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1 Introduction and preliminaries

The study of functional integral equations is an important branch of non-linear analysis and has various
applications in natural and applied sciences. Most of the problems, for instance, in mechanics and population
dynamics can be formulated using integral equations. On the other hand, differential equations may
be converted into integral equations and their solutions can be obtained.

The topic of solutions to functional equations has captured the attention of numerous researchers over an
extensive period of time. Several approaches have been used to establish the existence of solutions of func-
tional equations such as functional integral equations, differential equations, integro-differential equations,
and fractional integro-differential equations [1-4].

Measures of non-compactness are important tool in fixed point theory, which is also crucial in the study
of existence of solution of functional equations.

In 1930, Kuratowski [5] introduced the concept of measures of non-compactness, a function that deter-
mines the degree of non-compactness of a set. Later on, Banas [6] generalized this concept into Banach space.
In 1955, Darbo [7] used the Kuratowski measure of non-compactness to prove his famous fixed point theorem,
which was a generalization of the classical Schauder’s fixed point theorem and Banach’s contraction principle.
Darbo’s fixed point theorem and it is several generalizations such as Meir-Keeler fixed point theorem are used
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by many researchers to study the existence of solutions of integral equations and differential equations
in Banach spaces.

The study of sequence spaces has also attracted the interest of many researchers. Kreyszig [8] has shown
some sequence spaces, which are also Banach spaces in his book titled introductory functional analysis with
applications. Bana$ and Mursaleen [9] discussed measures of non-compactness in some classical sequence
spaces. Recently, several studies have been conducted on the investigation of the solvability of functional
integral equations in some Banach sequence spaces. We can refer [10-13] for some works on existence
of solutions of functional integral equations in Banach sequence spaces. This work extends and generalizes

the results of Malik and Jalal [10] in tempered sequence spaces cég and €f .

Sometimes it is not suitable to consider the classical sequence spaces for studying the solvability of
functional equations such as initial value differential equations and integral equations, since the solution
might be out of such sequences. Therefore, it is important to consider the enlarged sequence spaces.

These spaces are defined by fixing a non-increasing sequence 8 = f,, where B, is a real positive sequence
for n € N. Such sequence  will be called the tempering sequence.

Let w denote all sequences y = (¥, )r-1 real or complex such that By, » 0 as n — . We denote

this sequence space by c(f . It is a Banach space under the norm
IWlleg = 1Ollgp = supiBly, | = n € N}

In a similar manner, we examine the space €8, which encompasses real (or complex) sequences (y,)
with the property that (8,y, ) converges to a finite value. This particular space is a Banach space, characterized
by the norm

Wllp = 1l = 2 Balyi -
n=1

Bana$ and Krajewska [2], proved that the pairs of Banach sequence spaces (¢, coﬁ ) and (&, €f ) are isometric.

It is important to note that if we let g, = 1, then we have Cf = ¢y and é’f = ¢,. In order to obtain the enlarged

sequence spaces coﬁ and €f , we assume that the sequence f, —» 0 asn — .
In this research article, we will investigate the existence of solutions for an infinite system of integral

equations with a Hammerstein-type structure in three variables of the form
ttt

Xu(Wy, Yy, Y3) = Ty, Yo, P) + Han(wl, ;> Y3, 61, G2, €361, 62, 3, X (61, 62, €3))dudgds, ®

§SS

where (Y, ¥,, Y3) € [s, t] x [s, t] x [s, t].

Consider R = [0, ), and suppose that (M, ||.|)) is a real Banach space. If X is a non-empty subset of M,
we use X and ConvX to represent the closure and convex closure of X, respectively. The family of all non-
empty and bounded subsets of M is denoted as Q,,;, and its subfamily consisting of all relatively compact sets is
denoted as Nj. The space of continuously differentiable functions on I® = [s, t] x [s, t] x [s, t] is denoted
as C1(I3, R).

In this article, the Hausdorff measure of non-compactness will be used to establish our results
on the existence of solutions of a system of integral equations of Hammerstein type in three variables.

