global solutions to wave equations  7



• The case =κ 0: We treat this case in a standard way as above by taking this time

( ) (∣ ∣ )= ∕φ x ϕ x L T ,
T

where ≤ ≤L T1 is large enough such that when → ∞T we do not have → ∞L at the same time. Note that there
exists a constant >C 0 independent of T and L such that

�

( ) ( ) ( ) ( ) ( )∫− + ≤ + +− − − − − + + +
ε U CT u x φ x x CL CL CL T1 3 d .θδ

T

N αq N βq N δθ α q θ N

1

N

(3.12)

Whereupon,

�

( ) ( ) ( )∫ ≤ + +− − − −
u x φ x x CL CL CL Td .

T

N αq N βq N κ

1

N

(3.13)

Thus, using =κ 0, { }>N q α βmax , and taking the limit when T tends to ∞ in inequality (3.13), then letting
→ ∞L , we obtain

�

( )∫ ≤u x xd 0;1

N

this contradicts again the assumption. Therefore, the solution u of problem (1.1) cannot be global.
• Upper estimate of the life span of solution of problem (1.1).
In the case ( ) ( )< + + ∕ + − ⇔ >p δθ α N θ α κ1 0. Also, noting that for the initial condition ( ) =u x1

( ) ∈εg x L
1, with ( )g x verifying (2.13), there exists >T̃ 0 such that

�

( ) ( )∫ ≥ > ≥g x φ x x c T Td 0, for all ˜.
T

N

Assume that uρ is a local solution of problem (1.1) in [ ]T0, ρ , with ≥T T̃ρ

θ, then we have

�

( ) ( ) ( ) ( )∫− + ≤− − + + +
ε U CT εg x φ x x CT1 3 d .θδ

T

δθ α q θ N

N

Furthermore, setting =T Tρ
θ

1

, we obtain

�

( ) ( )

( )

∫ ≤− −
+ − −

T ρg x φ x x CTd .
ρ

δ

T
ρ

δθ α q θ N

θ

N

(3.14)

Hence, we have

�

( ) ( )∫ ≤
−

ρ g x φ x x CTd .
T

ρ

κ

θ

N

Finally, for some positive constant C , independent of ρ, we obtain

≤ −
T Cρ ,ρ

θ

κ

where θ and κ are, respectively, given in (3.8) and (3.11). This completes the proof. □

Proof of Theorem 2.2.We proceed by contradiction. Supposing that u is global weak solution of problem (1.2),
using Definition (3.1), recalling that ≡u 00 , we have

�

�

( ) ∣ ∣ ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

∫ ∫

∫ ∫ ∫

+

= + − − −

∣δ u ϕ x t x t u x ϕ x x

uϕ x t x t u Δ ϕ x t x t u Δ ϕ x t x t

Γ , d d , 0 d

, d d , d d , d d ,

Ω

t

δ

t

p

Ω

tt

Ω Ω

t

0 1

N

α β

2 2

(3.15)

for all test function � � �([ ] ( )) ([ ] ( )) ([ ] ( ))∈ ∩ ∩ϕ C T H C T H C T L0, ; 0, ; 0, ;α N β N N1 2 2 , with �⊂ϕsupp
x

N ,
and ( ) ( )⋅ = ⋅ =ϕ T ϕ T, , 0σ

t

σ , where � [ )≔ ×Ω T0,N σ .
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Then, to achieve the aim we choose the test function ( )ϕ x t, , for all �∈x
N and ≤ ≤t T0 σ , as follows:

� �( ) ( ) ( ) ( ) ( )= = > ∈∣ ∣ϕ x t ζ x t φ x ψ t T δ, , , 0, 0, 1 ,
t T

δ

T t T

δ
σ σ

where ( )ϕ x
T

is given in (3.3), the function ψ is defined by

( ) = ⎛
⎝ − ⎞

⎠ > ≫ψ t

t

T

T m1 , 0, 1,
σ

m

and σ is a positive parameter, which we will fixed later. Let us set

( ) ∣ ∣ ( )∫≔V δ u ζ x t x tΓ , d d .

Ω

t

p

Thus, by formulas of integration by parts (2.1) and (2.2), and identinty (2.4), we can write expression (3.15)
as follows:

�

�

�

�

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

∫

∫ ∫

∫

+

= + −

− − ≔ + +

∣

∣
+

∣

V u x φ x ψ x

u φ x ψ t x t u Δ φ x t x t

u Δ φ x ψ t x t K K K

0 d

d d Ψ d d

d d ,

T t T

δ

Ω

t T t T

δ

Ω

t T

Ω

t T t T

δ

1

1

1 2 3

N

σ

σ

α

β

σ

2

2

(3.16)

where ( ) ([ ])∈ ∞
t C TΨ 0, is test function defined by

� �( ) ( ) ( ) ( )∫= ′ = −∣ ∣t ψ s s t ψ tΨ d , and Ψ .

t

T

s T

δ

t T

δ

σ

σ σ

The difference, with respect to the proof of Theorem 2.1, is related to the estimate of the term containing ( )tΨ .
Now applying ε-Young’s inequality

≤ + < < > + =ab εa C b ε a b

p q

, with 0
1

3
, , 0, and

1 1
1,p

ε

q

in each term of the right-hand side to (3.16), we obtain for the first term K1 the following estimate:

�

�

∣ ∣ ∣ ∣ ( ) ( )

∣ ( )∣ ∣ ( )∣ ∣ ( )∣

∫

∫

≤

≤ +

∣
+

−
∣
+

K u φ x ψ t x t

εV C ζ x t φ x ψ t x t

d d

, d d .

