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Abstract: The main goal of the present study is to introduce an operational collocation scheme based on sixth-
kind Chebyshev polynomials (SCPs) to solve a category of optimal control problems involving a variable-order
dynamical system (VODS). To achieve this goal, the collocation method based on SCPs, the pseudo-operational
matrix for the fractional integral operator, and the dual operational matrix are adopted. More precisely, an
algebraic equation is obtained instead of the objective function and a system of algebraic equation is derived
instead of the VODS. The constrained equations obtained from joining the objective function to the VODS
are ultimately optimized using the method of the Lagrange multipliers. Detailed convergence analysis of
the suggested method is given as well. Four illustrative examples along with several tables and figures
are formally provided to support the efficiency and preciseness of the numerical scheme.

Keywords: variable-order optimal control problems, operational collocation method, sixth-kind Chebyshev
polynomials, convergence analysis

MSC 2020: 34H05, 34A08, 33C45

1 Introduction

Fractional operators exhibit real-world phenomena better due to their memory properties unlike their classic
counterparts. Diverse definitions have been presented for integral and derivative operators with fractional
orders that the most applicable are the Caputo and Riemann-Liouville operators [1–6]. The variable-order
integration and derivative are extensions of their classical definitions. In fractional integral and derivative
operators with variable orders, the orders depend on the time variable or the space variable or both of them
that nowadays have much popularity in various fields of engineering and science [7–15]. In addition, Kashif
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et al. applied an efficient variable-order Bernstein collocation technique to a nonlinear coupled system of
variable-order reaction-diffusion equations [16]. Ganji and Jafari considered the shifted Legendre and shifted
Chebyshev polynomials for solving multi-variable orders differential equations [17]. Jafari et al. [18] proposed
a numerical approach based on the shifted fifth-kind Chebyshev polynomials to study a category of variable-
order integro-differential equations. Precise modeling of fractional functional equations emerged in diverse
problems of engineering, such as the bioengineering, viscoelasticity, and dynamics of interfaces between
substrates and nanoparticles, gives rise to variable-order optimal control problems (VOCPs) via joining these
equations to an objective function and a set of initial and/or boundary conditions [19–22]. Tajadodi [8] used
Genocchi polynomials to solve a type of VOCP. Dehestani et al. [19] used fractional-order Bessel wavelets for
numerically solving these equations. Heydari et al. [20] applied the Chebyshev cardinal functions to VFOCPs
with dynamical systems of weakly singular variable-order integral equations. Hassani and Avazzadeh [22]
used the transcendental Bernstein series for solving nonlinear VFOCPs. Heydari [23], Heydari and Avazzadeh
[24] introduced new direct methods based on the Chebyshev cardinal functions and the wavelet method for
VFOCPs. A Legendre collocation method and a nonstandard finite difference method were proposed to solve
VFOCPs in [25,26].

The spectral methods along with orthogonal polynomials as basis functions are very popular and efficient.
The Galerkin, Tau, and collocation are the three most widely used methods of the family of the spectral
methods. The Chebyshev polynomials of the first to fourth kinds have many applications as basis functions
in the spectral methods [27–33]. The other two sorts of Chebyshev polynomials are called the Chebyshev
polynomials of the fifth and sixth kinds that have been applied to solve some fractional ordinary differential
equations [34–36]. After introducing the Chebyshev polynomials of the sixth kind by Masjed-Jamei [37] and due
to the complex structure of this category of polynomials and their weight functions compared to the first- and
second-kind Chebyshev polynomials, researchers and mathematicians have rarely used it as a basis in spectral
methods. Although recently, Chebyshev polynomials of the sixth type have been considered as basis functions
in spectral methods for solving fractional Rayleigh-Stokes problems, time-fractional heat equations, and
hyperbolic-telegraph problems [38–41]. This work shows efficiency of these polynomials by obtaining a sui-
table approximate solution to the problem under study. The aim of the current work is to achieve
the following:
• Establishing an operational collocation scheme based on the sixth-kind shifted Chebyshev polynomials
for solving the variable-order Caputo control problems with boundary conditions.

• Displaying the accuracy of the suggested method via estimating an error bound for the residual function
in a Chebyshev-weighted Sobolev space.

• Acquiring more precise approximations to the problems under study compared to approximations reported
in previous studies [19,42].

• Considering the best approximation to the exact solution in a Chebyshev-weighted space for finding
the error bound in addition to considering the approximate solution obtained from the suggested method.

Hence, in the present work, a numerical scheme is constructed by coupling the collocation method and
the sixth-kind Chebyshev polynomials (SCPs) as the basis functions for solving the following VOCP:

∫= t t t tMin x, u , x , u d ,

0

1

� �[ ] ( ( ) ( )) (1.1)
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is the time variable. tx( ), tu( ), and their derivatives are continuous functions and there exist finite constants
i,x� for =i 1, 2, 1,u� , and θ� such that

≤ ≤ ≤ ≤t t t tx , ẋ , u , x .
t

θ tC

θ1,x 1,ẋ 1,u 0
� � � � �∣ ( )∣ ∣ ( )∣ ∣ ( )∣ ∣ ( )∣( )

In this respect, first a pseudo-operational matrix for the fractional integration and a dual operational matrix
(related to the product of basis vectors) for the SCPs are derived. The stated and control variables are approxi-
mated by the operational matrices and the basis vector. Approximations are substituted into performance index
(1.1), variable-order dynamical system (VODS) (1.2), and conditions (1.3). These approximations and matrices
avoid the direct use of the integration and derivative operations. Thus, the given problem is converted into a set
of algebraic equations. In the next step, constraint equations obtained from the algebraic system are joined to the
performance index using a set of unknown Lagrange multipliers. Ultimately, optimal conditions provide a
nonlinear system of algebraic equations, by solving which, unknown coefficients are determined.

This study is structured as follows: some definitions of variable-order operators are given in Section 2. The
Chebyshev polynomials of the sixth kind, some of their properties, and their operational matrices are pre-
sented in Section 3. In Section 4, the suggested approach is explained. Error bounds for approximate solutions
and the residual functions of the performance index and VODS are calculated in Section 5. The efficiency
and accuracy of the proposed approach are illustrated by reporting numerical results in Section 6. Section 7
concludes briefly.