Definition 1.1. [9] Let (X, p) be a metric space and Q be a bounded subset of X. Then, the Hausdorff measure
of non-compactness also known as the y-measure or ball measure of non-compactness of a set Q, denoted
by x(Q), is defined as the infimum of the set of all reals € > 0 such that Q can be covered by a finite number
of balls with radii < ¢, i.e.,

n
x(@Q)=infle>0:Q C UB(x, 1), € X,r;<e(i=1,..,n) n €N}
i=1

The following is the axiomatic definition of measures of non-compactness.
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Definition 1.2. [9] A function A : Q,; — R. is referred to as a measure of non-compactness when it fulfills
the following conditions:
i. the family ker A = ¥ € Q,, : A(¥) = 0 is non-empty and Ker A C Ny,
LYycZ = AY A2,
iii. A(Y) = AY),
iv. A(ConvY) = A(Y),
v. AkY + (1 -k)Z) < kAY) + (1 - KAZ) for k € [0,1],
vi. If (Y,) is a sequence of closed sets from Q,, such that Y,.; C Y, for n =1,2,3,... and lim,-.A(Yy,) = 0,
then Nj-,Y;, is non-empty.

If a measure of non-compactness satisfies the following additional conditions, then it is called a regular
measure:
L A(Y1 U Y)) = max{A(Yp), A(M2)},
ii. AU+ Y) < A(Y) + A(Y),
iii. A(kY) = |k|A(Y),
iv. ker A = Ny,
The family ker A is said to be the kernel of measure A.

The following results obtained by Darbo [7] have been very useful for proving the existence of solutions
of functional equations.

Definition 1.3. Consider two Banach spaces, M; and M,, and let A4, and A, be the arbitrary measures of non-
compactness on M; and M,, respectively. An operator f from M; to M, is referred to as a (4, Ay)-condensing
operator if it satisfies the conditions of continuity and A,(f(D)) < A (D) for every set D € M; with a compact
closure.

Remark 1.1. If M; = M; and A = A, = A, then f is called a A -condensing operator.

Theorem 1.1. [7] If H is a non-empty, closed, bounded, and convex subset of a Banach space M, and a continuous
mapping f: H — H satisfies the condition A(f(H)) < kN(H) with a constant k in the interval [0, 1), then there
exists a fixed point of f in H.

In 1969, Meir and Keeler [14] proved a very interesting fixed point, which is also a generalization
of Banach’s contraction principle and Schauder’s fixed point theorem. Later on, Aghajan and Mursaleen [1]
generalized the concept of Meir-Keeler contractions to Banach spaces and came up with the following results:

Definition 1.4. [1] Consider a non-empty subset C of a Banach space M, and let A be an arbitrary measure
of non-compactness defined on M. We say that an operator T : C — C is a Meir-Keeler condensing operator
if given any € > 0, there exists § > 0 such that

eSAX)<e+8 = NTX)) <¢e,
for any bounded subset X of C.
Theorem 1.2. [1] Consider a non-empty subset C of a Banach space M, and let A be an arbitrary measure of non-

compactness defined on M. If we have a continuous and Meir-Keeler condensing operator T : C — C, then T has
at least one fixed point, and the set of all fixed points of T within C is a compact set.
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2 Hausdorff measure of non-compactness in Banach spaces
B B
co and /3

Bana$ and Mursaleen [9] established the formula for the Hausdorff measure of non-compactness in the
classical sequence spaces ¢y and #; in one variable. We can consider publications [2,10,12,13] for the formulas
of measures of non-compactness in some sequence spaces. In this section, the Hausdorff measure of non-
compactness in sequence spaces cf and éf in three variables is formulated.

