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Abstract: In this article, we investigate a class of measure differential inclusions of evolution type involving
non-autonomous operator with nonlocal condition defined on the half-line. By fixed point theorem, we first
obtain some sufficient conditions to ensure the solution set is nonempty, compact, and Rs-set on compact
interval. Subsequently, by means of the inverse limit method, we generalize the results on compact interval to
noncompact interval. Finally, an example is given to demonstrate the effectiveness of obtained results.
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1 Introduction

When dealing problems in control theory, economics, or game theory, one has to consider set-valued func-
tions, and consequently, the models may involve multivalued differential equations (i.e., differential inclu-
sions). Differential inclusions play a crucial role in the theory of differential equations with discontinuities on
the right-hand side. The investigation of such equations is of great importance since they model the perfor-
mance of various mechanical and electrical devices as well as the behavior of automatic control systems.
Differential inclusions are also used to describe some systems with hysteresis [1-3]. In recent decades, the
theory of differential inclusions is highly developed and constitutes an important branch of nonlinear analysis.

Recently, the study of measure differential inclusions has become popular because it encompasses special
cases such as differential and difference inclusions, as well as impulsive and hybrid problems [3-5]. Measure
differential inclusions have become important in recent decades in mathematical models of real processes,
and they arise in hybrid systems which with dry friction, processes of controlled heat transfer, obstacle
problems, and others can be described with the help of various differential inclusions, both linear and
nonlinear.

Since differential inclusions often have multiple solutions at a given starting point, topological properties
of solution sets have also attracted more and more attention. In the study of the topological structure of
solution sets for differential inclusions, an important aspect is the Rs-property [6-11]. Today, the topological
structure of the solution set continues to arouse research enthusiasm. It is important not only from the
viewpoint of academic interest, but also has a wide range of applications in practice. It is known that an
Rs-set is acyclic and particular, nonempty, compact, and connected. The topological structure of solution sets
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of differential inclusions on compact intervals has been investigated intensively by many authors (please see
Bothe [12], Deimling [13], Hu and Papageorgiou [14], De Blasi and Pianigiani [15], Zhou and Peng [16] and
references therein). Moreover, one can find results on the topological structure of solution sets for differential
inclusions defined on non-compact intervals (including infinite intervals) from Andres et al. [17], Gabor [18],
Wang et al. [19], and references therein.

Zhou and Peng [16] studied the topological properties of solution sets for partial functional evolution
inclusions on a compact interval:

d(x(t) - h(t, x¢)] € Ax(t)dt + F(t, x,)dt, t € [0,b],
x(0) = o(t), t€[-7,0], .1
where x(-) is the take value in Banach space X with norm ||, A is the infinitesimal generator of a Cy-semigroup
{T(t) : t = 0} of contractions on a Banach space X, which is uniformly continuous on (0, ) and F : [0, b] = P(X)
is a multimap. For any continuous function x defined on[-7, b] and any ¢ € [0, b], we denote by x; the element of
C([-7, 0], X) defined by x,(0) = x(t + 0), 8 € [-7, 0]. Here, x,() represents the history of the state from timet — 7
up to the present time ¢. It is shown that the solution set is nonempty, compact, and an Rs-set.

Chen and Wang [8] studied the topological properties of the following nonlinear delay differential evolu-
tion inclusion on noncompact interval using the inverse limit:

du(t) = Au(t)dt + f(t), t€ER*,
f(t) € F(t,u(t),u;), tER, (1.2)
u(0) = ¢(t), tef-r,0],

where A : D(A) C X — 2X is an m-dissipative operator and F : R* x D(A) x C[-7, 0], D(A) — 2X is multi-valued
function with convex, closed values for which F(t, -, -) is weakly upper semi-continuous (weakly u.s.c., see
Definition 2.4) for a.e. t€R* and and F(,x,v) has a strongly measurable selection for each
(x,v) € D(A) x C([-7,0]; D(A)), and every ¢ € C([-7,0],D(A)), u, € C([-7,0],D(A)) is defined by
u(s) = u(t + s), s € [, 0] for every u € C([-7, ], D(A)) and t € R*, in which C([-7, ], D(A)) is a subset
of Frechet space C([-7, ], X).

Studies on the theory for nonlinear evolution inclusion of different types have many research achieve-
ments [20,21]. However, to the best of our knowledge, there are few works investigating the topological
properties of solution sets for measure evolution inclusion of autonomous type with nonlocal condition. In
this article, we apply the inverse system method, which was introduced in [22] for analyzing the topology of
fixed point sets in function spaces. This method was developed in [17] and then also in [6]. It is observed that
differential problems on noncompact intervals can be reformulated as fixed point problems in Frechet (func-
tion) spaces, which are inverse limits of Banach spaces that appear when we consider these differential
problems on compact intervals.

We point out that among the previous studies, all of the researchers focus on the case that the differential
operators in the main parts are independent of time ¢, which means that the problems under considerations
are autonomous. However, when dealing with some parabolic evolution equations, it is often assumed that the
partial differential operators are time-dependent because these types of operators frequently arise in practical
applications; for more information, see references [23-25]. Therefore, it is interesting and significant to
investigate non-autonomous evolution equations, i.e., the differential operators in the main parts of the
considered problems are dependent of time ¢.

Therefore, based on the aforementioned study, in this article, we will study the following inclusion on non-
compact intervals:

du(t) € A(Ou(d)dt + F(t, u(t)dg(t), ¢ € [0, »),

13
u(0) = uo + H(o(u), u,

where A(t) is a family of (possibly unbounded) linear operators depending on time and having the domains
D(A(t)) for every t € [0, ), g:[0,0) > R is a left continuous and non-decreasing function. F : [0, o) X
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G([0, ©), X) — P(X), where P(X) is the subset of X. The set G([0, «), X) is a space of regulated functions on
[0, ), which will be defined the nonlocal function H : [0, ©) x G([0, ©), X) = X, and ¢ : G([0, »), X) = [0, )
are both specified functions.

Evolution equations with nonlocal conditions were motivated by physical problems. It is observed that
nonlocal condition in (1.3), which was proposed and discussed in [26], is clearly more general than the ones
[27]. Actually, as pointed out in [26,28], the nonlocal function H in (1.3) is state-dependent and generalizes
several types of nonlocal conditions considered in the literature mentioned earlier [27]. Moreover, from the
mathematical point of view, some initial and boundary conditions, such as integral initial condition and
periodic boundary condition, are also special cases of the nonlocal condition in (1.3).

The motives and highlights in this article are as follows:

(1) The result is extended to study topological properties of non-autonomous evolution inclusion system with
nonlocal conditions. As far as we know, there are few works that have studied the topological structure of
the measure evolution inclusion systems.

(2) Using the fixed point theorem and the concept of Rs-set, we have established the topological properties of
(1.3) within the compact interval I = [0, T]. Our results indicate that the solution set is nonempty, compact,
and an Rs-set. As far as we know, there are few articles investigating this property.

(3) Another result of this article is proved the Rs topological structure of solution sets for (1.3) on noncompact
intervals L. = [0, «) by inverse limit.

The rest of this article is organized as follows. In Section 2, some notations and preparation are given. A
suitable concept on mild solution for our problem is introduced. In Section 3, on the one hand, it is devoted to
proving that the solution set for inclusion (1.3) is nonempty and compact in the case that the evolution system
of non-autonomous operator is compact on compact interval I, then proceed to study the Rs-structure of the
solution set. On the other hand, it is provided that the solution set for inclusion (1.3) is nonempty compact and
the Rg-structure of the solution set of (1.3) on noncompact interval by inverse system. Finally, an example is
given to illustrate the obtained theory.

2 Preliminaries

In this section, we introduce notations, definitions, and preliminary facts that are used throughout this article.

