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Abstract: Let f be a function defined on the real line, and T; be the corresponding superposition operator
which maps h to T¢(h), i.e,, Tr(h) = f » h. In this article, the sufficient and necessary conditions such that Ty

maps periodic Hélder-Lipschitz spaces H, into itself with 0 < a < % and% < a <1, where a is the smoothness

index, are shown. Our result in the case 0 < a < % may be the first result about the superposition operator
problems of smooth function space containing unbounded functions.
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1 Introduction

Given a real-valued function f defined on the real line R, the (autonomous) superposition operator Ty
is defined by

Trh(x) = (f » () = f(h(x)), x € [a, b], an

where h is a real-valued function on [a, b].

Let H = HJa, b] be a Banach space of real-valued functions h : [a, b] = R equipped with some norm ||-||5.
The superposition operator problem (SOP) refers to determining conditions on a function f on R, possibly
both necessary and sufficient, under which the superposition operator Tr maps H into itself. This problem is
well known in many fields of nonlinear analysis and has its applications to operator theory, ordinary or partial
differential equations, integral or integro-differential equations, considerations conducted in nonlinear func-
tional analysis, and even physics and engineering [1,2]. The solution to SOP for a given H is sometimes very
easy, sometimes highly nontrivial.

For many common Banach spaces H, the SOPs have been solved ([3,4] and references therein). For
example, denote by WBV,([a, b]) (1 < p < =) the space of all functions of bounded p-variation in Wiener’s
sense with finite norm

IRllwsy, = h(a)| + Var}'(h; [a, b]),

where

o

2

n=1

Var}'(h; [a, b]) = sup

1/p
Ih(In)I”] ,
{}
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and the supremum is taken over all sequences {I,} = {[an, by]} of nonoverlapping intervals in [a, b], h(I,) =
h(b,) - h(ay). Denote by RBV,([a, b])(1 < p < =) the space of all functions of bounded p-variation in Riesz’s
sense with finite norm

IRllrsy, = |h(a)| + Var j(h; [a, b)),

where

Var &(h; [a, b]) = su -
P {1§ nz b — anlP!

I 1/p
h(L)P
5 _Ih) ] |

Particularly, when p = 1, the spaces WBVy([a, b]) and RBV,([a, b]) recede to the well-known space BV ([a, b])
of functions of bounded variation.

Denote by Lip(a, C[a, b]) (0 < a < 1) the space of all Lipschitz continuous functions of a-order with
finite norm

|h(x) = h(y)I
Illipa = [R(@)] +  sup ~ — ——
Hpa x#y, x,y€[a,b] |X - yla
We remark that when H = WBVy([q, b]) [5,6], RBVj([a, b]),1 < p < « [7], Lip(a, C[a, b]) [8], and AC[a, b]
consisting of absolutely continuous functions on [a, b] [9], the superposition operator Ty maps H into itself
if and only if f is locally Lipschitz, i.e., there exists a positive constant K(r) depending only on r > 0 such that

FOO - fI < K@Ix =yl Ixl, vl <. (1.2)

We denote such f by f € Lip,.. If K(r) in (1.2) is replaced by a constant K independent of r, then f is said
to be Lipschitz and is denoted by f € Lip.
Note that all the above spaces can be continuously embedded in the space B[a, b] consisting of bounded
functions. For SOPs of smooth function spaces H[a, b] containing unbounded functions, we have few results.
Denote by Lip(a, L,(A)) the Hélder-Lipschitz spaces consisting of all functions h € L,(A) for which

1/p

ladll, = |[Ince+ 0 - hoopdx| < mee, t> 0,

A

where 4; =[a,b-t],if A=[a,b],0<t<b - a,and 4; = A4, if A is the torus T = {e¥™*, x € R}. We remark
that the spaces Lip(a, L,(4)) contain unbounded functions if 0 < a < 1/p.

