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1 Introduction

When studying the evolution of complex phenomena in real life, one often notices that the measured quan-
tities are usually discontinuous. For example, when the phenomenon under study has discrete disturbances in
the process of continuous change, one can find this characteristic. The nature of the solutions of this type of
dynamic system is difficult to obtain. Particularly when there are infinite discrete disturbances (i.e., impulses)
and the impulse moments are accumulated in the observation time interval, it will be more difficult to study
the nature of the solution. The above situation is described as Zeno phenomenon in the theory of hybrid
systems [1,2], and most of the work on classical impulsive differential equations [2,3] often avoids this beha-
vior. However, the theory of measure differential equations provides a very convenient tool for dealing with
this problem, which is also called differential equations driven by measures [4,5]. For specific measures, such
as absolute continuous measure, discrete measure and the sum of an absolutely continuous measure with a
discrete one, measure differential equations are transformed into usual differential equations, difference
equations, impulse equations, respectively. This provides new light for studying these equation problems.
In addition, the time scale dynamic equations can also be regarded as measure differential equations [5].

It is worth noting that in the context of differential equations this method has been known for many years.
To the best of our knowledge, the first equation with a measure as a coefficient was considered by Kronig and
Penney in 1931 [6] and, in the context of the Riemann-Stieltjes integral, as an integral problem by Atkinson in
1964 [7]. The systematic study for measure-perturbed problems started in the 1970s. It is worth mentioning that
Sharma [8], Shendge and Joshi [9], or Dhage and Bellale [10] have done some basic work in measure
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differential equations. Schwabik et al. [11] systematically continued the method of solving certain differential
equations (with Perron-Stieltjes integral) through integral equations in 1979. And then, some cases have been
studied by Wyderka [12,13]. With the increase in the discussion of complex phenomena, the research
on measure differential equations will also continue to increase [14,15].

On the other hand, when dealing with problems in control theory, economics or game theory, we must
consider set value functions; therefore, the model may involve multi-value differential equations, i.e., differ-
ential inclusion [16,17]. In the latest development of differential inclusion theory, especially the study of
measure differential inclusion [18-23], it has gained wide popularity. The reason why it has developed so
quickly and widely is that this type of differential inclusion has a general structure, including as special cases
differential and difference inclusion, impulsive and hybrid problems [24-26]. A very interesting and valuable
course on hybrid inclusions can be found in [27], for instance. Nevertheless, several different approaches,
different solutions, and many applications for measure differential equations or inclusions can also be found
in the literature.

In [28], by viewing Borel measure as Lebesgue Stieltjes measure and Successive iteration method
of approximate solution, Cichon et al. studied the existence of regulated or bounded variation solutions
of the following measure differential inclusions

dx(t) € G(t, x(©))du(t),
x(0) = xo,

where G : [0,1] x R? - P(R?) is a closed convex valued multivalue mapping and u is a positive regular Borel
measure.

n [29], by using a characterization of the space of regulated functions on a compact interval [0, 1]
endowed with the topology of uniform convergence as being isometrically isomorphic to some space of
continuous functions, Cichon et al. got several theorems on the existence of regulated selections for multi-
functions, and based on this, they investigated the existence of regulated solutions for the general measure
differential inclusion as follows:

dy(t) € F(t,y(t))dg(t), t €[0,1]
y(0) = Yo»

where g : [0, 1] — R is a left continuous nondecreasing function (continuous at 0) and F : [0, 1] x R¥ — cl(RY)
is a convex valued multifunction with values in an Euclidean space.

In [30], by using the notion of uniformly bounded e-variations which mixes the supremum norm with the
uniformly bounded variation condition and approximating the solutions of a differential problem driven by a
rough measure by solutions of similar problems driven by “smoother” measures, Di Piazza et al. developed the
existence of bounded variation solutions of the following measure differential inclusions and the continuous
dependence of solutions on measures

dx(t) € F(t, x(t))du(t), t € [0,1]
x(0) = Xo,

where u is the Stieltjes measure associated with a left-continuous non-decreasing function, F: [0, 1] x
R? - P (R?Y) is a multifunction (i.e., a function having values compact convex subsets of the d-dimensional
Euclidean space), and x, € R%.

By using Kakutani-Ky Fan’s fixed-point theorem, Cichon and Satco [31] established the existence of mild
solutions and the compactness of the solution set of the following differential inclusions involving measures
in the space of regulated functions endowed with weak, respectively, strong topologies:

du(t) € Au(t) + F(t, x(t))dg(t), t €[0,1]
u(0) = uy,

where A is the infinitesimal generator of a Cy-semigroup {T(t), ¢ = 0} of contractions on a separable Banach
space X and g : [0,1] — R is a right-continuous non-decreasing function.
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Inspired by the above research, in this work, we will study the following neutral evolution inclusions
driven by measures:

d[x(t) - q(t, x(t))] € Ax(t)dt + F(¢t, x(t))dg(t), t € [0, T]

x(0) = xq, 4D

where A : D(A) C X — X is a linear operator. A is the infinitesimal generator of an analytic Cy-semigroup

{T(t)}t>0 on a Banach space X, which is uniformly continuous on (0, «). F : [0, T] x X = £(X) is a multivalue

mapping with conveg, closed values for which F(¢, -) is weakly upper semicontinuous (usc) for a.e. t € [0, T]

and F(,, x) has a strongly measurable selection for each x € X, and x, € X. q: [0,T] x X —» X is a given

function satisfying some assumptions and g:[0,T] — R is a right continuous nondecreasing function

and g(0) = 0.

The contributions and novelties of the current work are as follows:

(1) One of the goals of this study is to discuss the existence of mild solutions for neutral evolution inclusions
driven by measures. As far as we know, there are few papers investigating this issue.

(2) Another goal of this study is to establish the Rs-type topological structure of solution sets for neutral
evolution inclusions driven by measures. As far as we know, there are also few papers investigating
this issue.

(3) The research methods used are innovative and novel. The proof methods of relative compactness
and closure are different from the existing works.

The rest of this study is organized as follows. In Section 2, some notations and preparation are given.
In Section 3, a suitable concept on mild solution for our problem is introduced. The existence result of the
mild solution and the Rs-type topological structure of solution sets of system (1.1) are discussed. In Section 4,
the research work of this study is summarized.

2 Preliminaries

Throughout the study, unless otherwise specified, we use the following definition, notations, and preliminary
facts from multivalued analysis.

For two normed space X, W, let Py(X) = {Y € P(X) : Yisbounded}, Py(X) = {Y € P(X) : Yis closed},
Pep(X) ={Y € P(X) : Yis compact}, Py yX) ={Y € P(X) : Yis closed and bounded}, $r(X) = {Y € P(X) :
Yis closed and convex}, P of(X) = {Y € P(X): Yiscompact and convex}, and PpalX) = {Y € PX):
Y is compact and closed}.

Definition 2.1. [32] A multivalued map G : X —» P(X) is closed (convex) valued if G(x) is closed (convex)
for all x € X.

Definition 2.2. [32] The multivalued map G : X - P(W) is usc at x, € X if for every open set V. C W such that
G(xg) C V, there exists a neighborhood U of x; such that for any x € U, G(x) C V.

Definition 2.3. [32] A multivalued map G : X - P(W) is said to be usc on X if F{(V) ={x € X: F(x) C V}
is an open set of X for every open V.C W.

Definition 2.4. [32] A multivalued map G : X —» P(W) is continuous if it is both usc and Isc.

Definition 2.5. [33] A multivalued map G : X » P(W) is quasi-compact if G(B) is relatively compact for each
compact set BC W.

Lemma 2.1. [33] Let G : X — Py (W) is a closed and quasi-compact multivalued mapping. Then, G is usc.
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Definition 2.6. [29] The e(C, D) is called the excess of C over D if for every C,D € #,;,X), e(C,D) =
sup,cdist(x, D) = inf{r > 0 : C C D + rBj}, where B is the close unit ball of X.

Definition 2.7. [29] The h(C, D) is said to be Hausdorff distance if for every C,D € $yX), h(C,D) =
max{e(C, D), e(D, C)}. Denote by |C| = h(C, {0}). Therefore, (£ ,(X), h(:,-)) is a Banach space.

Definition 2.8. [33] A multivalued map G : X —» P(W) has a fixed pointif XN W # &, and exists x EX N W
such that x € G(x). The fixed-point set of the multivalued operator G will be denoted by ¥ixG,
ie, FixG={x €XN W:x € GXx)}.

Definition 2.9. [32] Let I C R be a compact interval, 1 be a Lebesgue measure on I, and W be a Banach space.
A multivalued map G :I - P,(W) is said to be measurable if for every open subset VC W the set
{t e I:G(t) C V}is measurable.

Definition 2.10. [32] A multivalued map G : I - (W) is said to be strongly measurable if there exist
a sequence {Gp},-; of step multivalued maps such that h(Gn(t), G(t)) > 0 asn — o for u — a.e. t € I.

Definition 2.11. [33] A multivalued map G : D C X — P(W) is said to be weakly usc if G'(B) is closed in D
for every weakly closed set B C W.

