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Abstract: In this article, we will demonstrate some Hardy’s inequalities by utilizing Hélder inequality, inte-
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1 Introduction

In 1920, Hardy [1] proved that
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for a positive sequence w(A) for all A > 1, s > 1, and (s/(s — 1))° is the best constant we can obtain.
In 1925, Hardy [2] proved the integral inequality
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where ¢ is an integrable positive function over (0, ) and g° is convergent and integrable on (0, ) such that
(s/(s — 1))’ is the best constant we can obtain.
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In 1927, Copson [3] proved that if I:(q(y)/y)dy converges for n > 0, then
I ICI(V) ay
0\n y

In 1928, Hardy [4] generalized inequality (2) and deduced that if s > 1, g is an integrable and positive function
on (0, n) such that g° is integrable and convergent over (0, ), then
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The constants (s/(w - 1))° and (s/(1 - w))® in (4) and (5) are the best constant we can obtain.

In 1964, Levinson [5] used Jensen’s inequality that proved in [6] to obtain an extension of Hardy’s
inequality (2) as follows.

Lets > 1, fl(r]) > 0,v(n) > 0 such that n > 0, ¢(u) be a positive convex real-valued function for u € (0, »),

d(n) = I: v(y)dy and exists a constant £ > 0 such that
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In 1976, Copson [7] proved that if

Yy Y
YO) = [vipdn and w(y) = [vuepan,

0 0
then
v kK ovw)
0 i) wk(y)dy < [h — 1] -!Yh-k(y) uk(y)dy, ®)
forh > 1, k21 and if P(y) = f:v(q)u(n)dq, then
(YO o o)
0 T (V)IP (ydy < [ = h] {Yh‘k(y) uk(y)dy, 9

for0<h<1land k=1
In 1999, Yang and Hwang [8] extended Levinson inequality (7) and showed that, if

n n
w() = [y and o) = [vo)r(dy,
0 0

where the functions v(n), 7(), and fl(q) are nonnegative, and there is £ > 0 be a constant such that
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forn>0 and s>1,



DE GRUYTER Hardy’s inequalities on conformable calculus =—— 3

then

{v(n)[%g an s»ss{v(n)h (). (10)

Recently, many authors have made generalizations of fractional inequalities by using the conformable
calculus like Chebyshev’s inequality [9], Hermite-Hadamard’s inequality [10-13], Opial’s inequality [14-16],
and Hardy’s inequality [17-19].

In our article, we will deduce some fractional Hardy’s inequalities by using integration by parts, Jensen’s
inequality, Hélder’s inequality, and chain rule.

The article is divided into to three sections, the first section includes fundamentals of fractional calculus,
the second section includes our main results and the third section includes an application of Hardy’s inequality
in conformable fractional calculus.

2 Preliminaries and basic lemmas
This section includes definitions and lemmas, which are fundamentals of conformable fractional calculus [20,21].

Definition 1. The conformable fractional derivative of order a for a function 6 : [0, ©) — R is defined by

1-ay _
D) = lim Ovrev®-0W) L4 and ae (1] (1)
r

&

If lim,_.¢+*0(v) exists and 6 is a-differentiable on (0, a) for a > 0, then we can define D,0(0) = lim,_¢D,0(v).
Definition 2. The conformable fractional integral of order a for a function 0 : [0, ) — R is defined by

19(v) = Ie(y)day = Iy“‘le(y)dy, for a € (0,1]. (12)

The following gives the fundamentals of a-derivative of functions.

Theorem 1. Assume that 6 and Q are a-differentiable, then for a € (0, 1], we obtain
(1) Foralla,b € R, we have

Dy(ab + bQ)(v) = aD,0(v) + bD,Q(V). 13)

(2) The product rule
D,(0Q)(v) = 6D, Q(v) + QD,0(v). (14)

(3) The quotient rule

6 _ QD0(v) - 6D,(v)
Da[ Q](v) = & . (15)
(4) For a function 0, we have
de

= pl-a— 16
DOW) =v ™ (16)

(5) Ifs €ER, then Dy(vs) = svs79.
(6) IfO(v) = ¢ be a constant function, then D,0(v) = 0.

Lemma 1. (Chain rule) Let Q be a-differentiable with respect to v and 0 be differentiable with respect to Q. Then
DB(QV)) = Q7 (W)-(DaO)(R(V)) DoQ(V). an
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Lemma 2. (Integration by parts) Let 8 and Q be a-differentiable with respect to v on [0, ). Then

J@abnew)dw = 602w - [00m)DQMV)da. as)
0 0

Lemma 3. (Hoélder inequality) Let 0 < a <1 and 6, Q : [0, ] —» R. Then

l

1
o 2

[towyrday (19)
0

[1o)ew)lda < [lewyFda|,
0 0

for%+1=1and)l>1.