2 Preliminary definitions

Definition 2.1. The variable-order derivative in the Caputo sense of the order →θ t θ : 0, 1 0, 1( )( [ ] ( ])

of the differentiable function f is defined as [19]:
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The following results are obtained based on the above definition:
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Definition 2.2. The variable-order integral in the Riemann-Liouville sense with the order θ t( ) of the continuous
function f is as follows [20]:

∫=

⎧

⎨
⎪

⎩⎪

− >

=

−
t θ t

t s s s θ t

t θ t

1

Γ
d , 0,

, 0.

t

θ tRL

t

θ t

0
0

1

f
f

f

� ( ) ( ( ))
( ) ( ) ( )

( ) ( )

( )
( )

(2.2)

Based on Definition (2.2), the following properties are obtained:
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3 SCPs and their operational matrices

In this section, the SCPs are introduced and their operational matrices are constructed.

3.1 SCPs

These polynomials are defined over the interval −1, 1[ ] as follows [36,43]:
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These polynomials satisfy the following recurrence formula:
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The SCPs are orthogonal with respect to the weight function = −w t t t¯ 12 2( ) , i.e.,
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By means of the change in variable ← −t t2 1, the shifted sixth-kind Chebyshev polynomials (SSKCPs)
are orthogonal regarding the weight function = − −w t t t t2 1 2 2( ) ( ) on =J 0, 1[ ], i.e.,

∫ =t t w t t δd ℏ ,i j i ij

0

1

� �( ) ( ) ( )

where

=

⎧

⎨
⎪

⎩⎪
+

+

+

+

π
i

π i

i
i

ℏ
2

, even ,

3

2 1
, odd .

i

i

i

2 5

2 5

( )

( )

(3.1)

4  Khadijeh Sadri et al.



Abd-Elhameed and Youssri [36] presented a series form of the SSKCPs as follows:
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Please refer to [40,41] for more properties and details about SCPs.
A square-integrable function ∈z t L J

w

2( ) ( ) can be written in terms of the SSKCPs as
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where the coefficients Zj are calculated as
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The first few terms in (3.4) are practically used to determine an approximation to z t( ), i.e.,
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where tY( ) and Z are the +N 1( )-order vectors as follows:
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3.2 Operational matrices for SSKCPs

To solve the problem (1.1)–(1.3), three types of operational matrices are needed: an integral operational matrix
of integer order, a pseudo-operational integral matrix of fractional order, and a dual operational matrix.
In order to construct them, some lemmas and theorems must be given.

Lemma 3.1. If > −ρ 1, one has
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Proof. See Lemma 4.2 in [43]. □

Theorem 3.2. If tY( ) is the basis vector in (3.6), then the integral of the vector tY( ) can be attained as

∫ ≈ ∈s s t t JY PYd , ,

t

0

( ) ( )
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where P is the + × +N N1 1( ) ( ) integral operational matrix corresponding to the basis vector with integer
powers as follows:
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and its entries are computed as
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Proof. See Theorem 4.3 in [43]. □

Theorem 3.3. Suppose that tY( ) is the basis vector in (3.6) and ∈θ t, 0, 1 ,
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Proof. See Theorem 4.4 in [43]. □

Lemma 3.4. Suppose that tj� ( ) and tk� ( ) are the jth and kth SSKCPs, respectively. The product of tj� ( ) and tk� ( )

is written as the series form
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= ∑ = −q ς ς
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Theorem 3.5. If tY( ) is the basis vector in (3.6), then the integration of the product of the vectors tY( ) and tYT( )

over 0, 1[ ] is given as the following matrix form:
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Thus, the desired result is obtained. □

Interested readers can refer to [45] to understand the matrix algebra done within the work.

4 Methodology

In this section, the derived matrices in Section 3 are employed to numerically solve problems (1.1)–(1.3).
For this end, pursuing the following steps is proposed:
Step 1. The control variable is expanded as

∑≈ = =
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N

k

k k
T

N
T

0

0 1�( ) ( ) ( ) [ ] (4.2)

Now, integrating approximate (4.2) and using Theorem 3.2 lead to an approximation to the state variable:
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Step 2-2. An approximation is obtained to < <t θ tx , 0 1,
t

θ tC

0
� ( ) ( )( ) by means of approximation (4.2):
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( ) on (4.4) and using Theorem 3.3, one obtains the following approximation:

≈ = =− −
t t tY P X Y V V P Xx , s.t. .

t

θ tC T θ T T θ T

0
1

2 2
1� ( ) ( ) ( )( ) ( ) ( ) (4.5)

Step 2-3. If the function tẋ( ) does not exist in dynamical system (1.2), then

≈t tY Xx .
t

θ tC T

0
� ( ) ( )( ) (4.6)

Applying the operator
t

θ tRL

0
�

( ) on (4.6) leads to an approximation to the state variable:

≈ +
= +
= = +

t t

t t

t

Y P X

Y P X Y F

Y V V P X F

x x 0

, s.t. .

T θ T

T θ T T

T θ T
1 1

( ) ( ) ( )

( ) ( )

( )

( )

( )

( )

(4.7)

Step 3. Substituting approximations (4.1)–(4.7) into dynamical system (1.2), one obtains

= −−
t θ t t t t t tY P X Y V Y X Y U, , , , .T θ T T T T1

1� �( ( )) ( ) ( ( ) ( ) ( ) )( ) (4.8)

Step 4. If =t i N, 0, 1,…, ,i are roots of + tN 1� ( ), then collocating t θ t,� ( ( )) in (4.8) leads to the following
algebraic system:

= − =−
t θ t t t t t t i NY P X Y V Y X Y U, , , , , 0, 1,…, .i i

T
i

θ T
i

T
i

T
i

T
i

1
1

i� �( ( )) ( ) ( ( ) ( ) ( ) )( ) (4.9)

Step 5. The boundary condition = ηx 1
1

( ) can be approximated by (4.3) or (4.7) as follows:

= − ηY V1 .T
1 1 1


 ( ) (4.10)

Step 6. Substituting approximations (4.1), (4.3), or (4.7) into performance index (1.1) leads to the following
expression:

∫≈ = t t t tY V Y Ux, u , , d .N
T T

0

1

1� � �[ ] ( ( ) ( ) ) (4.11)

Step 7. The following optimization problem is constructed by means of (4.9), (4.10), and (4.11).

