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1 Introduction and main results

In this article, meromorphic means meromorphic in the complex plane except where explicitly stated otherwise.
We use the basic notations and definitions of Nevanlinna’s value distribution theory as presented in [1-4]:
m(r,f), N(r,f), T(r,f),.... In particular, S(r, f) denotes a function with the property S(r,f) = o(T(r,f)) as

r — o possible outside of an exceptional set E with finite logarithmic measure IEdr/r < o,
Let f be a nonconstant meromorphic function. We define the order of f by

_——1log"T(r,f)
P == e

A meromorphic function a is called a small function of f if it satisfies T(r, a) = S(r, f). Let a be a small
function of f. We define

" 1
. = log N[l", m]
f-a= rll?o logr
If A(f-a) < p(f) for p(f) >0 and N[r, ﬁ = O(logr) for p(f) = 0, then a is called a Borel exceptional
function of f. If a is a constant, then a is called a Borel exceptional value of f. And we define
m[r ! ] N

7 it
Sa.f)=lm— s =t im = o
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6(a, f) is the deficiency of a with respect to f. It is obvious that 0 < §(a, f) < 1.If §(a, f) > 0, then a is called a
deficient function of f. If a is a constant, then a is called a deficient value of f. In this article, deficiency
possible outside of an exceptional set E with finite logarithmic measure.

Let f and g be two meromorphic functions, and let a be a small function of both f and g. We say that f
and g share a CM(IM) if f - a and g — a have the same zeros counting multiplicities (ignoring multiplicities).
Moreover, we denote by N(r, a) the counting function for common zeros of both f- a and g - a with the
same multiplicities and the multiplicity is counted. If

N[r, f} a] + N[r, gi a] = 2N(r,a) = S(r,f) + S(r, 8),

then we call that f and g share a CM almost. Set E(a, f) = {z|[f - a = 0}, where a zero with multiplicity m is
counted m times.

For a nonzero finite complex constant 17, we define the difference operators of f as 4, f(z) = f(z + n) - f(2)
and A,;lf (2) = A,,(A,;“lf (2)), where n > 2 is an integer.

Any polynomial is determined by its zero points except for a non-constant factor, but it is not valid for
transcendental entire or meromorphic functions. Therefore, how to uniquely determine a meromorphic
function is interesting and complex. Thus, the uniqueness of meromorphic function became an important
part of Nevanlinna’s value distribution theory.

In 1926, Nevanlinna [4] proved the following result, which has come to be known as Nevanlinna’s five
values theorem.

Theorem A. Let f and g be two nonconstant meromorphic functions, and let a; (j = 1, 2, 3, 4, 5) be five distinct
values (one may be ). If f and g share a; (j = 1,2, 3,4, 5) IM, then f= g.

It is natural to ask whether or not Nevanlinna’s five values theorem is still valid for small functions. In
2000, Li and Qiao [5] proved:

Theorem B. Let f and g be two nonconstant meromorphic functions, and let a; (j = 1, 2, 3, 4, 5) be five distinct
small functions of both f and g. If f and g share a; (j = 1,2, 3,4, 5) IM, then f= g.

Recently, the uniqueness in difference analogs of meromorphic functions has become a subject of some
interests (see [6-14]). Chen et al. [6], Farissi et al. [10] proved:

Theorem C. [10] Let f be a nonconstant entire function of finite order, let n(#0) be a finite complex constant, and
let a(20) be an entire small function of f satisfying A,a = 0. If f, A, f, and quf share a CM, then f= A, f.

Chen et al. [8] considered what would obtained if the conditions f, 4, f, and Anz f share a CM were replaced
with 4, f and A,%f share a CM in Theorem C and proved:

Theorem D. Let f be a transcendental entire function of finite order with A(f - a) < p(f), where a is an entire
small function of f satisfying p(a) < 1, and let n(#0) be a finite complex constant such that Anz f#0.1If Anz fand A, f

share b CM, where b(z4A,a) is a small function of f satisfying p(b) < 1, then f(z) = a(z) + Be#?, where A and B
are two nonzero constants.
According to the aforementioned theorems, we naturally pose the following problem.

Problem 1. Whether p(a) < 1 and p(b) < 1 can be deleted or not in Theorem D?

