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Abstract: In this article, based on the real representation and Kronecker product, Cramer’s rule for a class of
coupled Sylvester commutative quaternion matrix equations is studied and its expression is obtained. The
proposed algorithm is very simple and convenient because it only involves real operations. Some numerical
examples are provided to illustrate the feasibility of the proposed algorithm.
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1 Introduction

Quaternion, first proposed byWilliam Rowan Hamilton in 1843, is an associative and noncommutative division
algebra. Nowadays, quaternions are not only a part of contemporary mathematics, but also widely and
massively used in computer graphics, control theory, quantum physics, signal and color image processing,
and so on [1–6].

Many people have studied Cramer’s rule for matrix equation over quaternion skew-field: Song and Yu
mainly studied Cramer’s rule for general solutions of two classes of constrained quaternion matrix equations
[7]; Kyrchei studied explicit determinantal representation formulas of solutions (analogs of Cramer’s rule) to
the quaternion two-sided generalized Sylvester matrix equation [8]; Rehman et al. studied Cramer’s rule for
the generalized Sylvester quaternion matrix equation with some constrictions [9]; Kyrchei studied Cramer’s
rule for right and left quaternionic systems of linear equations [10]. Using the theory of column determinant
and row determinant, Song et al. established the determinant representation of generalized inverse over the
quaternion skew field [11].

However, Serge first studied the problem of commutative quaternion algebra in 1892, that is, the problem
of quaternion whose multiplication satisfies the commutativity, opening up a new field of quaternion research
[12]. But this set of commutative quaternion contains zero-divisor and isotropic elements [13,14]. Some results
are obtained in the study of commutative quaternion algebras. For example, Catoni et al. elaborated detailedly
on commutative quaternion [15]; Catoni et al. classified commutative quaternion into elliptic, parabolic,
hyperbolic, and special types [16]; Ren et al. studied three real representations of a generalized Segre qua-
ternion matrix [17]; Chen and Wang studied some practical necessary and sufficient conditions for the exis-
tence of an η-(anti-)Hermitian solution to a constrained Sylvester-type generalized commutative quaternion
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matrix equation [18]; Kösal derived the expressions of the minimal norm least-squares solution for the
reduced biquaternion matrix equation =AX B and the Moore-Penrose generalized inverse [19]; Euler and
De Moivre’s formulas for fundamental matrices of commutative quaternion are obtained in [20]; Eren and
Kösal developed a general method to solve the general linear elliptic quaternionic matrix equations in [21].

While there are few existing studies on the commutative quaternion matrix equation of Cramer’s rule,
so this study investigates it.

In this study, we consider the coupled Sylvester commutative quaternion matrix equations

⎧⎨⎩
+ =
+ =

A XB C YD E

A XB C YD E

,

,

1 1 1 1 1

2 2 2 2 2

(1.1)

where Ai, Bi, Ci, Di, and � ( ) ( )∈ =×
α iE 1, 2i c

n n are the given commutative quaternion matrices, � ( )∈ ×
αX c

n n

and � ( )∈ ×
αY c

n n are unknown commutative quaternion matrices. Inspired by the aforementioned work,
and keeping the wide application of commutative quaternion matrix, we consider Cramer’s rule to solve
the unique solution of coupled Sylvester commutative quaternion matrix equations (1.1).

The remained of this article is organized as follows. In Section 2, we recall some preliminary results with
regard to the commutative quaternion matrix. In Section 3, based on the real representation of commutative
quaternion matrix, the properties of Kronecker product, and the vec operator, we can convert the matrix
equations (1.1) into the corresponding the real matrix equation, and then, the unique solution as well as the
expression is established. In Section 4, we provide a numerical algorithm for computing the unique solution
of the commutative quaternion matrix equations (1.1). And some numerical examples are presented to verify
the feasibility of our proposed algorithm. Finally, we give some conclusions in Section 5.

2 Preliminaries

In this section, we recall some preliminary results that will be used in the following discussion. First, we
introduce the definition of commutative quaternion.

Definition 2.1. [16] A commutative quaternion � ( )∈ αq c is expressed as

= + + +q q q qq i j k,
0 1 2 3

where �∈q q q q, , ,
0 1 2 3

, and three imaginary units i j k, , satisfy the following multiplication rules.