Whena = 1, Lip(a, Ly[a, b]) = Wl}[a, b] = RBVy([a, b]) if 1 < p < o ([10, Theorem 9.3] and [11, Chapter IX §4,
Theorem 7]), Lip(a, Ly[a, b])=BV[a,b] if p=1 ([10, Theorem 9.3]), where Wl}[a, bl ={f | f€ ACla, b]
and f’ € Ly[a, b]}. It follows that for a = 1, the superposition operator Ty maps Lip(a, Ly[a, b]) (1 < p < =)
into itself if and only if f is locally Lipschitz.

This work is devoted to studying the SOPs of the Holder-Lipschitz spaces H, = Lip(a, Ly(T)), 1< p < o,
0 <a<1Forl/p<a<11<p <, thespace H, can be embedded into the continuous function space C(T)
and any function in Hl‘} is bounded. However, for 0 <a <1/p,1<p <o, a <1, the space Hl‘," contains
unbounded functions [12]. The investigation in these two cases is completely different.

Our main results can be formulated as follows.

Theorem 1.1. Let% <a<1,1<p <, and let Ty be the superposition operator defined by (1.1). Then, Tf maps
Hy, into itself'if and only if fis locally Lipschitz.

Theorem 1.2. Let 0 < a < %, 1< p <. Then, Ty maps H, into itself if and only if f is Lipschitz.

Theorem 1.3. Let a = %, 1< p < . Then, the sufficient condition for which T maps Hy into itself is that
fis Lipschitz, and the necessary but not sufficient condition is that f is locally Lipschitz.
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The proofs of the sufficiency parts of Theorems 1.1-1.3 are standard and easy. For the proof of necessity
of Theorem 1.1, we first show the continuity of f, and then the locally Lipschitz continuity of f. Our proof
of Theorem 1.1 makes essential use of Terekhin’s estimates of L,-moduli of continuity in terms of p-moduli of
continuity of a function in Hy. Such idea is proposed and used in [12,13].

For the proof of the necessity part of Theorem 1.2, apart from the one of locally Lipschitz continuity
of f, we also show Lipschitz continuity of f in the end. We give and use estimates of L,-moduli of continuity
of a step function to prove Theorem 1.2.

Remark 1.4. Theorem 1.2 may be the first result about the SOPs of smooth function space containing
unbounded functions.

Remark 1.5. We do not know what is the sufficient and necessary condition for which Ty maps HI}/ Pl<p<w)
into itself. It is open. We conjecture that the sufficient and necessary condition for which T; maps

H)'P (1 < p < ) into itself is that f is Lipschitz.

2 Proof of Theorem 1.1

Let g be a 1-periodic function on the real line and 1 < p < «. Following Terekhin [14], we define the modulus
of p-continuity of g by

w1-1/p(g; 6) = sup
IIz1<5

© 1/[7
Zg@mﬂ (0<8=<1), @1

n=1

where the supremum takes over all sequences I = {I,} = {[a,, b;]} of nonoverlapping intervals contained
in a period with ||Z]| = sup,|l,| = sup,|b, — a,| < 6. It follows from Hélder’s inequality that if f is absolutely
continuous and f’ € LP, then

wi-p(f38) < 8", (0 <8<, @2)
Yy
A
81
52
Sn
D > T
7, | L L L I 1

Figure 1: The graph of g.
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where % + ; = 1. It is proved in [14, Corollary 1] that f € HJ,1/p < a <1 if and only if f can be modified
on a set of zero measures in such a way that f is continuous and

wi1-1/p(f38) < §a7p, 2.3)

where A = Bmeans A < B and A > B, A < B means that there exists a nonessential constant ¢ > 0 such that
A < cB, and A > B means B <« A. Hence, we assume that every function in HY, a € (1/p, 1) is continuous.