In this article, we give a positive answer to Problem 1. Using different methods, we prove the following
result.
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Theorem 1. Let f be a transcendental entire function of finite order with a Borel exceptional entire small function
a, and let n(#0) be a finite complex constant such that A,,Zf 0. If A,?f and A, f share b CM, where b(£4,a) is a

small function of f, then f(z) = a(z) + Be“?, where A and B are two nonzero constants.

Remark 1. If A(f- a) < p(f), then a is a Borel exceptional function of f. Hence, Theorem 1 deletes the
conditions p(a) <1 and p(b) <1 from Theorem D.

Remark 2. If b = A,a, we have proved in [13] that f(z) = a(z) + Be4z where A and B are two nonzero
constants, and a(z) is reduced to a constant a. Naturally, we consider the general case where b is any small
function. Therefore, we need to prove the case of b # 4,a, which is Theorem 1 in this article.

Example 1. Let (20) be a finite complex constant, and let f = a + Be4?, where a, A, and B are the complex
numbers such that e4? = 2. Then, we obtain that a is a Borel exceptional value of f, and Anzf = A, f. Thus, qu
and A, f share b CM, where b(#0) is a constant.

To study the uniqueness of meromorphic functions with its derivatives is a very important problem in the
uniqueness theory. Rubel and Yang [15], Mues and Steinmetz [16], and Gundersen [17] considered about it and
obtained the following result.

Theorem E. Let f be a nonconstant meromorphic (entire) function. If f and f’ share two distinct finite values a
and b CM(IM), then f = f".

Frank and Weifdenborn [18] and Frank and Ohlenroth [19] and Li and Yang [20] considered whether the
aforementioned result is valid or not if f” is changed to f* and improved Theorem E as follows.

Theorem F. Let f be a nonconstant meromorphic (entire) function, and let k be a positive integer. If f and f®
share two distinct finite values a, b CM(IM), then f = f%.

In 2011, Heittokangas et al. [11] started to consider meromorphic functions sharing values with its shifts
and proved:

Theorem G. Let f be a nonconstant entire function of finite order, and let n(#0) be a finite complex constant. If
f(2) and f(z + n) share two distinct finite values a and b IM, then f(z) = f(z + n).

Combining Theorem E with Theorem G, it is natural to consider the uniqueness of the shift or difference
operator of a meromorphic function f with its derivative. In 2020, Qi and Yang [14] proved:

Theorem H. Let f be a nonconstant meromorphic function of finite order, and let a and n be two nonzero finite
complex values. If f(z) and f(z + n) share a CM and satisfy E(0, f(z + 1)) C E(0, f'(z)) and E(e, f'(z)) C
E(e, f(z + ), then f(z) = f(z + n).

Theorem 1. Let f be a nonconstant entire function of finite order, and let a and n be two nonzero finite complex
values. If f(z) and f(z + n) share 0 CM and a IM, then f'(z) = f(z + n).

In 2022, Chen and Huang [9] proved the following results.

Theorem ]. Let fbe a nonconstant meromorphic function of finite order, let a and n be two nonzero finite complex
values, and let k be a positive integer. If f®(z) and f(z + n) share a IM, and satisfy E0, f(z + 1)) CE(0, f®(2))

and E(=, f®)(2)) € E(, f(z + ). IfN[r, %] = SCf), then f®)(2) = f(z + ).
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Theorem K. Let f be a nonconstant meromorphic function of finite order, let a and n be two nonzero finite
complex values, and let k be a positive integer. If f*)(z) and f(z + n) share a CM and satisfy E(0, f(z + n)) C

E(0, f®(2)) and E(, f®)(2)) C E(x, f(z + n)), then f®(2) = f(z + n).
According to the aforementioned theorems, we naturally pose the following problem.

7| = S(r,f) can be deleted or not in Theorem ] or Theorem K is valid or not for

f®(z) and f(z + n) share a IM? And whether Theorems J and K are valid or not for a small function a?

Problem 2. Whether N[r 1

In this article, we give a positive answer to Problem 2 and prove the following result.

Theorem 2. Let f be a nonconstant meromorphic function of finite order, let a(0) be a small function of f, let
1n(*0) be a finite complex constant, and let k be a positive integer. If f®)(z) and f(z + n) share a IM and satisfy

E(0,f(z + ) C E(0,f%(2)) and E(x, f®(2)) C E(x, f(z + ), then f®(2) = f(z + ).

