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Abstract: In 2008, Cai and Jiu showed that the Cauchy problem of the Navier-Stokes equations, with damping
a |ulf~'u for a > 0 and B = 1 has global weak solutions in L*(R3). In this article, we study the uniqueness and
the continuity in L*(R3) of this global weak solution. We also prove the large time decay for this global solution
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1 Introduction

Consider the three-dimensional Navier-Stokes equations (NSEs) with nonlinear damping

AU — VAU + u.Vu + alulf'u = -vp in R* x R3
N e o3
divu=0 ¥n R* xR (NSD)
u(0, x) = u’(x) in R®
a>0, B>1,

where u = u(t, x) = (w, Uy, u3) and p = p(t, x) are, respectively, the unknown velocity and the pressure of the
fluid at (¢, x) € R* x R3, v represents the viscosity of the fluid, and u® = (u(x), up(x), uf(x)) represents the
initial given velocity.

The NSEs govern the motion of incompressible fluids. The damping is from the resistance to the motion of
the flow and describes various physical situations (see [1] and references therein).

The global existence of a weak solution to the initial value problem of the classical incompressible Navier-
Stokes was proved by Leray and Hopf (see [2,3]) long before. The uniqueness remains an open problem for the
dimensions d > 3.

The case of polynomial damping alul®'u was studied in 2005 by Zhou [4] for a = 1. He proved the
existence of global strong solution for § > 3.

In 2008, Cai and Jiu [5] proved the existence of global weak solution for B > 1, the existence of global strong

solution for f = % and the uniqueness of the strong solution for % < B < 5. They employ the Galerkin approx-
imations to construct the global solution of the system (NSD).

In 2011, Jia et al. [6] studied the L? decay of the weak solutions with g = % anda = 1.
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For B > 3 and u, in a suitable space, Zhang et al. [7] proved the existence of global strong solution and they
prove the uniqueness if 3 < § < 5. They also stated the existence and uniqueness of the strong solution to the

system (NSD) for f > 3,a > 0, and a = % if =3.
In 2017, Liu and Gao [8] established the I? decay of the weak solutions for 8 > 2 and a > 0. They also stated

the asymptotic stability of the solution if >3 and a > 0 and if =3 fora > %
In this article, we study the uniqueness, continuity, and the large time decay of the global solution of the
system (NSD). We use the Friedrich method to prove the continuity and the uniqueness of such solution for

B > 3. We also study the large time decay for § = % Precisely, our main result is the following:

Theorem 1.1. Let B > 3 and u® € L*(R®) a divergence-free vector field, then there is a unique global solution of
(NSD): u € G(R*, IXR3)) N LA(R*, H'(R) N LAYR*, LA(R3)). Moreover, for all t = 0
t

t
lu(®)|f: + 2I||Vu(s)||izds + 20 ||u(s)|f;}1ds < [0, (1D
0 0

Also, if B 2 % we have

Lim [lu(®)]];2 = 0. (12)

Remark 1.2.
(1) In [6], the authors study the L? decay of weak solutions by developing the Fourier splitting method [9, 10]

fora=1and g = % In this article, we use a different method called the Friedrich method to study the L?

decay of the weak solution. We prove the uniqueness, the continuity of the global solution in L*(R%), and
the asymptotic behavior (1.2). This inequality is proved in [5].
(2) The case of fractional order NSEs with damping can be studied based on the previous work [11,12].

2 Preliminary results

In the following, we recall some preliminary results. The reader is referred to [12-14] for more details of the
proofs.

Proposition 2.1.
(1) Ina Hilbert space H, the unit ball is weakly compact, i.e., if (xp), is a sequence in the unit ball of H, then there
is a subsequence (Xym))n Such that

im (xpoly) = (cly), vy € .
(2) If x € H is a weak limit of a bounded sequence (x,), in H, then

[|x]| < liminf ||xp]|.
n—o

() If x€H is a weak limit of a bounded sequence (X,), in H, and limsup,_.||X.|| < ||x|, then
lim,~o|[Xp, — X|| = 0.