&

Lemma 4. (Jensen’s inequality) Let Q@ € C([w, €], R) be convex, w, € €R, a € [0, ), he C([a, »), (w, £)),
and z € C([a, ©),R) such that IZ|k(y)| = j:|k(v)|dav = f:v“‘l|k(v)|dv > 0. Then

Q[I;nk(y)m(y)]] AL o0

I k() I k()

3 Main results

In this section, we will establish some formula of Yang and Hwang’s and Pachpatte’s inequalities, then we will
prove some of Copson’s and Hardy’s inequalities from our results.

Theorem 2. Let v, 7, h be nonnegative functions, T be an increasing function on [0, ©) and 1 < § < s. Define

a a

¥(0) = [voymh(p)dy and @) = [vyr(day. @1
0 0

Let there is a positive constant K with

D,t(0)®(c) s

V(0)7(0) = X for g € [0, «). 22)
Then
( v(0) S soo s=6 S
{cpg(a)wo)daaﬂ{@ (OO (0)do. @)
Proof. By using integration by parts (18) on the term
Vo)
{qﬁ(a)“' (0)do,
. WS(a) v(0)7(0)
with Q(o) = ) and D,0(g) = “e%0) then
(V) o o [YO@)T(0)[¥5(0)
I 230 © (@0 ‘.[ %(a) | 7(0)
0 0 . 24)
. wi(0)
[9( o {( 9(0))Da[ o) [t
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Since 6(a) = - :vg;;;;>aay, W(0) = 0, and () = 0, we obtain

v(o)
) 0%(0)

PS(a)
7(0)

WS(0)d,0 = I( 0(0))D, d,0.

Since D,®(ag) = v(o)t(0g) > 0, then by using chain rule (17), we obtain

D,®'7%(0) = @* X(0) (D@ 5(0))(®(0))- D,P(0)
= 0% I(g)-(1 - §)®1"6-%(q)- D,&(0)
=—(6 - )P %(0)D,P(0)
==(8 - Dv(0)1(0)P%(0),

which can be written as follows:
-1
v(0)t(0)d (o) = mDadﬂ“s(o).
Therefore,

vTy)
-6(o) = J o5()

-1 ( 1-8 I S
doy = 6_1£Da<1> Vdey = 5—7970).

By combining (25) and (27), we have

G . ¥(0)
!’@5(0)‘1’(0)%0 _[cpl 5o )D[ o) [0

By using the quotient rule (15), we obtain

¥$(o)
4 (o)

By using the chain rule (17) once more, we obtain

_ 17(0)D,¥%(0) - ¥(0)D,7(0)
B (0) '

D, ¥5(0) = sUSYo)¥* Y g)D,¥(0) = s Y0)D,¥(0).
As D,¥(0) = v(0)t(0)h(0) = 0, then
D¥%(0) = sv(0)t(0)h(0)¥*1(0).
According to (29) and (31), we find

Ws(0)| _ sv(0)tX(0)h(c)¥5 (o) _ W(0)D,1(0)
“ 7(0) | 72(0) 7%(0)
_ S sy - £0)DaT(0)
= sv(o)h(o)¥s o) 0)
From (28) and (32), we obtain
(@) o . . 1 [ W(0)D.1(0)
f iy P —jcbl (VRO - 5 [y
Therefore,
(V@ o , YD), .-
'0[ 207" (0)[8 e sjcpl 5(aW(0)h(0)FsYa)d,0.

d,o

(25)

(26)

27

(28)

(29)

(30)

(3D

(32)

(33)
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By using (22) and Holder’s inequality (19) with indices A = s/(s — 1) and € = s, we see that

{ ;58) W(0)d,0 = KJO-V(G)€I>1‘5(0)ﬁ(0)‘P3‘1(0)da0

- Kﬂv%l(a)qn’“i’”(o)ws-l(o)][cb‘“?”(a)qnl-&(a)ﬁ(o)v%(a)]dao
0

<K J’v(o)cp-é(o)tPS(o)dao I®3‘5(a)ﬁs(o)v(o)dao :
0 0

Hence,
( v(0) S s00 s- hS
_(I:(I)g(o_)lp (G)dac <K ‘O[CD 6(0’)h (O')V(O')da()'.

Corollary 1. In Theorem 2, if 7(g) = 1, then we obtain
]3 V(o)

2 2°(0)

YS(g)d,0o <

5 - 1]SJ ©*-(0)h’(0)V(0)da0
0

which is Copson’s inequality of Theorem 3 in [22]. Also, if a = 1 and V(o) = 1, then we obtain

— jos-ﬁ(o)ﬁs(o)do,
0 0

P 1 S
J’FIPS(G)dos 5

which is inequality of Hardy-Littlewood in Theorem 330 in [23] such that ®(«) < © and § > 1.

Corollary 2. In Theorem 2, if a = 1, then we obtain

T v(o)

[ oy 0o < ngms‘é(a)ﬁs(o)v(a)do,

which is inequality (7) due to Levinson, where

T(0)®(0) _ s
5—1+W—K, for >0

and

¥(0) = [vrih(dy and @(0) = [v(yyydy.
0 0
Remark. In (34), if § = s > 1, then we have the inequality (10).