Let H be a bounded subset of the Banach space (coﬁ Sl c({*)’ and the Hausdorff measure of non-compactness
is given by

¥(H) = lim

n—o

sup
vy, Yy, P5)EH

max B, |[vi(¥y, ¥y, 1)

kzn

>

Where V(l/)p wzy ¢3) = (V](')blx l/’z: l/)S));(;l € COB fOI‘ eaCh (wlr wzr ¢3) € IB and H € Qcé3
The Hausdorff measure of non-compactness y in the Banach space €f is defined as follows:

y(H) = lim

n— oo

sup
V(¥ ¥y Y3)EH

Where V(wly 1102) 1103) = (v](wlx wz; w?,));ozl € €f fOI‘ eaCh (l/)p l/’z: l/)3) € 13 and H € Qef
We will prove the existence of solutions for the infinite system of integral equation (1) in Banach spaces cf

]

2 By, w3>|]

and €'f using the concept of Meir-Keeler condensing operators and the Hausdorff measure of non-compactness.

3 Existence of solution in the space cf

Assume that the following conditions are satisfied:
i. The functions (h;)Z; defined on the set I3 x R® are continuous and have real values. The operator
T: 13 x ¢f — cf is defined on the space I® x ¢/ as
(W1, Yy, Y3, X) = (TX)(Wy, Yy, ¥3) = (B, ¥y, ¥s), Boha(Yy, ¥y, ¥5),-00).
The collection of functions {(TxX)(¥;, ¥y, Y3)}y, y,u,)er* €xhibits equicontinuity at all points in the space Cf .
This means that for any given value of € > 0, there exists a corresponding § > 0 such that

[|x _)’”C(f <6 = (M)W, Yy, ) = (TY)(Wy, Yy, l/’3)”c§ <eE

ii. For each fixed (¥,, ¥,, ¥,) € I3, x(¥;, ¥,, ) € CY(I5, cf ), the following inequality holds:
|hn(l/)1’ lﬁz, ¢3): X(lzbla 1/’2, ’/’3)| = pn(wp lpz: lzb3) + qn(l/)p ',bz, ¢3)5up{|ﬁivi|}a ne N)

ixn
where p,(¥;, ¥,, ¥3) and q,(i;, ¥,, ¥;) represent the continuous real-valued functions defined on I3.
Additionally, the sequence of functions (q,(;, ¥,, ¥,))ien is uniformly bounded on I°, while the sequence
of functions (p,(¥;, ¥,, ¥,))ien uniformly converges on I° to a function that becomes identically zero on I3.

iii. The functions K, : I » R are continuous throughout the entire domain I%, where n belongs to the set
of natural numbers N. Additionally, these functions K,(¥;, ¥,, ¥s, 61, 62, ¢3) exhibit equicontinuity with respect
to the variables (¥, ¥,, ¥;), meaning that for any £ > 0, there exists a corresponding § > 0 such that

|Kn(w1a wZ’ lpg» G1, G2, CS) - Kn(l/jl) 1/72) 1/73’ C_'l; 62) (‘3)' <§g,

where [, = ¥ < 8, Y, - ¥,| < 8, and |y, — P, < &, for all (¢}, ¢, ¢3) € I3. In addition to that the function
sequence (Kn(¥y, ¥y, Y, 61, 62, 63)) is equibounded on the set I3, and there exists a constant

K= Sup{lKn(lpp l/)Zy l/)3’ G1, G2, C3)| . (wlx lpz: lp3)’ (Cl) G2, C3) € 13’ ne N} < ®,
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iv. r, : I3 - R is continuous; also, the sequence of functions (r;,) uniformly converges to zero on I3. We define
the finite constant R as

R = sup{|rm(¥y, ¥,, Ya)l : (P, ¥y, P5) € I3, n € NJL

Considering condition (ii), the following finite constants are defined:

Q= Sup{ﬁnqn(lﬁp 1/12, l/)3) : (!/11, 1,02, 1,03) € I3,n ER},
P = sup{B, p,(Yp, ¥y, ¥s) : (1, ¥, ¥5) € I, n EN}L

Theorem 3.1. Under assumptions (i)-(iv), the infinite system (1) has at least one solution x(,, P,, P;) =
(W, Yy, W) in b for fixed (¥, ¥y, ;) € I°, whenever (¢ - $)’KQ < 1.