= + + +λΛ M* ,
N N

T
N 1 1� � 
 (4.12)

where Λ M, are +N 1( )-order vectors as

= = =λ λ λ t θ t i NΛ M… , , , 0, 1,…, ,N i i i0 1 �[ ] [ ( ( ))]

and ⩽ ⩽ +λ i N, 0 1i , are unknown Lagrange multipliers.
Step 8. The necessary conditions for obtaining the extremum of the problem are

∂
∂

=
∂

∂
=

∂
∂

=
∂
∂

=
+λX U Λ

*
0,

*
0,

*
0,

*
0.

N N N N

N 1

� � � �
(4.13)

Step 9. Solving algebraic system (4.13) involving +N3 4 equations leads to determine the vectors X U Λ, , ,

and the coefficient +λN 1. Thus, approximate optimal solutions for the given problem are obtained.

5 Error bounds

In the current section, some upper bounds for errors of approximate solutions and the residual function of
the performance index are obtained in a Sobolev space.
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Definition 5.1. Suppose that tj� ( ) is the SSKCP of at most degree N and = t t tspan , , …,N N0 1� � � �{ ( ) ( ) ( )}.
If ∈v t C J( ) ( ), then there exists ∈v t¯ N�( ) such that

− = −
∈

v t v t v t y t¯ inf ,
y N�

‖ ( ) ( )‖ ‖ ( ) ( )‖

where v t¯( ) is the best approximation to v t( ) from .N�

Definition 5.2. The Chebyshev-weighted Sobolev space ∈ ∪+
J ϖ, 0

w

ϖ ��� ( ) { } is defined as

=
⎧
⎨
⎩

∈ ⩽ ⩽
⎫
⎬
⎭

J v t
v t

t
L J k ϖ

d

d
, 0 ,

w

ϖ

k

k w

2�� ( ) ( )
( )

( )

where L J
w

2 ( ) is the weighted space of squared-integrable functions on the interval J and equipped to
the following norm and semi-norm

∑ ∑=
⎛

⎝
⎜

⎞

⎠
⎟ =

⎛

⎝
⎜

⎞

⎠
⎟

= = +
v

v

t
v

v

t

d

d
,

d

d
,J

ϖ

k

k

k

L J

J

ϖ

k ϖ N

k

k

L J0

2

min , 1

2

w

ϖ

w

w

ϖ N

w

2

1

2

,

2

1

2

�� ��‖ ‖ ∣ ∣( )

( )

( )
{ } ( )

(5.1)

where
L J

w

2‖·‖ ( ) is the L
w

2 -norm defined as

∫=
⎛

⎝
⎜

⎞

⎠
⎟f f t w t td .

L J

0

1

2

w

2

1

2

‖ ‖ ∣ ( )∣ ( )( )

Theorem 5.1. Suppose that ∈ ∈ ∪+
v t J ϖ, 0

w

ϖ ���( ) ( ) { }, and = ∑ =v t V t¯ ¯N j

N

j j0 �( ) ( ) is the best approximation
to v t( ) from N� . Then, one obtains [46]:

− ⩽ −
v v βN vN̄ L J

ϖ

J
w w

ϖ N2 ,
��‖ ‖ ∣ ∣( ) ( ) (5.2)

and

− ⩽ ⩽ ⩽−v

t

v

t
βN v m ϖ

d

d

d ¯

d
, 0 ,

m

m

m
N

m

J

ρ m ϖ

J

w

m
w

m ϖ N, ,

��
��∣ ∣

( )

( )
( ) (5.3)

where

∑⎪

⎪
=

⎧
⎨
⎩

− >

=
=

⎛

⎝
⎜

⎞

⎠
⎟

= +

−
ρ m

m m

m

v N
v

t

2
1

2
, 0,

0, 0,

d

d
J

ϖ

k ϖ N

m k

k

k

L Jmin , 1

2 2

2

w

m ϖ N

w

, ,

2

1

2

��( ) ∣ ∣ ( )
{ } ( )

and β depends on ϖ .

Theorem 5.2. Suppose that = ∑ ==v t V t tY V* * *N j

N

j j
T

0 �( ) ( ) ( ) and = ∑ ==v t V t tY V¯ ¯ ¯N j

N

j j
T

0 �( ) ( ) ( ) are the approxi-
mate solutions obtained from the presented method and the best approximation to v t( ) from N� , respectively.
Then, one obtains

∑− ⩽ + −
⎛

⎝
⎜

⎞

⎠
⎟−

=
v v βN v V V* ¯ * ℏ ,

N L J

ϖ

J

N

j

j2

0

w w

ϖ N2 ,

1

2

��‖ ‖ ∣ ∣ ‖ ‖( ) ( )

where =j Nℏ , 0, 1,…, ,j are defined in (3.1).

Proof. The following inequality is obtained from the properties of the norm

− ⩽ − + −v v v v v v* ¯ ¯ * .
N L J N L J N N L J

w w w

2 2 2‖ ‖ ‖ ‖ ‖ ‖( ) ( ) ( ) (5.4)

Efficient scheme for a category of VOCPs based on the SCPs  9



The second norm in the right-hand side of (5.4) is as follows:

∫

∫

∫

∑ ∑

∑ ∑

∑ ∑

∑

∑

− = − = −

= − =
⎛

⎝
⎜ −

⎞

⎠
⎟

⩽
⎛

⎝
⎜ −

⎞

⎠
⎟

⎛

⎝
⎜

⎞

⎠
⎟

= −
⎛

⎝
⎜

⎞

⎠
⎟

= −
⎛

⎝
⎜

⎞

⎠
⎟

= =

= =

= =

=

=

v v t t V t V t

V V t V V t w t t

V V t w t t

t w t t

Y V Y V

V V

V V

¯ * ¯ * ¯ *

¯ * ¯ * d

¯ * d

¯ * d

¯ * ℏ .

N L J

T T

L J

N

j

j j

N

j

j j

L J

N

j

j j j

L J

N

j

j j j

N

j

j j

N

j

j

N

j

j

N

j

j

0 0

0
0

1

0

2

0

2

0

1

0

2

2

0

1

0

2

2

0

w w

w

w

2 2

2

2

1

2

1

2

1

2

1

2

1

2

� �

� �

�

�

‖ ‖ ∥ ( ) ( ) ∥ ( ) ( )

( ) ( ) ( ) ( ) ( )

∣ ∣ ∣ ( )∣ ( )

‖ ‖ ∣ ( )∣ ( )

‖ ‖

( ) ( )

( )

( )

It can be easily seen from relation (3.1), ⩽ ⩽j Nℏ , 0j , are decreasing when j (or N ) is sufficiently large.
Using Theorem 5.1 and the recent result, inequality (5.4) is written as

∑− ⩽ + −
⎛

⎝
⎜

⎞

⎠
⎟−

=
v v βN v V V* ¯ * ℏ .