Remark. In (34), if 7(o) = 1, then we have inequality of Copson (8).

Remark. In (34), if v(g) = 7(0) = 1, then we have inequality of Hardy (4).

Remark. In (34), if v(g) = 7(0) = 1 and &§ = s, then we have the classical inequality of Hardy (2).

Theorem 3. Let 0 < § <1, s > 1, 7(0) be an increasing function on [0, »), and
00 g

¥(0) = [vyymhp)dy and @) = [vyr(day.

g 0

DE GRUYTER

(34

(35)
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There is a positive constant K with

_ Dyt(0)®(0)

s
1= v(0)72(0) K

for o € [0, »).
Then

o

{ qrg(ao)) ¥(0)deo < K° ,0[ @590 )v(0)h"(0)d,0.

Proof. By using integration by parts (18) on the term

V(o) s
{ 200y V00,
such that 6(g) = T(G) ) and D .R(0) = vgx;g;;r)’ then
v(0) s v(a)1(0)| ¥¥(a)
I (g ¢ O I 2(0) | 7(0)
[9( )—’ j@( |- (")]
Since () = [; ”gj;(:(j)das, W(w) = 0 and Q(0) = 0, we obtain
V(o) s ¥5(o)
JO' 300 (0)e0 = jg(o) D~y [l

As D,®(0) = v(o)t(0) > 0, using the chain rule (17), we obtain

D,@'%(0) = (0 (D@ (0))(@(0)) D(0)
= @4 Y(g)(1 - §)D15-%g) D,D(0)
=(1 - 8§)Vv(0)T(0)d (o),

which can be written as follows:

v(0)T(0)d (o) = ﬁDadﬂ“s(a).

Therefore,
_ Gv(s)r(s) _ 1 f 1-8 _ 1 s
Q(0) { o) S5 6{1)0,@ ()es = T-50(0).
By combining (39) and (41), we have
[v© s wi(o)
{ 2000y V(00 = 7 jcp (@)D o1 |0

By using the quotient rule (15), we obtain

¥s(o)

_ —1(0)D,¥¥(0) + ¥¥(0)D,7(0)
A 7o) | '

(0)

By using the chain rule (17) once more, we obtain

-D,¥%(0) = -s¥5%o)¥* Y 0)D,¥(0) = -s¥*Yo)D,¥(0).

(36)

(37)

(38)

(39)

(40)

(41

(42)

(43)
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Since D,¥(0) = -v(0)7(0)h(0) < 0, then
-D,¥%(0) = sv(a)7(0)h(0)¥S Y 0).

By combining (43) and (44), we find

[¥@)] sv(0)Tt40)h(0)¥s Y o) . Ys(g)D,7(0)
A 7o) | 72(0) 72(0)
. a1 WS(a)Da1(0)
=sv(o)h(o)¥S o) + W

From (42) and (45), we obtain

T v(o)
2 ©°(0)

) s .. . . ‘PS(U)DaT(O')
YS(g)d,o = mjo'q’l 5(o)v(0)h(0)¥* Y (0)do + 6I1D5 1(0)‘[2(0)
Then

(20 |1 - 5 - 2ODat(@)
{ q:ﬁ(a)lp(")[l S oo

By employing (36) and Hélder’s inequality (19) with indices A = s/(s — 1) and € = s, we see that

4,0 = sI@l‘5(o)v(a)ﬁ(o)1ps‘1(o)daa.
0

T V(o)

2 2%(0) (o) =K I v(0)01%(0)h(0)¥*(0)d0

-Kﬂvs(o)cp ; (o)ws-l(a)][qf“‘!” l(a)]dao

s-1
s s

00

<K Iv(0)®‘5(0)‘P3(0)dao
0

o

I@s“s(a)ﬁs(a)v(a)dao .
0

Hence,
WS(0)d,0 < K3jv(a)ﬁs(a)cps-6(o)dao.
0

]: v(o)
2 °(0)

Corollary 3. In Theorem 3, if (o) = 1, then we obtain

J v(g)

[y VoHar =l jv(c;)h (@F5(0)es,

which is Copson’s inequality of Theorem 4 in [22].

Corollary 4. In Theorem 3, if a = 1, then we obtain inequality of Copson (9), where

T(0)®(0) _ s -
=8 oo “x 0

and
0o a

¥(0) = [vrh(dy and  @(0) = [v(yyry)dy.

g 0

(44)

(45)

(46)

47

(48)
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Theorem 4. Let s > 1, f(w) be a positive nondecreasing convex function such that w > 0,

g a

00) = [v)dar, W) = [vrhday
0 0
G A
@) = [v)f hy)dy and (o) = @EU;

0
Then

[

_[v( )fs[ e )] ° 1_0[v(a)f(ﬁ(o))®s-1(o)daas [sf

Proof. By using (49), we can write

V(0)f (h(0)) = Dy(8(0)P(0)) = ®(0)D,8(0) + O(0)D,P(0).