Definition 2.12. [33] A multivalued map G : X —» P (W) is said to be € — 6 usc if for every xo € X and € > 0 there
exists § > 0 such that G(x) C G(xg) + B(0) for all x € Bs(x).

It is noted that usc is stronger than € - § usc, but for multivalued mappings with compact values, the two
concepts coincide.

Lemma 2.2. [33] Let G : D C X —» P(W) be a multi-valued mapping with weakly compact values. Then,

(1) G is weakly usc if G is € — § usc

(2) Suppose further that G has convex values and W is reflexive, then, G is weakly usc if and only if for each
sequence {(xp, wp)} in D x W such that x, - x in X and w, € G(X,), n 21, it follows that there exists
a subsequence {wp,} of {w,} and w € G(x) such that w,, - w weakly in W.

Lemma 2.3. [33] Let D be a non-empty, compact, and convex subset of a Banach space and G : D - $,(D) an usc
multivalued mapping with contractible values. Then, G has at least one fixed-point.

Definition 2.13. [34] Assume that S is a bounded set of X. Then, the Kuratowski measure of noncompactness
B(-) defined on S is

m
B(S) =infi6 > 0:S = US; with diam(S;) <6, i=1,2, ..,my,
i=1
where diam(S;) denotes the diameter of a set S.

Lemma 2.4. [34] Let Z, M be bounded sets of X, and A € R. Then,
(@ B(Z) =0 if and only if Z is relatively compact;
(i)) Z C M implies B(Z) < B(M);
(iid) B(Z) = B(coZ) = B(Z), where coZ denotes the convex hull of Z,
(iv) B(Z U M) = max{B(2), BM)};
W) B(AZ) = |A|B(Z), where AZ = {Az : z € Z};
wi) BZ+M)<B(Z)+BM),whereZ+M={z+m:z€Z,m€E M}
wii) |B(Z) - B(M)| < 2h(Z, M), where h(Z, M) denotes the Hausdor/f distance of Z and M.



DE GRUYTER Topological structure for neutral measure evolution inclusions == 5

Lemma 2.5. [34] Let X be a Banach space, and M C X be a bounded set. Then, there exists a countable subset M,
of M such that (M) < 2B(M,).

Lemma 2.6. [34] If N = {u,}7 € C([0, T],X) is a countable set in a Banach space X and there is a function
m € L)([0, T, R*) such that for everyn € N,

[[un()|| < m(s), ae s €[0,T],

then B(N(s)) is Lebesgue integrable on [0, T| and

B

[Jun(s)ds ‘NEN

0

< z_[ﬁ(N(s))ds.
0

Throughout, let L'(dg, [0, T1, X) stand for the Banach space of all dg - a.e. LS-integrable functions from [0, T] to
X, equipped with the norm

Wl = [ IFG)ldgs). £€ g, [0, T1, X).

[0,T]
Definition 2.14. [31] Let § be a gauge. A = {([ti-, &), ), i = 1,2, ...,n}, where ¢ € [ti-1,8],i=1,2,...,n
and Ul [ti-q, ;] = [0, T], is a partition of [0,1], then A is said to be &-fine partition if [y, t;]
C (¢ - 6(cy), ¢ + 8(cy)), for any i =1,2,..,n.

Definition 2.15. [31] A function f: [0, T] — X is said to be Kurzweil-Stieltjes (KS) integrablew.r.t. g : [0, T] = R
if there exists a vector (KS)IOT f(s)dg(s) € X such that, for every ¢ > 0, there is a gauge &, satisfying

<é&

n T
Y F(e)(g(t) - gtin)) - KS)[f(s)dg(s)
i=1 0

for every &.-fine partition.
We point out the following relation:

Lebesgue Stieltjes integrability = KS integrability.

Lemma 2.7. [35] Let H, C L!(dg, [0, T], X). Assume that there exists a positive function 6 € L'(dg, [0, T], X)
such that ||A(t)|| < 6(t) dg — a.e. for all h € Hy. Then, we have

B

| Hoa)dg(r)] <4 | paE0)dg(0).
[0,T

[0,7] ,T]

Definition 2.16. [33] A subset A C L(dg, [0, T],X) is called integrably bounded if there exists ¢ €
LY(dg, [0, T], X) such that

If Ol < ¢(t), ae. t€]0,T]

for each f € A.

Definition 2.17. [33] A subset A C LY(dg, [0, T], X) is called uniformly integrable if for each ¢ > 0, there exists
6(€) > 0 such that for each Borel measurable subset I C [0, T] with m(I) < §(¢), we have

[IF @l < & uniformly for f € .
I

It is clear that if A € L'(dg, [0, T], X) is integrably bounded, then A is uniformly integrable.
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Lemma 2.8. [36] Let (Q, L, 1) be a finite measure space and X be a reflexive Banach space. A subset K of L'(u, X)
is relatively weakly compact if

(i) K is bounded,

(i) K is uniformly integrable;

(iit) for each E C L, the set ‘IE fdu : f € Ky is relatively weakly compact.

Definition 2.18. [29] A function f: [0, T] — X is said to be regulated if there exists the limit f(¢+) and f(s-)
for any point ¢t € [0,1) and s € (0, 1].

Let (X, ||-|]) be Banach space. Denote by X, the space X with weak topology. We denote by G([0, T], X)
the space of all regulated functions from [0, T] to X is a Banach space when endowed with the topology
of uniform convergence, i.e., with the norm

Ifllo = sup [IfCOIl-
te[0,T]
The set of discontinuity points of a regulated function is known to be at most countable, and regulated
functions are bounded. We have the following inclusions between spaces of functions: C([0, T]) C
BV([0,T]) € G([0, T]) C R([0, T]) € M([0, T]), where R([0, T]) denotes the set of Riemann-measurable func-
tions, BV([0, T]) denotes the space of functions on [0, T] with bounded variation, and M([0, T]) denotes
the space of measurable functions on [0, T]. All the inclusions are strict.

We provided that A is the infinitesimal generator of an analytic semigroup {T(¢)}:>¢ which are uniformly
bounded linear operators on X, 0 € p(A), where p(A) is the resolvent set of A.

Definition 2.19. [31] A semigroup {T(t)}:¢ is said to be uniformly continuous on (0, ) if on this set it is
continuous with respect to the uniform operator topology.

It is worthwhile to recall that any compact Cy-semigroup is uniformly continuous on (0, «), but
the converse is not necessarily satisfied.

Under these conditions, let us define the fractional power Af, 0 < 8 < 1, as a closed linear operator on its
domain D(A#). For the analytic semigroup {T(t)}o, the following properties will be used:
(i) thereis a M =1 such that M = sup,,,||T(t)]| < ;
(ii) for any B € (0, 1], there exists a positive constant Cg such that

G
|ABT(1)| < e 0<t<T.
Note that ABT(t)x = T(t)APx for x € D(AP). Then AT(t)x = AFT(t)APx for x € D(AF).
Definition 2.20. [31] A set A C G([0, T], X) is said to be equiregulated if for every € > 0 and every t; € [0, T]
there exists § > 0 such that
() for anytg - & <t <t [|x(t") - x(to-)|| < &
(i) for anyty<t” <o+ 6, ||x(t") - x(tet)]| < €

for all x € A.

Definition 2.21. [31] The operator-valued function T : [0, T] — L(X) is said to be Kurzweil-Stieltjes integrable with
respecttoh : [0, T] — X if there exists f()T T(t)dh(t) € X such that for every € > 0, there exists a gauge & satisfying

<¢

n T
Y T(e)(h(t) - h(t-0) - [T(©)dh()
i=1 0

for every &.-fine partition of [0, T].
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In particular, if the gauge &, is constant, we obtain the Riemann-Stieltjes integral.

Lemma 2.9. [31] A set K of regulated functions is relatively compact in the space G([0, T], X) if and only if
it is equiregulated and for every t € [0, T, {f(t), f € K} is relatively compact in X.

Lemma 2.10. [31] Let the Cy-semigroup of uniformly bounded {T(t)};o be uniformly continuous on (0, «)

and f:[0,T] - X be LS-integrable with respect to g. Then, for every t € [0, T], T(t - -)f(-) is KS-integrable
with respect to g on [0, t] and

Jre- sy)ages) = [1(e - 9)d [Frrag(o)
0 0 0

Definition 2.22. [32] A subset B C X is called a retract of X if there exists a continuous functionr : X — B,
such that r(x) = x, for every x € B.

Definition 2.23. [32] A subset B C X is called a neighborhood retract of X if there exists an open subsetU C X
such that B C U and B is retract of U.

Definition 2.24. [32] Let two subsets X, Y C X, X be embedded inY if there exists a homeomorphismh : X - Y
such that h(X) is a closed subset of Y.

Definition 2.25. [32] The space X is an absolute retract (AR-space) if for any space Y and for any embedding
h:X - Y, the set h(X) is a retract of Y.

Definition 2.26. [32] The space X is an absolute neighborhood retract (ANR-space) if for any space Y and for
any embedding h : X — Y, the set h(X) is a neighborhood retract of Y.

Definition 2.27. [33] A subset B C X is said to be contractible if there exists a point y, € B and a continuous
function h : [0,1] x B = B such that h(0,y) =y, and h(1,y) =y for every y € B.

