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1 Introduction

A typical model of elliptic equations with p(x)-growth conditions is
—div((a + [Vu))P0-2/2yy) = f(x, u).

Especially, when a = 0, the operator ~A,u = —div(|Vu|?®)-DVy) is called the one-dimensional p(x)-Laplacian,
which is a natural generalization of the p-Laplacian, if p(x) = p(a constant). Because of the non-homogeneity of
p(x)-Laplacian, p(x)-Laplacian problems are more complicated nonlinearity than those of p-Laplacian.

For fractional differential equations and variational problems under non-standard p(x)-growth condi-
tions, they have been applied in many research fields in recent years [1-5]. There are many results on the
related issues raised by the aforementioned discussions, e.g., [6-11].

Shen et al. [9] dealt with the following fractional boundary value problem (BVP) with p(t)-Laplacian
operator and obtained the uniqueness of its solution by the method in cone

D9, DEX(®) + f(t,x(1) = 0, t€[0,1],
x'(0) = x'(1) = x"(0) = 0, D&x(0) = 0,

where D is the Caputo fractional derivative, 2 <a <3,0 < f <1, and (pp(t)(~) is the p(t)-Laplacian operator
with p(t) € C'[0, 1] such that p(t) > 1. Moreover, f does not need to satisfy the Lipschitz condition.

* Corresponding author: Bingzhi Sun, Department of Mathematics, Luoyang Normal University, Luoyang, Henan, China,
e-mail: bingzhi93@qqg.com

8 Open Access. © 2024 the author(s), published by De Gruyter. This work is licensed under the Creative Commons Attribution 4.0
International License.


https://doi.org/10.1515/dema-2024-0045
mailto:bingzhi93@qq.com

2 = Bingzhi Sun DE GRUYTER

Tang et al. [10], using the continuation theorem of coincidence degree theory, studied the following mixed
fractional resonant BVP with p(t)-Laplacian operator:

DL, DEU(D) = £(t, u(®), Déu(®)), teE[0,T],
t1-0u(t)|=o = 0, D&u(0) = DGu(T),

where 0<q,f<1, 1<a+f<2, CDg is the Caputo fractional derivative and D¢ is the Riemann-
Liouville fractional derivative, (pp(t)(~) is a p(t)-Laplacian operator, p(t) > 1, p(t) € C[0,1] with p(0) =
p(T),f:[0,T] x R2 > R.

Recently, it has been found that the mixed operator fractional problem [12-15] can describe many math-
ematical models. For example, Blaszczyk [12] numerically studied linear oscillatory equations with mixed
fractional derivatives. Leszczynski and Blaszczyk [13] studied the following fractional mathematical model:

‘DEDAR(E) + BRY(E) =0, tE€ [0, T],

where ‘D% and D are, respectively, the right Caputo and left Riemann-Liouville fractional derivatives of
order a € (0, 1), which can be used to describe the height of granular material decreasing over time in a silo.
Moreover, a certain amount of research has also been obtained on the BVPs of mixed operators [16-23].

Guezane Lakoud and Kilicman [19] considered the existence of resonant solutions for the following type of
equation based on Mawhin’s coincidence degree theory:

DIDEx(t) = f(t, x(1)), tE(0,1),
x(0) = 0, Dgx(1) = Dx(0),

where f€ C([0,1] x R,R), 0 < 8, v <1 such that 6 + v > 1, while the notations Dl‘2 and Dy refer to the right
and left fractional derivatives in the Caputo sense, respectively.

In [23], considering some excellent results [24-29] on fields such as functional problems, p(x)-operator,
fractional-order operators, we studied the following functional BVP at resonance:

- pEDpfu(t) + f(t, u(t), DEut), DE u(t)) = 0, t e (0,1),
DS u(0) = 0, I "u(0) = 0, Hiw) =0, THw) =0,

where f € C([0,1] x R3,R), CD{l, and Doff denote the right Caputo fractional derivative of order a € (1, 2]
and the left Riemann-Liouville fractional derivative of order § € (1, 2] such thata + § > 3. T; and T; are the
continuous linear functionals.

Based on the aforementioned discussions, and further considering the great extension of p(x)-Laplacian
operator and functional, as well as the applicability of the mixed operator, we realized that the existence of
solutions for the functional BVP (1.1) involving the mixed fractional derivatives with p(x)-Laplacian operator
has not been studied and contributes to the theoretical and applied nature. So, we investigate the following
functional BVP:

D9, DEY)) = F0x, Y(x), DI, DY),  x € (0,1),

1.
D&y1) =0, Y(0) =0, T(Y) =0,

where 0 <v<1,1<60<2 T is a continuous linear functional, and (pp(x)(~) is a p(x)-Laplacian operator,
p(x) > 1, p(x) € C[0,1].