Then, we obtain

W(0)8%(0) - =7 V(0)f((6))8* (o)

Y(0)6%(0) - =6 (@) ®(@)D8(0) + B@)D(0)]

V(@) () - . 0% (0)P(0)D,0(0) - . -O%(0)D,2(0)

W(@)0*(0) - . -0 (0)H(@)D,O(0) - . TAQLG

- LO%(0)V(0) - 0% (0)P(0)D6(0).

By using the quotient rule (15), we obtain
A(o) CI)(O')DaA(O') - A(0)D,®(a)
®(0) ®%(0)

_ 2(0W(0)f (h(0)) - A@)v(0)
?%(0)

DO(0) = D,

_ v(0)
 @%o0)

Fh@) [virday - [v)F iy ey,
0 0

Since f is nondecreasing function, then

a

[vw)r ey < i) [vyday.
0

0
Therefore, D,0(g) > 0. According to chain rule (17), we obtain

D,0%(0) = s65%(5)0*(0)D,08(0) = s65"Y(0)D,0(0),
which can be written as follows:

1
05 (0)D,0(0) = EDaGS(o).
By combining (52) and (54), we obtain

U(0)8%(0) = —=7Y(0)f ((0)6*(0)

- i 193(0)\/(0) - s—iltb(o)Da(E)s(o)

- —LD,(@(0)6"(0).

| Jrordiondo
0

(49)

(50)

(D

(52)

(53)

(549)

(35)
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By integrating both sides of (55) from 0 to z, we have

z V4

[v@es@)do - —
0 § 0

Therefore,

V4

Iv(a)@s(o)daa < .
0

- Iv(o)f(ﬁw))@s-l(o)dao

Iv H(0)0° @V (0)f (R(0))deo.

By using (49) and inequality of Holder (19) with indices A = s/(s — 1) and € = s, we obtain

s-1
z S

Iv(a)(&)s(a)dao << .
0

V4

- _[v(a)G)S(a)dao
0

z

0

Hence,

© (Ao)
I o

a0 =[] Juordienio
0

By using Jensen’s inequality (20) with replace Q by f and k by v, we obtain

{2 _ Jovwhtyday| vy ondy _ )
() vody | [vody 20
By substituting (57) into (56), we find
j OF |l j @29 40 <[] [utoritonaes
0

By assuming that z — o, then we have

jv( )fS[ o )] <[sf1]s£v(a)fs(ﬁ(o))daa.

Corollary 5. In Theorem 4, if f(w) = w, then we obtain

frofzoes 4 oo
0

If a = 1, then we obtain

©
S

— Iv(a)ﬁs(o)do,
0

where

®0) = [vddy and o) = [vieay,
0

0

which is an extension of Hardy’s inequality.

1Iv(a)f(ﬁ(a))®s‘1(o)daa = —S—flcp(o)@sw) <0.

Gl

[y iondaol| .

DE GRUYTER

(56)

(57)

(58)

(59)
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Theorem 5. Let s > 1, f(w) be a positive convex nonincreasing function such that w > 0,

<Y ©

®(0) = [v)day,  ¥(o) = [vh)day,

A@) = [V i)y and () = %
Then
P s Y(o) S h h s- S | s(h
{ e [%]"ao = ﬁ{"(o)f(h(o))G (@)oo < [s - 1] {V(G)f ke

Proof. From (60), we can write

V(0)f (h(0)) = ~Da(0(0)®(0))
=-(0(0)D,®(0) + ®(0)D,0(0))
=-(-v(0)6(0) + ®(0)D,6(0))
=v(0)0(0) - ®(0)D,0(0).

Then, we obtain

Y(0)8%(0) = =¥ (0)f ((0)6*'(0)

= v(0)6%0) - ¢ f 183‘1(0)[V(0)®(0) - ®(0)D,0(0)]
= V(0)0%(0) - - . L0 (0)V(@)8(0) + . -0 (0)2(0)D,6(0)
= V(0)8%(0) - 6 (OM(0) + =6 H(@)ODO(0)

N

- - V0Ee) +

s-1

05 (0)®(0)D,0(0).

According to the quotient rule (15), we obtain

_ Ao) | ®(0)D,A(0) - A(0)D,D(0)
D,0(c) = D, o0)| o)
_ ®(a)(-v(o)f (h(0))) = A(0)(-v(0))
(o)
_~v(9@)

= 90 f(h(o))lv(y)day - {v(y)f(h(y))day _

Since f is nonincreasing function, then

<Y

[V iy nday < fio) [vy)day.

a
Therefore, D,0(a) < 0. Using chain rule (17), we obtain
D,0%(0) = s65°%(0)0* (0)D,0(0) = s651(0)D,0(0),

which can be written as follows:

05 (0)D0(0) = %Daes(o).