1 i j k

i α k αj

j k 1 i

k αj i α

In particular, according to the value of �∈α , the commutative quaternion is named as follows:
(1) when <α 0, it is called elliptic quaternion, in particular canonical if = −α 1 (reduced biquaternions);
(2) when =α 0, it is called parabolic quaternion;
(3) when >α 0, it is called hyperbolic quaternion, in particular canonical, if =α 1.

We remark that three imaginary units i, j, and k satisfy

= = = = = = = = =α αi k j ij ji k ik ki j jk kj i, 1, , , .

2 2 2
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According to Definition 2.1, let � ( )= + + + ∈p p p p αp i j k c
0 1 2 3

and � ( )= + + + ∈q q q q αq i j k c
0 1 2 3

.
The multiplication pq is

( )( )

( ) ( )

( ) ( )

( )( )

= + + + + + +
= + + + + + + +

+ + + + + + + +
= + + + + + + =

p p p p q q q q

p q αp q p q αp q p q p q p q p q

p q αp q p q αp q p q p q p q p q

q q q q p p p p

pq i j k i j k

i

j k

i j k i j k qp.

0 1 2 3 0 1 2 3

0 0 1 1 2 2 3 3 0 1 1 0 2 3 3 2

0 2 1 3 2 0 3 1 0 3 1 2 2 1 3 0

0 1 2 3 0 1 2 3

This shows that the commutative quaternion satisfies the commutative property, that is, =pq qp in general
for � ( )∈ αp q, c .

The commutative quaternion skew-field � ( )αc is clearly an algebra of rank four over the real number
field � . The symbols � ×m n and � ( )×

αc
m n stand for the set of all ×m n real matrices and the set of all ×m n

commutative quaternion matrices, respectively.

Definition 2.2. [22] A commutative quaternion matrix � ( )∈ ×
αA c

m n is expressed as

= + + +A A A AA i j k,
0 1 2 3

where �∈ ×A A A A, , ,

m n
0 1 2 3

.
For the commutative quaternion matrix � ( )∈ ×

αA c
m n , the symbols AT and A† stand for the transpose

and Moore-Penrose generalized inverse of A, respectively.

We obtain the following definitions of the norm of the commutative quaternion and commutative qua-
ternion matrix.

Definition 2.3. [16] Let � ( )= + + + ∈a a a a αa i j k c0 1 2 3
, and the norm of commutative quaternion is defined as

∥ ∥ [( ) ( ) ][( ) ( ) ]= + − + − − −a a α a a a a α a aa .
0 2

2

1 3

2

0 2

2

1 3

2

Definition 2.4. [23] For any given �( )= ∈ ×A aij
m n, and the Frobenius norm of A is defined as

∥ ∥ ∣ ∣∑ ∑=
⎛

⎝
⎜

⎞

⎠
⎟

= =
A a .

i

m

j

n

ij

1 1

2

1

2

Definition 2.5. [24] Let � ( )= + + + ∈ ×
A A A A αA i j k c

m n
0 1 2 3

, where �∈ ×A A A A, , ,

m n
0 1 2 3

, and the Frobenius
norm of the commutative quaternion matrix A is defined as

∥ ∥ ∥ ∥ ∥ ∥ ∥ ∥ ∥ ∥= + + +A A A AA .
0

2

1

2

2

2

3

2

We now turn to recall the real representation of commutative quaternion and commutative quaternion
matrix.

Definition 2.6. [22] For any commutative quaternion � ( )= + + + ∈q q q q αq i j k c
0 1 2 3

, its real representation
is defined as

�=

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

∈ ×

q αq q αq

q q q q

q αq q αq

q q q q

ϒ .q

0 1 2 3

1 0 3 2

2 3 0 1

3 2 1 0

4 4
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For any commutative quaternion matrix � ( )= + + + ∈ ×
A A A A αA i j k c

m n
0 1 2 3

, its real representation matrix
is defined as

�=

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

∈ ×

A αA A αA

A A A A

A αA A αA

A A A A

ϒ .

m n
A

0 1 2 3

1 0 3 2

2 3 0 1

3 2 1 0

4 4

The definition of real representation establishes a homomorphic relationship between commutative
quaternion and its real representation. Thus, mappings →f q: ϒ

q q and →f A: ϒ
A A are isomorphic mappings

of rings � ( )αc to � ×4 4 and rings � ( )×
αc

m n to � ×m n4 4 , respectively. In addition, mappings →−
f q: ϒq

ϒ

1

q

and →−
f A: ϒA

ϒ

1

A

are their inverse mapping.
Denote the first independent column blocks of ϒA by

=

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

A

A

A

A

ϒ .

c
A

0

1

2

3

Next, we investigate some properties for ϒ

c
A, which will be used in the sequel.

