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Abstract: In this study, using convolution theorem of the Laplace transforms, a monotonicity rule for the ratio
of two Laplace transforms, Bernstein’s theorem for completely monotonic functions, and other analytic
techniques, the authors verify decreasing property of a ratio between three derivatives of a function involving
trigamma function and find the necessary and sufficient conditions for a function defined by three derivatives
of a function involving trigamma function to be completely monotonic. These results confirm previous guesses
posed by Qi and generalize the corresponding known conclusions.
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1 Introduction

In the literature [1, Section 6.4], the function

T(z) = J'tz-le-fdt, R(z) > 0
0

and its logarithmic derivative ¥(z) = [InI'(z)]" = l“r’((zz)) are called Euler’s gamma function and digamma func-

tion, respectively. Further, the functions ¥'(z), ¥”(z), ¥ (z), and ¥™¥(z) are known as the trigamma, tetra-
gamma, pentagamma, and hexagamma functions, respectively. All the derivatives y®)(z) for k = 0 are known
as polygamma functions.
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Recall from Chapter XIII in [2], Chapter 1in [3], and Chapter IV in [4] that if a function f(¢) on an interval I
has derivatives of all orders on I and satisfies inequalities (-1)"f"(t) = 0 for t € I and n € {0} U N, then we
call f(t) a completely monotonic function on I. There have been plenty of literature dedicated to the study and
applications of completely monotonic functions, logarithmically completely monotonic functions, and com-
pletely monotonic degrees.

Let

O(x)=xYp'(x)-1=x

- 1| xE )
Lemma 2 in [5] states that the function (-1)*®@®)(x) for k = 0 is completely monotonic on (0, ). The completely
monotonic function ®(x) and its derivatives have been initially investigated by Qi and his coauthors in a series
of papers such as [5-7]. This topic was reviewed and surveyed in the article [8].

In [6, Theorem 4.1] and [7, Theorem 4], Qi turned out the following necessary and sufficient conditions and
double inequality:
(1) if and only if a > 2, the function H,(x) = ®(x) + ad*(x) is completely monotonic on (0, ©);

(2) if and only if a < 1, the function -$),(x) is completely monotonic on (0, );
@’ (x)
%(x)
-2 and -1 cannot be replaced by any bigger and smaller ones, respectively.

(3) the double inequality -2 < < -1 is valid and sharp in the sense that the lower and upper bounds

In [6, Theorem 1.1], Qi found the following necessary and sufficient conditions and limits:

(1) if and only if B = 2, the function Hg(x) = (;;—g; is decreasing on (0, ), with the limits
i< BB [ B2
XLIEE ﬁ(X) - 0’ ﬁ > 2 an Xlzg ﬁ(X) - —0o, B N 2’
(2) if B <1, the function Hp(x) is increasing on (0, «), with the limits
—00’ X — 0+’
Hg00) = 0, X — o,
For k € {0} UN and A, i, € R, let
(I)(Zk+1)(x)

T X) = @FD0) + 4[RO and e, () = ()RR

on (0, «). In [5, Theorems 1 and 2], Qi presented the following necessary and sufficient conditions, limits, and
double inequality:

(D if and only if Ay > 15!2?1;2;)!!’ the function Jx ,(x) is completely monotonic on (0, «);
(2) if and only if A < % I((!Zl((k++2i)!!, the function —-Jx ,(x) is completely monotonic on (0, «);

(3) if and only if w, 2 2, the function J " (x) is decreasing on (0, «), with the limits

1@k
mgl]k,pk(x) = 2ki(k+ 1 Uy = 2;
x- 0, U > 2
and
2k + 2)!
_Ck+ 2t .

limj, , () ={ kl(k+ DY’ Hie
X—00 — m” > 2
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(4) if g, <1, the function ]k,#k (x) is increasing on (0, ), with the limits

-,  x- 0%
]k’uk (X) - O;

X—»OO;

(5) the double inequality

_ 2k +2)! . DED(x) 1 2k + 2)!
Kik+ 1! [@®0()]2 2 kl(k + 1!

is valid on (0, ) and sharp in the sense that the lower and upper bounds cannot be replaced by any larger
and smaller numbers, respectively.