N L J

ϖ

J

N

j

j2

0

w w

ϖ N2 ,

1

2

��‖ ‖ ∣ ∣ ‖ ‖( ) ( )
□

Theorem 5.3. Assume that ∈ ∈ ∪+
v t J ϖ, 0

w

m ���( ) ( ) { }, v t*
N

( ) is the approximate solution of the proposed
method, v tN̄( ) is the best approximation to v t( ) from N� , ≈v t tY W* *

C
t

θ t

N

T

0� ( ) ( )
( ) , ≈v t tY W¯ ¯

C
t

θ t

N
T

0� ( ) ( )
( ) ,

and < ⩽θ t0 1( ) . Then, one obtains

∑− ⩽ + −
⎛

⎝
⎜

⎞

⎠
⎟−

=
v v ββ N v W W* ¯ * ℏ .

t

θ tC

t

θ tC

N L J

ρ m ϖ

J

N

j

j0 0 1 2

0

w w

ϖ N2 ,

1

2

� � ��∥ ∥ ∣ ∣ ‖ ‖( ) ( )
( )

( )
( )

Proof. Based on Definition 2.2, one has

∫ ∫

∫

− =
−

− ′ −
−

− ′

=
−

− ′ − ′

− −

−

v v
θ t

t s v s s
θ t

t s v s s

θ t
t s v s v s s

¯
1

Γ 1
d

1

Γ 1
¯ d

1

Γ 1
¯ d .

t

θ tC

t

θ tC

N L J

t

θ t

t

θ t

N

L J

t

θ t

N

L J

0 0

0 0

0

w

w

w

2

2

2

� �∥ ∥
( ( ))

( ) ( )
( ( ))

( ) ( )

( ( ))
( ) ( ( ) ( ))

( ) ( )
( )

( ) ( )

( )

( )

( )

(5.5)

Besides, one has for ∈t J0

∫−
− =

−
⩽ =−

−

θ t
t s s

t

θ t

t

θ
β

1

Γ 1
d

Γ 2 Γ **
,

t

θ t

θ t θ

0

1
0

1

*

( ( ))
( )

( ( )) ( )
( )

( )

where = − = −∈ ∈θ θ t θ θ t* sup 1 , ** inf 2 .
t J t J( ( )) ( ( )) Therefore, by setting =m 1 in (5.3), equation (5.5)

is as follows:

∫− ⩽ ′ − ′ ⩽ ′ − ′

⩽ ′ − ′ ⩽ −

v v β v s v s s β v s v s

β v s v s β βN v

¯ ¯ d ¯

¯ .

t

θ tC

t

θ tC

N L J

t

N L J N L J

N J

ϖ

J

0 0 1

0

1

1 1

w w w

w w

ϖ N

2 2 2

1

3

2 1, ,

� �

�� ��

∥ ∥ ‖ ( ) ( )‖ ‖ ( ) ( )‖

‖ ( ) ( )‖ ∣ ∣

( ) ( )
( ) ( ) ( )

( ) ( )
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According to the given approximations to v̄
t

θ tC

N0
�

( ) and v*
C

t

θ t

N0�
( ) and Theorem 5.2, one has

∑− = − ⩽ −
⎛

⎝
⎜

⎞

⎠
⎟

=
v v t tY W Y W W W¯ * ¯ * ¯ * ℏ .

t

θ tC

N t

θ tC

N L J

T T

L J

N

j

j0 0 2

0

w w

2 2

1

2

� �∥ ∥ ‖ ( ) ( ) ‖ ‖ ‖( ) ( )
( ) ( )

Thus, the desired result is achieved and the following relation is deduced:

− ⟶ ⟶ ∞v v N* 0 as .
t

θ tC

t

θ tC

N L J0 0 w

2� �∥ ∥( ) ( )
( ) □

Now, suppose that tx*
N

( ) and tu*
N

( ) are approximate optimal solutions obtained from the present method
and the operators � and � satisfy the Lipschitz conditions. Therefore, using Theorems 5.2 and 5.3, one obtains

∫ ∫− − =t t t t t t t t t, x , u d , x* , u* d 0,
N N N

0

1

0

1

� � �( ( ) ( )) ( ( ) ( )) ( )

where tN� ( ) is the residual function. So, taking norm leads to the following inequality:

∑

= −
⩽ − + −

⩽
⎛

⎝
⎜ + + − + −

⎞

⎠
⎟−

=

t t

s

s βN X X U U

, x, u , x* , u*

x x* u u*

x u ℏ ¯ * ¯ *

N L J N N L J

N L J N L J

ϖ

N

j

j

1

1

0

2 2

w w

w w

w

ϖ N

w

ϖ N

2 2

2 2

, ,

� � �

�� ��

‖ ‖ ∥ ( ) ( )∥

(‖ ‖ ‖ ‖ )

(∣ ∣ ∣ ∣ ) (∣∣ ∣∣ ∣∣ ∣∣ )

( ) ( )

( ) ( )

(5.6)

and

− − + + =D t D t t t t t t t t t tx x* , x , ẋ , u , x* , ẋ* , u* 0,
t

θ tC

t

θ tC

N N N N N0 0
� � 
( ) ( ) ( ( ) ( ) ( )) ( ( ) ( ) ( )) ( )( ) ( )

where tN
 ( ) is the residual function. Similarly, the following inequality is achieved:

∑

∑

= − − +

⩽ − + − + − + −

⩽ + −

+
⎛

⎝
⎜ + + − + − +

⎞

⎠
⎟

−

=

−

=

−

D t t D t

D D s

ββ N

s βN βN

W W

X X U U

x , x, ẋ, u x* , x* , ẋ* , u*

x x* x x* ẋ ẋ* u u*

x ℏ ¯ *

x u ℏ ¯ * ¯ * x .