Proof of Theorem 1.1. Sufficiency.
Assume that f is locally Lipschitz. Let g be an arbitrary function in H',1/p < @ < 1,1 < p < «. Then, g is

continuous and bounded. So there exists a constant 7 > 0 such that||g]l» = sup,<ylg(x)| < r. Since the function
f is locally Lipschitz, there exists a positive constant k(r) such that for any x,y € [-r, 1],

[fFOO) = fQOI < k(Mlx = yl.
It follows that
1A(S > Oy = [IF@C + ) = F@lp < kMIIgC +18) = g0l < [t

which means that f = g € Hy;. Hence, Ty maps H, into itself if f is locally Lipschitz.

Necessity.

Leta € (1/p,1),1 < p < . Suppose that Tr(h) = f - h € Hy for any h € H,. We want to show f € Lip,..
We recall that any function h in Hy (a > 1/p) is continuous on T. First, we prove that f is continuous on R.
Otherwise, f is not continuous at some point x € R. Without loss of generality we may assume that x = 0,
f(0) = 0, and there exists a decreasing positive sequence {s,} satisfying s, < 2™ and f(s,) > 1.

Denote I, = [27, 271, n =1, 2,.... Set g(0) = g(2™) = 0. On each interval I,, we define g(x) as a tent

2+

function such that g[ 22—n+1] = g@™n- %) = sp. The graph of g is shown in Figure 1.

|80 - |
[x=yl

For any x,y € [0, 1], we assume that x € I, y € I,,. Then, we have < max sf T s'f 1] < 2.
2

on

Hence, g € Lip(1, C(T)) € Hy. However, we also have f ° g[Z‘" : % =f(sp) > 1and f ° g(0) = 0, which imply

that f o g is not continuous at x = 0. This leads to a contradiction. Hence, f is continuous.
We now prove that f is locally Lipschitz. Assume that f is not locally Lipschitz. Then, there exists a real
number r > 0 and a sequence of intervals {[ay, b,]} which are subsets of [-r, r] and satisfies

[f (Bn) - f (@)l 2 knlbn = @zl = 2*2|by = anl. 24
(We take k, = 2"*2)) From the continuity of f and compactness of [-r, r], we may assume that
X’ylg?_);’r]lf(x) -fO=1
Hence, we have
|bp — an| < kln

Furthermore, there are a subsequence of {[a,, b,]} (without loss of generality, we still denote it as {[an, b,]})
and a constant ¢ satisfying lim,.«a, = lim,.«b, = . If a, < & < by,

< V) - flal | @ = flal [f©) = fbwl |

k, < —————— < max ’
" |bn — ay| 1€ - anl |E = byl

Thus, we can assume that ¢ < a, < b,. Considering subsequence if necessary, we may assume that

E<ap< by <ap1<bpy,
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1
an - &l < — =217
lan =81 =
and
bn —ap < bn—l — Qp-1 < .
kn—l
Set
1 1
So=|tbn - @], = S, = :
O T T e~ a Kty - ae
and
bn — Qn 1
bp=A————=Mh-ap, =0, =1 ao=a,
28,

where [x] denotes the largest integer not exceeding x, A is a positive constant satisfying

0

ZZln(Sn = ZA(bn - ay)
n=1

n=1

S S R
kn(bn — ap) - '

-_— 5

(2.5)

(2.6)

2.7

(The above equality is required just to ensure that the function g;, which is defined below, belongs to Lip.)

The existence of A is guaranteed by the following inequality:

- 1 o 1
b, - a)|l—————|< ) — =1/4
ngl( n TL) kn(bn _ an) Zl kn
We denote
n-1 n
JE=| 2 QLS+ a - aiy), Y QLS+ aj - a0,
j=0 j=0
n-1 n-1
Ji= | 2 @US + aj = @), Y QU6j + @~ @jv1) + 21Sn,
j=0 j=0
and
n-1 n
]r},z = Z (Zl]'(Sj +a - aj+1) + 21,6, Z (leé'/ +a - a,~+1) .
j=0 j=0
We define B(x) as follows:
n-1
an, x= ) QL&+ aj - ajug) + 2k8,, 0 < k<1,
j=0
n-1
by, x= Y@L+ a - au) + Ck+ DS, 0<ksl, -1,
Bl = 0
¢, x= ) QU+ aj-ap)=1/4+a - ¢,
j=0
ay, x=1
linear, otherwise.