Definition 2.28. [32] A subset B of a metric space is called an Rs-set if there exists a decreasing sequence B,
of compact and contractible sets such that

Any intersection of decreasing sequence of Rs-set is Rs.

Lemma 2.11. [32] Let X be a complete metric space, 8 denote the Kuratowski measure of noncompactness in X,
and let @ # B C X. Then, the following statements are equivalent:

(i) B is an Rs-set;

(i)) B is an intersection of a decreasing sequence {B,} of closed contractible spaces with B(B,) — 0.

Lemma 2.12. [31] Let u = u¢ + u® be a finite Borel measure on [0, T] with u({0}) = 0; u : [0, T] — R be regulated
and p-integrable, § : [0, T] —» R* be y-integrable and a : [0, T] — R* be nondecreasing and p-integrable. Suppose
that

t
u(t) < a(t) + [Bs)u)duts), t € [0,T],
0

then

t

u(t) < a(t) + Ie(t, $)B(s)a(s)du(s), t € [0, T],

0
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where

e(t,s) = eﬂ FOWE [+ Br)du(r)).

T€D,N[s,t]

3 Structure of the solution sets on compact intervals

In this section, we will study the existence result of the mild solution for system (1). And the Rs-structure
of solution sets for system (1) will be obtained.

For the sake of convenience, put I = [0, T].

We first introduce the following assumptions:

(Ap) A generates an analytic semigroup {T(t)};>o which is uniformly bounded linear operator on X,
and it is also a Cp-semigroup of uniformly continuous on (0, «). In addition, D(A) is a dense subset of X;
and the multivalued map F : I x G(I, X) = P (X) satisfies the following:

(Fy) F(t, -) is weakly usc for a.e.t € I;

(Fy) F(-, x) has a strongly measurable selection for each x € G(I, X);

(F3) There exists a bounded function {(t) € L'(dg, I, R*), and a compact convex set S C X such that

F(t, x(t)) € ({OQA + xS,
forae.t €I and x € G(I, X).
(F;) There exist a bounded function 6 € L(dg, I, R*), such that

B(E(t, D)) < 6(t) sup B(D(s)),

0<s<t
for a.e. t € I, and every bounded D C G(I, X), D(s) = {f(s) : f € D}.
(Q) For the function ¢ :Ix G(I,X) — X, there exist B € (0,1) such that q € D(A?) and for each

X € G(I, X), the function A#q(-, x) : I -~ X is strongly measurable.
(Q,) The function ¢ : I x G(I, X) — X is continuous, bounded variation and there exists u, v, Ly > 0,

APq(t, -) satisfies the condition
4B q(t, x(O)]| < ullx(@®)]| + v,

14Pq(t, x(0)) - APq(t, xa(D))| < LglPa(t) = x(Oll,

forae. t €1, x,x,x € GU,X).
(Qy) There exist a constant r > 0, such that

B(APq(t, K)) < r sup B(K(s)),

0<s<t

for a.e. t € I, and every bounded K C G(I, X), K(s) = {f(s) : f€ K}.
For each x € G([0, T], X), let us denote

Selz(x) = {f € L'(dg, [0, T], X) : f(£) € F(t, x(1)), for a.e. t € [0, T]}.

Definition 3.1. A regulated function x:I — X is called a mild solution on I of inclusion problem (1.1)
if x(0) = x¢, and there exists a function f € Selg(x) such that x(¢) satisfies the following integral equation

X(t) = T(Oxo - 40, X)) + q(t, X(©) + [AT(t - $)q(s, x(s)ds + [Tt - s)f(s)dg(s)
0 0

fort € 1.
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Remark 3.1. Following Lemma 2.10, the last integral in this definition is taken in KS sense and we can write

Jre- y)ages) = [1(e - 9)d) [Fmrdg(o)
0 0 0

Since fJ(T)dg(T) is BV function, by [38, Theorem 3.1], we obtain the regularity and BV-property of
JOT(t - 5)f (s)dg(s). Owing to ||T(t - s)f (s)|| < M||f(s)|| for every s € [0, ], the integral exists in Lebesgue-
Stieltjes sense as well.

Lemma 3.1. Let (Fy)—(F3) be satisfied and X be reflexive. Then, Selr is non-empty.

Proof. We show that Selp(x) # & for each x € G(I, X). Let x € G(I, X) and {X,}n>; be a sequence of step
functions from I to X such that
sup || x(t) = x(@®)|| ~ 0, as n — o, 3.1)
tel
By (F), for each n 2 1, F(:, x,(-)) admits a strongly measurable selection f,(-). Furthermore, by (3.1), there
exists M >0, VR €N, t €1, |[x,(t)|| < M. By (F3), we obtain {f,} is integrably bounded in L'(dg, I, X).
Due to Lemma 2.8, it suffices to prove that (iii) holds. By (F3), for each t € [0, T], we have

[u(©) € F(t, xa(6)) € (C(OA + [Xa(DINS € (A + M))S.

Thus, for each t € [0, T], there exists a subsequence {f;, } which is o(X, X")-weakly convergent to some
integrable (with respect to g) function f. i, for every x* € X", we obtain (x", f, (£)) = (X", f(t)), n — .
Making use of Lebesgue controlled convergence theorem, we have

t t
<x*, [f.dges) > =[x, £, (s))dg(s),
0 0

t t
- Joe fs)dges) = (e, [Fis)dgsn, n - e,
0 0

and so, for eacht € [0, T], {Iéfn (5)dg(s)}ns1 is relatively weakly compact. Hence, by Lemma 2.8, we may assume
that f, - f, n > o weakly in L'(dg,I, X). By Mazur’s lemma, we obtain a sequence fn € coif, 1 k=zn}
strongly L'-convergent: therefore, on a subsequence, dg — a.e. convergent to g. Without loss of generality,
we assume that fn(t) - f(t), for a.e. t € I. And then, by (F}), we have F(s, *) : G,(I, X) = P(G,I, X)) is usc.
To obtain the result, it suffices to prove that f(t) € F(t, x(t)), for a.e. t € I.Indeed, let N; be a null measure set
such that F(s, -) : G,I, X) = P(Gw(, X)) is usc, f,(t) € F(t, x,(t)) and fn(t) - f(t) forallt € I\Nyandn € N.

Given ty € Ny and provided that f(ty) & F(to, x(t)). Since F(to, x(tp)) is closed and convex, by Hahn-
Banach theorem, there exists a weakly open convex set V such that F(ty, x(t,)) C V and f(t;) € V. Due
to F(ty, *) : Gy, X) = P(Gyw(, X)) is usc, we can find a neighborhood U of x(ty) such that F(ty,x) CV
for all x € U. x,(ty) — x(ty), n — o implies that there exists N > 0 satisfying x,(t;) € U, forall n > N.
Thus, we obtain f,(ty) € F(t, x(t,)) C V, forall n > N. By convexity of V and fn(to) - f(ty), we have
fn(to) eV, forall n>N and f(t;,) €V, which is a contradiction. Therefore, we have f(t) € F(t, x(t))
for a.e. t € I. This proof is complete. O

Theorem 3.1. Let hypothesis (Ay) and (F1)—(F), (Q,), (Q,) be satisfied, if

CpuT?
) + S Mefc(s)dg(s) <1
0

and

L

C,_gTP
aF|| + = g ]<1. 32)
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Then, the inclusion problem (1.1) has at least one mild solution.

Proof. Let us consider the operator N : G(I, X) —» P(G(I, X)) defined by
NX) ={w e GU,X) : w(t) € dr(x)(t), Vt €I}, x € G, X),

where

SrOO(t) =

t t
IO - 400, X0)] + q(t, x(0)) + [AT(t = $)q(s, x(s)ds + [T(t - $)f($)dg(s), f € Selr(x)
0 0

Taking R > 0 such that

C1 -pv Th

R> max[ Mixo - (0, xo)]| + VIIATP|| +

x‘i_

Milxo - (0, xo)|| + VA +

T
+ Mc [{(s)dg(s)
0

-1
Cy-guTh
ullaf| + =L

s

T
+ Me [(s)dg(s)
0

Ci-pvTP

T
T Me [ ¢()dg(s)

Ci- BuTﬂ
B

1= [ulAP|| +

T

1+ Mc js(T, $)((s)dg(s)

0

X

We consider the set By = {x € G(I,X) : ||X|l» < R} C G(I,X) be a non-empty, compact, and convex subset
of G(I, X).

It is clear that we will obtain the result if we show that the operator N admits a fixed-point in Bz.
Therefore, we will show that the operator N satisfy all the conditions of Lemma 2.3. For the sake of conve-
nience, we split the proof into several steps.