Lemma 2.2. Let s; and s; be two real numbers and N € N.
o Ifs; < % and s; + s, > 0, there exists a constant C; = Ci(N, sy, S3), such that if f, g € H(RY) N H*(RY), then
f.g€ HS”ST%([RN) and
1174 ||Hs1+sz—;” < Gz l1gllgs + [F1la2gllgs)-
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o Ifsy, 8, < % and s; + s; > 0, there exists a constant C, = Co(N, sy, S3) such that if f € HYRN) and g€ HRM),
then f. g € H" *(RY) and
VBl sxesr-y = Callf Ml 181152

Lemma 2.3. Let r > 0, then, for all x,y € RY, we have

1
(IXI'x = ly, x - y) 2 E(lxlr + yx -y 2D
The Leray projector P : (L2(R3))® - (L2(R3))? is defined by
%]i - MEF @),

FPf) = (&) - [?(E). 3

- % and L2(R3) represents the space of divergence-free vector fields in

1<k,6<3
IX(R3). In particular, if u is in the Schwartz space (S(R%))3, the Leray projector P is given by
&éj

[‘S"f - W]%(f) i 1dg.

where M (§) is the matrix [6;{,,9

1
P - _ -
(W)ex) <zn>%[,£
For R > 0, the Friedrich operator J is defined on L*(R®) by J,(D)f = ¥ ‘1()(33) and the operator Ag(D) is defined by
Ap(D)u = PJo(D)u = F M ()xg, (D),

with By the ball of center 0 and radius R > 0.
The following result is a generalization of Proposition 3.1 in [15]. The proof is similar to that of Proposition
24 in [12].

Proposition 2.4. Let vy, vy, V3 € [0, ©), 1, 15, 13 € (0, ), and f° € L§([R3).
For neN, let E,:R*xR3 -~ R? be a measurable function in C'(R*, I>(R%) such that A,(D)F, = E,
E(0,x) = Ay(D)f°(x), and

3
0F, + ) Vi |Dk[P*E, + An(D) div(E, ® F,) + Ay(D)h(|E|)E, = 0.
k=1

3 t t
IEOIE: + 23 vi DS |Eads + 2[ IREGDIRE R, ds < [If°]2,
k=1 0 0

where h(z) = azP™!, witha > 0 and B > 3. Then: for every ¢ > 0 thereis § = §(&, , B, V1, Vo, V3, 11, T3, 13, ||f°||;2) > 0
such that for all t;, t; € R*, we have

(It — 4] < 8= ||R(t) - B(t)||g= <€), VnEN,

with sy 2 max(3, 2r, 2r, 213).

3 Proof of Theorem 1.1

3.1 Existence of solution

Consider the approximate system:

o = Myu + J,(JuVju) + af [[Julf~*J,ul = -Vp, in R* x R3
P, = (=8)(div J, (J,u.V],w) + adiv J[[Julf"],ul)

divu=0 in R*xR3

u(0, x) = J,u’(x) in R3.

(NSDp)
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* By the Cauchy-Lipschitz theorem, there exists a unique solution u, € CY(R*, LE[R?)) of the system (NSD,)
such that j,u, = u, and
t t
lun (DI + 2I||Vun(s)||izds +2a ||un(s)||§;+11ds < [l (3.1
0 0
+ The sequence (uy), is bounded on L*(R%) and H'(R?®). Hence, by Proposition 2.4 and the interpolation
method, the sequence (uy), is equicontinuous on H(R3).
For a strictly increasing sequence (Ti)x such that limy_....T; = o, consider a sequence of functions ()x in
Cy (R such that

)
6k(x)=1, for|x|<k+ Z

Sk(x) =0, for|x|=k+2
0<é <1

Using the energy estimate (3.1), the equicontinuity of the sequence (uy,), on H(R®) and classical argument
by combining Ascoli’s theorem and the Cantor diagonal process, there exists a subsequence (Uyy))n and

u € L*(R*, L*([R3)) N C(R*, H3(R?)) such that for all k € N,
rlllglo I6k(Ugmy = WIlz=(j0, 71,574 = 0. 3.2)

In particular, the sequence (Uy()(t))n is weakly convergent in LA(R®) to u(t) for all t > 0.
 Using the same method as in [15], we obtain

t t
(O + 2[[Vu(s)|ds + 20 u)|fhds < [u0]E;, (33)
0 0

for allt > 0, and u a solution of the system (NSD).