Let the classical Banach space Y = ([0, 1] with norm ||g]l. = max.e[o,lg(x)| and the Banach space
X = {y|y, D¢y € C[0, 1]} with norm [|P|lx = max{|[¥|le, [IDg" Y|k, [IDFPl} [37].

Definition 1.1. We say ) € X is a solution to functional BVP (1.1), which means that i satisfies the equation and
boundary conditions in (1.1).
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The structure of this article is organized as follows. In Section 2 of this work, we introduce some basic
definitions and preliminaries later used. Section 3 discusses two types of problems. Subsection 3.1, by means of
the Banach fixed point theorem, discusses the non-resonant case and yields the solvability results of the
problem. Subsection 3.2 discusses the existence of solution in the resonance sense by Mawhin’s coincidence
theory’s extension theory. Meanwhile, some examples are given separately to illustrate our main results.

2 Preliminaries

We recall the following definitions and auxiliary lemmas related to fractional calculus theory (for details,
see [30-33]).

Definition 2.1. Let g be a real function defined on [0, 1] and y > 0. Then, the left and right Riemann-Liouville
fractional integrals of order y > 0 of a function g are defined, respectively, by

t
D) = —— [(t - sy ig(s)ds,
0

1
()
1
Ig(®) = %V)J'(s - 07g(s)ds.
t

The left Riemann-Liouville fractional derivative and the right Caputo fractional derivative of order y > 0
of a function g € AC™([0, 1], R) are defined, respectively, by

ar -
Digt) = F(Iél o)),
“Dlg(®) = (- gM(D),
where n = [y] + 1, [y] denotes the integer part of number y.

Lemma 2.2. Assume f € L[0,1], p > 0, and q > 0; then, the following relations hold almost everywhere on [0, 1]:
IISF©) = IZ7F(6),  and  IPHEF(6) = IPYF(0).

For the properties of Riemann-Liouville and Caputo fractional derivatives, we mention the followings.

Lemma 2.3. Letn - 1<y <n, f€ L[0,1], and I} f(t) € AC"[a, b], then
@)

W IDEF©) = (O = o1 075
If f(t) € AC"{a, b] or f(t) € C"[a, b], then for allt € [a, ],

@ BDIF©) = f(©) - Ty L - o,

In addition, the following properties are correct:

DRIGf(t) = IFPf(6), g 2 p 2 0,

Dy(t - ayt = r()r/(f)e)(t - ay o,
and
CD}?_(b -tyl= %(l} - t)y—()—l’ y>[0] +1

Lemma 2.4. If the fractional derivatives D}.g(t) and D}""g(t) exist, then
(Dyg(6)™ = DL™™g(t), where y > 0, m is a positive integer.
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Lemma 2.5. [6] For any (x, u) € [0,1] x R, ¢,,,(w) = |u|P®~2u, is a homeomorphism from R to R and strictly
monotone increasing for any fixed t. Moreover, its inverse operator (P;;(lx)(') is defined by

-1 l(x)
Do) = lufpeo-tu,  u € R\{03,
P =0, u=0,

which is continuous and sends bounded sets to bounded sets.
Next, we need the following definitions and a theorem for the development of our results.

Definition 2.6. (see [34-37]) Let X and Y be two Banach spaces. A continuous operator M: X N domM — Y is
said to be quasi-linear if

(i) ImM = M(X N domM) is a closed subset of Y;

(i) KerM = {p € X N domM : My = 0} is linearly homeomorphic to R*, n < o,

where domM denotes the domain of the operator M.

Let X; = KerM and X; be the complement space of X; in X. Then, X=X, @ X;. Let P: X — X; be the
projector and @ C X be an open and bounded set with the origin 6 € Q.

Definition 2.7. (See [37]) Suppose that N; : @ —= ¥, A € [0, 1] is a continuous and bounded operator. Denote
N by N.Let %, = { € Q : My = Nyyb}. N, is said to be M-quasi-compact in Q if there exists a vector subspace ¥;
of Y satisfying dimY; = dimX; and two operators Q and R such that for A € [0, 1],

(a) KerQ =ImM;

(b) QN = 6,1 € (0,1) & QNY = ;

(¢) (R-,0) is the zero operator and (R-,A)|s, = (I = P)|x,;

(d) M[P +R(.D] == QN

where Q : ¥ - ¥, QY = Y is continuous, bounded and satisfies Q(I - Q) = 0 and R : @ x [0, 1] = X, is contin-
uous and compact with Py + R, 1) € domM, v € Q, A € [0, 1].