N L J t

θ tC

t

θ tC

N N N N L J

t

θ tC

t

θ tC

N L J N L J N L J N L J

ϖ

N

j

j

ϖ

N

j

j
ϖ

0 0

0 0 2

1

0

2

2

0

2 2

w w

w w w w

w

ϖ N

w

ϖ N

w

ϖ N

w

ϖ N

2 2

2 2 2 2

3

2 1, ,

, ,

3

2 1, ,


 � �

��

�� �� ��

‖ ‖ ∥ ( ( )) ( )∥

∥ ∥ (‖ ‖ ‖ ‖ ‖ ‖ )

∣ ∣ ∣∣ ∣∣

(∣ ∣ ∣ ∣ ) (∣∣ ∣∣ ∣∣ ∣∣ ) ∣ ∣

( )
( ) ( )

( )

( ) ( )
( ) ( ) ( ) ( )

(5.7)

It can be easily seen that when → ∞N , the right-hand sides of inequalities (5.6) and (5.7) tend to zero. It can
be seen that when N is large enough − − − →W W X X U U¯ * , ¯ * , ¯ * 02 2 2∣∣ ∣∣ ∣∣ ∣∣ ∣∣ ∣∣ . Thus, the error bounds will
be proportional to −

N
ϖ . The obtained bounds show an exponential rate of convergence.

6 Numerical experiments

The efficiency and preciseness of the present approach are exemplified by solving four illustrated examples.

Example 6.1. Consider the following fractional-order optimal control problem [47]:

∫= − +t t θ t t tMin x, u u 2 x d ,

0

1

2�[ ] ( ( ) ( ( ) ) ( ))

+ − − = < ⩽t t t t θ tẋ x u 0, 0 1,
t

θ tC

0
2�( ) ( ) ( ) ( )( )
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with the following boundary conditions:

= =
+ θ t

x 0 0, x 1
2

Γ 3
.( ) ( )

( ( ))

The exact solutions are = + +

+ +
t tx , u , x, u , , 0

t

θ t

t

θ t

2

Γ 3

2

Γ 2

θ t θ t2 1

�( ( ) ( ) [ ]) ( )
( ( )) ( ( ))

( ) ( )

. To determine the approximate optimal

solutions by the scheme described in Section 4, the following approximations can be considered:

≈ ≈ = =
≈ ≈−

t t t t t

t t t t

Y X Y P X Y V V P X

Y P X Y U

ẋ , x , ,

x , u .

T T T T T

t

θ tC T θ T T

1 1

0
1�

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )( ) ( )
(6.1)

Substituting approximations (6.1) into the performance index, the dynamical system, and the boundary con-
ditions, one obtains

∫= − +

= + − −

= −
+

−

t t θ t t t

t θ t t t t t

θ t

Y U Y P X

Y X Y P X Y U

Y P X

2 d ,

, ,

1
2

Γ 3
.

N
T T T

T T θ t T

T T

0

1

2

1 2

1

�

�




( ( ) ( ( ) ) ( ) )

( ( )) ( ) ( ) ( )

( )
( ( ))

( ( ))

Finally, the following optimization problem is achieved:

= + + +λΛ M* .
N N

T
N 1 1� � 


Based on the procedure stated in Section 4, the unknown vectors and coefficients are determined. The
maximum absolute errors related to the approximately optimal solutions are compared to those reported
in [19] and [47] in Table 1 for =N 3 and =θ t 1( ) . The comparison of the results shows the accuracy of the
proposed scheme. Also, the computational time is 2.07 s. The absolute errors of the approximate solutions at
the points = =t i i0.2 , 0, 1,…, 5,i are listed in Table 2 for =N 3, 5, and =θ t 0.9.( ) The values of the functional

x, u�[ ] are × −8.3946 10 8 and × −1.2254 10 10 for =N 3 and 5, respectively. The plots of the exact and approx-
imate solutions and absolute error functions are depicted in Figure 1 for =N 5 and =θ t 1( ) . The numerical
results confirm the satisfactory agreement of the approximate results with their exact ones.

Table 1: Maximum absolute errors of state and control variables for =N 3 and =θ t 1( ) of Example 6.1

Present method Method in [19] Method in [47]

Error of tx( ) ×1.3536 10‒21 ×3.5526 10‒4 ×9.3698 10‒15

Error of tu( ) ×4.3136 10‒20 ×9.1353 10‒3 ×5.6882 10‒16

x, u�[ ] ×1.3433 10‒40 — 0

Table 2: Absolute errors of numerical results at selected points for =N 3, 5 and =θ t 0.9( ) of Example 6.1

==N 3 ==N 5

ti Error of (( ))tx Error of (( ))tu [[ (( )) (( ))]]t tx , u� Error of (( ))tx Error of (( ))tu [[ (( )) (( ))]]t tx , u�

0.0 ×1.8707 10‒4 ×4.3125 10‒3 ×8.3946 10‒8 ×7.09718 10‒6 ×5.6699 10‒4 ×1.2254 10‒10

0.2 ×1.5189 10‒4 ×4.6587 10‒4 ×2.9405 10‒6 ×3.0923 10‒5

0.4 ×8.8858 10‒5 ×3.9267 10‒4 ×8.0242 10‒6 ×6.7222 10‒5

0.6 ×5.2670 10‒5 ×1.9803 10‒4 ×7.6123 10‒6 ×2.6087 10‒5

0.8 ×1.8546 10‒4 ×4.2251 10‒4 ×3.5419 10‒6 ×2.1047 10‒5

1.0 0 ×5.0222 10‒4 ×1.0000 10‒20 ×2.0350 10‒5
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Figure 1: (a) Exact and approximate solutions and (b) absolute error functions of Example 6.1 for =N 5 and =θ t 1( ) .