Lemma 2.1. [22] Let � �( ) ( )∈ ∈× ×
α αA B C, ,c

m n
c
n p , and �∈t . Then, we have

(1) = ⇔ = ⇔ =A B ϒ ϒ ϒ ϒ ;

c c
A B A B

(2) = ++ϒ ϒ ϒA B A B, = tϒ ϒtA A, =ϒ ϒ ϒ ;AC A C

(3) = ++ϒ ϒ ϒ

c c c
A B A B, = tϒ ϒt

c c
A A, =ϒ ϒ ϒ ;

c c
AC A C

(4) ∥ ∥ ∥ ∥=A ϒ

c
A .

Next, we give the definition of the Kronecker product of the commutative quaternion matrix.

Definition 2.7. For any two matrices �( ) ( )= ∈ ×
αA aij c

m n and � ( )∈ ×
αB c

p q , the Kronecker product of A and B

is defined as

� ( )⊗ ≔

⎡

⎣

⎢
⎢
⎢

⋯
⋯

⋮ ⋮ ⋮
⋯

⎤

⎦

⎥
⎥
⎥

∈ ×
αA B

a B a B a B

a B a B a B

a B a B a B

.

n

n

m m mn

c
mp nq

11 12 1

21 22 2

1 2

Definition 2.8. Let �[ ] ( )= ∈ ×
αA a a a, , …, n c

m n
1 2

with ai being the ith column of A. Define the operator vec as

�( ) [ ] ( )= ∈ αA a a avec , , …, .

T T
n
T T

c
mn

1 2

Lemma 2.2. [22] Let � ( )∈ ×
αA c

m p , � ( )∈ ×
αB c

p q , � ( )∈ ×
αC c

q n . Then,

( ) ( ) ( )= ⊗ABC C A Bvec vec .

T

Next, we review adjoint matrix over the real number field � .

Definition 2.9. [25] Let �∈ ×A n n, the algebraic cofactor Aij of each element aij in the determinant ( )Adet ,
which forms the transpose of matrix ( )Aij , and then, ( )Aij

T is defined as the adjoint matrix of the matrix
A and denoted by A*. The expression is as follows:

=

⎡

⎣

⎢
⎢
⎢

⋯
⋯

⋮ ⋮ ⋮
⋯

⎤

⎦

⎥
⎥
⎥

A

A A A

A A A

A A A

* .

n

n

n n nn

11 21 1

12 22 2

1 2

Finally, we give the definition of the zero divisor of the commutative quaternion ring.
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Definition 2.10. Let � ( )≠ ∈ αp0 c ; if � ( )≠ ∈ αq0 c such that =pq 0 or =qp 0, p is defined to be the zero
divisor of the commutative quaternion ring.

Obviously, the zero divisor does not have an inverse. For example, it is obvious that p does not have
an inverse while =p i.

3 Cramer’s rule for matrix equations (1.1)

In this section, we first transform the quaternion matrix equations into the corresponding real matrix equa-
tion using the real representation of commutative quaternion matrix. Then, we obtain the expression of
Cramer’s rule for the coupled Sylvester commutative quaternion matrix equations (1.1). Meanwhile, another
method to solve the matrix equations (1.1) is used as a comparison.

Lemma 3.1. [25] (Cramer’s rule) For a system of linear equations of n variables over the real number field
as follows:

⎧

⎨
⎪

⎩
⎪

+ + + =
+ + + =

+ + + =

a x a x a x b

a x a x a x b

a x a x a x b

… ,

… ,

………

… .

n n

n n

n n nn n n

11 1 12 2 1 1

21 1 22 2 2 2

1 1 2 2

(3.1)

If the determinant of the coefficients of a system of linear equations is not equal to zero, i.e.,

=

⋯
⋯

⋮ ⋮ ⋮
⋯

≠D

a a a

a a a

a a a

0.

n

n

n n nn

11 12 1

21 22 2

1 2

Then, the system of equations (3.1) has a unique solution, and the solution can be expressed as

= = =x
D

D
x

D

D
x

D

D
, ,…, ,n

n

1

1

2

2

where ( )=D j n1, 2, …,j is the determinant of order n obtained by replacing the elements in the jth column
of the coefficient determinant D with the constant term at the right end of the system of equations, i.e.,

( )=
⋯ ⋯

⋮ ⋮ ⋮ ⋮ ⋮
⋯ ⋯

=
− +

− +

D

a a b a a

a a b a a

j n1, 2, …, .j

j j n

n n j n n j nn

11 1, 1 1 1, 1 1

1 , 1 , 1

Lemma 3.2. [23] The linear system of equations =Ax b with �∈ ×A m n and �∈b m has a unique solution �∈x n

if and only if =AA b b.