Fork=2m 2 0, let

(I,(Zk+2)(x)
(I,(k—m)(x)q)(k+m+1)(x)

jk,m(x) =

on (0, ). In [5, Remark 3], Qi guessed that the function Jx m(x) for k > m = 0 should be decreasing on (0, «)
and that the double inequality

202k + 2)!

CKI(k + 1)

2k +2)!

Ki(k + 1)! 0

< Jko(X) <
for k = 0 should be valid on (0, «) and sharp in the sense that the lower and upper bounds cannot be replaced
by any larger and smaller numbers, respectively.

For m,n € {0} UN and wn, € R, let

~ q)(m+n+1)(x)
Ym,n(X) - q)(m)(x)(b(n)(x) (2)
and
ym,n;wm,n(x) = q)(m+n+1)(x) + wm,n(b(m)(x)q)(")(x). 3

It is clear that

Ym,n(X) = Yn,m(X); ym,n;a),,,,,l(x) = «yn,m;wn,m(x),
Yk—m,k+m+1(X) = jk,m(x), yk,k;wk,k(x) = Sk,wk,k(x)’ «yO,O;wg,o(X) = fj(uoyg(x)'

In this study, we will prove decreasing property of the function ¥, »(x) and find necessary and sufficient
conditions on wp, , for i(—l)’"*"*lym,n;wm,n(x) to be completely monotonic on (0, ). These results confirm the
above guesses and generalize corresponding ones in [5-7] mentioned above.

2 Lemmas
The following lemmas are necessary in this study.

Lemma 1. (Convolution theorem for the Laplace transforms [4, pp. 91-92]) Let f, (t) for k = 1, 2 be piecewise
continuous in arbitrary finite intervals included in (0, «). If there exist some constants My > 0 and ¢, = 0 such
that |f, ()| < Mye for k = 1,2, then
t

[ - wau
0

o

|

0

estdt = jﬁ(u)e-suduj'fz v)e>vdv.
0 0

Lemma 2. [9, Lemma 4] Let the functions A(t) and B(t) # 0 be defined on (0, ©) such that their Laplace
Iy Ae™de
J Be™de

transforms I: A(t)e™dt and I: B(t)e™dt exist. If the ratio % is increasing, then the ratio

decreasing on (0, «).
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Lemma 3. Let x,y € R such that 0 < 2x < y.

(1) Wheny>2x>2

2+ ﬁ] = 6.885390 .., the function

1
y-x

1
F(X;)’) - 2[; -

is positive.
(2) For k,m € N such that 6 < 2m < k, the sequence F(m, k) is positive.

Proof. The function F(x, y) can be rearranged as

2y - 20) + 272 -y + X + (x - 2)297]
x(y = x) '

Therefore, it suffices to prove 2 — y + x + (x — 2)2Y"2 > 0, that is,

F(x,y) =

2y—2x>y_7x_2. (4)
xX-2
Replacing y — 2x by t in (4) leads to
t+x-2 t
t = 5
2 ~— 3 1+X_2 5

t
2t-1

for t > 0 and x > 2. Inequality (5) can be reformulated as x > 2 + ﬁ Since the function is decreasing

0

from (0, «) onto |0, ﬁ] it is sufficient for x > 2 + ﬁ = 3.442695 ....
Repeating those arguments before Inequality (4) hints us that, for proving F(m, k) > 0, it is sufficient to

show

k-m-2 k-2m
=1+

gk-2m >
m-2 m-2"

which can be rewritten as
k-2m

ok-2m _ 1 <m-2. (6)

Since ﬁ is decreasing in t € (0, ©) and k - 2m 2 1, the largest value of the left-hand side in inequality (6)
is 21—1_1 =1 which means that the strict inequality (6) is valid for all m > 4. As a result, the sequence F(m, k)
is positive for all m > 4.

