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Abstract: In this article, we study the Hyers-Ulam stability of Davison functional equation
fOy) + fx+y) = fxy +x) + f()

on some unbounded restricted domains. Using the obtained results, we study an interesting asymptotic
behavior of Davison functions. We also investigate the Hyers-Ulam stability of Davison functional equation
and its generalized form given by

fOy) +g(x +y) = h(xy + x) + k(y),
forx,y €eR**={teR : t > 0}.
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1 Introduction and preliminaries

During the 17th International Symposium on functional equations, the following functional equation
fO) +fx+y) = flxy + ) + f(y), 6

was introduced by Davison [1]. He specifically asked about the general solution of (1) when the domain and
range of f are assumed to be (commutative) fields. Benz [2] proved that if f: R — R is a continuous solution of
(1), then f is of the form f(x) = ax + b, where a and b are arbitrary constants. The general solution (without
any regularity assumptions on f: R — R) of the Davison functional equation (1) was obtained by Girgensohn
and Lajké [3]. They proved that if f: R - R is a solution (1), then f has the form f(x) = A(x) + b, where
A :R -~ R is an additive function and b € R is an arbitrary constant. Moreover, they obtained the general
solution of the generalized version of (1) as follows.

Theorem 1.1. [3] The functions f, g, h,k: R = R satisfy
fOxy) + gx +y) = h(xy + x) + k(y), x,y €R, ()]
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if and only if they have the form
fxX)=AX) + Db, gkx)=AX)+by;, h(x)=AX)+bs, k(x)=AX)+ by,

where A : R — R is additive and by, by, bs, by are real constants with by + b, = by + b,.

It should be noted that the aforementioned results can be extended to functions f: K — G, where K
is a commutative field of characteristic different from 2 and 3, and G is an abelian group.

Girgensohn and Lajko [3] also presented the general solution of (1) and (2) for x, y € (0, +).

Davison [4] solved the functional equation (1) in two cases for functions with values in an abelian group G.
First f: N - G,and second f: Z — G, whereN and Z are, respectively, the set of natural numbers and the set
of integer numbers. Indeed, he proved that every solution of (1) is a linear combination (in the codomain)
of four functions.

In 1940, Ulam [5] posed the following problem concerning the stability of group homomorphisms: Let
(G1, *) be a group, (G, °) a metric group with a metric d(.,.) and € > 0. Find a § > 0 such that if f: G1 ~ G»
fulfills d(f(x*y), f(x)° f(y)) < 6 for all x,y € G4, then there exists a homomorphism h : G; = G, such that
d(f(x), h(x)) < € for all x € G1. This problem was first solved by Hyers [6] for the case where G; and G,
are Banach spaces. The Hyers-Ulam stability problem for various functional equations have been investigated
by numerous mathematicians. For more information on this area we refer the reader to [7-9].

The Hyers-Ulam stability of the Davison functional equation was first treated by Jung and Sahoo [10]. They
investigated the Hyers-Ulam stability of Davison functional equation (1) by following an idea of Girgensohn
and Lajké [3] (see also [11]).

Theorem 1.2. [10] If the function f: R — R satisfies the inequality
FOy) +fx+y) - foy +X) - fO)l <& Xy ER,
for some € = 0, then there exists an additive function A : R - R such that
) - Ax) - f(0)] £12¢, x ER.

It was shown in [12,13] that the estimate 12¢ in Theorem 1.2 can be improved to 9e.

Kim [14] studied the Hyers-Ulam stability of two generalized Davison functional equations, namely,
fO) +flx+y) =gy +x) + g(y) &)
and
fOy) + gl +y) =fOy +x) + g(y)

forallx,y € X and f, g : X » Y, where X is a normed algebra with a unit element and ¥ is a Banach space.
The Hyers-Ulam stability of (3) has been investigated in [12].

It will also be interesting to study the Hyers-Ulam stability of Davison functional equations (1) and (2)
on restricted domains. In this article, we prove the Hyers-Ulam stability of the Davison functional equation
on unbounded restricted domains by following ideas of [3] and [12]. We apply the obtained results to the study
of an interesting asymptotic behavior of Davison functions.

2 Hyers-Ulam stability

Throughout this article, we denote by A a normed algebra with the unit element 1 and by 8 a Banach space.

Theorem 2.1. Let f: A — B be a function which for € > 0 and d > 0 satisfies
IfFOy) + fx+y) = fxy +x) - fWll <& [Ix][>d,y € A. @



DE GRUYTER Davison functional equation = 3

Then there is a unique additive function ¢ : A — B, such that

lpx) = f(x) + f(O)|| < 28e, x # -1;
llo(-1) = f(=1) + f(0)]| < 19€.