† When the equations =Ax b are compatible, the general solution can be represented as

( )= + −x A b I A A y,

† †

where �∈y n is an arbitrary vector. The linear system of equations =Ax b has a unique solution if and only if
( ) =A nrank . In this case, the unique solution is =x A b† .

Lemma 3.3. [25] Let �∈ ×A n n,matrix A is invertible if and only if its determinant ( ) ≠Adet 0, and when matrix A
is invertible, we have

( )
=−A

A
A

1

det

*,

1

where A* is the adjoint matrix of A.
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Remark 3.1. Lemma 3.3 not only gives the condition of square matrix invertibility, but also gives the method
of inverting matrix −A 1 by adjoint matrix.

Theorem 3.1. For coupled Sylvester commutative quaternion matrix equations (1.1), the coefficient matrix
�∈ ×K n n8 8

2 2

is invertible and −
f

K

1 is not a zero divisor. Then, for any �∈c n8

2

, the system has a unique solution,
and the solution is

( ) ( ) ( ) ( )
= = = =+

x
K

K
x

K

K
y

K

K
y

K

Kdet

,…,

det

,

det

,…,

det

,n

n n

n

n

1

1

4

4

1

4 1

4

8

2

2 2

2

2

(3.2)

where =
⎡

⎣⎢
⎤

⎦⎥
⊗ ⊗

⊗ ⊗
K

ϒ ϒ

ϒ ϒ

B A D C

B A D C

T T

T T

1 1 1 1

2 2 2 2

,
( )

( )

=
⎡

⎣⎢
⎤

⎦⎥
c

ϒ

ϒ

c

c

E

E

vec

vec

1

2

, ( )=K j n1, 2, …,8j
2 is the determinant of order n8

2 obtained by replacing

the elements in the jth column of the coefficient determinant ( )Kdet with the constant term at the right end of
the system of equations.

Here, the unique solutions = + + + = + + +X X X X Y Y Y YX i j k Y i j k,
0 1 2 3 0 1 2 3

are corresponding to

( )

( )

( )

( )

( )

( )

( )

( )

( ) ( )=

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

=

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

X

X

X

X

Y

Y

Y

Y

ϒ

vec

vec

vec

vec

, ϒ

vec

vec

vec

vec

,

c c
X Yvec

0

1

2

3

vec

0

1

2

3

(3.3)

where ( ) [ ] ( ) [ ]( ) ( )= =+ + + +X x x Y y yvec , …, , vec , …,t tn t n
T

t tn t n
T

1 1 1 1

2 2 2 2 , for =t 0, 1, 2, 3.

Proof. For � �( ) ( )= + + + ∈ = + + + ∈× ×
X X X X α Y Y Y Y αX i j k Y i j k,c

n n
c
n n

0 1 2 3 0 1 2 3
, according to Definition 2.8,

we have

( ) ( )

( ) ( )

⎧
⎨
⎩

+ =
+ =

A XB C YD E

A XB C YD E

vec vec ,

vec vec .

1 1 1 1 1

2 2 2 2 2

According to Lemma 2.2, we have

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

⎧
⎨
⎩

⊗ + ⊗ =
⊗ + ⊗ =

B A X D C Y E

B A X D C Y E

vec vec vec ,

vec vec vec .