When m = 3, sequence F(3, k) is
2k — 32k + 128 _ 25[2k=5 - (k - 4)]

F(3,k) =

48k -3) ~ 48k-3)
which is positive for all k > 2 - 3 = 6. The proof of Lemma 3 is complete. O
Lemma 4. Let
et —1-t
78((2[_1)2 ), t+0;
h(t) =
: t=0
2 b

h(st)

on (-, ). Then, for any fixed s € (0, 1), the ratio 0

is increasing in t from (0, «) onto

1
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Proof. It is easy to see that

and

hst)  limech(s) 3 1
2 _

U ) T Tmeoh'©) Lo
, lim_.h(st) 1
lmH(f) = ~———=>2 =~ =,
MM H(O = Fn e - T

Direct differentiating and expanding to power series give

Se(1+s)t[

(t = 2)e* 2t 1+ (t + 2)e2t + (2 — st)e@+)t + 4(s — 1te@* — (2st? + 3st + 2)est
— (st + 2)e% + (2st? + 3t + 2)el + (s — Dt

L
dt

Utilizing Lemma 3 reveals that the derivative
s € (0,1), the ratio

(et - 1)3(est - 1)3h5+1(t)

sy Bk + 2)sk + 2(2s + DK + ks(s + 2)K71 + 2k2sk"1 + 4k(s + DKL + 2k(1 + 2k-2)s + 2k+1
se _
K712 [2k+1gk + 2(s + 2)K + dks(s + 1,1 + 2k(1 + 22)sk1 + k(2s + 1k + 2k2s + 3k + 2]

tk
k!

(et - 1)3(est - 1)3h$+1(t)

k-1 k-1 k-1 k
Jk2k-m ak 2m+1
2 [ [m 1] * ¥ [m]

m=1 m

s™ + 2k(1 - k + 2k°2)(s — sk°1)
Ik

et k-1 k-1 k Kt
k2m + 4k[ ] + 2"""*1[ ]
m m-1 m

k-1
_ Zm:l sm

(et — 1)3(est — 1)3hs+1(t)

m=1 m-1 m

o0 - k - 1 k - 1 k
se(+)1yy Zk ! [kzk‘ml ] + 4k + 2m+1[m]](s’" —sk=my + 2k(1 - k + 2K°%)(s - sk‘l)];—k!

(et - 1)3(est — 1)3hs+1(t)

k-1 k-1 k-1 k-1
ok-m — kam 4 - 4
) 235m<§[k m—l] k [k—m—l]Jr k[ m ] klk—m] ik
se(1+s)tzk=7 P

m+1 — 9k-m+1 m _ ck-m
" [m] ? [k—m]}(s o

(et — 1)3(6‘5( - 1)3hs+1(t)

k! 1 1
223Sm<§ (m-Dik-m- 1)!IZ[E k- m] tk
Se(1+s)t2;:7

k-m m k-m _ om k!
+12__2_ _u(sm_sk—m)
2|lk-m m (k- m)m
(el' - 1)3(e3t - 1)3hS+1(t)
1-s . . 1- Szts . 22(1 - s%) +15(s = %) . 52(1 - s*) + 63(s - s"‘)th
shgtivn| 36 45 2160 15120
. 285(1 — s5) + 470(s — s%) + 238(s% - s%) s,
302400

(e[ - 1)3(est - 1)3h$+1(t)

%[ ngg ] is positive for s € (0,1) and t > 0. Consequently, for

is increasing in t > 0. The proof of Lemma 4 is complete. O

h(st)
hé(0)
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Lemma 5. [5, Lemma 2] For k = 0, the function (-1)*®%(x) is completely monotonic on (0, ®), with the limits

k!, x - 0%;
(-Dkx**1p®)(x) - | ki (7
7’ X — oo,

Lemma 6. (Bernstein’s theorem [4, p. 161, Theorem 12b]) A function f(x) is completely monotonic on (0, «) if
and only if

©

f) = [ertdo(), xe (), ®

0

where a(s) is non-decreasing and the integral in (8) converges for x € (0, ).