Let (X, ||-||) be a Banach space, denote by L(X) the space of bounded linear operators from X to X, and
refer the reader to [29] or [30] for necessary notions of operator theory. In particular, the operator norm||-|| is
defined on L(X), and L(dg, [0, T], X) stands for the Banach space consisting of all Bocher integrable functions
w.r.t. g (with respect to g) from [0, T] to X equipped with the norm

T
11 = [IF©)Ndg(s).
0

2.1 Regulated functions

Definition 2.1. [31] If a function f: [0, T] — X satisfies the limits
limf(s) = f(t),t €(0,T] and lmf(s)=f(t*"), te€][0,T),
s—t” s—tt

then the function f is called regulated function on [0, T]. It was proved that the set of discontinuous points of a
regulated function is at most countable, regulated functions are bounded, and the space G([0, T], X) of
regulated functions is a Banach space when endowed with the norm

IVl = Sup]llf(t)ll-

t€[0,T
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In order to obtain compactness in G([0, T], X), we need the concept of equiregulated sets.

Definition 2.2. [32] A set .o/ C G([0, T], X) is said to be equi-regulated, if for every € > 0 and every ¢, € [0, T],
there exists § > 0 such that:

(1) foranyty -8 <t/ <to:||x(t) - x(t - 0) <,

(2) foranyty-6<t"<to+ S :|x(t") - x(ty + 0)| < ¢,

for all x € A.

Definition 2.3. [33] If f: [0, T] — X is called Kurzweil-Stieltjes integrable with respect to g : [0, T] — R if there

is a function denoted by (KS)I[') f(s)dg(s) : [0, T] — X such that, for every ¢ > 0, there exists a gauge &, on [0, T]
with

<eg,

n T
Y FEEE) - g(t-0) - KS)[f(s)dg(s)
i=1 0

for every & -fine partition {(§;, [ti-1, &) : i = 1, 2,..., n} of [0, 1]. A partition {(&;, [ti-1, t;)) : i = 1, 2, ...,n} is 8.-fine
ifforalli=1,2,..,n,[tig, ] C (&~ (&), & + 8:(&)).

Lemma 2.1. [33] Consider the functions f: [0, T] — X, g is regulated and g : [0, T] — R such that Kurzweil-

Stieltjes integral IOT f(s)dg(s) exists. Then, for every t € [0, T], the function h(t) = I; f(s)dg(s),t €[0,T], is
regulated and satisfies

h(t) = h(t) - f()&g(), tE€(0,T],
h(t") = h(t) + f(OLgD), tE€[0,T),

where Ng(t) = g(t*) - g(t), X g(t) = g(t) — g(t), g(t*), and g(t™) denote the right and left limits of function g
at point t.

Now, we present a short overview on Kurzweil-Stieltjes integration on compact intervals, but the same
definition works on unbound intervals as well, as it can be seen in [34].

The Kurzweil-Stieltjes integral is a generalized form of integration that offers certain advantages over
other forms of integration. Specifically, the advantages of the Kurzweil-Stieltjes integral may be reflected in the
following aspects: the Kurzweil-Stieltjes integral allows for discontinuities in both the integrand and the
integrator at certain points. This is because it can handle functions with common points of discontinuity,
which might not be possible with other forms of integration. Besides, the Kurzweil-Stieltjes integral has
applications in functional analysis, distribution theory, generalized elementary functions, and various gen-
eralized differential equations including those on time scales. These characteristics make the Kurzweil-Stieltjes
integral a useful tool in both theoretical research and practical applications due to its ability to handle
discontinuous functions, applicability to bounded variation functions, and its wide range of applications [34].

Proposition 2.1. [35] A set K of regulated functions is relatively compact in the space G([0, T], X) if and only if
it is equi-regulated, and for everyt € [0, T], {f(t), t € [0, T} is relatively compact in X.

Proposition 2.2. [35] A sequence (u,), C G([0, T], X) is weakly convergent to a functionu € G([0, T], X) if and
only if is (norm) bounded, and for any t € [0, T], the sequence (u), is weakly convergent to u(t) in X.

Lemma 2.2. [35] Let (up), be a sequence of functions from [0, T] to X. If (u,,) converges pointwisely tou, asn —
and the sequence (u,), is equiregulated, then (u,), converges uniformly to u,.

Lemma 2.3. [35] Let X be a Banach space and u be a finite measure. Then, a bounded, uniformly integrable subset
A of L'(u, X) such that for each t € [0, T], A(t) is relatively weakly compact in X, is weakly relatively compact.
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Theorem 2.1. [36] Let g : [0, T] = R be a function of bounded variation. Assume that f,f, : [0,T] = R,n €N,
satisfy the following conditions:

(i) The integral IOT £,(s)dg(s) exists for every n € N;
(ii) For eacht € [0, T], limy-«f, (7) = f(1);

(iii) There exists a constant K > 0 such that for every division 0 = gy < 0:<-*< ;=T of [0, T] and every
finite sequence my,..., m; € N, we have

1 G
Y [fu(s)dgo)]| < x.

i=1
Oi-1

Then, the integral I(]T f(s)dg(s) exists and

T T
[rsag® = 1im 1, <)dgco)
0 0

Theorem 2.2. [37] Let D be a nonempty, compact, and convex subset of a Banach space, and let the correspon-
dence N : D — B(D) an upper semi-continuous (u.s.c.) multi-valued mapping with contractible values. Then, the
set of fixed points of N is nonempty.

2.2 Multi-valued analysis and properties of non-autonomous operator

Let X and Y be two metric spaces. We denote by P(Y) the family of all nonempty subsets of Y, and we set:
Py(Y) = {A € P(Y), closed},
Py (YY) ={A € P(Y), closed and convex},
P,(Y) = {A € P(Y), compact},
Py o(Y) = {A € P(Y), compact and convex}.
We say that a multivalued map F : X — P(X) is convex (closed) valued if F(x) is convex (closed) for all x € X. A
map F is bounded on bounded sets if F(B) = UyepF(x) is bounded in X for all B € Py(X) (e,
sup, cgisupflyl : y € F(x)}} < ). The mapping F is u.s.c on X if for each x; € X, the set F(xp) is a nonempty
closed subset of X, and for each open set N of X containing F(x), there exists an open neighborhood Ny of x,
such that F(N;) C N. The mapping F is completely continuous if F(B) is relatively compact for each B € Py(X).

Definition 2.4. [38] A multi-valued mapping F : X — P(X) is called weakly u.s.c. if F(B) is closed for each
weakly closed set B C X.

Evidently, u.s.c. is stronger than weakly u.s.c., and simple examples show that a weakly u.s.c. function with
compact convex values may fail to be u.s.c.

Let us recall the definition of evolution family below, sometimes also called an evolution process or
evolution system. For a detailed account and bibliographic references, see, e.g., the survey by Acquistapace
[29], Acquistapace and Terreni [30], Engel and Nagel [39], and Goldstein [40].

Let [0, T] be a fixed interval of real line, A ={(t,s) €[0,T] x[0,T]:0<s<t<T}, Ax={5)
€[0,) x [0,») : 0 <s<t}. Let us recall that two-parameter family {T(t, $)}isiea, 1T kts)can
T(t,s) : X » X bounded linear operator, (¢, s) € A, ((t, S) € As) is called an evolution system if the following
lemma of conditions are satisfied:

Lemma 2.4. [29] The family of the linear operator {T(t, $)},s)en Satisfies the following properties.
@ T, r)T(r,s)=T(s), Tt t)=1for0<s<t<T,
(ii) The map (t,s) — T(t, s)x is strong continuous for all x € X and 0 < s < t < T;
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(ii)) TC,s) € CU((s, ®), LE)), T%2 = ADT(t, ) for t > s, and AT, s)|| < M(t - sy for 0<t-s<1
andk=0,1;
(iv) T2 = —7(t, $)A(S)x for t > s and x € D(A(s)) with A(s)x € D(A(s)).