(60)

(61)

(62)

(63)

(64)

(65)
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By combining (63) and (65), we obtain

¥(0)8%(0) = —= W) ((0)6'(0)

! ®(0)D,0%(a)

1 S
‘EV(G)@) (o) + p—

1
s-1
(O (0)D(0) + D)D)

(-v(0)8%(a) + ®(0)D,0%(0))

1 S
- Dd®(0)80)).

By integrating both sides of (66) from 0 to z, we have

z

[v@)es@)dqo - ﬁ [V denesiordo
0 0

! o = L o(B%(2) - D015
= 51 2@0(D) = 7 (2(2)0%(2) - (0)6°(0))

@(0)

< —=
s-1

(©%(2) - ©%(0)) < 0,

where D,0(ag) < 0. Therefore,
z z

jv(a)@S(o)daa < jv(o)f(ﬁ(o))@s-l(o)dao
0 0

N

Ts-1 [vi (@0 i) thond.o.
0

Assume that z — o, then we have

© 0

Jv@e0)d0 < = [v@)rtienes oo
0 0
Ts-1 [v¥@e oW oy )i,

0

By using (60) and inequality of Holder (19) with indices A = s/(s — 1) and € = s, we obtain

s-1 1
o S s

Iv(c)@s(o)daa <
0

©

jv(o)@sw)daa
0

<]

[voyrs(handao

0

s-1

Hence,
K Ao) ) [ s Jsm .
-7 < |— S
'!'v(a)[cp (G)] Ao < | =2 ‘O[V(o)f (h(0))do.
By using Jensen’s inequality (20) with replacing @ by f and k by v, we see that

[y oDy _ A@)
[vpdy 20

[vh()day
[voday

¥(o)
®(0)

<

f

DE GRUYTER

(66)

(67)

(68)
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By substituting (68) into (67), we obtain
j( )fS[(D( )]da _I< ) Pt

Corollary 6. In Theorem 5, if a = 1, then we obtain the following Pachpatte’s inequality:

(0)
oo )

[—] Iv(o)fS(h(a))daa O

jv( o )] [—] Iv(o)fs(h(o))do

where

© ©

o0) = [vidy and (o) = [vpidy.

g

4 Application

First, fractional integral versions of Hardy inequalities in [24], and their new generalizations will be obtained
in this section, which is considered as basic items for our main results of higher integrability.

Theorem 6. Let w € R, A : [0, ©) — R be a differentiable convex function and @ : [0, w] » R be a nonnegative
nonincreasing function. Then, we obtain the following inequality:

(69)

0) + [ K(p@(p)@(p)dap < M [@(p)dap].
0 0

Proof. Let p € [0, w], where ® is nonincreasing function. Then p®(p) < _[: ®(y)dgy. By using the definition

Qp) = Ig) ®(y)dsy, we have D,Q(p) = ®(p) = 0, which leads to Q, which is an increasing function. Since
A is convex function, then we obtain that

X(p2(p))D(p) < X D(p) = N(Q(p))D(p). (70)

p
Jowday
0

By utilizing chain rule (17), we obtain

Do(A(Q(p))) = (DaA(Q(PQ(P))) L% (P): Da(p) = K(Ap))Da(p),

then
Da(A(R(p))) = X(R(p))DR(p) = K(Q(p)D(p), (71)
where Q be an increasing function. From (70) and (71), we find
X(p@(p))@(p) < DuA(Q(p)). (72)

By integrating the inequality (72) from 0 to w, we obtain

JX(p2(0)2(p)dap < [Dub(@(p))ep = MQ(W)) - AQ(D) = AQ(W)) - AO) =
0 0

Corollary 7. In Theorem 6, if A(v) = vS with s > 1, then we obtain
S

[ordap) . (73)
0

Ips—lq)s(p)dap < %
0
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Remark. By utilizing inequality of Hélder (19) on the right-hand side of (73) with indices A = (s - 1)/s
and € = 1/s, we obtain that

w 1 w (s-1)/s ) 1/s]8
Ips‘lcbs(p)dap S5 Idap _[ch(p)dap
0 0 0
w sl
1
= {Jd| o)
0 0
wa s-1 w
- | = S,
; ] [eordep.

0

Remark. In (73), if we replace ® by p¢~?® such that & < a < 1, then we obtain

w S

Jp(f—a+1)s—lcps(p)dap < 1
S
0

w

Jpreatprdap) - 79
0

Remark. In (74), if we replace @ by @k and put s = ¢/k 21, £ =1/s <1 such that k < ¢, where k, ¢ € R",
then we obtain

k
2

w w
[otaootoap| <oty 73)
0 0

In the following, we aim to obtain an important formula of Hardy’s inequality, which is an extension of (2).
First, we define a nonnegative function y : [0, T] » R and G is defined as follows:

P
1 .
6p) = [y ywiday, tor y € [0, 71 76)
0

Lemma 5. Let p € [0, T] and y : [0, T] > R be a nonnegative nonincreasing function. Then

G(p) < y(p).

Proof. Since y is nonincreasing, then we obtain
1] 17
GPp)= [y oyday < > [y oyo)day
0 0

1 PN
= —y(p)fyl‘“day = —y(p)fdy = y(p)- O
p 0 p 0

Now, we will prove that G is an nonincreasing function using the definition of y.