Example 2. Let f = sinz, letn = %, and let k = 5. Then, we have f®(z) = f(z + ) = cosz.

2 Lemmas

In order to prove our results, we need the following lemmas. Lemma 3 is the difference analogs of the
logarithmic derivative lemma (Lemma 8), which played an important role in the development of Nevanlinna’s
value distribution theory of difference. Lemma 9 is the case of small function of Nevanlinna’s second fundamental
theorem. Lemma 10 is the Littlewood inequality, which is often used in discussions related to Miloux inequality.

Lemma 1. [12] Let f be a nonconstant entire function of finite order. If a is a Borel exceptional entire small
function with respect to f, then 6(a, f) = 1.

Lemma 2. [21] Let f and g be two nonconstant meromorphic functions satisfying
6(0,f)=6(,f)=1 and 6(0,8) = 6(», g)=1.
If f and g share 1 CM almost, then either f= g or fg = 1.

Lemma 3. [22-24] Let n(#0) be a finite complex constant, and let f be a nonconstant meromorphic function of
finite order p(f). Then,

fE+m|_ f@) |_
m[r, @ ] =8(r,f), mlr, Fz+ ’1)] =S, f),
and for any € > 0,
fz+n|_ v
m[r, 5 ] = O(rrPU)-1e),

Lemma 4. [7] Let f be a transcendental meromorphic function of finite order with two Borel exceptional values
a, ®, and let n(*0) be a finite complex constant such that A,f # 0. If f and A, f share a, ® CM, then a = 0,

f(z) = e4*B where A(#0) and B are two complex numbers.

Lemma 5. [22] Let n(#0) be a finite complex constant, and let f be a nonconstant meromorphic function of finite
order. Then, we have

— 1 — 1
N(T',f(z + I’])) = N(T',f(Z)) + S(T',f) and N[T‘, m] = N[T‘, %] + S(Y‘,f).
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Lemma 6. [13] Let f be a transcendental meromorphic function of finite order, let a be a small function with
respect to f, and let n(#0) be a finite complex constant such that Ajf# 0, where n is a positive integer.

If8(a,f) =1, 8(o, f) =1, then
M T(r,47f) = T(r,f) + S(r, f),
@) 8(AMa, ANf) = 8(c0, ATf) = 1.

Lemma 7. [13] Let n, ¢, and d be three nonzero finite complex constants, and let f be a meromorphic function of
finite order. If f(z + n) = ¢f(z), then either T(r, f) = dr for sufficiently large r or fis a constant.

Lemma 8. [1,4] Let f be a nonconstant meromorphic function, and let k be a positive integer. Then,

(k)
m[r, f— =S, f).

Lemma 9. [1,4] Let f be a nonconstant meromorphic function, and let a and b be two distinct small functions with
respect to f. Then,

T(r,f)<N(,f) +N[r, f} a] +N[r, f} b] +8(r, f).

Lemma 10. [1,3,4] Let f be a nonconstant meromorphic function, let n > 2 be an integer, and let a;, ay, ..., a, be
distinct small functions with respect to f. Then,

] < m[r, f—lal +~-~+f_1an] +8(r, f).

1], +m[r 1
alt T

o

3 Proof of Theorem 1

First, we assume p(f) > 0. Suppose, on the contrary, that p(f) = 0.
Set F(z) = f(z) - a(z). Since a is a Borel exceptional entire small function of f, we obtain

N[r l] = N|r L
'F ‘f-a
Hence, F has finitely many zeros. Thus, we assume that z, z, ..., z, are zeros of F, where n is a positive integer.
F —

C-2)z-2)..2-2)
¢(z - n)(z - 2)...(z - z,), where ¢ is a nonzero constant, which contradicts with f is a transcendental entire
function. Hence, p(f) > 0.

Obviously, §(e, f) = 1. Since a is a Borel exceptional entire small function of f, by Lemma 1, we
obtain §(a, f) = 1.

It follows from Lemma 6 that

= O(logr).