Step 1. Let us first show that NBg C Bg. Since S is compact, it is bounded, we say by ¢ > 0. Observe that for
every x € By, by Lemma 3.1, Selp(x) # @ and for each w € N(x), there exists f € Selg(x), such that

w(t) = T(Oxo - q(0, x)] + q(t, x(0) + [AT(t - $)q(s, x(s)ds + [T(¢ - )/ (s)dg(s), Ve €.
0 0

Then, for t € I, we have
WOl < Milxg = (0, xo)]| + llqCt, x(e)| + [IAT(t = s)as, x(s)llds + [IT(t - s)f(s)]|dg(s)
0 0

t
< Ml - g0, o) + AP [1APq(t, x(O)]| + [IAPT(c - )] 1P (s, x(s)ids
0

+ Mc [¢(5)1 + [Ix(9)])dg(s)
0

ullx(s)|| + v

t
< Mifxo = 40, X0l + AP x(Oll + v) + Coop [ =5
0

ds + Me [¢(s)(1 + [Ix(s)[Ddg(s)
0

Cip (x|l + v)T?
B

Ci-p(uR + VTP

< Mlixo = q(0, xo)| + AP [|(ullx||ee + v) +

t
+ Mc [(5)(1 + [Ix]lo)dg(s)
0

T
< Mlixo - q(0, xo)| + [[AP||(uR +v) + + Mc(1 + R)J((S)dg(s),
0
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which yields
W]l = sup [[w(t)]| < R

tel

for all w € N(x) and all x € Bz. So NB; C B;.
Step 2. We process to verify that A is usc on Bg. Due to Lemma 2.1, it suffices to prove that N is quasi-
compact and closed. Let us first define a single-valued operator Q : G(I, X) - G(I, X), i.e,

t
QLO(8) = T(O)[xo = q(0, xo)] + q(t, x(1)) + IAT(I - 5)q(s, x(s))ds,
0
Vx € G(I,X), Vt € I, and the operator Y : L(dg, I, X) - G(, X), i.e.,
t
YO = [Tt - s)f(s)dg(s), Ve
0

Let B C By be a compact set. We will prove that N(B) is a relatively compact set of G(I, X). Assume that
{Xn} C B, {wp} C N(Xy,), and so, there exists {f,} € Selr(x,) such that

wa(t) = Q06)() + Y(f,)(1), VtEL

Due to the compactness of B, there exists x € B such that x,;, — x. On the one hand, we have the inequalities

120G = QEADI| < llq(t, xa(0)) = q(t, x| +

t
[arce - 9. xs) - qts, x(s)1ds
0

t
< LyllAP|| [Ixalt) = x(O)]| + ch1_ﬁjwds
0

(t-s)'F
(I = x|
< LA o = Xl + LoCiop [ s
0
oy, GopT?
= Ly[ll4?|| + b6 = Xl

for t € I. Then,
[1R0x2) = QOO = sup [|QOG)(E) = QLO@)|

tel

C1-pT#

< Ly IlA7P)| +

[[Xn = X]}o = 0, N — oo,

Therefore, {Q(X,)}n21 s relatively compact in G(I, X). Furthermore, we prove {Y(f,)}:»1 is also relatively
compact . By (£) and Lemma 2.7, for every t € I, we have

B

t t
Jree- spnge) | <4 [BATce - )y ()handg(s)
0 0

nx1

0<7<s

< 4J|IT(t = NIBEf()n=1)dg(s) < 4M _[9(3) sup B({xa(7)}n21)dg(s).
0 0
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Since the compactness of B, B({Xy(S)}=1) =0, Vs € [0, t]. And so, for each t € I, we obtain {Y(f,)(t)}n21
is relatively compact. Due to Lemma 2.9, it suffices to prove that {Yf, }n>1 C G(I, X) is equiregulated. To see
this, fixed t € I, let us show that for every ¢ > 0, there exist §; > 0 such that for all h < &,

IS, (t + B) = Y[ (8) = (my (¢ + 0) = my ()] < & (3.3
I, (8) = Yf(t = h) = (mp(8) —mp(t - 0)]| < ¢ (34

for all n € N, where m(t) = I(;fn(s)dg(s).
From the arguments above, we have ||f,(0)|| < c(1 + R){(t) = Ri{(t), Yn € N. When ¢ < T,

IFu(t + h) = Y[ (6) = (my (€ + 0) — my(O)]]

t+h

(T(h) - DY) + IX(t,t+h](s)T(t +h - 9)f,(s)dg(s) + T(h)f, (O(g(t + 0) - (1))

< ICTCh) = DS O + my (t+0) = my ()] + var(my, (¢, t + h)
< ICT(h) = DS + my (t+0) = my (D) + var(mpg, (8, t + h]),

<

- (my(t+0) - my (1))

where mp)(t) = RJ;( (s)dg(s).

Since {Yf, ()}n1 is relatively compact, mg(t + 0) — mg(t) = f,(E)(g(t + 0) — g(©), {ms(t + 0) - mp(t):
fL@®) €A+ R)S, Ve, n€ N} C(1+R)(t)(g(t+0)-g()S, and so, the set {Yf,(t) + mg(t+0)
-mg(t) : f,(t) € {(t)A + R)S, Vt €1, n € N}isrelatively compact. From the arguments above and applying
[40, Corollary 1], there exists 81 > 0, such that for all h < 8}, n € N,

I(T(h) = DAf(6) + myg(t+0) - mg (D) <

N | M

As Mg (p) is a BV function, applying [38, Lemma 2.1], we imply that there exist §2, such that for all h < &2,
€
var(meye, (¢, t + h]) < 2
and so, for all h < min{6}, 62}, we obtain inequality (3.3).
For inequality (3.3), when ¢ > 0, from the arguments above, there exists § > 0 such that

€
var(mgygq), [t = 6, 1)) < PV

Therefore,

I, () = Yfy(t = B) = (m (6) = my(t = O]
< I, () = TCOYS, (6 = B) = (my () = my (¢ = O] + (Tt = B) = Yfy (¢ - |
t-§

(T(6) - TG -h) _[ T(t - 6 - s)fy(s)dg(s)
0

+

[heno©1 - $)f,(5)dg(5)

t-h

IA

t-h

() = D) [ Y5, ©TCE = h = $)f,(5)dg(s)

t-§
Mvar(mg, [t = h, t)) + M||T(8) - T(6 - h)||var(my, [0,1]) + 2M2var(mfn, [t-6,1))

+ ||(T(h) = D(my(t = h) —mg(t = h = 0))]|

Mvar(mgg, [t = h, 1) + M||T(8) = T( = h)|[var(mgg(, [0, 1]) + 2M*var(mge, [t = 6, 1))
+ |(T(h) = D(my(t = h) = mg(t = h = 0))]|

+

+|(T(h) = D(my(t = k) = m(t - h - 0))]|

IA

IA
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for any h € (0, §). And, there exists §° < &, such that for all h < &,

||T(6) - T(6 - h)”Var(le((t), [0, 1]) < ﬁ

Meanwhile, since

12}
||mfn(t2) - mf"(tl)H < Ile(t)dg(s), V@) € ((H)(A +R)S, VtEI, nEN,

4
the set {my :f,(t) € {(H)A + R)S, Vt €I, n € N} is equiregulated. And for each t &I, {my(t): f,(0)
€ {(t)(1 + R)S, Vt €1, n € N} is relatively compact. By Lemma 2.9, the set
Uim; . f,(0) € {(O)(1 + R)S, YVt €1, n € N}
nx1

is relatively compact. From the arguments above, there exists &; < &, such that for all h < 82
€
I(T(R) = D(my (¢ = h) = my(t = h = 0))| < 7.

Thus, we obtain inequality (3.4).

By applying Lemma 2.9, we obtain the relative compactness of set {Y(f;,)}z»1 in G(I, X). Thus, we obtain
N(B) is relatively compact. This in particular implies that N is quasi-compact.

Next let us show that A is closed. Let {x,} C Bz with x, - x and w,, € N(x,) with w,, » w, we shall prove
that w € N(x). By the definition of N, there exists f, € Selg(xy) such that

wa(t) = QUG)() + Y(f,)(1), V€L (3.5)
By Assumption (F3), let I'(t) = {(t)(1 + R)S C G, X), then for every t € I, it is a compact convex set,
and is dg-measurable, such that
F(t, x,(t)) C T(t), Vn=1.
Let us now prove that there exists a sequence of convex combinations of {f; },»1 which is pointwisely con-
vergent on I to some function f € L(dg, I, X). To this purpose, for each p € N, define the sets
Ey={tel:p-1=<T(t) < p}.

Since the measurability of I' implies the measurability of |T|, we obtain a countable disjoint family of dg-mea-
surable sets that covers the interval I.

By the proof of Lemma 3.1, one can conclude that {f, }n>1 is weakly L'(dg, Ey, X)-relatively compact and so,

we can find a subsequence (not relabeled) weakly L'(dg, E;, X)-convergent to some dg-measurable function w;.
By Mazur’s theorem, there exists a sequence of convex combinations convergent in the norm of L(dg, E;, X),

thus dg — a.e. on E; to wy. We have got a sequence f'nl € co{fy, : k 2 n} thatis dg — a.e. convergent on E; to w.
Next using the same argument as above, we obtain a sequence fnz € cof fkl : k2 n} (obviously,
fnz € co{f, : k =z n}) that is dg — a.e. convergent on E; to some dg-measurable function w.
Continuing in the same way and taking, by a diagonal procedure, the sequence fn" denoted simply by fn,

we obtain that fn € coff, : k 2 n} and it is dg - a.e. convergent on all E,, therefore, on I, to a dg-measurable
function f.