The graph of B is shown in Figure 2.
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Y
A
b1
/\" a1
ai 1
1
1
b '
a%\ . .
1 1 :
1 1 !
1 1 !
1 1 !
1 1 !
1 1 !
1 1 !
1 1 ' !
1 1 f :
1 1 1 .
1 1 1
1 1 f 1
1 1 f 1
b '3 !
—t - —>
gl L bty e —g+ 1 1
Figure 2: The graph of 5.
Let
B = 3 (B — anxy (0, Bi00) = LX) = By(x),
n=1 i
where y, denotes the characteristic function of a set A. Then,
al’l: X € _]il 3
, =14+ aq-¢,
B, () = 3 x=1/ 1-¢
ay, x=1
linear, otherwise.
The graph of B, is shown in Figure 3.
Y
A
1 1 a1
1 1
C\%2 :
.o |
. v an .
1 ! & 1
1 ! 1
1 1 1
Co o N !
: ! : : 1 :
1 : 1 1 ! : 1
AR A |
1 ' ' f 1 .
Lo !
! . 1 1 o !
! ' 1 1 : 1 '
Lo l
1 N ' ' ! .1 ! > T
—— e, L b U e —et ] 1

Figure 3: The graph of ;.
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Since #}il/@ <1 (by (2.5)) and the length of ]r},Z is an — ay+1, we obtain that for any x, y € [0, 1],

1B;(x) = B(Y) <1
|x =yl
It follows that
B, € Lip(1, C(T)) < HI‘}.

Now we show that 8, € H,. We note that

n-1

0, x= ) QLS+ @ — aju1) + 2k8,, 0 <k <1y,
j=0
n-1

ByX) =1{by — @y, x= Y QLS+ aj - ajr) + Rk + 1S, 0< k<l -1,

j=0

0, XEJ, Ul/4+a-§1],

linear, otherwise.

The graph of B, is shown in Figure 4.
For any 0 < 6 < 1, take ng such that &p,+1 < 8§ < 8,,. We set

Bo0O) = B0 37 et B = By6) = B 0.
We recall from (2.6) and (2.7) that

1

= (by - @)%, Iy = = 1/k, = 27N,
6 = (bp —ap)’e, 1, k(b — an)l/a, and [;6, [kn

(

Noting that (b, - a,)! = §;*<§*forn<ngand1 - é < 0, by (2.2) we obtain

1-L1p7 1-1 s b, - a, P e
w1-1(By; 8) < 81|, I, = 6178 3

n=1

(=2}
S

=81 %(bn - a,,)[l‘olv]"l]

n=1 k"
o

1
»
z ki] < 6“‘%,

n=1"1n

1
< 51—55a—1

For any n > ny and p > %, by (2.7) and (2.1) we have (b, - a,) = 6 < 6% and

1

L 1
11

Orj(Boj 0= sup | ) IﬁzZUn)I”] =| 3 Gu-a zzn] <| 2 tn- an)v-ak_] 8o,

[|17)|£6 \n=1 n=ng+1 - "
Y
A

bn — an
b1 —aq %
3 i : ) S 1 >

Hjllaf—"]llﬂ | ‘Jrlm ‘J%,z oy — ¢+ 1 1

Figure 4: The graph of f,.
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Hence,
W1-1(By; 6) < w1_1(By; 8) + wy-1(B,,; 6) < 59,

which combining with (2.3) implies that 8, € H,. Hence, 8 = f, + B, € H,. However, by (2.4) we have

21 .1
Or-3(f B 80 = If Bu) = f@a] - @) = 61 Thn .