Table 3: Absolute errors of approximate optimal solutions for =N 5 and different values of θ t( ) of Example 6.2

(( )) ==θ t 0.45 (( )) ==θ t 0.47 (( )) ==θ t 0.49

ti (( ))txN (( ))tuN (( ))txN (( ))tuN (( ))txN (( ))tuN

0 ×3.1265 10‒5 ×1.1897 10‒4 ×3.0469 10‒5 ×1.1745 10‒4 ×2.9581 10‒5 ×1.1544 10‒4

0.2 ×3.5212 10‒6 ×6.0441 10‒5 ×3.4425 10‒6 ×5.9910 10‒5 ×3.3576 10‒6 ×5.9204 10‒5

0.4 ×4.0384 10‒5 ×1.4253 10‒4 ×3.9372 10‒5 ×1.3977 10‒4 ×3.8250 10‒5 ×1.3658 10‒4

0.6 ×1.9546 10‒5 ×8.8103 10‒5 ×1.9320 10‒5 ×8.6704 10‒5 ×1.9028 10‒5 ×8.5049 10‒5

0.8 ×5.7962 10‒6 ×1.1813 10‒4 ×5.8273 10‒6 ×1.1542 10‒5 ×5.8329 10‒6 ×1.1236 10‒4

1 ×2.0000 10‒20 ×7.9133 10‒5 ×2.0000 10‒20 ×7.7584 10‒5 ×2.0000 10‒20 ×7.5740 10‒5

x , uN N�[ ] ×8.7213 10‒9 ×8.3862 10‒9 ×8.0067 10‒9

Table 4: Values of functional x, u�[ ] for =N 5 and =θ t 0.7, 0.8, 0.9, 1( ) of Example 6.2

(( )) ==θ t 0.7 (( )) ==θ t 0.8 (( )) ==θ t 0.9 (( )) ==θ t 1

Present method ×3.0974 10‒9 ×1.2969 10‒9 ×2.8560 10‒10 ×9.1863 10‒41

Method in [19] ×1.5115 10‒8 ×7.0650 10‒9 ×1.7599 10‒9 0

Method in [42] — ×1.649 10‒8 ×4.264 10‒9 ×3.023 10‒33
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Table 5: Values of functional x, u�[ ] for =N 7 and different values of θ t( ) of Example 6.2

(( )) == ++ (( ))θ t t0.8 0.05sin (( )) == ++ (( ))θ t t0.8 0.005sin (( )) == ++ (( ))θ t t0.8 0.0005sin (( )) ==θ t 0.8

Present method ×4.3839 10‒5 ×4.6827 10‒7 ×4.7798 10‒9 ×1.2969 10‒9

Method in [19] ×1.5854 10‒7 ×4.8728 10‒8 ×4.0839 10‒8 ×7.0650 10‒9

Table 6: Absolute errors of approximate optimal solutions for =N 5 and different values of θ t( ) of Example 6.2

(( )) == ++ (( ))θ t t0.8 0.05sin (( )) == ++ (( ))θ t t0.8 0.005sin (( )) == ++ (( ))θ t t0.8 0.0005sin

ti (( ))txN (( ))tuN (( ))txN (( ))tuN (( ))txN (( ))tuN

0 ×5.9048 10‒5 ×8.5540 10‒3 ×7.4315 10‒6 ×8.9703 10‒4 ×1.4460 10‒6 ×9.1429 10‒5

0.2 ×7.265 10‒4 ×7.8584 10‒3 ×7.3547 10‒5 ×8.0564 10‒4 ×7.2622 10‒6 ×8.1172 10‒5

0.4 ×1.3218 10‒3 ×6.8141 10‒3 ×1.3489 10‒4 ×6.8654 10‒4 ×1.3864 10‒5 ×6.9438 10‒5

0.6 ×1.5487 10‒3 ×8.9384 10‒3 ×1.5707 10‒4 ×9.2494 10‒4 ×1.5120 10‒5 ×9.2738 10‒5

0.8 ×1.1184 10‒3 ×7.0338 10‒3 ×1.1199 10‒4 ×7.2347 10‒4 ×1.0504 10‒5 ×7.2285 10‒5

1 ×2.0000 10‒20 ×5.6181 10‒3 ×2.0000 10‒20 ×6.0555 10‒4 0.0000 ×6.1417 10‒5

x , uN N�[ ] ×4.3839 10‒5 ×4.6827 10‒7 ×4.7798 10‒9

Figure 2: Plots of error functions for (a) tx( ), (b) tu( ) for =N 5 and =θ t 0.7( ) of Example 6.2.
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Figure 3: Plots of (a) approximate solutions for tx( ), (b) approximate solutions for tu( ), (c) absolute error function of tx( ), (d) absolute
error function of tu( ) for =N 7 and = +θ t t0.8 0.005 sin( ) ( ) of Example 6.2.
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Example 6.2. Consider the following VOCP [42]

∫= −t t tMin x, u u x d ,

0

1

2�[ ] ( ( ) ( ))

+ − + − −
+

= < ⩽
+

t t t t t
t

θ t
θ tẋ x u x

6

Γ 3
0, 0 1,

t

θ tC

θ t

0
3

2

�( ) ( ) ( ) ( )
( ( ) )

( )( )
( )

with

= =
+θ

x 0 0, x 1
6

Γ 1 4
.( ) ( )

( ( ) )

The exact solutions are ⎜ ⎟=
⎛
⎝

⎞
⎠+ +

+ +
t tx , u , x, u , , 0 .

t

θ t

t

θ t

6

Γ 4

6

Γ 4

θ t θ t3 3

�( ( ) ( ) [ ])
( ( ) ) ( ( ) )

( ) ( )

The values of the absolute errors of tx( )

and tu( ) at the equally spaced points = =t i i0.1 , 0, 1,…, 10i , are listed in Table 3 for =N 5 and =θ t( )

0.45, 0.47, 0.49. The optimal values of the functional x, u�[ ] are listed in Table 4 for =N 5 and
=θ t 0.7, 0.8, 0.9, 1,( ) and compared to the values reported in [19] and [42]. It can be seen that the accuracy

of the approximate solutions increases when →θ t 1.( ) The computational time for this algorithm is 1.17 s.
By choosing functions =θ t i, 1, 2, 3, 4,i( ) as

= + = + = + =θ t t θ t t θ t t θ t0.8 0.05 sin , 0.8 0.005 sin , 0.8 0.0005 sin , 0.8,1 2 3 4( ) ( ) ( ) ( ) ( ) ( ) ( )

the values of the performance index are listed in Table 5 for =N 7 and the values are compared to results in
[19]. Values of absolute errors at equally spaced points = =t i i0.2 , 0, 1,…, 5i are listed in Table 6. The running

Table 7: Absolute errors of optimal approximate solutions for =N 10 and =θ t 1( ) of Example 6.3