Definition 2.5. [29] An evolution family {T'(t, $)}«s)ea is said to be compact if for all 0 <s<¢t< T, T(t,s)
is continuous and maps bounded subsets of X into precompact subsets of X.

Lemma 2.5. [29] Let {T(t, $)}:,s)ea be a compact evolution family on X. Then, for each s € [0, T}, the function
t — T(t, s) is continuous by operator norm for t € (s, T].

Lemma 2.6. [41] For eacht € [0, T] and some A € p(A(t)), if the resolvent R(A, A(t)) is a compact operator, then
T(t, s) is a compact operator whenever 0 < s <t <T.

From now on, what will be assumed throughout is that ||T(¢,s)|| < 1 for allt > s > 0.
Lemma 2.7. [38] Let F : X = Py (X) be a closed and quasi-compact multi-valued mapping. Then, F is u.s.c.

Recall that a subset A C X is called a retract of X if there exists a continuous functiony : X - A, such that
y(x) = x, for every x € A. A is called a neighborhood retract of X if there exists an open subset U C X such
that A C U and A isretract of U. If we have two spaces X and Y, then every homeomorphism ¢ : X — Y such
that ¥(X) is a closed subset of Y is called an embedding. We say that X is an absolute retract (is an absolute
neighborhood retract) if and only if for any space Y and for any embedding ¢ : X — Y, the set (X) is a retract
of Y (X) is a neighborhood retract of Y) . We write X € AR (resp. X € ANR). Obviously, if Y is an AR-space,
then it is an ANR-space. Any absolute retract is contractible.

The following hierarchy holds for nonempty subsets of a metric space: compact + convex C compact
AR-space C compact + contractible C Ry-set.

Definition 2.6. [42] A nonempty subset D of a metric space is said to be contractible if there exists a point
Y, € D and a continuous function h : [0,1] x D — D such that h(0, y) =y, and h(1,y) =y for every y € D.

Definition 2.7. [42] A subset D of a metric space is called an Rs-set if there exists a decreasing sequence D, of
compact and contractible sets such that

Let X be a Banach space and B(X) the family of all bounded subsets of X. Then, the function 8 : B(E) - R*
defined by

B(A) = inf{r > 0| A can be covered by finitely many balls of radius r}

is called the (Hausdorff) measure of noncompactness. It is monotone, nonsingular, real, and regular [43].

The following characterization of Rs-sets, which develops the well-known Hyman theorem [42], was
shown by Bothe.

Theorem 2.3. [12] Let X be a complete metric space,  denote the Hausdorff measure of noncompactness in X,
andlet@ + A C X.
Then, the following statements are equivalent:
(@) A is an Rg-set,
(b) A is an intersection of a decreasing sequence {A,} of closed contractible spaces with B(4,) — 0,
(c) A is compact and absolutely neighborhood contractible, ie., A is contractible in each neighborhood
inY € ANR, where A is embedded.
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2.3 Inverse limit

Let us recall that an inverse system of topological spaces is a family S = {X,, £, Y}, where ¥ is a directed set
ordered by the relation “ <”, X, is a topological (Hausdorff) space, for every a € 3, and nf : Xp— Xy
is a continuous mapping for each two elements a, 8 € 3 such that a < 8. Moreover, for each a < g <y,
the following conditions should hold: ¢ = idX, and nfr} = 7).

A subspace of the product 77, € 45X, is called a limit of the inverse system S, and it is denoted by lim..S
whenever

lim$ = i(x,) € MuesXalmf(xp) = Xo, forall a < .

Consider two inverse systems S = {X;, nf, Y}and S’ = {Y¥,, ﬂf', Y'}. Let us recall (see [17]) that by a multi-
valued map of the system S into the system S’, we mean a family {g, ¢,,} consisting of a monotone function
g:) -2, ie,a()<a(B) for a’ < B, and of multivalued maps Doy : Xs(a) = Yo with nonempty values,

defined for every a’ € ¥ and such that

’

a(B)

ﬂf%(ﬁ’) = Oy Tlo(arys

for each a’ < p'.
A mabp of systems {0, 75"} induces a limit map ¢ : lim.S - lim. S’ defined as follows:

0) =[] 0yeryFo@)Nlim$".
aey’ -

In other words, a limit map is the one such that
g P = Qy(arylo(a)s

for eacha’ < p'.
Now, we summarize some useful properties of limits of inverse systems.

Proposition 2.3. [44] Let S = {X,, 1’ Y} be an inverse system. If for every a € ¥, X, is compact and nonempty,
then lim.S is compact and non-empty.

Proposition 2.4. [22] Let S = {X,, 1}, N} be an inverse system. If for every n € N, X, is an Rs-set, then lim._S
is Rs-set, as well.

Theorem 2.4. [6] Let S = {X,, 7’, ¥} be an inverse system and ¢ : lim..S — lim.S’ be a limit map induced by a
map {id, 9.}, where ¢, : X, — X,.. Then, the fixed point set of ¢ is a limit of the inverse system generated by the
sets Fix(¢,). In particular, if the sets Fix(¢,) are compact acyclic (resp. Rs), then it is compact acyclic (resp. Rs),
as well.

Below, we introduce the following two inverse systems and their limits. For more details about the inverse
system and its limit, we refer the reader to [22,45].

Leta € R and N(a) = {m € N\{0}; m > a}. For each p, m € N(a) with p > m, let us consider a projection
nfn - G([a, pl, X) = G([a, m], X), defined by

ﬂ({m(u) =u |[a,sz ue€ G([a’ p]:X)
Then, it is readily checked that {G([a, m], X), 72, N(a)} is an inverse system and its limit is

G([a, ), X) = lim{G([a, m], X), 72 ,, N(a)}.
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Let Ly,(dg, [0, ©), X) be the separately locally convex space consisting of all locally Bocher integrable
functions w.r.t. g from [0, ) to X endow with a family of seminorms {||-||},; m € N\{0}}, defined by

lulf, = [Ilu@ldg(®),  m € Ny},
0

In a similar manner as earlier, we also obtain that {L(dg, [0, m], X), 722, N\{0}} is an inverse system, where
p =2 mand

ﬂ({m(f) = fl[O,m]; fe L(dg’ [0’ p]rX)
Moreover,

L(dg, [0, ®), X) = lim{L(dg, [0, m], X), 7§ m, N\{O}}.

Remark 2.1. [46] Let us recall that by a Frechet space, we mean a locally convex space, which is metrizable
and complete. Every Banach space is Frechet space, and every Frechet space is the limit of an inverse system
of Banach spaces.

3 Topological structure of solution sets

In this section, we will study the existence result of the mild solution and the Rs-set of solution set for system

(1.3) on I. Further, we will study the Rs-set for system (1.3), which is defined on I.. Before stating and proving

the main results, we introduce some assumptions:

(HO) {A(t)}te; is a family of linear not necessarily bounded operators (A(t) : D(A) CX - X,t € I, D(A)
a dense subset of X not depending on t) generating an evolution operator T : A — L(X), where L(X)
is the space of all bounded linear operators in X.

(H1) The multivalued F : I x G(I, X) = Py(X) satisfies F(t, -) is weakly u.s.c. for a.e. t € I, and F(-, u) has
strongly measurable selection for every u € G(I, X).

(H2) There exists a constant b > 0, a function a(t) € L'(dg,I,R*), and a compact set S C X such that
F(t,u) € a(t)(1 + b||u|])S for a.e.t €I andu € G, X).

(H3) The nonlocal function H(:,-) : [0,) x GI,X) » X and o(-) : G, X) — [0, ») are both continuous.
H(a("), ) : G, X) — X is a compact mapping, and there is a constant K > 0 such that, for u € G(I, X),

H(a(w), w| < KlJul|.