3.2 Continuity of the solution in L?

Using inequality (3.3), we obtain limsup,_|[u(t)||;> < |[u’|;> and by Proposition 2.1-(3), we have
limsup,_,o|[u(t) - u%||;> = 0. This ensures the continuity of the solution u at 0. To prove the continuity on
R*, consider the functions v ¢(t) = upm)(t + €), p,(t) = pq,(n)(t +¢), forn € N and € > 0. We have

Oclp(n) = Dlkg(ny + Jomy (U Vikon) + Wy (U lP hpmy) = =By

OtVne = Avpe +](p(n)(Vn,s- Vne) + a](p(n)(lvn,slﬁ_lvn,s) ==VPy
The function wy¢ = Upm) — Vi, verifies the following:

OWne — Awp ¢ + a](p(n)(lugo(n)lﬁ_lu(p(n) - |Vga(n)|ﬁ_1vn,£)

= - v(pq;(n) - Pn,g) + ](p(n)(Wn,e- Vn,e) _](p(n) (Wne. Vlpn)) = ](p(n)(u(p(n)- Vin,e).

Taking the scalar product with w, . in L*(R®) and using that divw, . = 0 and (Wy . YWy e, Wy ) = 0, we obtain

d
=Wy (OIF2 + ||V, (D2 + a Up P Ypm = [VnelP 1ne); Wi e)s2
2 dt” n,e( )“LZ || n,e( )“LZ <]¢(n)(| (o(n)l o(n) | n,£| n,e) n,£>L (3.4)

= - <]¢(n)(Wn,£- Vu(p(n)); Wn,a)LZ-
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By inequality (2.1), we have

%(n)(lu(p(n)|ﬁ_1u(p(n) - |Vn,£|ﬁ_1vn,£); Wn,s>L2
<|u(p(n)|ﬁ_1u(p(n) - |Vn,e|ﬁ_1vn,a;]¢(n) Wr,e) 12

<|u(a(n)|ﬁ_1uq)(n) - |Vn,s|ﬂ_1vn,5§ Wp,e) 12

1
E I(luq)(n)lﬁ_l + |Vn,s|ﬁ_1)|wn,s|2
R3

v

v

1

E I|u(a(n)|ﬁ_1 |Wn,s|2:
[R3

which implies

_ _ a _
Ay ko lP gy = ([ elP ™ Vne))s Wi e) 12 EJ'“w(m'ﬁ wn el (3.5)
RS

Also, we have

1 1
oy Wi Vatg); Wiedsel < [ el ool 100nel < 5 J Il lutgaof + Vel
R R?

-1

bt -1 2 2.2 .
L q-= 53 @ = W eP(F, b = ()1, yields

The convex inequality ab < a?f + 7S aP + b1, with p =
) a -1 2 2, 1 2
oy (W Vito)s Waedezl S 7 [ 1l kgl + Coplwielts + 119wl
[R3
where Cop = %(%)ﬁ. Combining this inequality and inequalities (3.4), (3.5), and (3.6), we obtain

a”Wn,a”%Z + ||VWn,s||iZ s ZCa,BHWn,e”iZ-

By the Gronwall lemma, we deduce
[Wae(Oll2 < [[Wne(0)]]2€%#
and
llupm(t + €) = Upm(Dllz2 < lltpmy(€) = Upm)(0)]|2€%H.
For to > 0 and € € (0, ty), we have

”u(p(n)(to +£) - uq)(n)(tO)”LZ £ ||u<p(n)(8) - u(o(n)(O)HLZeC‘I’ﬁtU-

l[ug(to = €) = Upm (T2 < lltom)(€) = Upm)(0)]| 24",

So

l[tpam)(€) = Upm(OII72 = 1oy Uom)(€) = Ty Yo (O[22
= |U¢(n)(u¢(n)(£) - UO)H%Z
< [upy(e) = U0l
< |lugmy(@IEz + [UCl22 — 2Re(uyem(e), u®)

< 2||u’lf3. — 2Re(ugmy(e), u).