Present method Method in [48] Method in [19]

ti (( ))txN (( ))tuN (( ))txN (( ))tuN (( ))txN (( ))tuN

0 0 ×3.0459 10‒4 — — ×8.29 10‒17 ×8.61 10‒6

0.2 ×1.3391 10‒6 ×7.2656 10‒5 ×5.60 10‒5 ×2.92 10‒5 ×1.48 10‒7 ×1.39 10‒6

0.4 ×3.0578 10‒6 ×4.0056 10‒5 ×2.75 10‒5 ×5.10 10‒6 ×1.85 10‒7 ×6.00 10‒7

0.6 ×2.9100 10‒6 ×3.6618 10‒5 ×1.16 10‒5 ×1.87 10‒5 ×1.86 10‒7 ×6.93 10‒7

0.8 ×1.3890 10‒6 ×7.1999 10‒5 ×4.65 10‒6 ×3.96 10‒5 ×1.47 10‒7 ×1.37 10‒6

1 ×7.8391 10‒9 ×2.9045 10‒5 ×1.62 10‒6 ×2.27 10‒3 ×2.71 10‒12 ×7.65 10‒6

x, u�[ ] 0.19290929598 — 0.19290929809

Table 8:Maximum absolute errors of tx( ) and tu( ) and estimated values of x, u�[ ] for =N 8, and various values of θ t( ) of Example 6.3

Present method (( )) ==θ t t1‒0.05 (( )) ==θ t t1‒0.03 (( )) ==θ t t1‒0.01

Error of tx( ) ×4.6499 10‒3 ×2.8138 10‒3 ×9.9235 10‒4

Error of tu( ) ×5.7571 10‒3 ×3.5361 10‒3 ×1.8784 10‒3

x, u�[ ] 0.19395417611 0.19353733279 0.19311893574

Method in [19] (( )) ==θ t t1‒0.05 (( )) ==θ t t1‒0.03 (( )) ==θ t t1‒0.01

Error of tx( ) ×1.13 10‒2 ×6.80 10‒3 ×2.27 10‒3

Error of tu( ) ×6.30 10‒3 ×3.71 10‒3 ×1.21 10‒3

x, u�[ ] 0.1933774618 0.19319043961 0.19300305529
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time is 4.71 s. The plots of the error functions of tx( ) and tu( ) are depicted in Figure 2 for =N 5 and =θ t 0.7( ) .
The figures of the approximate optimal solutions are shown in Figure 3 for = +θ t t0.8 0.005 sin( ) ( ) and =N 7.

Example 6.3. The following VOCP is considered [19,48]:

∫= +

+ − = < ⩽

t t t

t t t θ t

Min x, u
1

2
x u d ,

x x u 0, 0 1,
t

θ tC

0

1

2 2

0

�

�

[ ] ( ( ) ( ))

( ) ( ) ( ) ( )( )

with the initial condition

=x 0 1.( )

If =θ t 1,( ) the exact solutions are

= + = + + +t t β t t β t β tx cosh 2 sinh 2 , u 1 2 cosh 2 2 sinh 2 ,( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

where

= −
+

+
β

cosh 2 2 sinh 2

2 cosh 2 sinh 2
,

( ) ( )

( ) ( )

Figure 4: Plots of approximate solutions of (a) tx( ), (b) tu( ) for =N 10, and various values of θ t( ) of Example 6.3.
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Figure 5: Plots of approximate solutions of (a) tx( ), (b) tu( ) for =N 8, and various values of θ t( ) of Example 6.3.

Table 9: Estimated values of x, u�[ ] for =N 6, and various values of θ t( ) of Example 6.4

(( )) == ++ (( ))θ t t0.75 0.2sin 50 (( )) == ++ (( ))θ t t0.75 0.2sin 30 (( )) == ++ (( ))θ t t0.75 0.2sin 10 (( )) ==θ t 1

Present method ×1.1661 10‒2 ×9.1085 10‒3 ×7.1967 10‒3 ×1.2905 10‒13

Method in [19] ×3.7253 10‒3 ×1.2466 10‒3 ×5.7619 10‒3 ×4.2655 10‒9

Table 10: Estimated values of x, u�[ ] for =N 6 and different values of θ t( ) of Example 6.4

(( )) ==θ t 0.85 (( )) ==θ t 0.9 (( )) ==θ t 0.95 (( )) ==θ t 1

x, u�[ ] ×1.4602 10‒3 ×6.6526 10‒4 ×1.7033 10‒4 ×1.2905 10‒13

18  Khadijeh Sadri et al.



and =x, u 0.1929092980931693�[ ] . The values of the absolute errors of the approximate solutions are listed in
Table 7 at the points = =t i i0.2 , 0, 1,…, 5i , =N 10, and =θ t 1( ) and compared to results in [19] and [48]. The
maximum absolute errors of tx( ) and tu( ) and the approximate values of x, u�[ ] are observed in Table 8 for

Table 11: Errors of optimal approximate solutions at selected points and estimated values of x, u�[ ] for =N 4, 6 and =θ t 1( ) of
Example 6.4

==N 4 ==N 6

ti (( ))txN (( ))tuN (( ))txN (( ))tuN

0 0 ×1.9608 10‒4 0 ×1.6891 10‒6

0.2 ×7.0998 10‒7 ×1.4569 10‒5 ×4.6029 10‒8 ×3.4978 10‒7

0.4 ×4.0818 10‒6 ×3.5354 10‒5 ×6.9652 10‒8 ×1.9184 10‒7

0.6 ×1.4641 10‒5 ×2.8243 10‒5 ×1.0007 10‒7 ×3.2709 10‒8

0.8 ×3.2017 10‒6 ×2.5048 10‒5 ×3.7045 10‒8 ×2.1652 10‒7

1 ×3.9543 10‒6 ×4.7536 10‒7 ×7.0014 10‒8 ×1.2514 10‒6

x, u�[ ] ×1.4754 10‒9 ×1.2905 10‒13

Figure 6: Plots of approximate solutions of (a) tx( ), (b) tu( ) for =N 6, and various values of θ t( ) of Example 6.4.

Efficient scheme for a category of VOCPs based on the SCPs  19



various values of θ t( ) and =N 10 and the results are compared to results in [19]. The plots of the approximate
solutions are seen in Figure 4 for =N 10 and =θ t 0.6, 0.7, 0.8, 0.9, 1( ) . The plots of approximate solutions for

=N 8 and = −θ t t1 0.11( ) , = −θ t t1 0.3 ,2( ) and = −θ t t1 0.53( ) are shown in Figure 5.