Theorem 2.8. (See [34- 37]) Let X and Y be two Banach spaces and Q C X be an open and bounded nonempty set.
Suppose

M:XNdomM-Y

is a quasi-linear operator and that Ny : Q —» Y,A € [0,1] is M-quasi-compact. In addition, if the following
conditions hold:

(C) My = Ny, Vi € domM N aR, A € (0,1);

(C") deg(JON, Q2 N KerM, 0) # 0,

then the abstract equation My = Ny has at least one solution indomM N Q, where N = Ny, ] : ImQ — KerM isa
homeomorphism with J(0) = 6 and deg is the Brouwer degree. O

3 Main results

First, consider the following two conditions:
(B): T(x%Y) = 0.
(By): T(x% 1 = 0.
We shall prove that: If B; holds, then KerM = {0}. It is so-called non-resonance case. If B, holds,
then KerM = {cx%1c € R}.
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3.1 Non-resonance case

As to this case, we always assume that the following conditions hold:

(H): Let f:[0,1] x R - R satisfy the following conditions:

(1) f(,u) is measurable for each fixed u € R3 and f(x, -) is continuous for a.e., x € [0, 1].

(2) Vr > 0, there must exist g(x) € C[0, 1] such that |[f(x, u, v, w)| < gx), |ul <r,|[v|<r,|w| <T.

Then, BVP (1.1) can be transformed into an operator equation.

Lemma 3.1. If By holds, then BVP (1.1) has a unique solution if and only if the following operator A : X —» X has a
unique fixed point, where

1 X
AW = 17 [ 0= 90100, A1, 9, DEO), DIV
0

x (31)
T[% _[0 O = )00 A0, (), D), DG (y))dy

x01,
T(X9—1)

Proof. If i is a solution to Ay = ¥, we obtain

DY Py (DEY00) = FO6, Y00, DI, DIP(x)).
Considering ¥ € X, ie., ¥ € C[0,1], 91/) € ([0, 1], we have ¥(0) =0 and D"l,b(l) =0 (x)(11 Uf (x, Y0,
D (%), DgY(x))lx-1 = 0.

Based on the linearly of T and (3.1), we have

TW) =T\

o j(x VI AF O, $(y), DE (), DY)y

T[%jo (= )P (F 0 ¥, DEH(), Dﬁw(y»)dy] N
- D) T(x"H =0

So, we have ¥, which is a solution to BVP (1.1). If ) is a solution to BVP (1.1), then

AW = 15 [0, A 60 DY) DIONY
0

rlity | 0= 368,020, 902, D), DSy

0-1
X
T(X0—1)

1 X
- %I 0 = )P0, IPDY 9y, (DGH())y
0

T[ﬁ [Co- y)"‘lfp,,'(ly)(fl‘iCDi’_fpp@)(D{?lﬁ(y)))dy]

T X0-1
o rlity [ - v n vy
=1y Jor -y pguoy - o X1
0
D (0)
B (X) x0-1
—po0 - 2O 0 AL P

IXC)) T(x%1)
= PX).
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From the aforementioned two arguments, we obtain that BVP (1.1) has a unique solution in X if and only if
the operator equation Ay = t has a unique solution in X. O
By making use of Lemma 3.1, we can obtain the following existence theorem for BVP (1.1) at non-resonance.

Theorem 3.2. Assume B,, (H), and the following conditions hold:
(Cy): For each fixed uy, u; € R, there exists a constant k; such that

|(Pp_(1x)(u1) - (pp'&)(uz)| < Kilug - U,

T(xO"HI(O)I(v + 1)(6 + V) T(x"HI(O)I(v + 2)(0 + v)
T(@)+T(x%Y) > (U DTA) + (6 + VIO T ()’

K < min T'(v + 1.
(Gy): For almost every x € [0,1], then, ¥V (uy, v1, wy), (Up, Vo, Wp) € R3,
[F (%, tr, vi, w) = f(X, Uy, Vo, wo)l < max{|uy = Wy, [ = val, [wy = wf}

(G3): If each ¥y, Y, € X satisfies |h,(x)| < [,(x)], Vx € [0,1], then [T ()| < |T(,)I. (I
Then, BVP (1.1) has a unique solution in X.