But lim,. so(Ug(ny(€), u®) = (u(e), u’), hence

Bmint upqn () ~ Upcr (O < 20l ~ 2Reule); u)yz
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Moreover, for all k, N € N

”]N (6k- (u(p(n)(to te)- U:p(n)(to)))Hiz <||6k. (u(p(n)(to te)- u(p(n)(tO))HiZ

<||ugm(to £ €) = uw(n)(tO)HiZ'
Using (3.2) we obtain, for k big enough,

[y (Bk- (u(ty £ €) — u(to))||z2 < liglligf [Upay(to = €) = Uy (to)]|z2.

Then
Iy (S (uCto £ &) = uCt)DI: < 2([u°)2 - Requ(e); u0)2)eers,

By applying the monotone convergence theorem in the order N and g, we obtain
llutto + &) = u(to)lf2 < 2(|[u°l} — Re(u(e); u)y2)e* s,

Using the continuity at 0, we deduce the continuity at ¢, by making € — 0.

3.3 Uniqueness
Let u and v be two solutions of (NSD) in the space
G(R*, IARY) N IHRY, H(RY) N LR, LFI(R?)).

The function w = u - v satisfies the following:
ow — Aw + a(|ulf~u - v|Fv) = -V(p - p) + w.Vw - w.Vu - u.Vw.
Taking the scalar product in I? with w, we obtain
1d
EE”WH%Z +[|[Vw|R, + a{(ulftu - [vIF); whz = —(w.Vu; w)e.

By adapting the same method for the proof of the continuity of such solution in L*(R3), with u, v, w instead of
Up(n)s Vn,e» Wn,e in order, we find

a
(™t = P v); wyge = 3
[R3

and

a 1
.9 wyya| < 5 JIwPIuP + Copliwis + 11wl
[RS

Combining the above inequalities, we obtain the following energy estimate:
d
EIIW(I)IIiz + Vw2 < 2Ca plw(OIf72-

By Gronwall lemma inequality, we obtain
t

W[, + I||VW||%2 < [|wO|2,e2Cust,
0

Asw? = 0, then w = 0 and u = v, which implies the uniqueness.
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3.4 Asymptotic study of the global solution

To prove the asymptotic behavior (1.2), we need some preliminary lemmas:

Lemma 3.1. If u is a global solution of (NSD) with § = %, then u € LE(R* x R3).

Proof. Let E; = {(t, x) : |u(t,x)| < 1, E; = {(t, x) : |u(t,x)| > 1}, L; = JEl|u(s, x)|Pdxds,and L, = JEzlu(s, x)|Pdxds.

We have

° 10
I = j|u(s, X)|Pdxds = j|u(s, XIF [u(s, x)| P dxds < I||u(s)||L31o ds.
3

E E 0

.3
Using the Sobolev injection H3(R%) < L% (R3), we obtain

° 10
Ly < Cf|ju()] % ds.
0 e

2 3

By interpolation inequality |[u(s)|| 3 < [u(S)Iollu(s)][1, we obtain

o 4 4 ©

L < Cf )NV < el f|vue)| .

0 0

Moreover, for the term L,, we have
L, = j|u(s, X)Pdxds < ”|u(s, X)Fldxds.
E, 0R®

Hence

é (o] (o]
lullpeisy < ClHlE: [IvuCs)|ads + [ [ lucs, )1+ dxds.
0

0R®

Therefore, u € LA(R* x R3). O

> 10

Lemma 3.2. If u is a global solution of (NSD), with B = 7, then lim..|[u(t)[|z = 0.

Proof. For ¢ > 0, using the energy inequality (1.1) and Lemma 3.1, there exists ¢; = 0 such that

£
IVl 219, 0)xR?) < 1 (3.6)
and
£
Ul 28,003 < e 3.7
Now, consider the following system:
OV — VAV + v. WV + a [v]Flv = -Vq in R* x R3
divv=0 in R* x R? (NSD")
v(0, x) = u(ty, x) in R3.