For each u € G(I, X), let us denote

Selz(u) = {f € L\(dg, I, X) : f(t) € F(¢, u(t)), for a.e. t € I}.

Definition 3.1. A regulated function u : I - X is called a mild solution on I of system (1.3) if it is a solution
of the integral equation

t
u(t) = T(t, 0)[ug + H(a(u), u)] + JT(t, s)f(s)dg(s), for t € I,
0

where f € Selp(u).

When maintaining fundamental properties (including continuity, local boundedness, local maxima and
minima, etc.); mapping compact sets to compact sets as well as mapping connected sets to connected sets;
degree of smoothness; monotonicity preservation, etc., the contents that can be established for general con-
tinuous functions can also hold for regular functions. Therefore, Lemma 3.1 can be deduced from [6] (Lemma
3.3) as being obviously true.
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Lemma 3.1. Let Hypothesis (H1) and (H2) be satisfied. Then, there exists a sequence {F} with
E :IxG(,X)~ Byo(X) such that
(D) F(t,u)C...C Fuq(t,u) C E(t,u) ...C co(F(t, By-»(u))), n 2 1, for eachu € G, X);
@) |EE w)] < a(t)(3 + ||ul), n = 1, for eachu € G(I, X);
(iii) There exists E C I with mes(E) = 0 such that for each x* € X*, &> 0, and (t,u) € I\E x G, X), there
exists N > 0 such that for alln = N,

X*(F(t, w) © x*(F(t, w) + (=&, €);

(iv) R(t, ) : X x GU,X) = Pyo(X) is continuous for a.e. t € [0, T] with respect to Hausdorff-Pompeiu metric
for each n = 1;

(v) For eachn 2 1, there exists a selection g, : [0, T] x G(I, X) — X of E, such that g,(-,u) is strongly measur-
able for each u € G(I, X) and for any compact subset D C G(I, X), there exist constants Gy > 0 and § > 0
for which the estimate

1g,(t, w) — g,(t, w)|| < Gra(t)(||un — w])

holds for a.e. t € [0, T] and each wy, u, € V with V= D + By(0);
(vi) E, verifies the condition (H2) with F, instead of F for each n 2 1, provided that X is reflexive.

3.1 Topological structure on compact intervals
Lemma 3.2. Let conditions (H1) and (H2) be satisfied. Then, Selg(u) is nonempty.

Proof. Let us show that Selp(u) # @ for eachu € G(I, X). For this purpose, we assume thatu € G(I, X) and {u,}
is the sequence of step functions from I to G(I, X) such that

sup [[up(t) - u(®)|| = 0, n - . 61)

tel

By (H1), we can see that for each n, F(:,u,) has a strongly measurable selection f; (-). Furthermore, by (3.1), for
eachn > 0, t € I, there exists M > 0, such that ||u,(t)|| < M. It follows from (H2) that f, is integrably bounded
in L'(dg, I, X). Making use of Lemma 2.3, one can conclude that this family is weakly relatively compact, and
so, we can find a subsequence f, (which we do not relabel), which is weakly o(LMdg, I, X), L>(dg, I, X))
convergent to some dg-measurable function f, i.e., for every x* € X*, we have

X fo) = X5 ), o,

And using Lebesgue controlled convergence theorem, we obtain

t t
<x*, Iﬂ(s)dg(s>> - <x*, jf(s)dg(s)>, n- .
0 0

Therefore, for n > 1, {I; f,(s)dg(s)} is relatively weakly compact.

By Mazur’s theorem, there exists a sequence of convex combinations convergent in the norm of
LYdg, 1,X),ie., for everyn = 1, fn € co{fy;k = n}, and fn(t) - f(t)forae t€el.

The hypotheses of Theorem 2.3 are satisfied by the sequence { fn}. It follows that f is KS-integrable w.r.t. g
and

Jﬁl(S)dg(S) - If (s)dg(s), n-w,VteL
0 0

It is sufficient to check f(t) € F(t, u(t)) for a.e. t € I. Let J be a set and J C I such that fn(t) - f(t) and
f,(&) € F(t,uy(t)) for allt € I. For alln = 1, let x* € X*, & > 0, and ¢ € I fixed, from (H1), which implies that
(x* o F(t,*)) : X = 2R is an u.s.c. and with convex valued. To see this, let us write that for every s € J, and
£ > 0, there exists n, s € N such that
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X*(F(s, un(s))) € x*(E(s, u(s))) + (=€, €), VN znggs
Since for every n € N, x*(f;(s)) € co{x*(f(1)); k 2 n} C x*(F(s, un(s))), it comes that
X*(f,(9)) € X*(F(s,u(s))) + (-€,€), Yn=zng,
take the limit from both sides, the arbitrariness of x*, and F has convex valued, so f(s) € F(s, u(s)), for every

t € I. Hence, we obtain f € Selgp(u). O

Next, in order to obtain the compactness of the solution set, we will consider the integral equation of the form
t

u(t) = p(t) + [T(t, )k(s, u(s))dg(s), t € [a,T], (32
a

wherea € [0, T) and ¢ € G, X).

Lemma 3.3. Assume that for every u € G([0, a], X), k(-,u) is L'(dg, [0, a], X)-integrable, {T(t, $)}t.s)ea IS com-

pact. Suppose, in addition, that

(i) for any compact subset D C G([0, a], X), there exists § > 0 and L € L'(dg, [0, T], R*) and0 < I;Lﬁ(s)dg(s) <1
such that ||k(t, w) - k(t, w)|| < L5(t)||uy — uy||, for ae. t € [0, T, each w;, u, € Bs(D);

(i) there exists ri(t) € L'(dg, [0, T],R*) such that ||k(t, w)|| < rn(t)( + ||ul|), for ae. t€[0,T] and each
u € G([0, al, X), where € is arbitrary, but fixed.

Then, Problem (3.2) admits a unique solution for every ¢ € G(I, X). Moreover, the solution to (3.2) depends
continuously on ¢.

Proof. The proof process is divided into several steps. Set the operator W defined by
t
(Wu)(t) = o(t) + _[T(t, $)k(s, u(s))dg(s), t€la,T],
a
there exists a § arbitrarily close to a such that p 2 sup,e, #1|9(0)] + (p + O)||1il|ja¢)- Let

By(&) = ju € G([0,¢], X); sup [u(®)] <p

t€[0,¢]

Step I. We will prove W(B,(£)) C B,(&). According to assumptions, we obtain

l(Wu)(®)|| = < sup |p(0)] + (€ + P)lIAlly, ., S P-

t€[0,8]

o() + [T(t, $)k(s, u(s))dg(s)

Therefore, W(B,(£)) C B,(¢).
Step II. We will show that the operator W(B,(¢)) is an equiregulated family of functions on [0, £].

For ty € [0, &), we have

t ¢
[(Ww)(®) = (W)l < lle() = eIl + III(T(t, $) = T(tg, $HK(s, u(s))lldg(s) + IIIT(t, $)k(s, u(s))lldg(s)
a ty

=Ay + Ay + Az,
where

A =lo® - oI,
t

Ay = III(T(t, $) = T(tg, $)k(s, u(s))lldg(s),

t
45 = [IT(t, $)K(s, u(s))Ildges).

+
t
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The combination of compactness of {T(t, $)}s)ea and strongly continuity of T(¢,s) in the uniform
operator topology, and applying dominated convergence theorem, we can derive that 4; and A, tend to

zero independently of u as t - t;. Let w(t) = Jérl(s)dg(s), from Lemma 2.1, w(t) is regulated function on

[0,€]. Thus, 45 = [LIT(t, k(s, u(s)IIgs) < € + Pr(s)dg(s) < @ + p)(@(®) - w(t)). So, when ¢ — ¢,
we have A; — 0 also independently of u.