From p(f) =0, we deduce e", where h is a constant. It follows that F(z) =

SMa, byf) =1, 8(47a,Af) =1, (.1
8(w,4,f)=1, and &(,47f) =1 (3.2)

We claim b # A;a. Otherwise, suppose b = A’a. Since A’f and 4, f share b CM, then by (3.1), (3.2), Lemmas
6 and 9, we have

1
A f - Mja

Nir,

T(r,f)=T(@r, M0 f) + S(r,f) <N(r,4,f) + N|r, +

+S8(r,f)

Ay f-b

<N +S(r, f) < S(r,f),

r,—————
Af-4Ala
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which is a contradiction.
Set

_ Mf-pa

) _Af-Ala
! b-4a

and F = . (3.3)
R b-4Ala

Since Anzf and 4, f share b CM, we deduce that F; and F, share 1 CM almost. By (3.1) and (3.2), we obtain
8(0,F) =1, 6&(0,F) =1, 3.4
8(0,F)) =1, and &(o, F) =1. (3.5)

Hence, by Lemma 2, we have either F; = F, or FiF; = 1.
If F,F, = 1, by (3.3), we obtain

Uy f = 8ya)(Arf - Aya) = (b - Aya)(b - Ala). (3.6)

By (3.6), 8(a, f) = 1, Lemma 3, and Nevanlinna’s first fundamental theorem, we have

1
(f_ a)Z] + S(r:f)

1
=m[r, m]*’S(r,f)

2T(r,f) = T[r,

1 1 A f-Ma
<m|r, S| +mjr, ———
(b - 8ya)(b - Aja) f-a
AZ _AZ
+mr,% +8(r,f) <8, f),

L. . . . Mf-fMga  AM-Ala
which is a contradiction. Thus, we obtain F; = F, i.e, —— = =1

> b-da T b-4la”
It follows
Lf=b b=y 67
Af-b b-AMa’
Since f is a transcendental entire function of finite order, by A,ff and 4, f sharing b CM, we have
A -b
i e, (3.8)
A f-Db
where a is a polynomial with dega < p(f).
It follows from (3.7), (3.8), and F; = F, that
2 2 2
A”f_Aﬂazb_A”azea 3.9)
Af-4a  b-Apa ’
and e“ is a small function of f.
By (3.9), we obtain
Mf = Ara = e%(4,f - Ma). (3.10)

Set
G=4,f-4a.
By (3.10), we have
4,G = e°G.
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Hence, we obtain G and 4,G that share 0 and © CM.
It follows from (3.1) and (3.2) that

6(0,6) =1, 6(0,4,G) =1, 311
8(»,G) =1, and &(»,4,G)=1 (312)
Since &(a, f) = 1 and &(0, f) = 1, by Lemma 6, we obtain
T(r,G)=T(,f)+ S, [). (3.13)
It follows from a is a Borel exceptional function of f and p(f) > 0 that A(f — a) < p(f). Hence, we have

1
-
" f- a] (3.14)
< p(f).

log*N
Tim
roco logr

By Lemma 6 and Nevanlinna’s first fundamental theorem, we obtain

m|r ! <m|r _t +m[r 4A,7(f—a)]
f-a 4@ o f-a f
T(rf—a)—N[r ! <T(r,A,(f - a)) - N|r _ + 8, f)
1) Jf_a_ » &N :Ar](f_a) ) bl
3.15)
1
N|r, ————|< Njr, +T(r,A(f-a) - T(r,f-a)+S(,f)
) ) T 0= -0 e
< N|r L +8(r,f)
< "Fa ).
By Lemma 3, set € = % and we have
S(r’f) < MrP(f)'%’ (3.16)
where M is a positive complex constant.
It follows from (3.14) that
1 PN+ -0)
Nlr, —|<r =z . 3.17)
-a
Combining (3.16) with (3.17), we obtain
1
N[r, = ay +8(r,f) < (1 + M)r, (3.18)
where M; = max[p(f) - %, W’
It follows from (3.15) and (3.18) that
" 1
log'N [r’ a(f- a)] _log(+ Myt log(1 + M)
logr B logr - logr
Hence, we obtain
+ l + 1
. log* N|r, G] . log N[r, -0 (319)
lim = lim < M < p(f).

r-o  logr oo logr
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From (3.13) and (3.19), we deduce that 0 is a Borel exceptional value of G.
By Lemma 4, we have G(z) = e4**51, where A(#0) and B; are two constants, i.e.,