_1
Since kr% " —» w asn — o, by (2.3) we obtain T¢() = f - f € H,, which contradicts our assumption.
Theorem 1.1 is proved. O

3 Proofs of Theorems 1.2 and 1.3

Proof of Theorem 1.2. Sufficiency.
Assume that f is Lipschitz. Then, there exists a constant k > 0 such that for any x,y € R, |[f(x) - f(y)| <
k|x = y|. Thus, for any function g € H},0 < a <1/p,1<p < o, and t > 0, we have

1A &OMp = IIf o gC+6) = fo g0l < kllgC + ) = g0l < ¢,

which means that f - g € Hy. Hence, Ty maps H,,0 < a <1/p,1 < p < « into itself if f is Lipschitz.

Necessity.

Leta € (0,1/p], 1< p <, a < 1. Suppose that Tr(h) = f = h € Hy for any h € H,. We want to show that
f€Lip, if0<a<1/pand f€ Lipif0 <a<1/p.

First, we show that f is continuous. Otherwise, f is not continuous at some point x. Without loss of
generality, we may assume that x = 0, f(0) = 0, and there exists a nonincreasing sequence {s,} satisfying
0 <s, <27 and f(sy) >1. We want to construct a function ¢ such that ¢ € Hy but f° ¢ & Hy.

Choose two positive numbers r and 1 such that

O<r<p, O<p<arp<p.
Set

= [s; 7% + 1, t, = s!A, 3.1

S1

52

2] 3

I

Figure 5: The graph of ¢.
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where A is a positive constant such that
Y 2ty = 1.
n=1

The existence of A is guaranteed by the following inequality:

2 2[s I + D)7 < Y sTPTIS Y 2@ < oo
n=1 n=1 n=1

Set

I =

n n-1
1- Y2t 1- ) 2
j=1 j=1

We divide J, equally into 21, subintervals and denote every part by

n n
Jum = ll - D2+ (m = Dy, 1 - Y 2Lt + mty|, m=1,..., 2l
j=1 j=1
Now, we define @(x) as
2
B 0, X e]n,Zj—l’ ) -
() = n=12.,j=1.., 1l

2
sn, X € ]H,Zj )

Denote ¢,(x) = ¢(x))(]n(x). The graph of ¢ is shown in Figure 5.
For fixed n 2 1, we estimate ||A.¢,|[5, 0 < t < 1. Noting that t, = sy, by (3.1) we have for 0 < ¢ < t,,

el = [ 16,00+ 0 - B, 00Pdx

[0.1]

32)
=sp - [ 19,00+ 6) = 9,001 = s}l
- S,{’ -(2tly) = ts,gp-r)ﬂapr-n) < tapslgp‘rﬁ(apr"?)’
where |A| denotes the Lebesgue measure of a set A. Similarly for ¢ > t, we have
APllp = sF - [x 1, + ©) = §,001 = $n}l < 87 - Qnta) = 537 71P < tPf. (3.3

For any t € (0, 1), it follows from (3.2) and (3.3) that

1ADI < D 11ABlly = 2 1ADlls + 2 12Dl
n=1

th>t thst
apr-n n
Sk gt
< Z t(lsn 14 14 + z l'aSn p
th>t th<t

<t Z 2—n((1—;)+‘w;’n) + Z 2—n(—%+1) < e,
th>t thst
which means that ¢ € Hy.
However, we have

1
14

lag(fe Olbz| [ 1o g0+ ) - Fo poIPdx
U
-n

n
ar—-+
= F(s)(Intn)p = Lt)? > sn P = t8sal .

. B m . . . . . .
Since sp’ > 27 — o asn — o, we obtain f ° ¢ & Hy'. This contradicts our assumption. So f is continuous onR.
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Second, we show that f € Lip,,, if 0 <a <1/p, 1< p <, a <1 Assume that f is not locally Lipschitz.