Similar to the aforementioned analysis, we can also derive that |[|[(Wu)(t) - (Wu)(&)|| — 0, as ¢, — ¢, for
every t € [0, £]. So W(B,(£)) is equiregulated on [0, ] from Definition 2.2.

Step III. We will prove that the operator W : B,(§) — B,(¢) is continuous. To this end, let {un};-y C
B,(&) € G([0, £], X) be a sequence such that lim,, .U, = U in B,(£).

t
IWun)(®) = WD) < [Lo()llun - ulldg(s) > 0, as n — .

In addition, the same analysis as Step II demonstrates that {Wuy,},-; is equiregulated on [0, &]. This property
combined with Lemma 2.2 implies that {Wu,} converges uniformly to {Wu} as n — o, namely,

(W) = (WOl = SUp (W) = (WO =0, as = o
te(o,

Therefore, the operator W : B,(¢) — B,(&) is continuous.

Step IV. We demonstrate that the operator W : B,(§) - B,(¢) is compact. To prove this, we show that
V(t) = {(Wu)(t) : u € By(¢)} is relatively compact in X, for t € [0,]. It is easy to see that for every
u € By(&), @ € V(¢t), such that

t
u(t) = o(t) + IT(t, $)k(s, u(s))dg(s).

For an arbitrary € € (0, t), define an operator I, : V(t) - X by
t-¢

IA)(t) = o(t) + T(t, t - 8)‘[T(t ~ & 8)k(s, u(s))dg(s).

From the compactness of {T'(t, $)},s)ea and I;_ST(t - &, 8)k(s, u(s))dg(s) < (T + p)||nl| 110 WE obtain that the
set V.(t) = {(Li)(t) : & € V(¢)} is relatively compact in X for each ¢ € (0, t). Moreover, it follows

@) - (L)O)] < <@+p [nEdg)~0, £-0.

t-¢

[ 7t ks, u(s)dg(s)

t-¢

Therefore, there is a relatively compact set arbitrary close to the set V(¢). Thus, the set V(¢) is also relatively
compact in X. According to Lemma 2.3, we know that W : B,(§) - B,(£) is a compact operator. And by the
Schauder fixed point theorem, we obtain that operator W has a fixed pointu € B,(¢), which is local solution to
equation (3.2).

Step V. We prove that the solution is unique. Let u; be another local solution to equation (3.2). Then,

[u(t) - wm(®)] <

t t
[Tt $)0ks, u(s)) - k(s u())dg(s)] < llu - wll [Lp(s)dg(s).

Namely, J';LD(s)dg(s) > 1 for €[0, ], which is contradicts our assumption.

Next, we continue the solution for t 2 £. For t € [, &], where & < &, we say that a function ii(t) is a
continuation of u(t) to the interval [¢, &], if
(a) i(t) € G([0, &],X), and

() (1) = p(t) + [;T(t, S)K(s, U(5))dg(s).
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By the observation that if we define a new function v(t) on [0, &] by setting

u®), tel0,¢],
a(t)’ te [E’ fl])

v(t) is a mild solution to (3.2) on [0, &]. The existence and uniqueness of the mild continuation #i(t) are
demonstrated exactly as earlier with only some minor changes, so omitted. Repeating this procedure and
by the a priori estimate of the solution, one continues the solution till the time &y, = &nax, where [0, &nax] is the
maximum interval of the existence and uniqueness of a solution, and U denotes the solution on the interval
[0, &max]- We prove &nax = T. If this is not the case, then &pax < T. Put

v(t) =

Emax

a0 = o) + [ T(t, $)k(s, i(s))dg(s),

a

with @(t) € G([&max, T], X). We consider the following integral equation:

t

u(t) = p6) + [ Tt ks, u(s)dg(s).

fmax
One can use the previous arguments to extend the solution beyond &pax, which is a contradiction.
Step VL. Let ¢, — ¢, in G(I, X) as n — «, and u, be the solution to equation (3.2) with the perturbation
o, Le.,

t
Uy(t) = @, (t) + IT(t, $)k(s, uy(s))dg(s), for t €0, T]. 3.3)

Obviously, from the compactness of {T(t, $)}s)ea, it follows that the set

jT(t, SK(S, Un(s))dg(s) : n = 1]

is relatively compact in G([a, T], X). Now, we should prove the set

t
up(t) - IT(t, S)k(s, uy(s))dg(s) :n = 1]

is relatively compact in G([a, T], X), we only prove that lim,_.u, exists in G([a, T], X). On the contrary,
if lim,_ .U, does not exist in G([a, T], X), then for any n € N, we have n;, and n, with ny, n, > n such that
[[un, = Un,|lfo,T] > &0 (& is @ constant), i.e., there exists t, such that

[lun,(t) = Un,(t: )Mo, 71 > Eo-

Let tin(t) = uu(t) - I;T(t, S)k(s, u,(s))dg(s), we can estimate

t*
mnl(t*) - anz(t*)l 2 |un1(t*) - unz(t*)l - IT(t*: s)(k(s, unl(s)) - k(s, Llnz(S))) dg(s)
0

[
> & - [Lo()dg()en
0

£0,

ty
1 - [1p(s)dg(s)
0

which contradicts the compactness of @i, in G([a, T], X). Hence, lim,,_...u, converges in G([a, T], X) and u, - u.
Therefore, taking the limit in (3.3) as n — o, one finds, again by (H2) and Lebesgue-dominated convergence
theorem, that u is the solution to equation (3.2) with the perturbation ¢,. This completes the proof. O
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Theorem 3.1. If the assumptions (H0)-(H3) hold, in addition, suppose that {T(t, $)}« s)ea is compact in X, then
the solution set of system (1.3) has at least one mild solution with

T
1- k- bc|dg(s)
0

L cf; a(s)dg(s)

T R and
(1 - k = bef, dg(s))

r > ma > 0.

Proof. We denote the operator Ny : G(I, X) » P(G(I, X)),
Nr(u)(t) = {v(t) € GU, X) : v(t) € Sp(Selr(u)), t € I, u € GU, X)},

St(f)(®) =T (¢, 0)[uo + H(a (), w)] + IT(t, ) (s)dg(s), t € 1
0

Let set

B, ={ueGU,X): |ul. <r}cGU,X).
We seek for solutions in B;. It is clear that we will obtain the result if we shows that Ny admits a fixed point
in B;. The proof process is divided into some steps.

Step I. We prove that Ny(B,) C B,. Since S is compact, it is bounded, and let us say by some ¢ > 0. For every
u € B;, by Lemma 3.2, Selr(u) # @, taking f € Selp(u) with u € B,, it follows that

V() = T(t, O)ug + How), w] + [T(t, s)f (5)dg(s),
0
for allt € [0, T]. Then,

T
VOl < {[uol| + Kffull + I(a(s) + blju(s)Iedg(s)
0

T
< lugll + kr + f(a(s) + brcdg(s)
0

<r.

Hence, ||V(t)|| = sup,e|[v(t)|| < r, for every v € Nr(u), namely, Ny(B,) C B;.

Step IL In order to achieve the u.s.c. of Ny on B,, applying Lemma 2.7, it is sufficient to show that is quasi-
compact and closed.

Let B, C B, be a bounded set of G(I, X). We will prove that for each t € I, V(t) = {Nr(u)(t) : u € B;}
is relatively compact in X.