Proof. We shall prove that Ay = ¢ has a unique solution in X.
For each ¢, ¥, € X, by making use of (C;)-(C;) and the linearly of T, we have

(A0 = (AP)0OI = T30, I O, 1100, D™y (), Dty (X))

= Iy IF O, 1,00, DF,(0), DEY,()))
\ T (I Gy (ILf 06 500, D 1,00, DF0N)
X

T(Xe—1)
T {00 S (6 $100, DE (0, DFH00N) -
) T X
T (ki||Yh, — I81°1)
<l - gl 1+ S SOAD o
Al = Bl A - 0 Kl = Bl TAEA =00
T + 1) TOODIw+1)

kil = Yllx + [T kil = Yollx
IO+ 1O +v) T T(OI( + 1)(6 + v)°

|(Dg AP () = (DG A)()|

= [t O 9,00, DE 00, DEW(0)) = byl (TF (x, $,00DE 1,00, DED,00),

. T(O)T U0, S (X, %500, D~ ',(x), Dgp,(X)))

T(Xe—l)
T(O) TG0, S (X, %1(x), D1y (0), Dy (x))))
B T(Xe—l)
T(0)|T( - I%1°1)
< KillYy - ollx g1+ | K1||711/)(1X9_11/))2||X oD ‘
KallYy = Wyllx (1 = x)°| .\ Kallty, = yllxITUHA = x)0)]
T(v+1) IT(xHT(v + 1)

il = il | 1T KllYy - Wl
M+2) TGO IO + v + 0)
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and

|(DgAY)(X) = (DgAY,)X))
= 10,00 FLF 06 1100, D00, D1 00)) = @ I (X, (%), D 1h,00), D, (x)))
Kl (I O, 1100, D~ "9,00), DEp00)) = IF O, %,00), D p,(x), Dp, ()

< kil = Yollx
- Tw+1

IA

Considering (Cy), the aforementioned inequality implies that T is a contaction. Using Banach’s contaction
principle, AY = ¥ has a unique solution in X. From Lemma 3.1, BVP (1.1) has a unique solution in X. O

In the following, we give a more specific result.

Theorem 3.3. Assume By, (H), (Gs), and the following conditions hold:
(Cy): If each fixed uy, u, > 1 € R, there exists a constant K, such that

10,000 = Gy W < Kolur = U,

T(xHI(OI(v + (O + v) T(xHI(O)I(v + 2)(0 + v)
T(1) + T(x 1) T+ DTA) + (6 + VNO)T (XY’

K, < min T'(v + 1);.

(Cs): For almost every x € [0, 1], V(uy, v1, wy), (Uz, Vo, W3) € R3,
[F X, t, vi, wi) = f(X, Uy, vy, wo)| < max{|ug — Uy, vy — vy, [wy — wyl}.

T(v+1)
(1 - X)U )

In addition, |f (x, w;, vi, w)| > for a.e. x € [0,1].

Then, BVP (1.1) has a unique solution in X.

Proof. Since the conditions of the theorem are further conditions of Theorem 3.2, the proof process is similar.
We will not go into too much detail here. O

Example 3.4. Considering the following FBVP:
1 3 1 3
D2, (DY) = F(x, Y(x), DEY(), DEY(x)), X € (0, 1),

3 1
DY) = 0, Y(0) = 0, T(Y) = [Y(y)dy = 0,
0

1 3 1 1 3 .
where f(x, Y(x), DEY(x), DEY(O) = 3sgn{POO(0) + 3sgniDEYCOIDEBO) + 3IDEYOO] + (1 - x)%,
p(x) = x>+ 2.

It is easy to see that T(xé) = % # 0. The problem is at non-resonance.
The assumption (G;) is fulfilled with T(¥) = Iol Y(y)dy.

; -1 -
Since (pp(x)(u) =1lu>1,

3n
-1 _ ol - = -
19500 = Py (U] = 0 < Koltty = Up| = AU + 9 |ty = U,

the assumption (C,) holds. Moreover, with a little effort, we can compute,



8 —— Bingzhi Sun DE GRUYTER

1 3 1 3
If (x, 100, Dhy (%), Dy, (0) = F (X, 1,00, Dy (), Dy, CO)

1 1 3 3
509001 = 8,00 + 5UDG001 = IDGOD + (D00 = IDG,00D

I\

1 1 3 3
max |l/)1(X)| - |¢2(X)|, |D02*¢1(X)| - IDoz*l/)z(X)L |D02+l/J1(X)| - |D02+l/)2(X)| .

1 3
It is obvious that |[f (X, ¥(x), DO%zp(x), Do%lp(x))| > %(1 - x)‘%. At this point, all the conditions of Theorem 3.3

have been verified, which means that the non-resonance problem has a unique solution.