Lemma 6. If y : [0, T] — R is a nonnegative nonincreasing function, then G is also nonincreasing.
Proof. According to the quotient rule (15), we obtain

pDa[prl‘“y(y)day] - [prl‘“y(y)day]Dap
02

DyG(p) =
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p
P¥y(p) - pl‘“fo yY®)dey
- p
p
Py(p) = o [ Yy ey
) p

, pE[0,T]

By using Lemma 5, we obtain

p
PDG(p) = py(p) - p [y oy (y)day
0

= p"Yy(p) - G(p)) < 0, for p € [0, T]. =

Now, we will obtain a new generalization for inequality of Hardy on conformable fractional calculus
which is an extension of (2). To prove this, we will use the following algebraic inequality:

Q+0)y=205+sQ19, wheres>1 or s<0, (77)
which is considered as a variation of the Bernoulli inequality, and it is well defined forallQ + 8 > 0 and Q = 0,
ifs>1,orforQ+0>0andQ > 0,ifs < 0. The equality in (77) satisfied if 6 = 0 only.
Theorem 7. Let w €R,0<a <1, f>1,{<a<1and y be a nonnegative nonincreasing function on [0, w].

Then we obtain

c’

Gh(w), (78)

ﬁ w w
[%y Ip(‘“yﬁ (p)dap 2 Ipf‘“Gﬁ(p)dap .
0 0
where G is defined as in (76).

Proof. Since G is nonincreasing on [0, w], from Lemma 6, and according to the chain rule (17), we obtain
Di(G(p)) = BGP~“(p)G*(p)DaG(p) = PGP (P)DaG(p).
Employing the product rule formula (14), and since pG(p) = _[Op YUY (y)dgy, we obtain
Da(pG(p)) = (Dap)G(p) + pDuG(p)
= p'"%G(p) + pD.G(p)

=D, = p(p).

P
[y
0

Therefore,
p*DaG(p) = p* 1 p%(p) = pG(p)] = p*~[y(p) - G(p)].

By using integration by parts (18) on the term
w
[peGEprdap,
0

such that Q(p) = J(f Y%,y and 0(p) = GA(p), then
w

[026p)dap = 12(0)GP ()1 - [2APIDGH (D)) dep
0

0

= 2()GH(@) - lim 2(p)GH(p) - [2p)Du(GHp)dap
0
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O i by - B [t p-1
=56 w) = im 0(PIGH(p) - - [ DG(IG p)dep
0

[}

W g i B B (-a p-1
=7 Gw) = im 0(PIGF(p) = - [~y (p) = Gp)IGTHp)dap
0
- w—{Gﬁ(w) — E‘lf {-a B-1 E r {-arp . B
= Py (P)GP N (p)dap + _[p GP(p)dqp ~ lim Q(p)GF(p),
¢ ¢ ¢ p=0
where
p p p
i _ I _p
Q = ( ada = ( 1d =|— = —,
2] _([V y {V y [(L 7
Also, since

17 ’
= Iyl‘“y(y)daV'
P 0

B

p

Qp)GP(p) = J'V( “dgy
0

. [z]ﬁp_f

p] ¢

B ¢
ol

P
[y
0

B

p
Iyl -a daV
0

= vB(O)|=| =pf = yB(0)—.
y()[p](p y()(

Since { < a < 1, then lim,~Q(p)GP(p) = 0. Hence,
_ w ( w
%Ipf-acﬂ@)dap + %GB(w) - ?Ipf-ay(mcﬁ-l(p)dap. (79)
0 0

By using inequality of Hélder (19) on right hand side of inequality (79) with indices A = § and € = /(8 - 1),
then we obtain

1/8 B-DIB

w

J’p( “2GP(p)dp
0

bl

B-CT .. wf B
T{pf GP(p)ap + - GPw) <

w

fpf 4P (p)dep
0

which can be rewritten in the following form:

_ ®
%J’O p*GE(p)dop L 6H(w)
](ﬁ-l)/ﬁ *

BY T ..
[?] _([pf Y OMap ](ﬂ-l)/B

[IO PG (p)dap [IO piGA(p)dap

1p o' ~p
. 510

=

_(ﬂ
e

[oe6ho)dap ]qs—n/ﬁ
0

w
[J'0 PGP (p)dap
Hence,
w

J'p( “1GF(p)dyp
0

1B W% g
. -0

B YT ..
[ﬁ] {p{ Y (pap 2 ](ﬁ-l)lﬁ

[Ig’ PG (p)dap
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By employing Bernoulli inequality (77), with
1/B

¢
——Gh(w)
and 0= B-¢

Q:

Ipf-aGﬁ(p)dap ](ﬂ_l) 5
0

[L;” PEIGH(p)dep
then, we obtain that
B ]’*I -
— | |p*YE(p)dap
[ﬁ <) e

B-DIB W g
50" @)

v

w w
[pre6Po)dap + | [p 4GP (p)dap ](,H),ﬁ
0 0

[Iowpf-acﬂ(p)dap

WS

GA(w). O

I PGP (p)dap + i
0

Corollary 8. In Theorem 7, if { = z/s and B = z such that s > z > 1, then for G previously defined in (76), we obtain

Z(w

Z Z
Ipf“yz (p)dap
0

V4

z
N

. (80)
7 -

w z
[p-e62(p)dap + =5 64(w) <
0 s

Remark. In Corollary 8, if a =1, s = z, and G(p) = %J'(f y(y)dy, then we have an extension of the classical
inequality of Hardy (2) to a class of decreasing functions.