Obviously, for ¢t = 0, V(0) = {uy + H(a(u), u)} is relatively compact in X. Let t € [0, b] be fixed, and for
u € B, and v(t) € V(t), there exists f € Selg(u) such that

t
v(t) = T(t, 0)[uo + H(o(u), w)] + _[T(t, $)f (s)dg(s).
0
For an arbitrary € € (0, t), define an operator J, : V(t) - X by
t-¢

Jov(t) = T(t, 0)[ug + H(o(w), u)] + T(t, t - s)IT(t - & 5)f(s)dg(s).
0

From the compactness of {T'(t, $)},s)ea, We obtain that the set Vi(t) = {J,v(t) : v(t) € V(¢)} is relatively com-
pact in X for each € € (0, t). Moreover, it follows
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v(t) - Ju(t) <

t t
IT(t, S)f(s)dg(s)| < I(a(s) + br)cdg(s).
t-¢ t-¢
Therefore, there is a relatively compact set arbitrarily close to the set V(¢). Thus, the set V(t) is also relatively
compact in X, which yields that V(t) = {Nr(u)(t) : u € B,} is relatively compact in X for eacht € I.
Thus, we obtain Nr(B;) is relatively compact, which implies that Ny is quasi-compact. Next, we will show
that the operator Ny(B;) is an equiregulated family of functions on [0, T].
For ty € [0, T), we have

lNrw)(©) = (Nrw)(t)||
< IT(t,0) = T(tg, Olll[uoll + T (t, 0)H(o(w), w) = T(tg, OH(a(u(te)), ultp))l
ty t
+ 1T s) - 165, ) )ldg(s) + [ITE, )If5)dg(s)
0 ty

= h+h+EL+1
where

L=|IT(t,0) - T(tg, O)|l||uol|,
L=||T(t,0)H(co(u), u) - T(ty, 0)H(a(u(ty)), u(ty))|,

t t
L= [T, s) - T, F©)lldgs) + [IT, )lIf(s)dg(s),
0

t
1= [T, $)lf (s)dg(s).

The combination of compactness of {T(t, $)}s)ea, Strongly continuity of T(t,s) in the uniform operator
topology and from (H3), applying dominated convergence theorem, we can derive that I, I;, and I; tend to
zero independently of u as t — t;. Let @(t) = I(;rl(s)dg(s), from Lemma 2.1, @(t) is regulated function on
[0, T]. Thus,

t

1= [IIT(t, 9)If (5)dg(s) < cbr [dg(s) + ¢ [a(s)dg(s)

A
t t t

= cbrjdg(s) + c(@(t) - ().
t

So, when t — t;, we have I, — 0 also independently of u. Therefore, from Lemma 2.1, Ny is u.s.c. on B,.

Next, we will prove that Ny is closed on B,. To this aim, let u, be a sequence of elements of Ny, which
converges to a regulated function u and shows that u is also the element of Ny. There exists a sequence of
measurable functions {f, (£)}, € (a(t) + b|ju(t)|)S for every t € [0, T] and for each n:

t
un(t) = T(t, 0)[ug + H(o(uyn), uy)] + IT(t, S)f,(s)dg(s) forall t € [0, T].
0

Because the sequence (f} ), satisfies the assumptions of Lemma 2.3, there exists a subsequence (f;, )x, which is
a(LY(dg, X), L™(dg, X}+))-weakly convergent to some integrable w.r.t. g function f, and it can be seen that for a
fixed t € [0, T], the operator

fC) € LY(dg, I,X) = T(t, )f () € L'(dg, I, X)

is linear and continuous, since
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t T
I7Ct, Ol < [ITCE sy 6)lidg(s) < [IF)ldges) = Ifilz-
0 0

For any continuous linear functional on L'(u, X) for a finite measure, u can be represented by an element of
L*(u, X$+), where X+ denotes the space of all weak equivalence classes of X*-valued, X-weakly measurable
functions f : [0, T] — X* such that they are essentially bounded. Therefore, taking in particular functions of
the form A(s) = x*)([oyt](s) (for some x* € X*), one obtains

t T T
Joxs, 78, 5, (0)dg(s) = [R5, ($)dg(s) ~ [()T(L, 5)f (s)dgs)
0 0 0

t
= [x%, Tt )1 ())dg o),
0

and so, the sequence

[, s), (s)dg(s)] is weakly convergent to [\ T(t - s)f(s)dg(s). Then,
k
Un(t) = u(t) = T(t, 0)[up + H(o(w), u)] + _[T(t, S)f (s)dg(s).
0

Hence, Ny is closed on B,.
Step IIL Let us now prove Ny is contractible on B;. First, we can define the following operators:

I':GU,X) -~ G(U,X), Tu)(t) = T(t,0)[ug + H(a(u), u)l,
t

Sy : INdg, I, X) » G, X), (S f)(t) = JT(t, S)f (s)dg(s).
0

Foru € B, fix f* € Selp(w) and put u* = T(u) + Sy(f*). Define a function h : [0, 1] x Np(u) — N,(u) by setting

hOL VI(E) = v(t), te€][0,AT],
AVO=ug2,v), tear,T),
for each (4, v) € [0,1] x N(u), where u(t; A, v) is the unique solution of the equation in the form
du(t) € A(Hu(t)dt + f*(t)dg(t), te[AT,T],
u(t) = v(AT), t€][0,AT].

Clearly, h(A, v) € Nr(u), for each (4, v) € [0, 1] x Ny(u). In fact, for each v € Nr(u), there exists f € Selp(u),
such that

v =T() + Si(f).
Put
F@© = FOx0.2m1O + F*Oxar. 1 O-

It is clearly that f € Selp(h). Also, it is readily checked that I'(u) + Sl(f) =v, for all t € [0,AT],
T'(w) + Sl(f) = u(t; A,v), for allt € (AT, T], and hence, h(4,v) = T'(u) + Sl(f), i.e. h(A,v) € Ny(u). Note that

h(0,v) = u*, h(1,v) = v.
To show that h is continuous, given (An, Vi) € [0, 1] x Nr(u) be such that (A, vi) = (A, v) as m — . Then,

vm(t), t€[0,AT],

h(Am, vi)(8) = u(t; Am, vm), t€ (AT, T].

We shall prove that h(Ay, vi)(t) = h(A, v)(t) as m — o, Without loss of generality, we assume that A,, < A, for
(Am, vm) € [0,1] x Np(u), there exists f,, € Selp(u), such that h(Ay, vi) = T(u) + Si(f,,)-
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Then, we have that for 0 < t < AT,
|[h(Am, Vm) = h(A, V)| = |vp(t) — v(t)| = 0.
If AnT <t < AT,
|h(Am; Vi) = h(A, V)| = [u(t; A, V) = V(O < (Ut A, Vi) = V(O] + [Vi(8) = V(D]

which tends to 0 as n — o, since u(t; A, Vi) = vp(t) ast = A,T.
IfAT<t<T,

1h(Am, vin) = R4, V)llpar,ry = sup (Ut Am, Vi) = u(t; A, v)[ = 0.
t€[AT,T]

Since the function f* satisfies the conditions in Lemma 3.3 due to Lemma 3.1 (ii) and (v), we know that
equation (3.2) has a unique solution for every u(t) € G([0, AT], X) and the solution to (3.2) depends continu-
ously on (4, u).

Finally, an application of Theorem 2.3 yields that Ny has at least one point, which is solution of the non-
local Cauchy Problem (1.3) on compact interval I. O

Now, let Z§ denote the set of all mild solutions for inclusion (1.3) on compact interval [0, T]. We will
present the following characterization.

Lemma 3.4. Let the assumptions in Theorem 3.1 hold. Then, £f = Fix(Ny) and If is compact in G(I, X).