T T

T T

1 1 1 1 1

2 2 2 2 2

According to Lemma 2.1, we have

( ) ( ) ( )

( ) ( ) ( )

⎧
⎨
⎩

+ =
+ =

⊗ ⊗

⊗ ⊗

ϒ ϒ ϒ ϒ ϒ ,

ϒ ϒ ϒ ϒ ϒ .

c c c

c c c

B A X D C Y E

B A X D C Y E

vec vec vec

vec vec vec

T T

T T

1 1 1 1 1

2 2 2 2 2

The system of equations can be equivalently expressed as follows:

( )

( )

( )

( )

≔
⎡

⎣⎢
⎤

⎦⎥
⎡

⎣⎢
⎤

⎦⎥
=

⎡

⎣⎢
⎤

⎦⎥
≔

⊗ ⊗

⊗ ⊗
Kz c

ϒ ϒ

ϒ ϒ

ϒ

ϒ

ϒ

ϒ

,

c

c

c

c

B A D C

B A D C

X

Y

E

E

vec

vec

vec

vec

T T

T T

1 1 1 1

2 2 2 2

1

2

(3.4)

where

� � �∈ ∈ ∈×K z c, , and .

n n n n8 8 8 8

2 2 2 2

According to Definition 2.10 and Lemma 3.1, the determinant of the coefficients of a system of linear
equations (3.4) is not equal to zero, i.e., ( ) ≠Kdet 0 and −

f
K

1 is not a zero divisor. Then, the system of equations
(3.4) has a unique solution, and the solution can be expressed as

( ) ( ) ( ) ( )
= = = =+

x
K

K
x

K

K
y

K

K
y

K

Kdet

,…,

det

,

det

,…,

det

,n

n n

n

n

1

1

4

4

1

4 1

4

8

2

2 2

2

2
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where ( )=K j n1, 2, …,8j
2 is the determinant of order n8

2 obtained by replacing the element in the jth column
of the coefficient determinant ( )Kdet with the constant term at the right end of the system of equations. For the
convenience of the following description, we denote  ( )=x ϒ

c
Xvec

and  ( )=y ϒ

c
Yvec
, and the unique solutions

[ ]X Y, are corresponding to

 

( )

( )

( )

( )

( )

( )

( )

( )

( ) ( )= =

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

= =

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

x

X

X

X

X

y

Y

Y

Y

Y

ϒ

vec

vec

vec

vec

, ϒ

vec

vec

vec

vec

,

c c
X Yvec

0

1

2

3

vec

0

1

2

3

where ( ) [ ] ( ) [ ]( ) ( )= =+ + + +X x x Y y yvec , …, , vec , …,t tn t n
T

t tn t n
T

1 1 1 1

2 2 2 2 , for =t 0, 1, 2, 3. The proof is complete. □

Theorem 3.1 can prove the existence of the unique solution for the commutative quaternion matrix
equations (1.1). The expression of the unique solution when the matrix equations (1.1) are consistent can
also be obtained.

Corollary 3.1. If the coupled commutative quaternion matrix equations (1.1) have a unique solution, if and only if
the quaternion matrix K is a invertible matrix and −

f
K

1 is not a zero divisor. The solution is = −z K c1 , where z K, ,
and c are all defined as in (3.4), and the corresponding primitive equations

⎧
⎨
⎩

+ =
+ =

A XB C YD O

A XB C YD O

,

.

1 1 1 1

2 2 2 2

Only the zero solution = =X Y O, where O is the zero matrix of order n.

Remark 3.2. Corollary 3.1 can be obtained by a proof method similar to Theorem 3.1.

Corollary 3.2. For coupled Sylvester commutative quaternion matrix equations (1.1), the coefficient matrix
�∈ ×K n n8 8

2 2

is invertible and −
f

K

1 is not a zero divisor. Then, for any �∈c n8

2

, the solution is = −z K c1 , where

z, K , and c are all defined as in (3.4). Therefore, the matrix equations (1.1) have a solution �∈z n8

2

if and only if

( )− =KK I c 0.n
†

8

2 (3.5)

If (3.5) holds, the solution set of the matrix equations (1.1) can be represented as


� [ ]∣ ( )=

⎧
⎨
⎩

⎡
⎣⎢

⎤
⎦⎥

= + −
⎫
⎬
⎭

x

y
K c I K K yX Y, ,n

†

8

†

2 (3.6)

where �∈y n8

2

is an arbitrary vector. Moreover, the matrix equations (1.1) have unique solution [ ]′ ′X Y,

if and only if

( ) =K nrank 8 ,

2

and the unique solution [ ]′ ′X Y, satisfies


⎡

⎣⎢
′
′
⎤
⎦⎥

=
x

y
K c.