As in the proof of Theorem 1.1, we can assume that there exist sequences {a,}, {b,}, and ¢ satisfying

(34

= 2_’1’

|

Vi

max{|a, - &|, |by — anl}

&<y < by < ap-q < bpy,

and

(3.5

12 lf(bn) _f(an)l 2 kn(bn - an) = Zn(bn - an)-

Figure 6: The graph of ¥.

4
1

Figure 7: The graph of y.
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(We take k, = 2".) Choose two positive numbers r and 1 such that
ra>1, (ra-1Dp<n<p.
For example, we may take r = % n= %p. Set

[ @n = awyer

th=(by — a4, Iy K
n

} +1, ty=10=0,
where A is a positive constant satisfying

> 2ty = 1.

n=1
We remark by (3.4) that forn > 1,

(b - an)r(ap—l)—p

I 2 ki

> jCapr D > 1

The existence of A is derived from

S N[ ®n - ayerr
22 7
n=1 kfl

00

hd - a,) P
+ ll(bn —a)' =) M < Y kPN < oo,
n=1 kﬂ n=1

Denote J? = [Z}[:_(l)ﬂjtj, Z?:ozzjtj] and

n-1 n-1
PBo=| 320t + (k= Dty Y2085+ kta|y (k=1, ..,2L, n21).
’ j=0 j=0
We define ¥(x) as follows:
a, XxX€J°, .,
P(x) = S =12, =1l
by, X E]n,zj"

The graph of ¢ is shown in Figure 6.
Set

P00 = £+ é(an - Ep00, B0 = YO0 = Y 0)
and
Y00 = (@ = EX 0O, 3,00 = Y,00K ().
We note that for t € (0, 1),
18 plly = 16 b pOc+ 0 = xp0Ol = B < mind20YP, (41,67}

It follows that for t € (0, 1),

Al < 2 1AWl
n=1

< Y @-Otr+ Y (- Oty

2Upty>t 2ptpst

< 1
< Y —tr=tp <« tq,

n=1"n

which gives i, € H.

1"

(3.6)
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We now prove that y, € Hy. Similar to the proofs of (3.2) and (3.3), we can show that
A& allp = (B = @PIX 2 1y ,(x + 1) = Py (O] = by = @}

< ((by — an)P minglyt, Lt })r .

Noting that ¢, = (b, — a,)" and 0 < a < 1/p, by (3.6) we have for 0 < t < t,,
— an)r(a—}]) - i

(by = ap)(Iut)P < @ tlp=a (bn d
knp kn

a

and for1>t2¢,
(bn = ap)(nt)VP < %, (by = ap)(I)VP(t)VP ™ < —.
ki

> < tq

(o]
ta
Al < D 1AWl < 2 AWyl + 2 AWl < 2 —5 +
n=1 ty>t tpst t,l>tknﬁ tast

ta
<

Hence, we have
o
kf

which implies , € Hy. Finally, we obtain § = y, + ¥, € Hy.
1
P

However, we have
ool >| [ 1 e o+ ) - Fo poolrdx

U{in=1 ]Iizj—l
-1
1 Pia
> Kn(bn = an)(lntn)> = kn “t;.

_n
Since kn ” — 0 as n — o, we obtain f ¢ ¢ € HS, which contradicts our assumption. So f is locally Lipschitz.

fO-fO 1

It remains to show that f is Lipschitz if 0 < a < 1/p, 1 < p < . Assume that f is locally Lipschitz and is not
T T for a given interval I.

Lipschitz. Then, f € Lip_, ) or f & Lip, ., where Lip; = [ f 1 supy e

There is no loss of generality in assuming that f & Lip, ., Set k, = 2". There exist 2 < a; < by such that
[f(b1) = f(ap)| = kalby - ail.

Since f is not Lipschitz, we have f & Lip(max{blykz},w). So there exist max{b,, k;} < a, < b, such that
[f (D) = f(a)| = kolby — ay].