Proof. Replace y by y + 1 in (4) to obtain
IOy +x)+fx+y+1) - flxy +2x) - f(y + D < &, Q)
for all x,y € A with ||x]| = d. Thus, it follows from (4) and (5) that
WO +fx+y) + fx+y + 1) - fy) - fOy +20) - f(y + D]
SO +fx+y) = fOy +0) = fDI + Ifxy + ) + fx +y + D = flxy + 2x) = fy + DI (6)

< 2¢,
for all x, y € A with ||x|| > d. Replacing y by 4y in (6), we obtain
If(dxy) + fx +4y) + f(x + 4y + 1) - f(4y) - f(4xy + 20) - f(4y + D|| < 2¢,
for all x,y € A with ||x|| > d. From (4) and the last inequality, we obtain
IfFx+4y) + fx + 4y +1) - f2x + 2y) - f(4y) - f(dy + D) + fQ)|
< () + f(x +4y) + f(x + 4y + 1) - f(4y) - f(dxy + 20) - f(4y + D|| + [If (4xy) + f(2x + 2y)
- flxy + 20) - f@y)|

< 3¢,

for all x,y € A with ||x|| = d. If we replace x by x - y in the above inequality and then substitute 3x for x
in the resultant inequality, we obtain

If3x +3y) + fBx + 3y + 1) = f(6x) - f(4y) - f(4y + 1) + f(2)]| < 3¢, ¥
for all x,y € A with ||3x - y|| > d. Letting y = 0 and y = —x separately in (7), we obtain
IFBx) + fBx +1) - f(6x) - fDI| < 3¢, ®
I (0) + f(1) = f(6x) = f(=4x) = f(=4x + 1) + f(=2X)]| < 3¢, €)
for all x € A with ||x|| > d. If we replace x, y by 2x, —x, respectively in (7), we have
|=f(3x) = fBx + 1) + f(12x) + f(~4x) + f(-4x + 1) - f(-2x)| < 3e, (10)

for all x € A with ||x|| = d. Adding (8), (9), and (10), we infer that
IIf(A2x) - 2f (6x) + f(O)I| < 9e, |Ix]| > d.
Let g(x) = f(6x) - f(0). Then the last inequality means
llg(2x) - 2800l < 9¢,  |Ix|| > d.

It is easy to see that

g2™x) g™ |l _ < e
H 2n+1 - om s Z 2k+1’ ”X” Z d- (11)
k=m
This implies that [gf:x) is a Cauchy sequence for ||x|| > d. It is easy to show that [gf:x)] is a Cauchy sequence
n n

for each x € A and thus converges. Therefore, we can define

2"x
T:A - 8B, T(x)=limg(2n )
n
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Obviously,
T(0)=0, T(2x)=2T(x), T(x)= H,fn % XE A. (12)
By (8), we obtain
T(x) = H,fn w X E A. 13)

Using (7), (12), and (13), we obtain
T(3x+3y)=T0Gx) +3T(y), x,y€AYy=*3X

Letting x = 0 in the last equation and using T(0) = 0, we obtain T'(3y) = 3T(y) for all y € A. So, T is additive.
Setting m = 0 and taking the limit on both sides of (11) as n — , we obtain

1T = f(6x) + f(O)]| < 9¢,  |Ix]| = d.
Since T is additive, this inequality implies
llpQ) = fO) + f(O)I < 9, |Ix]| > 6d, (14)

where ¢(x) = %T(x). Obviously, (14) holds for x = 0. Let y € A and y # —1. We can choose x € A such that
minf|lx||, [y, [lx + yll, [lxy + x|I} > 6d. By (14), we have

llp0y) - fO) + f(0)] < 9e,
lox +y) = fx +y) + f(O)]| < %,
If (xy + x) = @(xy + x) = f(0)]| < 9e.

Adding these inequalities and (4), we obtain
lloCy) + o(x +y) = oy + x) = f(y) + f(O)]] < 28e.
Since ¢ is additive, the last inequality yields
lle) - f(y) + f(O)]| < 28e.
In the case y = -1, we choose x € A such that||x|| = 6d + |[1]|. By (4) and (14), we have

If (=) + f(x = 1) - f(0) - f(-D| <&,
lloGx =D - f(x =D + f(0)]| < %,
llo(=x) = f(=x) + f(O)]| < %e.