† (3.7)

Proof. According to the proof of Theorem 3.1, Lemma 3.2, and the definition of Moore-Penrose generalized
inverse, we have

 
  ∥ ∥ ∥( ) ∥

⎡
⎣⎢

⎤
⎦⎥

− = ⎡
⎣⎢

⎤
⎦⎥

− = − = −K
x

y
c KK K

x

y
c KK c c KK I c .n

† † †

8

2
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Thus, the matrix equations (1.1) have the solution [ ]X Y, if and only if ‖ ‖+ − =AXB CYD E 0, i.e.,

( )− =KK I c 0.n
†

8

2

On the other hand, if condition (3.5) is established, the solution [ ]X Y, of the matrix equations (1.1) satisfies




⎡
⎣⎢

⎤
⎦⎥

=K
x

y
c,

which has the least-squares solution


 �( )

⎡
⎣⎢

⎤
⎦⎥

= + − ∀ ∈
x

y
K c I K K y y, .n

n†

8

† 8

2

2 (3.8)

The proof is complete. □

Corollary 3.3. For coupled Sylvester commutative quaternion matrix equations (1.1), the coefficient matrix
�∈ ×K n n8 8

2 2

is invertible and −
f

K

1 is not a zero divisor. For any �∈c n8

2

, the solution is = −z K c1 , where z,
K, and c are all defined as in (3.4). Then, matrix equations (1.1) have a solution

( )
=z

K
K c

1

det

* .

Remark 3.3. According to Theorem 2.9 and Lemma 3.5, the proof of Corollary 3.5 is obviously easy to obtain.
Corollary 3.5 gives another method to solve equations (1.1).

4 Algorithms and numerical experiments

In this section, based on the discussions in Section 3, we propose the corresponding algorithm.

Algorithm 4.1. Step 1. Input �∈α , � ( )∈ ×
αAi c

n n , � ( )∈ ×
αBi c

n n , � ( )∈ ×
αCi c

n n , � ( )∈ ×
αDi c

n n and � ( )∈ ×
αEi c

n n ,
output ⊗ ⊗ϒ , ϒB A D Ci

T
i i

T
i
and ( )( ) =iϒ 1, 2

c
Evec i

by the definition of the real representation of commutative quater-
nion matrix, Kronecker product, and the vec operator.

Step 2. Input K , output ( )Kdet and ( )=K j n1, 2, …,8j
2 by definition of determinant over the real number

field and Cramer’s rule.
Step 3. According to (3.2) and (3.3), calculate the unique solution [ ]X Y, of matrix equations (1.1).

Now, we give some numerical examples to prove the feasibility of Algorithm 4.1.

Example 1. Let =n 4, and we take

=

⎡

⎣

⎢
⎢
⎢

− ⎤

⎦

⎥
⎥
⎥

=

⎡

⎣

⎢
⎢
⎢

− − ⎤

⎦

⎥
⎥
⎥

=

⎡

⎣

⎢
⎢
⎢

−
−

−

⎤

⎦

⎥
⎥
⎥

=

⎡

⎣

⎢
⎢
⎢

−
− −

−

⎤

⎦

⎥
⎥
⎥

=

⎡

⎣

⎢
⎢
⎢

− ⎤

⎦

⎥
⎥
⎥

=

⎡

⎣

⎢
⎢
⎢

− ⎤

⎦

⎥
⎥
⎥

=

⎡

⎣

⎢
⎢
⎢

−
−

⎤

⎦

⎥
⎥
⎥

=

⎡

⎣

⎢
⎢
⎢

−
−
−

⎤

⎦

⎥
⎥
⎥

A

i j

i k j

j

k

A

i j

j k

i

k

B

i j

k

i j

i

B

i j

j

k

i

C

i j

i k j

k j

k

C

j i j

j k

j i

k

D

j j

i j

i j

i

D

i j

j

k j

k

1 0

2 3

1 2 3

4 1 0

,

1 3 4

2 1 0

4 4 5

1 0 1

,

1 2 3 4

5 1 0

0 1

4 1 10

,

4 5 3 1

0 3 2 4

1 0 1

1 2 4

,

7 1

2 3

1 3

4 1 10

,

1 5

2 1 0

4 4 5

3 5 1

,

1 3 3 4

5 1

0 1

4 0 6

,

4 2 3 1

2 2 1

1 3

1 2 8

.

1 2 1 2

1 2 1 2
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Let

 � �( ) ( )=

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

∈ =

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

∈× ×
α αX

i j k

j k k

k k j

k j i

Y

i j k

i j k

j k i

k i j

1

1

1

1

,

2 3

3 4

4 5

4 5

,c c
4 4 4 4

then we set







⎧
⎨
⎩

= +
= +

E A XB C YD

E A XB C YD

,

.