In the same manner, we can obtain that there exists a sequence {[ay, b,]} of intervals satisfying

kn < ap < by.

ceey

[f(bn) = f(an)| = knlbn - ayl,
2<@q<bh<..<a,<b,<

From the continuity of f and the compactness of [a,, b,], we know that f is uniformly continuous on [ay, by].

IFOO -fl <1

0 <j<vy), thus

Hence, there is &, > 0 such that for any x, y € [ap, by], [x — y| < &, we have
an *J=5—

We equally divide [ay, b,] into v, = [ L S_n fn

an = dpo < dpy < ... < dyy,-1 < dpy, = by and |f(dp) - f(dnj+)| <1, j=0,1,..., v, - 1. We obtain
[f(dny) = fldnje)l | If(dnj) = f(dn,,+1)l

|dn,j - dn,j+1| |dn,jn - dn,j"+1| '

]+ 1 parts and denote as d,; =

Osjsvn—ll

o < YO0 = el _
|by — an|
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for some j,, 0 < j, < v, = 1. We replace [ay, bn] by [dy,, dnj,+1] which is also denoted by [ay, by]. Thus, we have

knlb, — az < |f(by) - fan)| < 1.
Take Iy = t; = 0 and

=

+1,

Q 1- ap 1- ap
Alk;bn ”(b —a)® | , n=21, (37

1
b, |
b, - a,

where 0 < <1, and A is a positive constant satisfying

> 2ty = 1.

n=1

The existence of A follows from the following inequality:

a

1
00 bn
gz [bn — an

set J! = [2)5020t, Y2t} n = 1,2,... and

1-ap 1-ap I o  ~hp~p
1- 1- 1-
+ 1|k, "bnap(bn—an) @ | < )by Phka P < an P <o,

n=1

n-1 n-1
Zzzt,+(m Dy, 3 2lt; + mty|, m=1..,2l, n=1,2,...
j=0

Similar to the construction as we did in the proof of locally Lipschitz continuity of f, we define y(x) as follows:

4
ay, XEJ s 1<k<,

X) = ' n=12...
v by, xe],ﬁZk, 1<k<l,

We assert that y € L, since

I ‘aP o ThP— aP
lIyllp < ZbPZIntn <Yki Phi P < Yk TP <o,
n=1 n=1 n=1

The graph of y is shown in Figure 7.
Write

00 © ln
MO = Y an X0, y00 =y = 00 = 2 |G - aw) ZX];‘Z].(X)
n=1 n=1 j=1

and

Iy
Vn,1(X) = anX]:(X)) Vn,z(x) = (b - ap) ZX]:z;(X)'
j=1

We now prove that y € Hy,. The proof is similar to the one as in the proof of f € Lip,,.. For 0 < t < 1 we have

AWl < 2 11AY 4l
n=1

Y @PHX i+ 6) = yy (0 = @}y

n=1

Y @t + Y analt)

2pty>t 2ptpst

<t Z bn(lntn)}’_a + t® Z bn(lntn);_a

2ntn>t 2ntnst

IA

=10 k< t@

n=1
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and
1AD,llp < z ”AtVn,znp = Z((bn - ap)Plix : Vn,z(x +1) - Vn,z(x) =by - an}l)%
n=1 n=1

< Y (b = @)Lty + Y (by = an)(luta)?
th>t th<t
11, 11,
<t Y (by - alftd ~ + ¢ Y (by - aliel

tn>t tast

=10y k1< t9,
n=1
from which we deduce that y = y, + y, € H,. However, we obtain

126 © P)llp 2 Kalbr = anl(ltn)r > kEE,

Since k'™ — o as n — o, we have (f ° y) € H?, which contradicts our assumption. So f is Lipschitz.
The proof of Theorem 1.2 is complete. (]

Proof of Theorem 1.3. The proof of the sufficient condition and the necessary condition for which Ty maps
HI}/ P (1 < p < ») into itself was given in the proof of Theorem 1.2. So it suffices to find out a locally Lipschitz
function f for which Ty does not map H!}/” (1 < p < ) into itself.
Let1 < p < . We set
00 = ln|71|, x € [-1/2,1/2]\{0} (3.8)
0, x=0

and f(x) = |x|%, a > 1, x € R. Then, f is locally Lipschitz. We want to prove that { € H;/” and fo (& H;/P.