Adding these inequalities and using the additivity of ¢, we obtain
lo(=1) = f(=1) + f(O)]| < 19.

The uniqueness of ¢ is obvious. Hence, the proof is complete. O
With a proof similar to the one presented in Theorem 2.1, we obtain the following result.

Corollary 2.2. Let Y be a linear space and f: A — Y a function satisfying
fO) + fx+y)=fxy +x) +f(y), x| > d.
Then f'is affine, that is, f - f(0) is additive on A.

Remark 2.3. Since

{y) EAxA x| > 2d} S{(x,y) € A x A . ||Ix|| + |ly|| > 2d}
Ci{xy) € A x A max{||x|], |y} > d},

the above results are valid if the condition ||x|| > d is replaced by ||x|| + ||y|| = d or max{||x]||, ||[y||} = d.
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Corollary 2.4. Let Y be a normed linear space. A function f: A — Y is affine on A if and only if one
of the following conditions hold:

(@) Lm0 SUPye 4 [If C0) + FOx +y) - fOy + X) = fOI = 0;
(i) limyp+y -l fOY) + fFOX +y) - fOy + ) - fFO)] = 0;
(@) LMy -l f ) + f(x +y) = f(xy + x) = f(¥)] = 0.

Proof. It is clear that an affine function f: A - Y fulfills (i), (ii), (iii). Obviously, (ii) = (i) and (iii) = (i).
Let f satisfy (i) and € > 0 be arbitrary. Then there exists d > 0 such that
IfFOy) +fx+y) - foy +x) - fDl <& |Xl[=dy € A.
Let Y be the completion of /. By Theorem 2.1, there exists an additive function ¢ : A — Y satisfying
IF() - £(0) - 90| < 285, x € A,
Let g(x) = f(x) - f(0). Then

lgCx +y) = g(x) = gWII<ligl +y) = o + Yl + [IgC0) = eCOll + llgy) — oW
<84¢, x,y € A.

Since € > 0 is arbitrary, we obtain g is additive. This means f is affine. O

Corollary 2.5. Let f: R = R be a function given by

1
fx) = T+.2 X ER.

It is clear that
&}ﬂ[ﬂm +fx+y) - fy +x)-f(] =0,

but f is not affine.

Note that, as a consequence of Corollary 2.4, we obtain the result that every function f: R — R is either
affine or satisfies the condition

sup [fC) + fx +y) = fxy + x) = fOIIXIP = =,

X,yER

for all p > 0.

3 Stability on R>?

The aim of this section is to present the Hyers-Ulam stability of Davison functional equation and its generalized
form (2) for x,y €R*°={t eR : t > 0}.
Theorem 3.1. Let ¢ 2 0 and f: [0, +») — B be a function satisfying
IOy + fx+y) - foy+x) - fl <& xy=20. (15)
Then there is an affine function  : R — B such that
I$(x) - FCOIl < 558, x> 0.

Proof. Replacing y by y + 1 in (15), we obtain
IOy +x)+fx+y+D-foy+20-fy+Dlfse, xy20
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Adding this inequality and (15), we obtain
IfFOy) + fx+y) + fx+y + D) - f) — fOy +2) - f(y + DIl < 26, X,y 2 0.
Now, replacing x by% and y by 2y, we obtain

<2, x,y20.

oo s s o) 15 #2001 - @0 - s v 0 -y o

By this inequality and (15), one obtains

I3+ 2) 1[5+ 2+ ) - - i - s v+ 00 <5 )
for all x,y > 0. Replacing x by x - % and y by% in (16), we obtain
252 )=o) o o 1) 1{3) - <32
for all x > % 2 0. The last inequality can be written as follows:
GO +y) - OO - HY)| <3¢, x> % >0, a”)
where
6o = 15| +1l5 +1)
2 2 1
H(t)= f[gt] +f[§l’ + 1] —f[gt]
Letting y = x and y = 0 separately in (17), we obtain
Ifx+1) -HX)|| <3, x20, (18)
IGO) = f(x) = fQ)] €3¢, x=0. (19)
By (19), we obtain
IGCx +y) — f(x+y) = fDI| <38, X,y > 0. (20)
It follows from (17), (18), and (20) that
IFG+3) = FO) = Qv+ D + FDI < %, x> 5 >0, )
Putting y =1 in (21), we obtain
1
O+ D = £00 - F@) + FDIl < %, x> 5. (22)
It follows from (21) and (22) that
1
IFG+9) = F00 = ) = F@) + A D) < 186, x> 3,92 5. 23
Letting y = x in (23), we obtain
[If2x) - 2f(x) + c|| < 18¢, Xx 2 %
where ¢ = 2f(1) - f(2). Then
fevx)  f@w) ¢ ¢ L 9 1
- <Y, xz- 24
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Then [f f:x)] is a Cauchy sequence for all x > 0. Define
n
2"
A:[0,+0) - B, A(x) = lim f(zn ).
n
It follows from (19) and the definition of G that
_G@X) . f@x+1)
= = = 0.
A(x) hrrln on hrrln on , x20
Hence, (18) yields
H("
A(X) = lim (nx), x> 0.
n 2
Therefore, (17) implies
Yy