Now, we will state some lemmas with their proofs, which are important for obtaining the higher integr-
ability theorem.

Lemma 7. Let a, w € R, and 7, ¢ be nonnegative functions defined on [a, w]. Then we have

[}

IT(V)

a

v
Jeo)dan|da.

a

day = Iw(y)

a

Jo()dap
4

Proof. Let Y(y) = J':)(p(p)dap and utilizing integration by parts (18) with Q(y) = Y(y) and D,0(y) = t(y).
Then we have

[ew)|[ow)dap oy = Y012 - [6)De [00)dep |y
a y a 4
Since 6(y) = JZT(p)dap, 6(a) = 0, and Y(w) = 0, then
w w w w w y
IT(V) I(p(p)dap day = _[9()/) ~Dq frp(p)dap day = Iw(y) Ir(p)dap dap- H
a y a y a a

Lemma 8. Let a, w € R and q be a nonnegative increasing function on [a, w], then for H(p) = %jjr(y)day
and p < 0, we obtain

w

I 7"(p)(Daq(p)H (p)dap = i

a

. (81

¢“(@)[(p)dep - [T(0)aH(p)dup
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Proof. Since H(p) = %p) fr(y)day, we find
[} w 1 p
_[q“(p)(Daq(p))H (p)dap = Iq“(p)(Daq(p)) Po) IT(V)daV dap
w p
= [ o) Duq (o)) [t )day dap (82)

w

= If(p)

a

[0}

Iq”‘l(y)(Daq(V))daV
p

dap.

According to chain rule (17), we have
Du(q"(¥) = uq" ¥ q*'(y)- Duq(y) = uq"""(y)Daq(y). (83)
From (82) and (83), by using Lemma 7, we see that

w

[a*)Dua(p)H(p)dup = [2(p)

a a

dap

1 w
= [ Dulq )day
# p

1 w
- j 1(P)[q"(w) - ¢*(p)1dap

: (I

= @ oo - [roratop

Lemma 9. Let s,z €R — {0} withz > s > 0 or z < 0 < w, X be a function, which is defined on [0, 1] as follows:
, £
=1-K*1 - —_— K>1. (84)
(s, z, p) ( p)[z — spy , for

Then the equation
N(s, z,p) =0, (85)

has just only one solution p, and X(s, z, p) > 0 if and only if p € (p,, 1].

Proof. For the following auxiliary function:

ap) = - p)| _Zsp] .

which has the range [0, 1]. Now, since ¢ is a nonincreasing in [0, 1], then p, = ¢"/(K™?) be a unique solution of
equation q(p) = K™%, which is equation of (85) such that K™* € [0, 1]. Also, as ¢ is a nonincreasing function,

N(s,z,p) >0 e q(p) <KZ e p>p, u

Theorem 8. Let a, w €R such that a<w, ®, and Y be two positive functions defined on [a, w]
with 0 < b < ®5/Y? < B < o, Then we have
1
[B]sz
<|=
b

1 1
s

[¥o)dep (86)

bl

Jedap [ yvipdap

foralls>1andz>1suchthat%+%=1.
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Proof. According to condition ®°/Y? < B, we obtain Y = B_TltI)%, then

S+z

®Y > B7®i*l = B7 @ = BT O,
Hence, we obtain

1 1
s S

[osordap| < B [@(p)X(p)dap| (87)
Similarly, according to condition b < ®%/Y?%, we obtain ® > b%Yg, then
Jevp)dap = B[ Y1 p)dup = b [Y*(p)dp.
a a a
Hence,
W % W z
Jewx)an| 2 b4 [Yp)up| - (88
a a
From (87) and (88), we obtain
w % w % B é w
[osrdap| [¥p)ap| < [3] o) (89)
a a a
By replacing @ and Y? by ® and Y, we obtain
1 1
w s(w z 1(w
B sz
[erdap| |[Y(p)dap| < [3] [ v p)dap]|. O

Theorem 9. Let a, w € R such that a < w, 0 <y <1 and two positive functions ® and Y be defined on [a, ]
with 0 < b < @5 < B < o, Then we have

1 1

) 5 -1 -1 w y
1 W = a%)ez( b )p=| 1
= 2= 90
p{qﬁ(p)dap < B] p£q>V(p)dap , (90)
11
fors>1,z>1,s>z,and f = 1_1'
y s
Proof. Assume Y =1 in (89), then we have
o gwa_aa% B ¢ b;%‘“
J¢S(p)dap — | [5] I¢(p)dap = [El J’*D(p)dap,
a a a
which can be written as follows:
1
“ $ wa_aa%lb%zlw (91)
{@S(p)dap < [ . ] [E] {cb(p)dap.