1 1 1 1 1

2 2 2 2 2

Method 1. (Cramer’s rule)
Using MATLAB and Algorithm 4.1, we obtain the unique solution [ ]X Y,

1 1
and the errors are as follows:

(1) when = −α 1, ∥[ ] [ ]∥= − = × −ε X Y X Y, , 3.2713 10 .
1 1

13

(2) when =α 0, ∥[ ] [ ]∥= − = × −ε X Y X Y, , 8.0428 10 .
1 1

13

(3) when =α 1, ∥[ ] [ ]∥= − = × −ε X Y X Y, , 1.5320 10 .
1 1

12

It is clear that no matter what the value of α is, the errors are very small. This shows the effectiveness
of Algorithm 4.1.
Method 2. (Adjoint matrix method)

According to Lemma 3.3 and using MATLAB, we obtain the unique solution [ ]X Y,
2 2

and the errors are
as follows:
(1) when = −α 1, ∥[ ] [ ]∥= − = × −ε X Y X Y, , 2.8116 10 .

2 2

13

(2) when =α 0, ∥[ ] [ ]∥= − = × −ε X Y X Y, , 1.4843 10 .
2 2

12

(3) when =α 1, ∥[ ] [ ]∥= − = × −ε X Y X Y, , 2.0554 10 .
2 2

12

Obviously, no matter what the value of α is, the errors also are very small, which show the effectiveness
of adjoint matrix method. This gives another way to solve matrix equations (1.1) and also shows the feasibility
of Algorithm 4.1.

Example 2. Consider the coupled Sylvester commutative quaternion matrix equations

⎧⎨⎩
+ =
+ =

A XB C YD E

A XB C YD E

,

,

1 1 1 1 1

2 2 2 2 2

where Ai, Bi, Ci, Di, and � ( )∈ ×
αEi c

n n , =i 1, 2, and they have the following forms:

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

= + + +
= + + +
= + + +
= + + +

n n n n n n n n

n n n n n n n n

n n n n n n n n

n n n n n n n n

A i j k

B i j k

C i j k

D i j k

rand , rand , rand , rand , ,

rand , rand , rand , rand , ,

rand , rand , rand , rand , ,

rand , rand , rand , rand , .

i

i

i

i

Let

   

     �

�

( )

( )

= + + + ∈
= + + + ∈

×

×

X X X X α

Y Y Y Y α

X i j k

Y i j k

,

,

c
n n

c
n n

0 1 2 3

0 1 2 3

which are arbitrary both commutative quaternion matrices. Then, we set







⎧
⎨
⎩

= +
= +

E A XB C YD

E A XB C YD

,

.

1 1 1 1 1

2 2 2 2 2
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In this case, the commutative quaternion matrix equations (1.1) have the unique solutions
� �[ ] ( ) ( )∈ ×× ×

α αX Y, c
n n

c
n n .

By Algorithm 4.1, we compute [ ]X Y, and

( ) (‖[ ] [ ]‖)= −l X Y X YError log , , .
10

The relation between the dimension l and ( )lError is shown in Figure 1.
From Figure 1, it can see that ( )lError is very small. This confirms that the difference between the

numerical solution and the exact solution is tiny. Therefore, our proposed algorithm is feasible.

5 Conclusions

Based on the real representation of commutative quaternion matrix, we transform the coupled Sylvester
commutative quaternion matrix equations (1.1) into the corresponding real matrix equation. Then, we derive
the expression of Cramer’s rule for the coupled Sylvester commutative quaternion matrix equations (1.1). The
expression we obtain is represented by real matrices only, and the algorithm only involves real operations,
which greatly reduces the computational complexity. The last examples show that the proposed algorithm is
feasible and convenient to solve the coupled Sylvester commutative quaternion matrix equations (1.1) using
Cramer’s rule.

Acknowledgement: The authors thank the reviewers for their constructive remarks on their work.

1 2 3 4 5 6 7 8 9
The dimension l

-15

-13

-11

E
rr

or
(1

)

 = -1

1 2 3 4 5 6 7 8 9
The dimension l

-12

-10

-8

E
rr

or
(1

)

 = 0

1 2 3 4 5 6 7 8 9
The dimension l

-14

-12

-10

E
rr

or
(1

)

 = 1

Figure 1: ( )lError with =α ‒1, 0, 1.
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