3.2 Resonance case

In this part, noting that if B, holds, BVP (1.1) turns into resonance case.
We will always suppose that f: [0,1] x R® - R is continuous. B, = minye[o1p(x), Py = maXyepo,1p(X).
Define operators M : X NdomM - Y, N;: X—> Y and F: Y > R by

My = D19, (DY),
Np0O) = Af (x, p(x), D¢ p(x), Dgp0)), x, A € [0,1],
and
F(g) = TU30,(I18)), (32)

where domM = {D{'g,, (D&¥) € Y, DY) = 0,1(0) = 0, T() = 0}.
Then, BVP (1.1) is equivalent to the operator equation My = Ny, ) € domM.
In order to make it easier to read, we will introduce the following assumptions:
(Hy): The functional T : X — R is linear continuous with norm |T(¥)| < ||T||||¥|Ix-
(Hy): For g, 8, €Y, there exists a constant ¢ such that F(g - ¢) = 0, if g,(x) < g,(x),x € [0,1], g, # &,, then
either F(g,) < F(g,), or F(g) > F(g,) (i.e,, F is strictly monotonous).

Lemma 3.5. (See [31]) Define two functions A : C[0,1] - R, A(g) = ¢, where g and c satisfy F(g - c¢) = 0. For
g € ([0, 1], there is only one constant ¢ € R corresponding to it such that A(g) = ¢ with |c| < ||g|l. and
A : C[0,1] = R is continuous and bounded.

Remark. (See [31]) A(c) = ¢, A(g + ¢c) = A(g) + ¢, A(cg) = cA(g),c ER, g € (C[0,1].

Lemma 3.6. If B, holds, the operator M is quasi-linear. Moreover,
KerM = {cx%1: ¢ € R}, (3.3)
and

ImM = {glg € Y, A(g) = O} (3.4)

Proof. For ¢ € domM, if My = g and D&y(1) = 0, then we have

1

Y(x) = T®

Joc - yrigl apgmdy + ax® + ex?2, (35
0

where ¢ and ¢ are two arbitrary constants. By substituting the boundary conditions ¥(0) = 0, T(y) = 0 and B,
into (3.5), one has



DE GRUYTER Existence of solutions for nonlinear functional problems =—— 9

1 X
T@)) = T %{O‘ -y gl gy = o,

ie,
ImM € {g € Y: T(Igp,,(118)) = 0} (3.6)

Conversely, if g € Y satisfies {g € Y : T(I9,(I'8)) = 0}, then take
- 1 T 0-1,,-1 v
VOO = 15 0 - 90 g oM.
0

Then, we conclude that My = g(x), DSy(1) = (pp'(lx)(lfg)lxq =0, Y(0) = 0, and T () = T(Ig(pp'(lx)(ll“g)) =0, ie.,
Y € domM, and hence, g € ImM.
In conclusion,

ImM={geY: T(I§¢I;(1X)(1{gg)) =0, ie., A(g) =0} (3.7
Also, setting g = 0, recalling equation (3.5) and the boundary conditions, we clearly obtain that
KerM = {cx%1:c €R} = X,.

Obviously, KerM is a linearly homeomorphic to R.
Let g, € ImM C Y and g, - g € Y. By the continuity of (op'(lx)

|(pp_(1X)(11U-gn) - (P,;(lx)(ffg)l - 0, as n — oo,

(*), we have

Furthermore, ||I§’+(pp‘(1x)(11“gn) - ngol;(lx)(lfg)uw - 0 and ||I(}+(pl;(1x)(11” 'g) - I(}+(pp‘(1x)(ll"4g)||w - 0, as n - o, Therefore,

ITUL0(108)) = TULp L AL < TS0 (108, — Iepyd UPg)llx — 0,asn — eo. This, together with g, €
ImM, shows that g € ImM. Hence, ImM is a closed subset of Y. Thus, M is quasi-linear.

Define Q : Y - ¥ =R as follows: Qg = ¢, where c satisfies ¢ = A(g).

By Lemma 3.5, Q : Y — V; is continuous and bounded with |Qg]| < ||g]l. and dimY; = dimX;. Obviously,
QUI-0Q)=0,QY=Y,and KerQ = ImM.

Take P : X — X as follows:

DEO)

PYO) =~

Fory € X, set = ¥ — Py + Py. It is easy to check that P%p = Py, € X, and it is also elementary to confirm
the identity ImP = KerM and ImP N KerP = {0}. So, X = KerM & KerP. O

Lemma 3.7. Define an operator R : X x [0,1] —» X; as

1

R, D)(x) = RO)

X

Joc-yrigpd @@ - @NpoNy,

0

where KerM & X, = X. Then, R : Q x [0,1] — X, is continuous and compact with Pu + R(u, \) € domM, u € Q,
A € [0,1], where Q C X is an open bounded set.