3 Decreasing property
In this section, we prove that the function ¥, 5(x) defined in (2) is decreasing.
Theorem 1. For m, n € {0} U N, the function Yy, n(x) defined in (2) is decreasing in x from (0, ) onto the interval

_2(m+n+1)! _(m+n+1)!
min! m!n!

. Consequently, for m, n € {0} U N, the double inequality

2(m +n +1)! (m+n+1)
- m!n! < ¥na00 < = m!n!

)

is valid on (0, ©) and sharp in the sense that the lower and upper bounds cannot be replaced by any larger and
smaller numbers, respectively.

Proof. In the proof of [7, Theorem 4], Qi established that
®(x) = _[h(t)e-det. 10)
0
Then, the ratio ¥, (X) can be rewritten as

® m+n+1 —xt ® m+n+1 —Xt
_|'Ot h(t)edt J:)t h(t)edt

Lwtmh(t)e-xrdt_[Owtnh(t)e-ﬂdt . J ”

Yoo n(X) = - t )
J'Oum(t — wrh@uh(t - w)dulede

where we used Lemma 1. Based on Lemma 2, in order to prove decreasing property of ¥, n(x), it suffices to
show that the ratio

tm+n+1h(t)
Jlum(t - wyrh(wh(t - wdu

@m,n(t) = 11

is decreasing in t € (0, ). By changing the variable u = “Tvt, the denominator of 9),, ,(¢) becomes

:

m+n+l

1
m n 1+v 1-v
_[(1+v) - v) h[Tt]h —t

dv.

Accordingly, we obtain

1+v

1 J:ll(l +v)"(1 - v)"h[ ot h[l‘Tvt]dv
Vyunl) PT0))
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1+v 1-v
i3l
n

h(t)

1

1

= gm+n+1 _[(1 * V)m(l - V)
-1

dv
(12)
1
1 h(st) h((1 - $)t)
- m — n_~ -2 _~»» ‘77
gm+n+l :[(1 + V) (1 V) hs(t) hl—s(t) Vs
_1+v . h(st) R((A-9$)) . . .
where s = —= € (0, 1). From Lemma 4, we find that the function o n) 1S increasing int € (0, ) for any
fixed s € (0,1). Hence, the function 9, ,(t) is decreasing on (0, »). Therefore, the function Y;,n(x) for
m, n € {0} UN is decreasing on (0, ).
Making use of the limits in (7) in Lemma 5 yields

_(m+n+1) o+
foo(X) = (_1)m+n+1xm+n+2¢,(m+n+1)(x) R min! s X 5
DS M- ™) | 2man Dl
mn '
The proof of Theorem 1 is complete. O

4 Necessary and sufficient conditions of complete monotonicity

In this section, we discover necessary and sufficient conditions on wp, , for the function :r(—l)m*"*lym,n;wmyn(x)
defined in (3) to be completely monotonic.

Theorem 2. For m,n € {0} UN and wy,, € R,

(1) if and only if wmp < (m;?;!l)!, the function (—1)m+n+1ym,n;wm,n(x) is completely monotonic on (0, «);

2m+n+1)!

() ifand only if omn 2 == 7
(3) the double inequality (9) is valid on (0, ©) and sharp in the sense that the lower and upper bounds cannot be
replaced by any larger and smaller numbers, respectively.