Proof. Obviously, 25 D Fix(Nr). To prove the reverse inclusion, we take u € £F and there exists f € Selp(w),
such that

u(t) = T(t,0)[ug + H(a(u), u)] + IT(t, s)f (s)dg(s), forall t €],
0
then,

(Ol < [l + H(o@, wi| + [If(s)lidg(s)
0

t

< |lutol| + Feju] + _[[a(S) + blju(s)l[lcdg(s)
0

= luall + kil + [a(s)edg(s) + [belju(s)||dg(s).
0

0

Let My(t) = ||uo|| + Klju|| + _[Ota(s)cdg(s), and we can write
t
luCOl] < M0) + [beljucs)|dg(s).
0

As a consequence of the Gronwall-type lemma (see reference [46]), we obtain
t
lu(®ll < Mi(t) + bc| Ma(s) exp(g(t) — g(s))dg(s).
0
The function M(t) = My(t) + bcI;Ml(s) exp(g(t) — g(s))dg(s) is LS-integrable w.r.t. g and regulated, therefore,
bounded by some M > 0, and so |[u(t)|| < M < r. Based on the aforementioned considerations, we have
2L = Fix(Ny). Moreover, as in the proof of Theorem 3.1, B, is compact in G(I, X) and Ny is closed; from this,
we see that Fix(Ny) is a compact set in B,, so is ZF. O
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Theorem 3.2. Let the hypotheses in Theorem 3.1 be satisfied. Then, XL is an Rs-set for eacht € I.

Proof. To this aim, let us consider the following inclusion:

du(t) € A(u(t)dt + E(t)dg(t), tel

(3.4)
u(0) = up + H(a(uw), u),

where F, : [0, T] x G(I, X) = Py,(X) are established in Lemma 3.1. Let 25" denote the set of all mild solutions
for inclusion (3.4). Note Lemma 3.1(ii) and (vi), and one can see from Theorem 3.1 that each set £1" is nonempty
and compact in G(I, X) for each n > 1. Moreover, by Lemma 3.1(i), we have

sfco.c gff C ppice-C IR C B

We prove that Zf = ﬂmZ}T:”. Note that Zf C ﬂnglzf". To prove the reverse inclusion, we take u € nnzlz;’", and
there exists {f,} C L(dg, I, X), such that 1, € Selp(u),

Ol £ a®)@ + ||ul]),nz1, forae te€I,

from Lemma 3.1(ii). According to the reflexivity of the space X and Lemma 3.1, we have the existence of a
subsequence, denoted as the sequence, such that f, € LXdg, I, X). By Mazur’s theorem, there exists a sequence
of convex combinations convergent in the norm of L'(dg, I, X), i.e., for every n 2 1, fn € co{f,; k 2 n}, and
@) > f(t) forae. t 1.

Denote by J the set of all t € I such that fn(t) - f(t) in X and f,(t) € F(¢) for all n > 1. According to
Lemma 3.1(iii), we know that there exists E C I with mes(E) = 0 such that for each ¢t € (I\E)"/, and
x*€e X* >0,

X% f(0) € cof(x*, f, () : k2 n} C (x* K(0) C (X* F(O) + (¢, &).

Therefore, we obtain that (x*, f(t)) € (x*, F(t)) for each x* € X* and t € (I\E)"/. Since F has convex and
closed values, we conclude that f(t) € F(t) for each t € (I\E)(N/, which implies that f € Selg(u). Moreover,
since

u(t) = T(t, 0)[ug + H(a(un), up)] + IT(t, S, (s)dg(s), forall t €],
0

as in the proof of Theorem 3.1, the sequence J'JT(t, S)f,(s)dg(s) is weakly convergent to I;T(t, S)f (s)dg(s),
whence

u(t) = T(t, 0)[u + H(a(w), w)] + jT(t, $)f(s)dg(s), forall t €1,
0

which implies that u € ZIT: and Zf = N S as desired.

Finally, we will prove that S s cr([)zrluractible for eachn > 1. From Lemma 3.1(v), let g, be the selection of
and g,(t, -) be continuous for a.e.t € I. At the same time, 2, = {u(t) : t € ,u € Z?} is a relatively compact set
in X, since ZITE" is compact in G(I, X). Therefore, by Lemma 3.1(v), there exists a neighborhood V of 2, and a

constant Cy > 0 such that ||g,(¢, w)|| < a(t)(3 + |[u]]), for a.e.t €I and each u € X.
Next, we will consider a trivial variant of an argument from Theorem 3.1,

du(t) = A(Hu(t)dt + g,(t, u(t))dg(t), t€[AT,T],

3.5)
u(t) = v(t), teE[0,AT],

for each s € I and v € G(I, X). Since the functions g, satisfy the conditions in Lemma 3.3 due to Lemma 3.1(ii)
and (v), by Lemma 3.3, we know that equation (3.5) has a unique solution for every u(t) € G(I, X). Moreover,
the solution to (3.5) depends continuously on (4, v), denoted by u(¢; 4, v). Define a function h:[0,1] x Zf" - Zf"
by setting
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w(t), te[0,AT],

h@A, v)(®) = ‘u(t; Av), te€QT,T],

for each (A, v) € [0,1] x Zf". It follows, as in the proof of Theorem 3.1 we can show that fl(/l, V) € 25" for each
(A, v) € [0,1] x =& and A(0, v) = u(¢; 0,v), A(1, v) = v for each v € £f.

At the next step, show that h is continuous. As seen earlier, one consider a sequence
{(Am, v} C [0,1] x Zi" such that (A, v) = (4,v) in [0, 1] x Z? as m — o, Then,

vp(t), t€E[0,AT],

h(/lmy Vm)(t) = u(t, Am, vm)’ t e (AT, T]

Without loss of generality, we assume that A, < A, for (A, vp,) € [0, 1] x Zf", since the remaining cases can be
treated in a similar way. For simplicity in presentation, one can put 8,,(t) = ||ﬁ(/1m, V) — AQA, v)| fort € I, and
we are going to show that ||0,,(¢t)|| - 0 as m — .

Then, we have that for 0 < t < AT,

10m(OIl = [vin(t) = v(£)] = 0.
If AyT <t < AT,
[[8m(O|| = [u(t; An, Vin) = V()| < |u(t; Am, Vin) = V()] + [vi(t) = v()],

which tends to 0 as n — oo, since u(t; Apy, V) = v(t) ast = A,T.

IfAT<t<T,

10m(Ollar,r) = sup [u(t; A, vm) — u(t; A, v)| = 0.
tE[AT,T]

Since the functions g,(t, u(t)) satisfy the conditions in Lemma 3.3 due to Lemma 3.1(ii) and (v), by Lemma 3.3,
we know that equation (3.5) has a unique solution for every u(t) € G([0,AT], X) and the solution to (3.5)
depends continuously on (A, u).

Accordingly, our result follows. Hence, we conclude that Z? is contractible, and thus, Z§ is an Rs-set. [

3.2 Topological structure on non-compact intervals

We consider the set A. = {(t,s) € [0, ®) x [0, ®)|0 < s < ¢t} and the evolution system {T(t, $)}¢.s)ea. IS cOm-
pact in X, and the F : I, X G(Iw, X) = Py (X) such that

(H0) “{A(t)}tef0,0) is a family of linear not necessarily bounded operators (A(t) : D(A) C X = X, t € [0, =),
D(A) a dense subset of X not depending on t) generating an evolution operator T : A, — L(X), where L(X) is
the space of all bounded linear operators in X.

(H1) ®F(t,-) is weakly us.c. for ae. t €I, and F(,u) has strongly measurable selection for
every U € G(l., X).

(H2) * There exists a constant b > 0, a function a(t) € L(dg, I, R*), and a compact set S C X such that
F(t,u) € a(t)(1 + bjlul))S.

(H3) ® The nonlocal function H(:,-) : [0, ©) x G(I,, X) — X and the function g(*) : G(I», X) — [0, ) are
both continuous. H(a(:), *) : G(I., X) — X is a compact mapping, and there is a constant K > 0 such that,
for u € G(I,, X),

lH (o), wl| < KlJul|.

For each u € G(I,, X), let us denote

t
Sm(f)(®) =T (¢, 0)[uo + H(o(w), w)] + IT(t, $)f(s)dg(s), t € [0, m]y,
0



DE GRUYTER Non-autonomous measure evolution inclusions on the half-line == 19

t
Se( ) =T (t, 0)[up + H(a(w), w)] + IT(t, $)f (s)dg(s), t € [0, »)y,
0

Sely = {f € Ll(dg, I, X) : f(t) € F(t,u(t)), forae. t € L.}.