[f(z+n)-az+n)]-[f2) - a(z)] = eB, (320
By Hadamard’s factorization theorem, we obtain
f(2) - a(z) = p(2)er®, (3.21)

where f is an entire function such that p(f) = A(f) < p(f), and p is a nonconstant polynomial with
degp = p(f). It follows

T(r,B) = S(r, eP). (3.22)
By (3.20) and (3.21), we have
B(z + n)erEn — B(z)eP@ = gAz+By, (3.23)

In the following sections, we consider two cases.
Case 1. degp > 2. By (3.23), we obtain

%ez](w)) _ %em) -1 (3.24)

Obviously, T(r, e4#*B1) = §(r, eP). Tt follows from (3.22), (3.24), and Nevanlinna’s second fundamental
theorem that

T(r,eP)< T[r, el’] + S(r, eP)

eAZ+B1
<N| B Pl + N| 1 N| 1 B p
_Nr,me +Nl”,ﬁ—p +Nr,ﬁ +Sr,me
eAz+Ble eAz+Ble + 1

< 8(r, eP),

which is a contradiction.

Case 2. degp = 1. Set p(z) = mz + n, where m(#0) and n are two complex numbers. Next, we consider two
subcases.

Case 2.1. A # m. Thus, by (3.23), we have

af(z + n)em 4z + ¢B(z)eMm4)2 = 1, (3.25)

where ¢ = e™*B1 ¢, = —en By,
Obviously, T(r, B) = S(r, e™m=42), It follows from (3.25) and Lemma 9 that

T(r, eMm=42) < T(r, gfe™4?) + S(r, eMm-4)7)

1] + S(r, ofe™m A7) < §(r, em-4)2),

_ —| 1 e
(m-A) - —
S N(r, gfe™ ) + N[r’ Czﬂe(m—A)Z] ' N[r’ opemA7 —

which is a contradiction.
Case 2.2. A = m. Thus, by (3.23), we obtain

aB(z +n) +op(2) =1, (3.26)

where ¢ = e™*""Bi gnd ¢, = —e" B,
Now, we consider two subcases.
Case 2.2.1. ¢ + ¢, = 0. Hence,

emq+n—31 _ en—Bl - en—Bl(emq _ 1) =0.

It follows e™1 = 1.
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By Lemma 7 and p(f) < p(f) = 1, we deduce

z
B(z)= —+a,
na
where ¢ is a constant.

Hence, f(z) = a(z) + [i + cg]e’"”". Then, by e™ = 1, we have

z+ z
A f=Ma+ [ h — + 03]63”‘“"
na

na

Z 1 Z

=ha+|—+ g+ g™ - |— + ggfe™ N
na 6] na

1
— __pmz+n
=4a+ o e

1

and

1
Ar?f =N, f) = An[Aqa + geml”’]
- AZa + lem(z+q)+n _ lemz+n

1 a a

=Ala + lemzmemr] - lemzm
K G G

— A2

= A,7 a,

which is a contradiction.
Case 2.2.2.¢q + o # 0.
By Lemma 7 and p(f) < p(f) = 1, we deduce

B(2) = c,
where ¢ is a nonzero constant. It follows f(z) = a(z) + ce™*". Therefore, we have
f(@) = a(z) + Be%,

where A and B are two nonzero constants.
This completes the proof of Theorem 1.

4 Proof of Theorem 2

Set

f®(z)
fGz+n)

0(z) =

It follows from Lemmas 3 and 8 that

m(r, ¢) = S(r,f).

-_ 9

4.1

4.2)

By E(0,f(z + 1)) C E(0, f®(2)), E(, f®)(2)) C E(x, f(z + 1)), and (4.1), we deduce that ¢ is an entire

function. Thus, by (4.2), we have
T(r, @) = m(r, ) = S(r,f).
By (4.1), we obtain
f®O@) = @) (z + ).

4.3)

(4.4)
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We claim ¢ = 1. Suppose, on the contrary, that ¢ # 1. Then, we have

r;=ﬁr;<Nr ! + S, f)
T f®(2) - a2) “fe+m-a@) | ek -1 ’ (4.5)

<T(r, @) + S(r,f) < S(r, ).

It follows from (4.4) and (4.5) that

— 1 - 1
o6 - co(z)a(z)y ) N[r’ farm-a@) S =SED 48

Since E(o, f®)(z)) C E(e, f(z + 1)), by Lemma 5, we obtain

It follows

N(@, f®@) <N, f(z + n),
N(r,f) + kN(r,f)< N(r,f) + S(r. f).