More precisely, for each n € N, one can find k, € N, a" > 0 with Zf{;’lai" =1and " € N such that

kn
f;[ = Zainf;“ﬁin.
i=1
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Since ||T(t - s)fn(s)|| < Mc(1 + R){(s) and dominated convergence theorem, we obtain

jT(t - 9 (5)dg(s) - JT(t - $)f(s)dg(s), Vt €.
0 0

The condition (F;) implies that f is a selection of F(:, x(-)). By the assumption (F;) and x, = x, n — o,
we obtain that for every s € I, F(s, -) : X » P(X) is weakly usc And thus, for V x* € X*, we have

sup  xLfHy=zLm  sup  (x%f).

f'EF(s,x(s)) M=% FEF(s,Xn(8))

Therefore,

sup (X*afl> > [im sup <X*)f> z m<xt’ﬁl+ﬁ,”>'
f'EF(s,x(s)) "”mfeF(s,xn,,ﬁin(s)) n—eo !

And then, by fn - f and the linear properties of x*, we obtain

kn kn
sup (X f)=2al sup (L f) 2 Tm(c, Y alfpn) = ().
fEF(s,x(s)) i=1  fEF(s,x(s)) n-e i=1 '

To establish the result, we prove by contradiction. Let f(s) & F(s, x(s)), Since F(s, x(s)) is closed and convex, by
the Hahn-Banach theorem, there exists X, € X* and a € R such that (xg, f(s)) > a > (xg, f"), Vf’ € F(s. x(5)),
ie, (x5, f(s)) > supf,EF(s,X(s))(xg, f”), which is a contradiction. Therefore, we have f(s) € F(s, x(s)).

Now we can obtain that for each t € I,

w(t) = QOO(L) + Y(f)(B).

Indeed, for each n € N, with the same notations used in the writing of fn

Wnsgp (1) = Qtnsg?)(6) + X(fyep)(O)
t t

= T(O1x0 - (0, x0)] + (¢, Xasgr(0) + [AT(E = $)4(5, Xuegr($))ds + [T(E = ), pu()dg(5),
0 0

fori=1,..., k,, whence

ky ky .
2 A Waipn(6) = Y al'QUxusgn)(t) + Y(f)(E)
i=1 i=1

ky t Ky
= T(OX - 400, x0)] + Y /' q(t, X () + [AT(t - 9)| Y /g, xnw;(s))]ds
i=1 0 i=1

t
+ [Tt - ), (5)dg(s).
0
Inasmuch as for each t € I, wy(t) » w(t) one can write that for each t € I and &€ > 0, one can find N> 0
satisfying

lwa(t) = w(t)|| <&, Vn=N,

whence

kn kll
2 @l Warpn(®) = W()|| < Y al{Wnipr(t) = w(O)|| < &, Vn=N.
i=1 i=1

Since x, — x, by the continuity of the function ¢ and dominated convergence theorem, we obtain

kn
2 a'qt, Xpepr (D)) = q(t, X(1)),
i=1
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t Ky t
Jar - 9| arqcs, xwin(s))]ds = Jar(e - i, x(snas,
0 i=1 0

and
t t
[re - 9f s)ages) - [t - s)f(s)dg(s).
0 0
So, by passing to the limit it is clear that
t t
w(t) = TOLx - 400, x0)] + q(t, x(0) + [AT(t - $)q(s, x(s)ds + [Tt - s)f(s)dg(s)
0 0

for all ¢ € I, which yields that w € N(x). It follows that NV is closed.

Step 3. Now we show that NV has a fixed-point in Bz. By Lemma 2.3, it suffices to show that A’ has compact,
contractible values. Due to the closedness and quasi-compactness of A, we obtain that for each x € By, N(x)
is compact. Next we prove that N has contractible values. For x € By, we fixed f* € Selp(x)
and w* = Q(x) + Y(f™).

Define a function G : [0, 1] x N(x) = N(x) by

w(t), t € [0, AT],
x(t, AT, wQAT), f*), t € (AT, T],

G, w)(®) =

for each (A4, w) € [0,1] x N(x). Applying Theorem 3.3 in [39], x(t,AT, w(AT),f*) is the mild solution
of the semilinear evolution problem in the form

d[x(t) + q(t, x(t))] = Ax(t)dt + f*()dg(t), t € [AT,T],

X(AT) = w(AT). (3.6)

Moreover, we point out that the mild solution to (3.6) is unique. In fact, if x; and x; are two solutions of (3.6),
then we have

C_gTE
|aB|| + —2

I = Xllo < Lg

By condition (3.2), we see that x; = X;.
Next we shall show that G(A, w) € N(x) for each (A, w) € [0, 1] x N(x). It is to be noted that for each

w € N(x), there exists f € Selp(x) such that w = Q(x) + Y( f ). Let
F© = Fxopm@® + f*OXr (@), VEEL

It is clear that f(t) € Selg(x). Also, it is easy to check that w=Q(x)+ Y(f), Vt€ [0,AT], and
X(t, AT, WiAT), f*) = Q(x) + Y(f), V¢ € (AT, T], which yields

G, w)(t) = Q) + Y(F)(), VtEL

And so, G(A4, w) € N(x).
It is clear that

GO0,w)=w" and G, w)=w forevery w € N(x).

Below, we shall prove that G is continuous. For (A, wy), (&, wy) € [0, 1] x N(x), with 4 < A, there exists
i f, € Selp(x) such that

G, wy) = Q(x) + Y(fy) and G4, wa) = Q(x) + Y(f).
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Thus, for 0 < s < t < T, we obtain
t
IG (A, w)(®) = G(Aa, w2)(O| < ||G (A, wi)(S) = G (s, wo)(S)| + MIIUQ(T) - £(©Olldg (D).

Since f;(t) = f,(t) for t € [T, T], for allt € [A4T, T], we have
|G (A, wi)(t) - G(Ag, wo)(®)|

NG, w)RT) = G, w)(RT)|| + M _[ IIfi(7) - £,(Dlldg(7)

AT
= |G, w)AT) - G, wo)(AT))|
AT
< |G, w)MT) = G, w)(MT)|| + M _[ Ifi(D) = f,(D]|dg (D).
AT

For allt € [T, A, T], we have
|G, wi)(t) - G(Ag, wo)(@)|

< G, w)(MT) = G, wo)(MT)|| + M J () = f,(Dldg(7)
AT
AT

< (16 (h, wAT) - GG wAT + M [ [IA(D) - £,(D]1dg(@).

MT

For all t € [0, 4 T], we have ||G(A;, w1)(t) = G(A, wo)(2)|| £ ||W1 — Ws|l». From the above argument, we have

AT

I6C, WD) = G, Wl < [[W = Wille + 2Me( + [}) [ £()dg(z) 0
A1T

as (A, wy) = (A4, wy). Therefore, G is continuous.
Finally, by Lemma 2.3, we yield that A has at least one fixed-point in B, which is a mild solution of the
inclusion problem (1.1). This completes the proof. O
In the following, let us define a set SE. the solution set of the inclusion problem (1.1), i.e.,
SE = {x € G(I, X) : x is the mild solution of (1.1) and x(0) = xo}.

Denote by Fix(N), the fixed-point set of N on Bg, see Theorem 3.1.
Lemma 3.2. Let the assumptions of Theorem 3.1 be satisfied. Then, St = Fix(N), and St is compact in G(I, X).

Proof. We first show that St = Fix(N). It is clear that Fix(N) C SE. Thus, it will be sufficient to prove that for
each x € S£, we have x € B;. Taking x € S, there exists f € Selp(x) such that

t t
X(©) = TOX = 40, X0)] + 46, x(0) + [AT(t - $)q(s, x(s))ds + [T(¢ - $)f (5)dg(s), Ve e T.
0 0

Then, for t € I, we have

t

X1l < Mllxo = (0, Xo)l| + ||| [|APq(t, x(0))]| + IIIAl'ﬁT(t = )|l 14Pq(s, x(s))l|ds
0

t
+ Mc [¢()(1 + [x(s)Idg(s)
0
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t
< Mllxo - 90, Xo)l| + A lx(®)] + v) + Ci- J%d + Mc [¢()(1 + [x(s)IDdg(s)
0

N o . Ciop(u SuPg<pe, [IX(O)]| + v)TP
< Mllxo - q(0, xo)]| + ullAP|| sup [[x(®)]| + vl|AF|| + — = ;3
0=t

+ Mcj((s)dg(s) + Mcj((s) sup [x(6)]1dg(s).

0<0s<s

The right-hand side is an increasing function in ¢, so we have the same estimate for all 0 < < t. Therefore,

sup [|x(0)]| < Mllxo = q(0, xo)|| + ullAP|| sup |Ix(O)|| + v[|AP|| + MCI((S)dg(S)

0<6<t 0<6<t

B
. Cl-ﬂ(u Suposes‘ltgux(g)” + V)T MCJ((S) Sl;p IX(0)][dg(s).
0<6<s

By calculations, we obtain

Milxo - q(0, xp)]| + v|jAF|| + & +McI {(s)dg(s) ¢

+ Mc ((S) sup |[x(6)]|dg(s).