A +Y) = A0 +AD), () €D = {(x,y) ER?:x> 3 > 0f.

—_— 7

Since D is an open connected set in R%, by the extension theorem of Rimén [15] there is an additive function
¢ :R - B and a constant a € R such that A(x) = ¢(x) + a for all x > 0. Putting m = 0 and letting n - o«

in (24), it follows

1
llpCO = fOO) + a+2f(1) - f2)ll < 18, x> 3.
Let y > 0 and choose x > 0 such that min{xy, x + y, xy + x} > % By (25), we have

lloxy) - f(xy) + a + 2f(1) - f(2)|| < 18¢,
lpx +y) = f(x +y) + a+ 2f(1) - f(2)]| < 18¢,
If Oy +x) = o(xy + x) — a - 2f(1) + f(2)|| < 18e.

Adding these inequalities and (15), we obtain
lloOy) + o(x +y) = Oy + x) = f(y) + a + 2f(1) - fQ2)|| < 55e.
Since ¢ is additive, we infer
lloy) = f) + a+2f(1) - fQ2)|| < 55e.

This completes the proof.

Theorem 3.2. Lete > 0 and f, g, h, k : [0, +o) — B be functions satisfying
IfFy) + gx +y) = h(xy + x) — k(Y[ <& x,y20.
Then there is an affine function ¢ : R — B such that
lloO) - g0l < 330e, x> 0;
lp(x) = h(x) + f(0) - k(0)|| < 33le, x>0;
900 - k() + £(0) - h(O)|| < 33Le, x> 0;
l900) = FO0) + 2£(0) - R(0) - k(0)]| < 333e, x> 0.

Proof. Letting x = 0 and y = 0 separately in (26), we obtain
If(0) + g(x) = h(x) - k()] <&, x>0,
If(0) + g(y) - h(0) - k(Y| s & y=>0.

(25)

(26)

@7
(28)
29
(30)

(3D
(32)
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It follows from (31) that

If(0) + g0y + x) — h(xy + x) - k(0)]| s &, X,y > 0. (33)
By (26), (32), and (33), one obtains
IfFOy) + gx +y) - gl + x) = g(¥) = 2f(0) + h(0) + k(0)|| <3¢, X,y > 0. €20
Setting x = 1 in (34), we have
IfF) - &) = 2f(0) + h(0) + k(0)|| <3¢, y=>0. (35)
Then
lgxy) = fxy) + 2f(0) = h(0) - k(0)]| <3¢, X,y >0. (36)

Adding (34) and (36), we obtain
llgCy) + g(x +y) —glxy + x) - gl < 6, x,y > 0.
By Theorem 3.1, there is an affine function ¢ : R — 8 such that
llpCx) - g0l < 330e, x> 0.
This inequality with (31), (32), and (35) yield (28), (29), and (30). O

Corollary 3.3. Lete 2 0 and f, g, h, k : [0, +o0) — B be functions satisfying
fOy) + gx+y) - h(xy + x) —k(y) =0, x,y=0.
Then f, g, h, k are affine functions on (0, +). Moreover,
h(x) = g(x) + f(0) = k(0),
k(x) = g(x) + £(0) - h(0),
fOO=g0) +f(0) - g(0), x>0.

4 Conclusions

The functional equation f(xy) + f(x + y) = f(xy + x) + f(y) is known as the Davison functional equation. We
treated the Hyers-Ulam stability of the Davison functional equation in two cases. The first is for functions
defined on a normed unitary algebra with values in a Banach space and the functional inequality associated
with Davison equation is valid only on a restricted unbounded domain. The second one is for the case
of functions defined on interval [0, +o) with values in a Banach space. In the second case, we considered
also a generalization form of Davison functional equation. Finally, as an application of the obtained results,
the asymptotic behavior of Davison functions has been investigated. Investigation and solving Davison’s func-
tional equation and its generalization in other certain restricted domains can be future research prospects.
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