Since B € (0,1) and% + % = 1, then by using inequality of Hélder (19) with indices y = s/(1 - §) and € = y/p,
then we obtain

1

s -1 -1 w
wa - aa z b sz 1
s[ - ] [E] 5{@(p)dap.

w

1

—~ o)
a
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-1 -1 w
wa _ a(l z b Sz 1
= — — 1_B ﬁ
. [ B] - {cb (P)DP(p)dep
bl B
w? - a?)?(b)"| 1 T 11T ’
| [E] ~Jooap| | [or0)dap
a a
Hence,
o : ;
1 w?® - a% s s
i U
w{@S(p)dap <7 ] [ ] I@V(p)dap
Notice that the inequality (90) of Theorem 9 can be written as follows:
0] s 0] %
1 .1
- = 92
~Jospan| <k chw(p)dap' , (92)
a a

which is called the reverse Holder’s inequality.
For our main theorem, we will need to prove the next theorem.

Theorem 10. Let w ER,0<a<1,0<s<z,K>1®: [0, w] = R be a nonnegative decreasing satisfying (92)
and

z/s
Y Y=1-(1- Y —2—
R(s,2,(,K)=1-(1- 0K [Z_S(] . 93)

Then, for all { € ({;, 1] such that {, is the only root of the equation (84), we obtain the inequality

w

Ip‘ “Q(P)dep < <

WSt
- 1-adpz
0 G20 K)Jp D%(p)dp- 99

Proof. Since the inequality (94) is clearly satisfied when { = 1, we can now assume ¢ € ({3, 1). In this case, we
define a function @ : [0, w] — R, that satisfies the reverse Hélder’s inequality (92). Therefore, we obtain the
relation

Gp) < R*(Gy(p)):, (95)

where
1 17
Gs(p) = ;Iyl‘“¢s(y)day and  Gy(p) = ;Ivl‘%z(y)day-
0 0

Then by integrating (95) from 0 to w, we have

w

[o-Guoran < B [p-e(Gu(@)? sdep. (96)
0 0

Applying Lemma 8 withy = { - 1,a = 0, fl(p) = p, and 7(p) = p~%®%(p) on left-hand side of (96), it follows that

w 1 w w
[t 6@ = 7| oo @xp - [p—ea*(prdap|. @7
0 0 0
By using Theorem 7 with § = z/s and y = ®° to the right-hand side of inequality (96), we have
2] z/s| @
. z/s _ (z/s)w*
{-a z[s <|— {(-adpHz _ MY nzls 98
_!p (Gs(p))**dgp < [ @s) - (] _!p D*(p)dqop @) - (G () (98)
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w

z/s
s - (] Joreone]

By substituting (98) and (97) into (96), we find

z[s W
[( /Z)/ ] Ip‘ “Q%(P)d,p.

w w
o1 w(‘lgpl‘“w(p)dap - {pf-adﬂ(p)dap <k

Therefore,

z/s @
w“jp1 “D(p)dap 2 (¢ - 1>K[ ] Ipf W(p)dap+fpf “0(p)dep

e Z o -a@z
=h-a-or [W] l{pf ®“(p)dep

= (s, 2, {, K) [ po0%(p)dep.
0

-_ 21

Finally, from Lemma 9, there exists a unique ¢, € (0, 1) such that X(s, z, {, K) > 0 for { € (;, 1]. This provides

the inequality (94).

O

Finally, we are able to state and prove the higher integrability theorem for decreasing functions

on conformable calculus.

Theorem 11. Assume that K>1,0<s<z, w €ER, and ®:[0,w] > R is a nonnegative decreasing function
satisfying (92) such that ® € L?[0, w]. Then ® € L¢[0, w] with z < € < zy and z, is the only solution to equation

1/z 1/s
=) i)
p-z p-8

and the following inequality holds

z

3

L—
EéN(s,z,z/¢,K)|w

w w
1 z Z 1
il IO ON Y4 — | p1-
w_!pe Yol(p)dap {p “D*(p)dap |,

where

-1 -1
E[ 2 ]E
Bl -

Proof. According to Theorem 10 with replacing ¢ and {; by z/¢ and z/z,, respectively, we obtain

w® - a
a

Ipl @ p)dep, 256 <12

r z we~
2-ad%(p)d, -
b[p e < 27 re, )

By using the inequality (75) with k = z to the left-hand side of inequality (101), we find

z

w 2

Jpit-004(p)dup
0

0% (p)dep,z < € < 2o,

. ) J-
T OR(s, z, 216, K) Op

(99)

(100)

(101)
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Therefore,

z

e
Z

w
1r 2
w{pg (P)dap ¢éN(s, z,z/€,K)

w
1
- 1-
w!’p “D¥(p)dqp |,

that is the wanted inequality (100). Therefore, z, is the only solution to equation
R(s,z,z/¢,K) =0,

which reduces to (99). O
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