0<0<s

sup [|x(0)]| <

B
0<6st 1 - |ul|la P + G- /‘"T

Since the regularity and dg-integrability of X, sup.,.,|[x(0)|| are regulated and dg-integrable. Thus, by the
generalized Gronwall’s inequality of Lemma 2.12, we obtain that for each t € I,

C1 ﬁ\)

Mixo = g0, x| + VA + S5 4 ae [ cs)dg(s)

Ci- guTﬁ

sup [|x()]] <
0<6<t 1- [u||A /3” +

t
x ‘1 + Me [e(t, $){(s)dg(s)

0

Cy-pvTF T
Mo - q(0, xp)l| + VAP + S5 + Mc [ ¢(s)ag(s)

<

B
1= [upas + ST

T

x ‘1 + McIe(T, $)((s)dg(s)
0

<R.

And so, we obtain ||x|l. < R, which yields that x € Bg. From the above argument, we obtain S% = Fix(N).
Furthermore, by the proof of Theorem 3.1, we have By is compact in G(I, X) and N is closed, from this
we see that Fix(N) is a compact set in Bg, so is St. This completes the proof. O
The next result for the multivalued mapping F is based on Lemma 3.3 from [33]. Although the original
theorem in [33] is formulated for the space of C([-7, 0], X), the result still holds in G(I, X).

Lemma 3.3. [33] Suppose that F satisfies the hypotheses (F;)—(Fs), then there exists a sequence of multivalued
mapping {F,} with {F} : I x G, X) = Po,c(X) such that
(1) F(t,x) C...C Eu(t,x) C E(t,x) C...C co(F(t, Bas,"(x))), nzx1,foreacht€l, x € GU,X);

() ||E(t, )| < C@®@ + ||IX|), n=1, for aet €I and each x € G(I, X),
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(3) There exists E C I withmes(E) = 0 such that for each x* € X*, € > 0,and(t, x) € I\E x G(I, X), there exists
N > 0 such that for alln € N

X"(F(t, x)) C x*(F(t, X)) + (=€, €);

(@) E(t, ) :GU,X) = Puc(X) is continuous for a.e. t € I with respect to the Hausdorff metric for eachn = 1;

(5) For each n = 1, there exists a selection g, : I x G(I, X) - X of E, such that g,(, x) is strongly measurable
for each x € G(I,X) and for any compact subset D C G(I, X), there exists constants Cy > 0 and 6 > 0
for which the estimate

l18,.(t, (1)) = 8, (t, ()] < G (O)|Palt) = x(t)]| 37
holds for a.e. t € I and each xi, x; € G, X) with V = D + Bs(0);
(6) E, verifies condition (Fy), (F;) with F, instead of F for each n = 1, provided that X is reflexive.

The following result is the main result in this section.

Theorem 3.2. Let the conditions in Theorem 3.1 and (Q,) be satisfied. If

2rC_gTP
4B |r + —}f <1,

Then, Sk is an Rs-set.

Proof. We shall verify this result in several steps.

Step 1. We first define a multivalue mapping F : I x G(I, X) = Py a(X), ie.,

F(t, x),

te€l, |X|l <R,
F(t,x) = F[t

, t€1, |[X|lo > R.

Rx
[1le
Next let us define a function r : G(I, X) — Bg(0), r(x) = Rx

[IX[ke

for each ||x||» > R and r(x) = x for each ||x]|» < R,

which is a continuous retraction. Thus, F(t, x) = F(t,r(x)), F and F have the same measurability and con-
tinuity. Meanwhile, we have the following inclusion relations:

F(t,x) = F(t,x) C {()(1 + R)S,

Rx
1
. “”‘ ' H e

F(t,x) C (O + RS = (S, y(t) € L(dg, I, R*).
Now we consider an inclusion problem with a multivalued mapping F

hold for every t € I, ||x]lo < R, and

Rx
t—

F(t,x) = F|t,
[1X]]eo

S C (A + RS,

for everyt € I, ||x|l. > R. So we have

d[x(t) + q(t, x(t))] € Ax(t)dt + F(t, x(t))dg(t), t € [0, T],
x(0) = xo.

(3.8)
Let S § be the solution set of problem (3.8). If x € S%, by Lemma 3.2, we obtain ||x|l» <R and then x € S? .

Of course, the converse is also true. Therefore, we have SJTF = Sf. Consequently, we can assume from now on,
without loss of generality, that

F(t,x) C yY()S, ¥(t) € L'(dg, I, RY).
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Step 2. Now we consider the inclusion problem with the multivalued mapping F, which is the approximate
sequence established in Lemma 3.3.

d[x(t) + q(t, x(1))] € Ax(t)dt + E(t, x(¢))dg(t), t € [0, T],

x(0) = xq. (39)

Let Si* denote the solution set of problem (3.9). By Lemma 3.3 (ii) and (vi) and the same argument
as in Theorem 3.1 and Lemma 3.2, we say that St is non-empty and compact in G(I, X). In the following,
we shall show that each sequence {x,} such that x, € St foralln >11s relatively compact.

Since x, € Si", there exists f, € Sel(x,) such that
t t

(t) = T = 40, 0] + 4t () + [AT(E = $)q(s, xa()ds + [Tt - $)f, (5)dg(s), Ve €T, n=1
0 0

It is known that for every bounded linear operator T : X — X, we have the property B(TS) < ||T|B(S) for every
S € B(X). From this we have

BAa(t, xa(O)n=1) = BAAP AP (L, Xn(0)}n1)

< || AP|BEAP (L, X(D)}n=1)
<||A7||r sup B({xa($)}n=1)

0<s<t

<[|AP|Irp(o),

where p(t) = sup, ;< B{Xn(S)}n=1). We have

B

t t
Jarc - s, xn<s))ds] <2 [BUAT( - 5)q(s, Xu()hra)ds
0 0

n1
t

<2 4T (¢ - $)|BAAPG(s, Xul(5)hne1)ds
0

t
rp(s)
< ZCH_B-[E;—:—ESIjﬁtis.
0

For any m 2 1, we obtain

BAf(Nn=1) = B, (S)knzm)
< BEE({s}, Bbnzm, 37™))
< 6(s) sup BBEXn(}nzm, 37™)

0<os<s

<O(s)(P(s) + 3.

Therefore, by Lemma 2.7

B

[1(t - ) ()dg()| < 4 [BAT(E - $)fy ($)han)dlg(s)
0 0
< 4[|t - $)|BAS, (g (s)
0
< AM [BAf,(S)ha)dg(s)
0

t
< 4M [6(5)(p(s) + 3-™)dg(s).
0
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nzl]

Now

BXn(O}n=1) = B

T(Ox -~ 400, x0)] + 46, Xu(0) + [AT(t = $)q(s, xa(s)ds + [T(¢ = 5 (5)dg(s)
0 0

t _
< ||A_ﬁ||rﬁ(t) + 27'C1_3J-$
0

t

ds + 4MIO(S)(ﬁ(s) + 31 m)dg(s).
0

Let m — o, we obtain

¢ t
5O < 14P rp(o) + Zrc‘l_ﬁj%ds + a1 [6()p()dg(s)
0 0

ZrCl_ﬁTﬁ

t
<|lAaPrpce) + p(t) + 4M [0(5)p()dg(s).
0

Then, we have

4M

P <

t
— ) 0Rs)g ).
1- ||AB||I”+ T]O
By Lemma 2.12, we obtain p(t) = 0, Vt € I and, as a consequence, S({x,(t)}n=1) = 0, V¢ € I. This also implies
that B({f,()}n=1) = 0, Vt € I. From this we have that for each t € I, {x;(t)}s>1 and {f,(t)}n>1 are relatively
compact.
Due to Lemma 2.9, it suffices to prove that {x,},>; is equiregulated. To see this, fixed t € I, let us show that

for every € > 0, there exist § > 0 such that for all h < &,,
[IXn(t + h) = xu(t) = (Mg (€ + 0) — my (D) < &, (3.10)
[1X2() = Xt = h) = (Mg () —mp(t - 0))|| < € (3.11)

for all n € N, where m(t) = Iotfn(s)dg(s).
From the arguments above, we have ||f,(t)|| < ¥(t)c, YVn € N. Whent < T,

[IXa(t + 1) = Xp(t) = (my (¢ +0) = my (D)

<

(T(h) - D)

t t
T(OX% - 400, X)) + [AT(t - $)q(s, xa(s))ds + [T(t - $)f,(5)dg(s)
0 0

t+h

e T + = 9 ()AE() + (e + hoxalt + 1)) = 4 xa(0)

t+h

+ IAT(I = 8)q(s, Xa(s))ds + T(R)f, ()(g(t + 0) = g(1)) = (my(t + 0) = my (1))

t t
T(OX - (0, X0)] + [AT(t - $)q(s, xa(s))ds + [T(t = $)f($)dg(s) + my (e +0) = my (1)
0 0

<

(T(h) - 1)

t+h

_[AT(t — $)q(s, Xu(s))ds
t

+ llq(t + h, Xy (t + h)) = q(t, X ()] + + Mvar(my, (t, t + h])

<

(T(h) - I)

T(OX - 40, x0)] + [AT(t = $)q(s, xu())ds + [T(t = $)f,($)dg(s) + my(t + 0) = m(6)
0 0

t+h

+ [lq(t + b, X (t + h)) = q(t, (O] + IAT (t = $)q(s, xu(s))ds
t

+ Mvar(mye, (t, t + h) =h + L+ L + I,
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where my(t) = [[p(s)cdg(s).
From the arguments above, we have {jéAT(t = 8)q(S, xn(8))dS} o1, {féT(t - 8)f,(s)dg(s)}n=1 are relatively
compact, while my(t + 0) — my(t) = f, ()@t + 0) - g(©),{mp(t + 0) —my () : f,() EK, V€I, n€EN}C

Y(O)(g(t+0) - g(t)S and so, the set {T(t)[xo — q(0, xo)] + I;AT(t - 85)q(s, xp(s))ds + f;T(t - s)f,(s)dg(s) +
my(t+0) - mg(t): f,(0) € Y(£)S, YVt €1, n € N} is relatively compact. By the uniform continuity of Co-semi-
group T(t), (t > 0) and applying [40, Corollary 1], let h — 0, we obtain I; — 0 independent of X,. As my, is a BV
function, applying [38, Lemma 2.1], let h — 0, we obtain I, — 0. By the condition (Q,)r, (Q,)r, I = APAP, and
AT(t - $)q(s, xp(8)) = (ABT(t - 5))(APq(s, X(5))), we obtain I, I; » 0. And so, we have inequality (3.10).