Proof. Since R(Y,A)(x) = Iggop_(lx)(lﬁ(I - QNp(x)), we easily deduce that DZ'R(p,)(x) = I(}(pp'(lx)
I = QN())lx=0 = 0, s0, PR(Y, A) = 0, i.e,, R(Y, A) € X,.

Considering the continuity of Q and f, we can simply indicate that R(i, A) is continuous.

Clearly, for € X, A € [0, 1], we show the fact that
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DY, (DEPY + R, 1)) = I - Q)N € [0, 1],
DIPY + R(Y, D)D) = gy (I = QNP lamr = 0, (PP + R(, ))(0) = 0,

Dy p(O)T (")

T(PY + RO, 1) = TUgp, (T - QM) + —— =

= T30, I U = QN)).
Note that (I - Q)N;y € KerQ = ImM, we obtain
T35 (T = QN)) = 0.

Therefore, Py + R(y, A) € domM. Next, we will prove that R is compact.
By |AY| < ||Y|l. and the continuity of f and ¢ (X)( ), we obtain that there exists a constant M > 0 such that

||gop(x)(11 I - QNW)|le < M in Q for all A € [0, 1], which implies that
IR, Dllx = Mg 9,00 T — QN Ix
= max{|[109, (1 (I = QNih)lfos, 130y, (T = QNhl ko, 105 (I = QIN) o}

< max

L
T +1)’ ’

i.e., R(u, A) is uniformly bounded in Q. For (1, 1) € Q x [0,1],0 < x < X%, < 1, we have
[R(, D)(x2) = R(Y, D)(a)

= 1@ j(xZ VP00 = QNYOD - 75 j(m VI (1 - QNp(y))dy

1 1
- @I((Xz—y)“—(xl VI - QNP + oo j(z Vgl (- QN ()
0

IA

0 j(( X =)' = 0 - y) Dy | +

M Xy
() ;[(Xz - y)91dy

M
= m(lxzo - X - 0o =) + 0 - %)) = 0,% — X,

IDG'R(%, H0e) — D R(Y, V0w

= Izco,;gy)(lﬂ(l - Q)Mw()’))dy_ffp,;fy)(lﬂ(l - QNY(»)dy
< J\O/I(xz -x)— 0,4~ X, 0
and
IDIR@W, () = DERW, ()|
= 10,0, I = QNY0R) = @0 (U = QNp(a))|
= 19,0, I U — QNYR) = 9,0 I = QNp(R) + @ (I U = QNY(6) = 9,5 (T ~ QNp(x)
< I - QNYORI || - QN O 1| - |1 - QN Oe))wio |
10,00 U = QNY(R) — g (I T = QNP ~ 0,3 — X,
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since p(x) € C[0,1] and the continuity of (pp'(lx)c). So, we obtain that {R(Y,1):y € Q,A<[0,1]},
{DERW, V) : Y € Q, 1 €[0,1]}, and {DZR(Y, ) : Y € Q, A € [0, 1]} are equicontinuous. The compactness of
the operator R follows from the Arzela-Ascoli theorem. 0

Now, we will show that N, is M-quasi-compact in @, where Q C X is an open and bounded set with 6 € Q.
Obviously, N; is continuous, bounded and dimX; = dim¥; = 1.

Lemma 3.8. Assume that Q C X is an open and bounded set. Then, N is M-quasi-compact in Q.

Proof. It is clear that ImP = KerM, dimKerM = dimIm@Q =1, Q( - Q) = 0, KerQ = ImM, M(Pu + R(¥, A)) =
(I - Q)Nyu, and R(-,0) = 0 is the zero operator.

QN =0,1€(0,1) ® ANY) = 0 & AA(NY) = 0 = Q(NY) = 0.

Next, we need only to prove that R(:,A)|z, = (I = P)|g,.

For y €%, ={Y €Q,Mp = Ny}, we have QN =0 and Ny = CDf_((pp(X)(DOQw)). It follows from

Dy(1) = 0 and ¥(0) = 0 that
R, N0 = 180,00 (B = QN) = 159, (I Nh)
= 000 (DY 0,0 (DJP))

DA (o
= 000 @ D3P = P00 - ‘}Tw)()x“ = P(x) — PY(x).