N, f) =S, f). %))

Now, we consider two cases.
Case 1. a(z) 2 a®(z - n). Set

fO@)  a®z-n) a2
A(fO) = | f&D(Z) a®D(z - ) a(z) |.
f&*D(z) a®D(z - ) a’(z)

Next, we consider two subcases.
Case 1.1. A(f®) # 0. Then by (4.7), Lemmas 8 and 10, and Nevanlinna’s first fundamental theorem, we have

m[r,

IA

IA

IN

IA

IA

IA

IN

f@) -az-n

1

1
f(k)(z) - a(k)(z - r]) 1 1
m|r, f(Z) -a(z - r)) ] + m[r, f(k)(z) — a(k)(z _ '7)] + m[r, m] + S(r,f)
1 1
P0G - doE - T fOG) - a@) S, f)
A(SY) AS©) Y,
O -ad®z -0 fP@ -az)) ™

myr

+8(r.f)

1
r
T A(F®
F) 49

A(f<k>>] St

m(r, A(f®)) + N(r, A(f®)) - N [

T(r, A(f)) - N [

s

m(r,f®(2)) + N(r, f©(2)) + 2N (r, f(2)) - N[r +S8(r.f)

1
TA(FY)

S, f).

T(r,f®(2)) - N[ A(f(k))]

By (4.8) and Nevanlinna’s first fundamental theorem, we obtain

T(r,f) < Nj|r S(r, ). (4.9)

1 1
T -az-m N [r’ @ -a@) N [ A(f““)]
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From the properties of the determinant, we have

[f(2) - az-mI® a®z-n) a2)

Af®)=| /@) - az = DIFD @Dz ~n) (@)

[f(2) - a(z - P]**2 a®D(z - n) a’(z)
fO@) -az) a®z-n a2

= [f®@) - a@)] a**Dz-n) a(2)|.

[fP@) - a@)]” a*2(z-n) a’(z)

(4.10)

By (4.10), we know that if z; is a zero point of f(z) - a(z - n) with multiplicity [k + 3), then zy must be a
zero point of A(f®)) with multiplicity I - (k + 2). Similarly, if z; is a zero point of f®(z) - a(z) with multi-
plicity I(=3), then z, must be a zero point of A(f®) with multiplicity [ - 2.

It follows from (4.5), (4.9), (4.10), and Lemma 5 that

— 1 — 1
T(r,f)<(k+ Z)N[r, m] + ZN[T, ml +8(r,f)

<(k+ z)N[r +8(r,f) < S(r. f),

1
“f+ - a(z)]

which is a contradiction.
Case 1.2. A(f®) = 0. Then, we have 4,(f®) # 0, where

f(k)(z) a(k)(z -
Al(f(k)) = f(k+1)(z) a(k+1)(z _ I]) ‘ .
By A(f®) = 0, we deduce that
f®@2) a(2)
(k) =
Al(f ) ¢ f(k+1)(Z) a’(z) 5

where ¢ is a nonzero constant.
It follows from (4.7), Lemmas 8 and 10, and Nevanlinna’s first fundamental theorem that

< mpr, f(l;((g - ZEI;)(_Z ’;)'1)] * m[r’ £ (z) - :(ll(k)(z - q)l ¥ m[r’ f(k)(z)l— a(z)] +S.f)
< e e 7 ) S
< mr. f(k)(z)A i”;fi?iz - f("’A(lz()f - )c)z(z> ’ m[r’ Al(jl’“‘»y * D

(4.11)

IA

T(r, 44(f%) - N[" ] +8(r.f)

_ 1
T 8 (fR)

IN

m(r, 41(f ) + N(r, 4 (f0)) - Nlr, m] + 8. f)

IN

m(r, f®@) + N(r, f©(2)) + N(r, f(2)) - N[T, m] +S(r.f)

IA

+ 8@, f).