For inequality (3.11), when ¢ > 0, From the arguments above, there exists § > 0 such that

€
16M?%°

var(mye, [t - 6, 1)) < (3.12)

Therefore,
X2 (t) = Xu(t = h) = (mf () = my (¢t = 0))]]
< [P(®) = T(RXa(t = B) = (my(0) = my, (¢ = )| + IT(Rxe(t = h) = xu(t = )|

+

t
IAT(t — $)q(s, Xu(s))ds
t-h

<

t
[Heno®T(t = ) (5)dg(s)
t-h

t-6

+ 1lq(t, xa(6)) = q(t = h, xu(t = )| + || (T(8) - T (S - h))JT(t = 8~ 5)f(s)dg(s)
0

t-h

(T = D) [ K-St = h = $)f, ()dg(s)

t-6

+ |I(T(h) = D(mp(t = h) = my(t = h = 0)]| + [[(T(h) - DIxo = q(0, xo)]l|
t-h

(Tth) - 1) IAT(t = 8)q(s, xy(s))ds
0

IA

jAT(t — $)q(s, xu(s))ds
t-h

+ M||T(8) - T(6 - W)|[var(my, [0, 1]) + 2M2var(my, [t = 8, 0)) + [[(T(R) - Dixo - q(0, )]
t-h

(T(h) - 1) [ AT(t - $)q(s, xu(s))ds
0

+ Mvar(my, [t = h, £)) + [|q(t, Xa(£)) = q(t = h, xa(t = )|

+ |I(T(h) - D(mg(t = h) —myg(t - h = 0))] +

IN

t
IAT(t = 8)q(s, xp(s))ds
t-h
+ M||T(8) = T(6 - h)|[var(my, [0,1]) + 2M*var(myc, [t = &, ) + [|(T(h) - Dlxo = q(0, X)]|
t-h
(T(h) - 1) [ AT(t - $)q(s, x(s))ds
0

+ Mvar(my,, [t = h, 1) + |lq(t, Xu(D)) — q(t = h, xu(t = W))]|

+|I(TCh) - D(my(t = h) - my(t - h - 0) +

=h+h+h+L+E++L+1

for any h € (0, §). From the above argument, there exists 681 <6, forh < 681, we obtain I, k, Iy, I, Iy < %
Meanwhile, since

15}
Im (&) - my ()] < Ilp(s)cdg(s), Vf,(6) € Y(©)S, VtEL, n€EN,

[
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the set {my : f,(t) € Y(t)S, Vt €1, n € N} is equiregulated. And for each t € I,{m(¢) : f,(t) € Y(1)S,
V t €1, n € N} is relatively compact. By Lemma 2.9, the set

Uimy : f,(0) € Y(©)S, Yt €1, n € N}
nz1

is relatively compact. It means that there exists §2 < 8, for h < §2, we obtain ; < % By formula (3.12), we obtain
k< %, L < MLM And so, we have inequality (3.11).

By applying Lemma 2.9, we obtain the relative compactness of set {x;},»1. Therefore, it has a subsequence
(not relabelled) uniformly convergent to a function x € G, X).

Step 3. Next we show that x € SE.

By Lemma 3.3 (i) and Step 1, let I'(t) = ¥(¢t)S C G(I, X), then for every t € I, it is a compact convex set,

and is dg-measurable, such that
E(t, x,(t)) CT(t), Vn=1.

Now performing an argument similar to that of the proof of the closeness of N’ in Theorem 3.1, we can obtain
a sequence fn € co{f, : k2 n} and it is dg — a.e. convergent on I, to a dg-measurable function f.
Since ||T(t - s)fn (9|l £ Mcy(s) and dominated convergence theorem, we obtain

t t
[ - 9)dges) » [t - s)f(s)dgts), veel
0 0

Since Bgn(xn) — X, n — o, there exists N such that Bgn(xn) CBs (x), n> N. Note that for every n € N,
3 3 3

£,(8) € E(s, x4(s)) and fn € co{fy : k 2 n}, by Lemma 3.3 (i), it comes that

£,(s) € co| U Fi(t, xi(s)) C o F[s, B (x(s))
k=n 3

cu m[F[s,Bsk (Xk(s))]
k=n 3

for n > N. Hence, f(s) = limnmfn(s) € Co , then let m — o, we obtain f(s) € co(F(s, x(s))) =

F[s, Bgim(X(S))

F(s, x(s)). Using the same argument as the proof of the closeness of N in Theorem 3.1, we can obtain that
for eacht €1,

t t
X(t) = T(Oxo - 40, x0)] + 46, x(0)) + [AT(t - $)q(s, x(s)ds + [T(¢ - )/ (s)dg(s).
0 0

Therefore, we have x € Sf.

Step 4. From Step 3 it follows that sup{d(x, St) : x € S¥} - 0, n — . Thus, we have sup{d(x, SE):
X € ?f"} - 0, n— o, Hence, since S; is compact, Sf"” C S?, and ﬁ(S?) = B(?;") -0, n— oo,
we obtain Sk = NZ_,S7.

Step 5. Finally, in order to show that ST is a Rs-set, it is sufficient to verify that S 1 is contractible for each
n > 1. By Lemma 3.3 (v), we obtain that g, is the selection of F, and g,(t, -) is continuous for t € I. Since S?‘ is
compact, we have D, = {x(t): t €I, x € Si"} is a relatively compact set in X. Thus, again by Lemma 3.3 (v),
there exists a neighborhood V of D, satisfying formula (3.7). Furthermore, it is clear that g, satisfies

llg,(t; X(O)]] < (DS + [IX(BID (3.13)

fort € I and each x € G(I, X). Now, performing a trivial variant of an argument from Theorem 3.1, we obtain
the existence of mild solutions of the inclusion problem of the form

d[x(t) + q(t, x(£))] = Ax(t)dt + g,(t, x(£))dg(t), t € [s, T,

x(s) = w(s), (3.14)

for each s € I and w € G(I, X).



DE GRUYTER Topological structure for neutral measure evolution inclusions = 23

Moreover, we point out that the mild solution to (3.14) is unique. In fact, if x; and x, are two solutions
of (3.14), then there exists a neighborhood V” related to x, X, such that

Sup] [1(6) - %(0)|

O€](s,t
Cy-TP p
< L[4 + = g es?p] (8) - x(0)|| + M I((r)ngn(r, x1(7)) - g,(T, %(1))||dg(7)
€|s,t s
Ci-T# 0
< Lof|lAP|| + 8 sup [x(0) - x0)|| + MCV’I( (7) sup [xa(6) - x(0)||dg (7).
0€E[s,t] s 0€(s,7]

By calculations, we obtain
t
sup |x(0) - x(0)|| < _[( (1) sup |]x(0) - x(0)||dg(7),
]

0€[s,t] 1- Lq[”A—ﬁ“ + % s 0€[s,T

MGy

for every t € [s, T]. Therefore, by Lemma 2.12 we see that x = x,.
We denote by x(:, s, w), the unique mild solution of the inclusion problem (3.14) corresponding to s € I

and w € G(I, X). Define a function H : I x Si" - S?‘ by setting

W(t), te [O,AT],

HQA,w)(t) = ‘x(t,AT, w(AT)), t € (AT, T],

for each (4, w) € I x Sf". Using the same argument as the proof in Theorem 3.1, we can obtain that H,w)
€ S?" for each (A, w) € I x SIT:", and
H(0,w) = x(,0,xo) and H (L, w)=w, foreach w€ S';".