So, Definition 2.7(a)—(d) hold. Therefore, N, is M-quasi-compact in Q. O

Lemma 3.9. Assume that a # 0 and the following conditions hold:
(Hs): There exists a constant M; > 0 such that if |D§+‘1l,b(x)| > My, for all x € [0, 1], then

A(NY) # 0.
(Hy): There exist constants nonnegative a, b, ¢, and d = 0 such that
ft,x,y,2)| <sa+bx P +clylt +dlz'Y,r e @, By, x,y,z €R,
with

1 1
1 -1 -1
2mimax{fAi™ AP <1,

1 20+2)\y_ 1
r(u+1)[ (r(e+1))r +c2 7+ d].

Then, the set Q; = {{ € domM : My = Nyy, A € (0, 1)} is bounded.

where A, =

Proof. Since ¥ € Q;, we have Ny € ImM = KerQ. Thus, Q(Ny) = 0, i.e., A(Ny) = 0.
By (Hs), there exists x € [0, 1] such that [D&9(x)| < M.

Considering D& '(x) = D p(x) + I;Dgw(y)dy, then
IDEY(x)| < My + D&Y, x € [0, 1]. 3.8)
By )(0) = 0, we have ¢(x) = IZDSp(x) + Cx® and D y(x) = J';Dgl/)(y)dy + G I(0).
Hence, we can obtain |Ci| < 7i5;(ID& ¥l + ID&#le) and [$O| < 1G5 lIDEY] +
on My = Ny and D2y(1) = 0, we obtain that

PpiDFP0) = ALLNY.

1 =
@”DOQ 11/)”00. Based

From (H,) and A € (0, 1), we have
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D00 < A )j(y X INYO)Idy

<Ay 3y Ol

r-1 01,571 0,41r-1
< (o + 1) [a + byl + cllDg Yl + dlIDg¥ll ]

L

0 f
Sr(v+1)[a+b[r(e+1)” Yl * r(e)]

+ c(My + |IDGll) " + d||D5’+¢||£J1].
Furthermore, by the basic inequality (x + y)? < 2P(xP + yP), x,y, p > 0, we have

1 . 0+2 r-1 Ml r-1
r(u+1)l“+b2 1[r(e)+1)] I [r(e)]

27 M; " + |IDGYIE ) + dIIDOQlPIIZo_l]

IDZHOOP ! <

= Ay + A|D{YIIST,

ar (rw)r T+ @) 1 20+2) .
where 4; = T+ D Ay = g [b(r(gﬂ))"1 + ¢2"1 + d]. Hence, we can obtain

141
IDEYOO | < [A1 + Ap[|IDEII oot

1 1 r-1

1 - - -

< Ppoi Alp(x) 1 +A2p(x) 1||D09+¢”01(7’(X) 1’-

Since p(x) 1 €(0,1] and x* < x + 1, for x > 0, ¢ € [0, 1], we have

IDEYOO || < 20071

_1 _1
-1 -1
AP+ AN (ID G +1)]-

1 1
In view of 2em-1 max{A;™ Pt , APM _1} <1, we can obtain that there exists a constant M, > 0 such that ||D(‘)9+z/1||(,c

0+1 1

<My, IDEWllo < My + My = My, and ||yl < ter M + 1gMs = My So, [[Pllx = max{|{]l, IDE Pl
||D(§’+l/)||m} < max{My, M3, My} = M, i.e., Q; is bounded. So, the proof is complete. O

Lemma 3.10. Assume that the following condition holds:
(Hs) There exists a constant ay > 0 such that for |ag| > 0 such that if |c| > a,, then either

cQ(N(cx1)) > 0, (3.9)
cQ(N(cx® 1)) < 0. (3.10)

Then, the set Q,={Y € KerM : QNy = 0} and Q3 = { € KerM : pSIy + (1 - §)JQNyY = 0,6 € [0,1]} are
bounded, where ] : ImQ — KerM is a homeomorphism with J(c) = cx®71,

1, if (3.9) holds,
P=1-1, if (310) holds. (3.11)

Proof. If i € Q,, then ¥,(x) = cx®~' and A(NY,) = 0. By (Hs), we obtain [¢,(X)| < ao, D& ¥,(x)| < aoI'(6) and
|D(§’+l,b1(x)| = 0. These mean that Q, is bounded. (Il

For §, € Qs3, ¥, = cx? and pSIY + (1 - 8)JQNY = 0.



DE GRUYTER Existence of solutions for nonlinear functional problems =—— 13

If§ =1, theny, = 0.1f § = 0, then QNy, = 0, i.e., A(NY,) = 0, which follows from the proof of boundness of
Q, that ||ph,]|x < ag < .

If § €(0,1), we can have pScx®1+ (1 - 8)JON(cx?1) = 0, then taking |c| > ap, we have pScZx®! +
(1 - 8)cQN(cx®Hx1 = 0, i.e., pdc? = —(1 - §)cQN(cx?1), which contradicts with same sign for left and right
of equation. So, || < ay, i.e., Q3 is also bounded.