1
T(l",f(k)(l)) - N[r, W]
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By (4.11) and Nevanlinna’s first fundamental theorem, we obtain

T(r,f)<N

1 1
"o -az-m) | 9@ - a@)

From the properties of the determinant, we have

/@) -az-mI® a®C-n|_ | fP2-a@ a@)
/@ - az - I 0%z - )|~ | [fO@ - a@) @@

By (4.13), we know that if z; is a zero point of f(z) — a(z - n) with multiplicity [(=k + 2), then z, must be a

+N[

1
- Nlr, W] + 8@, f). (4.12)

. (4.13)

M(f®) = ‘

zero point of A;(f®) with multiplicity I - (k + 1). Similarly, if z, is a zero point of f®(z) - a(z) with multi-
plicity [(=2), then zy must be a zero point of 4;(f®) with multiplicity [ - 1.

It follows from (4.5), (4.12), (4.13), and Lemma 5 that

T(r,f)<(k+ DN +S(r.f)

1 — 1
[r’ 7@ - az - n)] *N ['"’ 0 @) - a(z)]

<(k+ 1)N[r +8(r,f) < S(r,f),

1
“fz+n) - a(z)

which is a contradiction.

Case 2. a(z) = a®(z - n). Then, by ¢(z) # 1, we have ¢(z)a(z) £ a®(z - p). Set
f®O@) a®z-n e@a)

A(fO) = | fED(z) a®D(z - ) (p@2)a(2)) |.
f&D(@) a®d(z-n) (p(2)a(2))”

Next, using the same argument as used in Case 1, we obtain T(r, f) < S(r, f), which is a contradiction.

Thus, ¢(z) = 1. Therefore, Theorem 2 is proved.

Acknowledgements: The authors thank the anonymous referee for his careful reading of the article and
giving many valuable suggestions.

Funding information: This work was supported by the National Natural Science Foundation of China (Grant
Nos 12171127 and 12371074).

Author contributions: All authors have accepted responsibility for the entire content of this manuscript and
approved its submission.

Conflict of interest: The authors state no conflict of interest.

Ethical approval: The conducted research is not related to either human or animals use.

Data availability statement: Data sharing is not applicable to this article as no datasets were generated or
analyzed during the current study.

References

[
[2
B3]

W. K. Hayman, Meromorphic Functions, Clarendon Press, Oxford, 1964.
1. Laine, Nevanlinna Theory and Complex Differential Equations, De Gruyter, Berlin, 1993.
C. C. Yang and H. X. Yi, Uniqueness Theory of Meromorphic Functions, Kluwer Academic Publishers Group, Dordrecht, 2003.



DE GRUYTER derivatives-differences and small functions == 13

[4]
[5]
[6]

71
[8]

[9]

[10]
1]
2]
(3]
[14]
[15]
[16]
(7
[18]
[19]
[20]

[21]
[22]

[23]

[24]

[25]

[26]

[27]

L. Yang, Value Distribution Theory, Springer-Verlag, Berlin, 1993.

Y. H. Li and J. Y. Qiao, The uniqueness of meromorphic functions concerning small functions, Sci. China Ser. A 43 (2000), 581-590.
B. Q. Chen, Z. X. Chen, and S. Li, Uniqueness theorems on entire functions and their difference operators or shifts, Abstr. Appl. Anal. 2012
(2012), no. 1, 906893, DOL: https://doi.org/10.1155/2012/906893.

C. X. Chen and Z. X. Chen, Uniqueness of meromorphic functions and their differences, Acta Math. Sinica (Chin. Ser.) 59 (2016), 821-834.
C. X. Chen, R. R. Zhang, Z. B. Huang, and S. Land, Uniqueness problems on difference operators of meromorphic functions, Sci. Asia 46
(2020), 361-367, DOI: https://doi.org/10.2306/scienceasial513-1874.2020.045.

W. J. Chen and Z. G. Huang, Uniqueness of meromorphic functions concerning their derivatives and shifts with partially shared values, ).
Contemp. Math. Anal. 57 (2022), no. 4, 232-241, DOI: https://doi.org/10.3103/51068362322040033.

A. E. Farissi, Z. Latreuch, and A. Asiri, On the uniqueness theory of entire functions and their difference operators, Complex Anal. Oper.
Theory 10 (2016), 1317-1327, DOL: https://doi.org/10.1007/511785-015-0514-3.

J. Heittokangas, R. Korhonen, L. Laine, and J. Rieppo, Uniqueness of meromorphic functions sharing values with their shifts, Complex
Var. Elliptic Equ. 56 (2011), 81-92, DOL: https://doi.org/10.1080/17476930903394770.