Next we show that  is continuous. Let a sequence {(An, Wy)im=1 CI % S i" satisty (A, wn) = (A, w), k = oo,
we shall show that

”(]j{(Am; Wm) - ﬂ(A; W)Hoo - O, m — oo,

Without loss of generality, we provided that A, <A. For simplicity in presentation, we denote
Ny = H A, W), m =1, and n = HQ, w).
Since n,, € S, there exists fn € Selg(n,) and f" € Selg(n) such that

Ma(®) = TO[x0 = 40, X0)] + q(t, N, (D) + [AT(t = $)q(s, n(s)ds + [T(t - s)fR(s)dg(s), Ve e,
0 0

t t
n(®) = T@O)lxo - 40, xo)] + q(t, n(D) + [AT(¢ - $)q(s, n(s)ds + [T(¢ - s)"(s)dg(s), Ve e,
0 0

respectively. Then, we have that for0 < s <t < T,

1N (©) = nCOI = [Ny (8) = NI + [1g(t, Ny () = qt, n(ON + llq(s, ny(8)) = als, n(s)|

+ IA(T(I = 1) = T(s = 1))(q(T, N, (1) - q(7, N(7)))d7
0

+ I(T(t = 7) = T(s = D)(fp(0) =~ f(1))dg(D)
0

t
+ | farc - @, @) - gz e

+ |1 - oo - frendgo
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From Lemma (3.3) (v) it follows that for each t € [AT, T},
17, (©) = n(ON < |10, AT) = nAT)|| + [lq(t, 0, () = q(t, n(O)| + [|g(AT, n,,(AT)) = q(AT, n(AT))|

AT

+ IA(T(t - 1) = TAT - 1))(q(7, N,(7)) ~ q(7, n(7)))dr
0

AT

+ I(T(t = 1) = TAT = 1)(g(T, Np(1)) — &,(7, N(7)))dg(7)
0

t
+ || JAT(t - 0@ n,0) - q@ i)

AT

t
+ || [ - D@ (D) - 8T n@Ndg(D)
AT

<@ + LgllAPIDNnAT) = nAD)|| + Lgll AP |[[In,,(8) = Ol
AT AT

+ 2MLy || AP [ [11,,(0) = n(@)ldr + 2M [1lg (2. 1, (0) - g,(z, n(D)dg (D)
0 0

¢ LyCrg [ V0~ 1O
AT

o A0 MG @l - n@ldg(D),

AT

Thus, we obtain

sup {1,,(6) = n(®)|

O€[AT,t]
1+ Lol APl OT) - D)
1 gy BT ﬁrﬁ]””m nan)l
q
1 AT AT
' g MLl 71 1,0 = Nz + 2 g (2,1, () = g, nEDIg(D)
1= [rghas) + 5] g 0
MG,
* LyCi-gT I((T) sup |[|7,(8) = n(O)]||dg (D).
g+ S o
Then, by Lemma 2.12, we yield
sup |[n,(6) = n(O)|
0€[AT,t]
< L Ll INm@AT) = nAD)|| + LA IH (@) - n(o)||d
) 1 1 N,(7) — n(7)||at
1 [Lglaty - 5 [y + S5
oM AT
* T, N(7)) = &,(T, n(7))||dg(7)
Lot Jlg.x (0 = 8T, n()ldg
IL ||Aﬁ|| il
x |1+ MG, J((r)e(t 7)dg(7)

B LoCi_gTP
1= [eghan + 255
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1+ LollAP)|
< [ eI @D ~ nGD
1 - |Lg||A™P|| + ]
o I '
= [ 1wn(@) - welldr + [ fIn,(0) - nollde
1= [+ 2527 G e
AmT
2MG
+ | [ 1E@lIwn(e) - wolldg @) + I||c<r)||||nm<r>-n(r)ndg(r)
1= Ly + 25| e
t
MG
x[1+ = [ (@, dg()
1- [Lq||A‘5|| + &] it
(3.15)
1+ Lg||AP)|
< |- IL . ﬁTB]n Mn(AT) = nQT)|
- +
i I '
il [ (@ - weolde + [ (0 - nllar
1= [t + 252 i
AmT
2MG
+ | [ 1@ lwn(o) - wolldg(@) + I||<*<r>||||nm(r)—n(r)ndg(r)
1= [eghaen + 557 o i
x |1+ MG

{(e(t, T)dg(7)
1- [L jap|| + Lo ] '[

for t € [AT, T]. Also, we note that S7* is compact, we can find a constant M > 0 satisfying ||X|l. < M hold
for all x € S¥, by (3.13), we imply that for every t € [, T, AT],

sup  ||1,(6) — n(®)||

0€[AnTt]
< 1+ L ”A_BH || (A T) (/1 T)”
- WmnlAm - WAn
chl ﬂTﬁ
Ll + 262
2MLg|| AP
gy 4 LaCop?’ I [[Win(7) — w(T)||dT
L [Lallll+ =] o (316)
Am
2MCy r
' L,Ci_gTF I IO Wm(T) = w(7)]|dg(7)
1 |Lalla? + 55 o
Y t
. M(6 + 2M) J. Lo
chl pTP .
1- L||AB||+ T

It is clear that

11(8) = NI = [[wm(t) = w(®)|, for t € [0, AnT]. (3.17)
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By formula (3.16), we yield

1+ Lol|AP|| + 22, ML, T|| A1 2MC Al
1, = noary) = |~ ] — ﬂﬁ ” o | K@@
R IS T T LA I
M(6 + 2M)
I = Wl + P I {(D)g ().
1= g+ 25
By (3.15)—(3.18), we have
AmT
1+ Lyl|AP|| + 22uMLTI|AP| MG "
1 (6) = RN < |1+ —— - ch > Y [ 1E@Nag@) i~ wike
- |Lgllaf + =5 = |Lalla®| + =25 0
q q
M 2M 1+ L,||AB
(6+ L)C T -[((T)dg(l—)-'- q” L”C T8
1 [t + S5 1 [ty +
1+ Ly||AP|| + 24, ML, T||A"P 2MG el
Cad — ﬂp | [ 6@ dg (@) win = Wi
1= [rghat« S5 g [+ S5 G
M(6 + 201) r ML, || AF|
+ o [ c@dg@)| + e
1= gy + S 1 [ty +
AT
X [2nTlIWn = Wl + [ 10(2) - n(0)lldz
AmT
2MG ot
+ . [[Win = W]l ||<*<r>||dg(r>+ ||<*(r>||||nm(r>—n(r)udg(r)
LoG-pTP
qll?T
= i
MG
x[1+ i’ jar)s(t )dg(n),
chl T
1= [+ 257 i
for every t € I. Now, we can prove that
17 = Al = 0, M = .
Therefore, we conclude that S ?1 is contractible, and thus Si is an Rs-set. This proof is complete. O

In fact, the following two kinds of classical evolution inclusions are special cases of neutral measure
evolution inclusions studied by the authors of this study.

Corollary 3.1. When g is an absolutely continuous function, system (1.1) is transformed into the following neutral
evolution inclusion Cauchy problem:

%[X(t) - q(t, x(t))] € Ax(t)dt + G(t, x(t)), t € [0, T], (3.19)

x(0) = xo,
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where G(t, x(t)) = F(t, x(t))g’(t). If the assumption of Theorem 3.2 hold, then the solution set of the inclusion
problem (3.19) is a Rs-set, and the Rs-type structure of the solution set of such systems was studied by Zhou [37]
in 2016.

Corollary 3.2. When g =t + Z,X{ti}, t €I, i=1,2,..,p, and the multivalued mapping F(t, x) has the following
structure, i.e.,

G(t,x), t#t,1=12,..,p,

FOO =11k, t=t, i=1,2 .,p.

It is clear that g is non-decreasing, but discontinuous, and discontinuous set is {t;, i =1,2, ...,p}.
Meanwhile, since the discontinuous set {t;, i =1, 2, ...,p} is finite, the continuity properties of G and F are
essentially the same. Therefore, system (1.1) is transformed into the following neutral impulsive evolution
inclusion:

%[x(t) - q(t, x(t))] € Ax(t)dt + G(t,x(t)), t€[0,T], t#¢t, i=1,2,..,p,

X(ti+) = X(ti) + II(X(tl)): i= 1: 2: v P,
x(0) = xo.

(3.20)

If the assumption of Theorem 3.2 hold, then the solution set of the inclusion problem (3.20) is a Rs-set, and
when q(t, x) = 0, the Rs-type structure of the solution set of the impulsive evolution inclusion problem (3.20)
was studied by Gabor et al. [32] in 2011.

4 Conclusion

Nowadays, we need to study more natural phenomena to gain more abilities for modeling, such as Zeno
phenomenon. When discrete perturbations occur on a finite set of moments, the theory of impulsive differ-
ential equations offers the necessary tools, but for dealing with infinitely many abrupt changes (i.e., Zeno
phenomenon) more refined methods are needed. An effective method to address such problems rely on
measure differential equation and differential inclusion. Therefore, their importance has become more and
more apparent to researchers. In this work, we have developed the existence theory, the compactness of
solution sets, and Rs-type structure of the solution set for neutral semilinear measure differential inclusions.
We apply Gérniewicz-Lassonde fixed-point theorem and Rs-structure equivalence thesis, i.e., Hyman theorem
to establish the desired results. Eventually, we give two corollaries, which are two special cases of the main
results, and they have been studied by some researchers.

The work accomplished in this study is new and the research on the topological structure of the solution
set of ordinary differential inclusions is extended to measure differential inclusions. For future works, one can
extend the research on the topological structure of the solution set to more general differential inclusions, such
as Sobolev-type measure differential inclusions, measure evolution inclusions with fractional derivatives, and
SO on.
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