Figure 7: Plots of approximate solutions of (a) tx( ), (b) tu( ) for =N 10, and various values of θ t( ) of Example 6.4.

Table 12: Convergence rate of obtained solutions for =θ t 1( ) and various values of N for Example 6.4

N (( ))txN CRx (( ))tuN CRu

2 ×9.5990 10‒4 ×1.7353 10‒2

3 ×8.3673 10‒4 ×5.9933 10‒3

4 ×1.4743 10‒5 6.0248 ×1.9609 10‒4 6.4675
5 ×1.2929 10‒5 ×8.5517 10‒5

6 ×1.0014 10‒7 12.4675 ×1.6891 10‒6 11.7257

7 ×1.2140 10‒8 ×1.8502 10‒7

8 ×1.2027 10‒9 15.3711 ×2.1180 10‒8 15.2213
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Example 6.4. Consider the following VOCP [19,24]:

∫= ⎛
⎝ − + − + ⎞

⎠

− − = < ⩽

− −
t t t te e t

t e e t θ t

Min x, u x u
1

2
d ,

x 2 u 0, 0 1,

t t t

t

θ tC t t

0

1

2 2 2

0
x

2

�

�

[ ] ( ( ) ) ( ( ) )

( ) ( ) ( )( ) ( )

with the initial condition

=x 0 0.( )

If =θ t 1,( ) then the exact solutions are = −− −
t t t te ex , u , x, u , , 0t t t2

1

2

2

�( ( ) ( ) [ ]) ( ). The approximate values
of x, u�[ ] are listed in Table 9 for =N 6 and different values of θ t( ) and compared to the results reported
in [19]. Also, the obtained approximate values of functional x, u�[ ] are listed in Table 10 for =N 6 and

=θ t 0.85, 0.9, 0.95, 1( ) . The approximate values of tx( ) and tu( ) at the points ⩽ ⩽t i, 0 5,i and the estimated
values of x, u�[ ] are computed and observed in Table 11 for =N 4, 6 and =θ 1. As shown, by increasing the
value of N , the accuracy of the scheme increases as well. The figures of the approximate solutions are plotted
in Figure 6 for =N 6 and =θ t 0.85, 0.9, 0.95, 1( ) . Figure 7 displays exact and approximate solutions for =N 10

and = + = + = +θ t t θ t t θ t t0.75 0.2 sin 10 , 0.75 0.2 sin 30 , 0.75 0.2 sin 50( ) ( ) ( ) ( ) ( ) ( ). The convergence rate is com-
puted by the following formula:

=
∕

∕ −
−

CR
E E

i i

ln

ln 2 2 2
,z

i i2 2 2∣ ( )∣

∣ ( )∣

where Ej is computed by the absolute error calculated for series solution including +j 1 basis functions and
=z tx( ) or tu( ). Convergence rates of obtained solutions are listed in Table 12 for =θ t 1( ) and diverse values

of N .

7 Conclusion

The present paper introduced an operational collocation approach established upon the SCPs to deal with a
category of optimal control problems involving a VODS. As a result, the objective function is replaced by an
algebraic equation, and the VODS is replaced by a system of algebraic equations. By using the Lagrange
multipliers method, the constrained equations derived from joining the objective function to the VODS are
optimized. Using a Chebyshev-weighted Sobolev space, convergence bounds showed that the method error will
be small enough when N is large enough. The obtained results were compared to the exact solutions and the
results reported by the other authors. Tables and figures clearly demonstrate that the proposed method can be
utilized as a reliable and efficient tool for solving variable-order functional equations.
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Appendix

An upper bound can be presented to estimate the error of the operational matrix in Theorem 3.2.
Consider the following error vector:

∫= − =t s s t E t E t E tY PYd , , …, ,

t

N
T

0

0 1�( ) ( ) ( ) [ ( ) ( ) ( )]

where

∫= − =E t s s t j NP Yd , 0, 1,…, ,j

t

j j

0

�( ) ( ) ( )

and Pj is the jth row of the operational matrix P. Let ∫=g t s sd
j

t

j
0

�( ) ( ) . According to the definition of the semi-
norm in the space J

w

ϖ�� ( ), one obtains

∫

∫

∑

∑ ∑

∑ ∑ ∑

∑ ∑ ∑

=

=
+
− +

=
+ +

− + − +

× ⎛
⎝ − + ⎞

⎠ −

=
+ +

− + − +

⎛

⎝

⎜
⎜⎜

+ − +

+ − +
−

+ − +

+ − +

+

⎛
⎝ + − + ⎞

⎠
+ − +

⎞

⎠

⎟
⎟⎟

= =

= +

= + = −

− +

= + = − = −

+ − + + − + + − +

= + = − = −

g t
t

s s

ς
r t

r k

ς ς
r s

r k s k

t t t t t

ς ς

r s

r k s k

r s k

r s k

r s k

r s k

r s k

r s k
j N

d

d
d

Γ 1

Γ 2

Γ 1 Γ 1

Γ 2 Γ 2

4 4 1 d

Γ 1 Γ 1 Γ

Γ 2 Γ 2
4

Γ 2

Γ 2 7
4

Γ 2

Γ 2 6

Γ 2

Γ 2 5
, 0, 1, …, .

j J

k ϖ N

ϖ k

k

t

j

L J

k ϖ N

ϖ

r k

j

r j

r k

L J

k ϖ N

ϖ

r k

j

s k

j

r j s j

r s k r s k r s k

k ϖ N

ϖ

r k

j

s k

j

r j s j

j

ϖ

2

min , 1
0

2

min , 1 1

,

1
2

min , 1 1 1

, ,

0

1

2 2 2

min , 1 1 1

, ,

3

2

11

2

9

2

7

2
2

w

ϖ N

w

w

,

2

2

9

2

7

2

5

2

1

2

�

�

��
∣ ( )∣ ( )

( )

( )

( ) ( )

( ) ( )

( )

( ) ( ) ( )

( ) ( )

( )

( )

( )

( )

( )

( )
{ }

( )

{ } ( )

{ }

{ }

Now, by utilizing Theorem 5.1, one yields the following error bound:

≤ =−
E βN j N, 0, 1,…, .j L J

ϖ
j

w

2 �‖ ‖ ( )

Similarly, a bound for the error of this approximation can be obtained.
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