Theorem 3.11. Assume B,, (H), and (H; — Hs) hold. Then, the functional BVP (1.1) has at least one solution in X.

Proof. Choose R, large enough such that Q={Y E€X: |lullx <R}D QU QU QU {D} and
Ry 2 max{M, ao} + 1, where M is introduced in Lemma 3.9. From Lemmas 3.9 and 3.10, My # Ny for
Y € 0Q N domM, A € (0,1) and QNY # 0, Y € KerM N 9Q. So, (C") of Theorem 2.3 holds.

Let H(¥, 8) = pSIyp + (1 - 6)JQNy, 6§ € [0,1], ¥ € KerM N 99, noting Q3 C Q, we know H(Y, §) # 0,
Y € KerM N 99, § € [0, 1].

For u € KerM N 9Q, we have u(t) = c(at®! - bt*2) £ 0, H(u, 1) = pc(at®! - bt*2) # 0. By Lemma 3.10,
we know that H(u, 0) = QN(c(at®! - bt*2))(at®! - bt®?) # 0.

Thus, by invariance of degree under a homotopy, we obtain that

deg(JON, Q N KerM, 0) = deg(H(:,0), 2 N KerM, 0)
= deg(H(-,1), Q N KerM, 0)
=deg(pIl, @ N KerM, 0) = +1 # 0.

Therefore, the condition (C”) of Theorem 2.8 holds. By Theorem 2.8, Problem (1.1) has at least one solution
in Q. O

Example 3.12. Now, we illustrate Theorem 3.11 by the following example. Considering the non-local BVP:

1

1 5 2 5
CD13-¢xz+le0%w(x) = f|x, YO, DEY(x), D)}, x € (0,1),

3 5
DY) = 0, $(0) = 0, T(Y) = Do?iz,b[% _o,

2 5 2 5
S 3 1,01 . 1.5 1 . 3
where f(x, P(X), DF(x), DFY(x)) = 5 + 55 sinp(x) + 55DFP(X) + 5 sinDF(x).
It is easy to see that a(t) = %, b=c=d-= %, B,=2,Py=3,|IT|| =1, and T(xg) = 0. The problem is at

resonance and KerM = {cx§ : ¢ € R}. The assumption (H,) is fulfilled with r = 2 and

1 1

-1 -1
Afm ’Asz

1 1|1 2
= 2max[A2,A22] = 2—|—|7 + —|| = 0.22044 < 1.
Y

IR

2 2 5 2 2
If Dfp(x) > -2, then f(x,p(x), Dip(x), Dp(x)) > 0, and if DFy(x) < -6, then f(x, Y(x), Dp(x),

1
2pm-1Max

5
DY(x)) < 0.
2
Hence, if [D3p(x)| > M; = 6,

_x2
2y

535

~ 35 1 1 1
T3, I NY)) = D0§10§¢X}+1[113N¢][E] = |IENy 0,

_1
X=3

1
-IZNY

1
X=3

i.e., (H) is satisfied.
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Finally, for ¢.(x) = ¢x3, one can choose do = 6 > 0 such that CONY, = cp .2 +2(11 Ny,.) > 0, which shows that

(Hz) is confirmed, since ¢ +2(I1 NI,DC) = |113N¢C|xz+2| x=1 cI1 Nl/)c |x=1, and

1 1 o 5
CIPNY, |1 = —j(y X)ief [y o3, cl"[ ] ldy

1"% X %
1 p c c* (5

= —1]_[()’ - x) 5t %SIH(C)”) * 20 [g]]dy .
T 3 X =2
1

>_J'(y [—ﬂ—ﬂ [ ]]dy’ >0, |c|>6.
F

It follows from Theorem 3.11 that there must be at least one solution in X. O

4 Conclusion

Resonance problems are one of the more interesting and popular topics in differential BVPs. And nonlinear
mixed fractional-order BVPs with generalized functional boundary conditions certainly add to the difficulty,
where we consider the complexity of the p(x)-Laplacian operator, which is a generalization of the p-Laplacian
operator. The mixed operator fractional problem can describe some mathematical models, for example, the
mathematical model for the height of granular material decreasing over time in a silo can be well described, so
there is a good application background for studying the mixed fractional order with linear functional condi-
tions, which also generalizes recent work on multi-point and integral BVPs. As far as we know, the solvability
of the functional BVPs for mixed fractional differential equation with p(x)-Laplacian has not been well studied
till now, so, we consider both resonant and non-resonant cases of problems in these scenarios and find some
novel results.
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