, the function (-1)™""Y, n.,,.(X) is completely monotonic on (0, «);

Proof. As done in the proof of Theorem 1, by virtue of the integral representation (10) and Lemma 1, we acquire

D™ Y () = _[tm+n+1h(t)e-det - wm,n_[tmh(t)e-ﬂdt tnh(t)edt
0 0 0

0 t
= j[t’"*””h(t) - wm,njuma — wrh@h(t - wydule™de
0

0

T Wm,n
= |1 - —— < [(™"h(t)e™dt,
I

where 2),, ,(¢) is defined by (11) and it has been proved in the proof of Theorem 1 to be decreasing on (0, «).

h(st) h((1- s)t)
hS(t) h7S()

From Lemma 4, we conclude that the function is increasing int from (0, ) onto

1 .
2 1]. Accordingly,
by virtue of (12), we arrive at the sharp inequalities

1
Dy ()

1 1
1 1
Wj(l + V(1 - v)rdv < < WIO + V(1 - v)dv.
-1 -1

Since

1 1
j(1 + V) - v)rdy = _[[(1 + V)L = V) + (1 - )1+ v)r]dv
B ' m!n!

=2mHB(m + 1,n + 1) = 2l —— |
( ) (m+n+1)
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where we used the formula
1

Jla + xm1a = 30771+ @+ 0771 - xordx = 267 1By, v) = 2001
0
for 2 (u), K(v) > 0 in [10, p. 321, 3.214], the double inequality
1 m!n! < 1 < m!n!
2(m+n+D! P (Mm+n+1)

T(WI(v)
Ty +v)

(m+n+1)!
m!n!

2m+n+1)!

m!n!

is valid and sharp on (0, ). Consequently, by virtue of Lemma 6, if and only if wp, , < , the function

(—1)’"+"+1ym,n;wmyn(x) is completely monotonic on (0, «); if and only if wpn 2 , the function
D™ M"Y ;0m(X) is completely monotonic on (0, «).

The double inequality (9) follows from complete monotonicity of the functions +(-=1)™*"*1¥y, ».,.. (X). The
proof of the sharpness of the double inequality (9) is the same as done in the proof of Theorem 1. The proof of

Theorem 2 is complete. ]

5 Remarks

In this section, we list several remarks related to our main results and their proofs in this study.

Remark 1. Lemma 4 in this study generalizes a conclusion in [6, Lemma 2.3], which reads that the function LieD)

. . ()
is decreasing from (0, ) onto (1, 2).

Remark 2. The function F(x, y) discussed in Lemma 3 can be reformulated as

27X
1 1 1y-x " % 27X = 2%
Fx,y)=|- - 2- 07 1~ :
X y-Xx 2 2+ -1 (-x)-x
y-x X
in which the functions
XX
y-x  x 27X = 2%
— and ——
1 -x)-x
y-x X

can be regarded as special means [11,12].

Let x,y € R such that 0 < x < % Motivated by Lemma 3, we guess that
(1) when2<x< %, the function F(x, y) is positive;
(2) when y >4 and 0 < x < 2, the function F(x, y) is negative.

y

Furthermore, one can discuss positivity and negativity of the function F(x, y) for all x, y satisfying 0 < x < 3.

Remark 3. When taking m = k and n = k + 1, the double inequality (9) in Theorem 1 becomes the double
inequality (1) guessed by the corresponding and third author in [5, Remark 3].

Remark 4. For m, n € {0} U N, direct differentiation gives

oM ) ()[@M(x)DM(x)] = BMH(x)[@M(x)DW(x)]
B [DM(0)DM(x)]

Y'(x)

on (0, ). The decreasing monotonicity of ¥;, ,(x) in Theorem 1 implies that, for m, n € {0} U N, the inequality

PO BMODM(] > BT [BM(X)DM(x)],
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equivalently,

[2MMN S (x)
(I)(m)(x)(p(")(x) (I)(m+n+1)(x) ’

is valid on (0, o).
We guess that, for m, n € {0} U N, the function

T HEO[BME)BM(N] = BT 0O[RMOBT(H)]

is completely monotonic in x € (0, «).
One can also consider necessary and sufficient conditions on Ap, € R for m, n € {0} U N such that the
function

DI DOOLBMENBT0] = A @A MOOSI()]

and its opposite are, respectively, completely monotonic on (0, «).

Remark 5. This work has two electronic preprints at the sites https://hal.archives-ouvertes.fr/hal-02998203v1
and https://doi.org/10.48550/arxiv.2405.19361.
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