Ω

t T t T

δ

ε

Ω

T

q

t T

δ q

1
1

1

σ

q

p
σ

Then, from (2.6)–(2.7) with =n 1, and by considering the change of variables = ∕y x T , = ∕r t T
σ , we obtain

∣ ∣ ( )≤ + − + + +
K εV CT .δ σq σ N

1
1 (3.17)

Next, for the second term of the right-hand side of (3.16), we have

∣ ∣ ∣ ∣∣( ) ( )∣∣ ( )∣

∣ ( )∣ ∣( ) ( )∣ ∣ ( )∣

∫

∫

≤ −

≤ + −−

K u Δ φ x t x t

εV C ζ x t Δ φ x t x t

Ψ d d

, Ψ d d .

Ω

t T

ε

Ω

T

q q

2

α

q

p

α

2

2

Hence, by using the fact that ( ) ( )≤tΨ Ψ 0 , from (2.6) and (2.7) with =n 0, and by introducing the following
change of variables = ∕y x T , = ∕r t T

σ , then by using scaling properties (2.11) and estimate (2.12), it yields

∣ ∣ ( )≤ + − − + +
K εV CT .δ σq αq σ N

2
1 (3.18)

By applying similar arguments like the first and second term of (3.16) to the third term, we have

∣ ∣ ( )≤ + − + + +
K εV CT .δσ β q σ N

3 (3.19)
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Whereupon, from (3.17) to (3.19), and using the fact that � ( ) =∣
−

ψ CT0
t T

δ δσ
σ , then expression (3.16) can be

written as follows:

�

( ) ( ) ( ) ( )∫− + ≤− − + + +
ε V CT u x φ x x CT1 3 d .δσ

T

δ qσ σ N

1
1

N

(3.20)

Consequently,

�

( ) ( ) ( )( )∫ ≤ =− + − + −
u x φ x x CT CTd ,

T

δ q σ N λ

1
1 1

N

(3.21)

where
( )( )= + − −λ δ q σ N1 1 , (3.22)

with

=
⎧
⎨
⎩

⎫
⎬
⎭

σ

α

βmin
2

, . (3.23)

Note that inequality (2.15) is equivalent to ≥λ 0. So, we have to distinguish two cases.
• The case >λ 0 : Passing to the limit in inequality (3.21) when T goes to ∞, we obtain

�

( )∫ ≤u x xd 0,1

N

this contradicts assumption (2.13).
• The case =λ 0 is treated as in Theorem 2.1. Then, the solution of problem (1.2) cannot be global.
Proceeding as in the proof of Theorem 2.1, we give an upper bound estimate of the life span of solution

of (1.2). By using inequality (3.20), and fixing =T Tρ
σ

1

, we can write

�

( ) ( ) ( )
( )

∫− + ≤− −
+ − −

ε V CT ρg x φ x x CT1 3 d .
ρ

δ

T
ρ

δ qσ σ N

σ

1

N

Whereupon,

�

( ) ( )∫ ≤ −
ρ g x φ x x CTd ,

T
ρ

λ

σ

N

where λ and σ are, respectively, given in (3.22) and (3.23). Note that λ and σ are two positive constants.
Then, we can obtain the following upper bound estimate of life span of solutions of problem (1.2)

≤ =
⎧
⎨
⎩

⎫
⎬
⎭

−
T Cρ σ

α

β, min
2

, ,ρ

σ

λ

where we have used the assumption (2.13). This completes the proof. □

Proof of Theorem 2.3. We repeat the same calculation as in the proof of Theorem 2.1; we arrive at

�

( ) ( ) ( ) ( )∫− + ≤− − + + +
ε U CT u x φ x x CT1 3 d .θδ

T

δθ α q θ N

1

N

(3.24)

First, the nonexistence of global weak solutions of problem (1.1) is obtained when inequality (2.14) holds. Next,
to estimate the life span of solutions of problem (1.1), we assume that initial condition u1 satisfy the assumption
(2.17). Then we have

� �

( ) ( ) ( ∣ ∣) ( )∫ ∫≥ + −
u x φ x x ρ x φ x xd 1 d .

T

μ

T1

N N
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Further, by using the change of variable = ∕y x T , we obtain

�

( ) ( )∫ ≥ − +
u x φ x x CT ρd .

T

μ N

1

N

(3.25)

Moreover, by combining (3.24) and (3.25), we obtain

≤ − ′
ρ CT ,

κ

where ( ) ( )′ = + − + −κ δθ α q δ θ μ1 . Note that assumption (2.17) guarantees the positivity of ′κ . Finally, fixing

=T Tρ
θ

1

, where Tρ is the maximal existence time of solution. Then we have

≤ − ′T Cρ ,ρ

θ

κ

where C is a positive constant independent of ρ and θ is given in (3.8). This concludes the proof. □

Proof of Theorem 2.4. The proof is completely analogous to the proof of Theorem 2.3, but here we obtain for
some positive constant C independent of ρ

≤ − ′T Cρ ,ρ

σ

λ

where ( )( )′ = + − − >λ δ q σ μ1 1 0, and σ is given in (3.23). The conclusion follows. □
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[14] M. Kwasǹicki, Ten equivalent definitions of the fractional laplace operator, Fract. Calc. Appl. Anal. 20 (2017), 7–51.

12  Mokhtar Kirane et al.

https://doi.org/10.1007/s00030-014-0265-2

	1 Introduction
	2 Preliminaries and main results
	3 Proof of main results
	Acknowledgement
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