X. H. Huang and D. Liu, Uniqueness of entire functions that share small function with their difference polynomials, Pure Math. 9 (2019),
362-369.

Z.Y. He, J. B. Xiao, and M. L. Fang, Unicity of meromorphic functions concerning differences and small functions, Open Math. 20 (2022),
447-459, DOL: https://doi.org/10.1515/math-2022-0033.

X. G. Qi and L. Z. Yang, Uniqueness of meromorphic functions concerning their shifts and derivatives, Comput. Methods Funct. Theory 20
(2020), 159-178, DOLI: https://doi.org/10.1007/s40315-020-00304-1.

L. A. Rubel and C. C. Yang, Values shared by an entire function and its derivative, Complex Analysis, Lecture Notes in Mathematics,
Springer, Berlin vol. 599, 1977, pp. 101-103.

E. Mues and N. Steinmetz, Meromorphic Funktionen, die mit ihrer Ableitung Werte teilen, Manuscripta Math. 29 (1979), 195-206.

G. G. Gundersen, Meromorphic functions that share two finite values with their derivative, Pacific J. Math. 105 (1983), 299-309.

G. Frank and G. WeiRenborn, Meromorphic functions that share finite values with one of their derivatives, Complex Variables Theory
Appl. 7 (1986), 33-43.

G. Frank and W. Ohlenroth, Meromorphic functions which share values with one of their derivatives, Complex Variables Theory Appl. 6
(1986), 23-37.

P. Liand C. C. Yang, When an entire function and its linear differential polynomial share two values, Illinois J. Math. 44 (2000), 349-362,
DOLI: https://doi.org/10.1215/ijm/1255984845.

M. L. Fang, Uniqueness of meromorphic functions connected with differential polynomials, Adv. Math. (China) 24 (1995), 244-249.

Y. M. Chiang and S. ). Feng, On the Nevanlinna characteristic of f(z + n) and difference equations in the complex plan, Ramanujan J. 16
(2008), 105-129.

R. G. Halburd and R. J. Korhonen, Difference analogue of the lemma on the logarithmic derivative with applications to difference
equations, ). Math. Anal. Appl. 314 (2006), 477-487, DOI: https://doi.org/10.1016/j.jmaa.2005.04.010.

R. G. Halburd, R. J. Korhonen, and K. Tohge, Holomorphic curves with shift-invariant hyperplane preimages, Trans. Amer. Math. Soc.
366 (2014), 4267-4298, DOL: https://doi.org/10.1090/S0002-9947-2014-05949-7.

G. Jank, E. Mues, and L. Volkmann, Meromorphic functions which share a finite value with their first and second derivative, Complex Var.
Theory Appl. 6 (1986), 51-71.

Y. M. Chiang and S. ). Feng, On the growth of logarithmic differences, difference quotients and logarithmic derivatives of meromorphic
functions, Trans. Amer. Math. Soc. 361 (2009), 3767-3791, DOI: https://doi.org/10.1090/50002-9947-09-04663-7.

R. G. Halburd and R. J. Korhonen, Nevanlinna theory for the difference operator, Ann. Acad. Sci. Fenn. Math. 31 (2006), 463-478.


https://doi.org/10.1155/2012/906893
https://doi.org/10.2306/scienceasia1513-1874.2020.045
https://doi.org/10.3103/S1068362322040033
https://doi.org/10.1007/s11785-015-0514-3
https://doi.org/10.1080/17476930903394770
https://doi.org/10.1515/math-2022-0033
https://doi.org/10.1007/s40315-020-00304-1
https://doi.org/10.1215/ijm/1255984845
https://doi.org/10.1016/j.jmaa.2005.04.010
https://doi.org/10.1090/S0002-9947-2014-05949-7
https://doi.org/10.1090/S0002-9947-09-04663-7

	1 Introduction and main results
	2 Lemmas
	3 Proof of Theorem 1
	4 Proof of Theorem 2
	Acknowledgements
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /CreateJDFFile false
  /SyntheticBoldness 1.000000
  /Description <<
    /POL (Versita Adobe Distiller Settings for Adobe Acrobat v6)
    /ENU (Versita Adobe Distiller Settings for Adobe Acrobat v6)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