In the sequel, we assume that {G([a, m], X), i} ,,, N(a)} and {L(dg, [0, m], X), 7t} ., N\{0}} are inverse systems,
and we have {id, S} is a mapping from {L(dg, [0, m], X), 7{ ,, N\{0}} into {G([a, m], X), { ,, N\{0}}. From the
observation, we obtain

Tin(Sp(f)) = Sm(th)  forevery f€ L(dg, [0, pl, X), m < p,
so {id, S;} induces a limit mapping S. : L(dg, [0, »), X) - G([0, ), X) such that
Seo(liomi = Sm(f lom),  for each f € L(dg, [0, ), X), m < N\{0}.

Lemma 3.5. Let X be reflexive. Suppose further that F satisfies (H1)® and (H2)*. Then, the set Self(u) and is
nonempty for each u € G(I, X).

Proof. Letu € G(I», X). By Lemma 3.2, we can obtain f, € Selr |jo,mj(U |fo,m) for each m € N\{0}, where F |
is the restriction of F to [0, m], and it is clearly seen that

F |o,m(t,u) = F(t,u), on [0,m] x G(I., X).

Consider the function f: [0, ) defined as
f(t) = ZX[m—l,m)(t)fm(t)’ te [0: oo),
m=1

where X, denotes the characteristic function of interval [m -1, m). It is not difficult to see that
f € Selz(u), and it is locally integrable w.r.t. g. O

Let ££ stand for the set of all solutions to the inclusion (1.3). In the sequel, we are going to present our main
result.

Theorem 3.3. Let Hypothesis (H0)® hold, and let the multivalued map F : I, X G(In, X) = Py (X) satisfy
(H1)*—(H3)". Then, XL is an Rs-set in G(I., X).
Proof. For every m € N\{0}, let Ny, : B, — 28n be a multivalued mapping defined by
Na(u) = Sr(Selr [om(u)), for each By,
where B, = {u € G[0, m], X}.
Making use of Theorem 3.1 and Lemma 3.3 to F |[o,n}, and we can obtain Fix(Ny) = sHom and Fix(Ny,) is

nonempty and compact. At the same time, from Theorem 3.3, Fix(N;,) is an Rs-set. Then, it is readily checked
that {B,, 712, N\{0}} is an inverse system and its limit is

B = {u € G, X)} = lim{B,, 7h, N\{0}}.
From the observation that when p,m € N and p = m,
8611: |[0,m](u |[0,m]) = {f I[O,m]; fE SEII: |[0,p](u)}, forall u € Bp.

So (id, Np,) is the mapping from {By, 7th, N\{0}} into itself. Next, using the fact 5(S,(f)) = Sn(7i}), for every
f € L(dg, [0, p], X), we obtain
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Tin(Np(W)) = 75(Sp(Selr o,p1(w)))
= {Sm(Tth()); f € Selr |jo,p (W)}
={Su(f); f € Selr lo,m)(U ljo,m))}
= N(7R)(W).
Therefore, (id, Ny,) induces a limit mapping N, : B — 28, which is defined by
No(w) ={vEB;v lio,m] = Sm(f jo,m), for every m € N\{0}, f € L'(dg, I, X), and f(t) € F(t,u(t)), for t € L},

for each u € B.

At the end of this step, applying Theorem 2.4, we obtain that the solution set £, = Fix(Ns) is an Rs-set in
G(I», X). O

4 Example

In this section, we give an example to demonstrate the feasibility of our results, and we consider the following
fractional differential inclusion of the form:

t
%u(t, X) € aa—;zu(t, x) — a(tu(t,x) + Ib(s)c[s, % dg(s), x¢€][0,n], t€][0,1],
o ‘ (4.1)
ou(s,y) _
u(0)(x) + !h(s){d[x, > ]dyds = uy(x),

where

(A1) The function a:[0,1]—>R is a continuously differentiable function and satisfies
Amin = MiNgepoat) > -1;

(A2) The function b(:) € C([0, 1], R) satisfies I: |b(s)|ds < oo;

(A3) The multivalued functionc : [0, ©) x R = Py ,(R) satisfies c(t, -), which is weakly u.s.c. for a.e.t € [0, «),
and there is a constant ¢ > 0 such that |c(t, x)| < ¢(]x] + 1), for t € [0, ©), x,y € R;

(A4) The function h(-) € C([0, 1], R) and satisfies I: |h(s)|ds < . The function d(:,-) € C2([0, 7] x R) satisfies
that there is d; > 0 such that, for x € [0, 1],y € R,

2
maXH ad(x,y) | | 8%d(x,y)

x>

< dilyl.

>

ox

And § € (0, 1),1et X = L*([0, ], R) with the norm||-||, and inner product{-,-). Consider the linear operator B in
Hilbert space X defined by
62
Bu = Wu, u € D(B),
where
D(B) = {u € I*([0, 7], R)|u, u are absolutely, i € L*([0, 7], R), u(0) = u(m) = 0}.

By ([47] Lemma 6.1 in Chapter 7), it is well known that B generates a compact Cyp-semigroup in X. Furthermore,
B has a discrete spectrum, and its eigenvalues are —n?, n € N* with the corresponding normalized eigenvec-

tors e,(x) = \/gsin(nx), 0<x<mn=12,..

Define the operator A(t)u = Bu - bu with D(A(t)) = D(B). It follows from ([48] Lemma 6.1 in Chapter 7)
that operator A(¢) satisfies the known conditions of Acquistapace and Terreni [30]. Therefore, A(t) generates a
strongly continuous evolution family {T(¢,s) : 0 < s < t < 1} defined by
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0 t
— 204
T(t,s)u=Ye U (et s’](u, eden, 0<s<t<lu€X.
n=1

A direct calculation gives
IT(t, 8)||rx) < e Gramn)E=s) g <g<t<1.

It is evident M = supy.,<;«||1 T(t, $)|lx) = 1.
Note also from [49] that, for each t, s € [0, 1] with t > s, the evolution family T(t, s) is a nuclear operator,
which implies the compactness of T(t, s) for ¢ > s.

Define u(t)(x) = u(t, x), F(t, u(t))(x) = Jotb(s)c[s, "”;sx”"]dg(s), a(u(t, x)) = h(t), and H(o(u), o(u(t, x)))(x) =

J: h(s)fon d[x, %sy’y)]dyds. Then, with this notions, system (4.1) can be rewritten well into the abstract form of

system (1.3).
Taking

gt) = I—L,tE[l—L,l—l
n _

Itis evident that g : [0, 1] — R is a left continuous and nondecreasing function on [0, 1]. It is easy to certify that
assumption (H3) for the function H is verified as well due to assumption (A4). Meanwhile, the assumptions (A2)
and (A3) imply that function F : [0, 1] x X — By, satisfies well the condition (H1). We assume that assumptions
(H2) and (H3) are satisfied. From Theorem 3.1, system (4.1) has at least one mild solution on [0, 1].

5 Conclusion

This article pioneers the investigation of the topological structure of the solution set for a class of non-
autonomous evolution inclusions driven by measures on the half-line. Initially, we establish that the solution
set is nonempty, compact, and an Rs-set on compact intervals by employing fixed point theorems, and
we derive certain sufficient conditions to guarantee the existence and Rs-property of the solution set.
Subsequently, utilizing the limit inverse method alongside our existing results on compact intervals, it is
demonstrated that the solution set is nonempty, compact, and an Rs-set on the half-line as well. The results
given in this study developed and extended some previous results. Finally, an illustrative example is given to
show the practical usefulness of the analytical results. Furthermore, we will investigate topological structure
of solution set of the fractional measure evolution inclusion in the next work.
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