By the existence and uniqueness part, the system (NSD’) has a unique global solution v € Gy(R*, L*([R%) N
LA(R*, H'(R3)) N LAYR*, LA*Y(R3)) such that v(ty) = u(to, X) and q(t) = p(to + t). The energy estimate for this
system is as follows:

t t
IMOIE: + 2[I9v)IEads + 2a[Iv©)If5h < uto)IE: < [u7]R:.
0 0
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By the Duhamel formula, we obtain
v(t, x) = eMW0(x) + f(t, x) + g(t, x),

where
t

ft, x) = —J—e(f‘s)A[Pdiv(v ® v)(s, x)ds
0

and
t

g(t,%) = —af e P div [u(s, ) 1v(s, x)ds.
0

By dominated convergence theorem, lim,_.||ev?||;2 = 0 and hence lim,_.||e?v’||;2 = 0. Moreover,

F Ol <IFOIF 1 < Ilf(t)lliﬁ

2

d¢

t
< I|E|‘11J'e‘(“s)'52|5"div(v ® v)(s, &)|ds
R® 0

2

t
< I|E|[je‘(t‘s)'f'zl?“(v ® Vv)(s, E)lds| dé.
RrR® Lo
Since
t 2 (t t
‘Ie-(t—s)lflz|7—‘(v ® V), )|ds| < Ie—z(t—s)lflzds J’WV ® v)(s, &))2ds
0 0 [ 0
<& fiFw ® vis, s,
0
then

FOIR-de < 167 [IFw e v, HPdsdg
R3 0

t
< j[jm-w(v ® V(s OPdE|ds = v e v ds.
R3 0

t
0
Using the product law in homogeneous Sobolev spaces, with s; = 0, s; = 1, we obtain
t
I OIE=dt < cf[u)IEITv(s)|Eds.
0

Using inequalities (3.6) and (3.7), we obtain

t
FOIR,-2dt < R [[1vucty + 9)|ds
0
0112 2
<l f|1vucty + 5)[2ds
0

< O] 1uc) | ds
to
2

oy, — =
< C”u ||LZ 9(C||u0||iz + 1)1

which implies that ||f(¢)[|g> < 5, Vt 2 0.
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For an estimation of ||g(t)||;2 using the injection LY(R3) = HS(R%), Vs > 3/2, with s = 2, we obtain

t 2
lg@If-de < [+ |f|2>-2[Ie-<f-s>'f'2|¢(|v|ﬂ-1v)(s, £)lds| d
R? 0
; 2
<l [P 1), il ds
0
t 2
< {[iives, P llgnds
0
s C”V”iﬁ(R*X[RS)’
where C = J,(1 + |{*)d¢.
Also, using inequality (3.7), we obtain
2 2 2 &
||g(t)||H‘2dt < C”lu(to + ')||LB(R+XR3) < CHu”Lﬂ([[O’m)x[RS) = C%’

which implies that ||g(¢)||g2 < g, Vt =2 0. Combining the above inequalities, we obtain

lmny. o||u(t)|| -2 = 0. O

Lemma 3.3. If u is a global solution of (NSD) and 8 = 2 then lim oo |u(t)||;2 = 0.

23,
Proof. Let wy = 1picqu = 7'__1(1|§|<1ﬁ) and w; = lppiu = 7'__1(1|5|21ﬁ).
Using the second step, we obtain

Iwi(Ollz2 = collwi(®llgro = 2colllwa(Oll2 < 2/ [u(O g2,

which implies lim;-,«||w1(t)||;2 = 0.
For € > 0, there is t;, > 0 such that ||wy(t)||2 < <, Vt > t;, we have

[0t < [iowaolde < [vu)de < w.

t 4 4
Since the map t — [|wy(t)||;2 is continuous, there exists t; > ¢ such that ||wy(t)||;2 < g Hence
2

&
[u@IF: = wi @I} + (w72 < PR

Using the following energy estimate

t t
(o) + 2[ [Vu(s)]|ds + 2 Ju)llpds < uw)|E, Ve b,

123 2}

we obtain ||u(t)||;z < & Vt =&, and the proof is completed. O

4 Conclusion

Cai and Jiu [5] consider the incompressible NSEs with damping (NSD) and they proved the existence of global
weak solution for 8 = 1. The problem of uniqueness and asymptotic behavior of the solution is not addressed.
In this article, we prove by a new and different method, the uniqueness and the continuity of the global

solution in L*(R3) for B > 3. We also study the asymptotic behavior for this global solution for g > %
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