P p
First, we prove that |In|1 + %] and |In % - 1] are Lebesgue integrable on [0, 1].
1 1 P 1 1 4
LetA=_[01n1+E] du=I01n1+E] du and
1 1 1
T 3P, Ho(1 ) 1 )P
B={|n|= -1 du=_|'1n——1]]du+J'1n——1”du=D+C.
AR AW u

1
2

. . . u .
For C, making the change in variable x = ;= yields:
1
1 14
E - 1] du = I

1
. . 1 +00
By the comparison theorem, and the convergence of integrals Io u-2du and L u‘%du, as well as:

C:

p +00
In ]] du = (Inx)?

= ) for 1™

u
In
1-u

2

0O by

1 P 1))
(Inx)? In[- -1 Inj1+ -
. (x+1)? . u . u
lim ——-=0, lim T =0, lim T =0.
Xo+0 X2 u-0* u u-0* u:
1\F 1 P
we obtain that|In|1 + I and |In P 1] are Rieman integrable on [0, 1]. Furthermore, by [15, Theorem 2.28]
1) 1 P
and the monotone convergence theorem [15, Theorem 2.14], we deduce that |In|1 + 4 and |In v 1] are

Lebesgue integrable on [0, 1].
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Next we prove { € HI}/ P Without loss of generality we can assume that 0 < ¢t < 1/8. We have

o1
+j'+j'+ [+ j' |AQPdx =T+ I+ I +IV+V+ VI
—t 0 t

-t

D=

J

t
2t

=2t
iy = [ +
_1

D=

Using the transformation x = —u in I and the inequality [In(1 - s)| < % 0 < s <1, we obtain

-2t !
)

2

P 2
In du < j
2t

t 14
In —] du < t.
u-t

1
1-—
u

1
2
x+t|]P
-]
%

2t

Applying the transformation x = —(u + 1)t in II, x = —ut in III, x = ut in IV, and noting that the functions

P P
ln1+$] and ln%—l] are integrable on [0, 1], we have
-t 1
+t p 1 p
II= I lnX—H dx=t_[ ln1+—] du < t,
-2t X 0 u
0 1
+t 14 1 14
IH=_[1n X dx=t_[1n—1+— du < t,
-t X 0 u
and
t 1
+t p 1 14
1= || % ]dx=tj1n1+—]] du < t.
0 X 0 u
Using the inequality In(1 + x) < x, x > 0 in V, we obtain
+t|)f t\f ty
v=[|n* ] = [ 1n1+—]] dx < I[—]dx«t.
t X t X t X

Finally, we note that x, |x + t - 1| € [1/4,1/2] if x € [1/2 - t, 1/2]. This gives that

x+t-1

12
] dx < (In2)Pt < t.

Hence, we have
ALl =T+ I+ T+ IV +V+ VI < tr,

which implies that ¢ € Hy/?.
Next we show that fo (& H,}”’. We have for t € (0,1/(3e)),

| t 14
lasf e Ol = [ [or» o+ xdu |
t]o
2t t 14
1 7t o1
-j(—a)jlnu+x ——du| dx
t 0
2t t
11711 al (. 1)@?d
> —_| = == -
‘t[ a‘(l: ln?,t 3tdu dx 3 t ln3t

a-1
— o ast — 0+, we obtain f o { & H)/.

. 1
Since ln§

The proof of Theorem 1.3 is complete.
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