Proof. First, an operator Q on the space C1(I3, 063 ) is defined by

(@)W1, ¥y, ¥3) = (QX)n(Wy, ¥y, 3))

ttet

= rn(lpp wzy l/)3) + IIIKH(IPP lpz: lp3y Cl’ CZ’ CB)Bnhn(Cl) CZ) CB: X(Cla CZ’ CS))dﬁdCZdCB

$Ss
ttet

= rl(wl’ wZ’ wg) + IJ’IKi(wl’ wZ’ wB’ G1, €2, C3)ﬁ1h1(C1: G2, G35 Xl(Cb G2, C3)) XZ(Cl’ G2, 63)1 ) (2)

ttet

daideydes, ¥y, ¥y, Yg) + J-J—J-Kz(lﬁp Yy, Us, 61, 62, 63)B5Na (61, 62, €3, X1(G1, 62, G3)

§S8S

XZ(CL ¢2, C3); )dgl) dCZ’ dCS, ]7

for all (¥, ¥, ¥;) €I° and x = (), € cf. We show that Q maps C'(I3 cf) into itself. Let n €N
and (¥, ¥,, ¥;) € I* and then, by assumption (i) and (iii), we have

tet

J’IJ’Kn(wl’ l/’g, wgr Cl) CZ; C3)hﬂ(clr CZ! C3) X(Cl; CZ’ C3))

§$SS
ttt

< 1y 0 Y1 + K [ [BulRacr, €2 63 x(c1, 620 63 Ididgad.

$S8S

Thus, by assumption (iv) and the fact that h,(y;, ¥,, Y5, X(¥;, 1y, ¥5)) is in cf space, we have

I (|QQn(Wy, ¥y, Y3)I) = 0.

We conclude that (Qx)(¥;, ¥,, ¥5) € COB for any arbitrarily fixed (¥, ¥, ¥5) € I°.
Then, we have

[(@X)n(Wy, ¥y, Y| < [1n(Wy, ¥y, Y3 + B,

ttet
16 s W)l = max 1B, |, ) + [ [ [ 61 0 60O 0 0. XC61 62 630 dcrdgndey
$SS
ttet
s HnlfllX ﬁnlrfl(l/)p wzy ¢3)| + Bn J’J—J'Kn(l/)l: wz: wg; C1, G2, §3)hn(§'1, G2, €3, X(Cl: G2, CB))dgldCZdCB
B sss
ttet
<R+ maxif, IIIlKn(¢1; s Y3, 61, 62 €161, Gas G, X (61, G2s 63))|dG1AGdGs
N sss
tet
SR+K _”_[ max(p, (6, €2 63) + 4u(G1: G2 §3)SUPLB, XS, G2 €3I
sss zn

SR+ K(t - P[P + Q IIxi(61, 62, 63)llgp]-
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So, we have

[1 - (t = $PKQIIIX(Wy Yy, Yy)llep < R + (¢ = sYKP

R+ (L= PP ®

”X(wp l/)z) l/)g)”qf < 1-(t- 5)KQ (=r).

Therefore, using equation (2), it is evident that Q is a self-mapping on C'(I3, ¢f). Also, @Oy, Yy, ) — Ollp < T,
so the operator Q maps B, € CI(I3, cf ) (ball of radius r centered at the origin) into itself.

Next, we demonstrate the continuity of the operator Q on B,. To achieve this, we consider a fixed € > 0
and an element x € B,. For any arbitrary, y € B, satisfying |y - x| < ¢, as well as a fixed (¥,, §,, §5) € I*®
and n € N. We deduce that

Bal(@X)(Wy, ¥y, ¥3) = (QY)(Wy, ¥y, 3)]

tet

B, IIIKn(¢1, V5, Y3, 61, 62, 63)[An(G1, €2, 63, Y (61, G2, 63)) = M1, G2, 63, X(G1, G2, 63))]dg1dG2dCs

§S8S
ttt

IJIBann(wlr lpZy lpg; C1, G2, CB)”hn(Cb G2, CB:)’(CL G2, CS)) - hn(Cl; G2, €3, X(Cla G2, C3))|d€'1d§2d§3

§$S8S

IA

Using assumption (i), we establish the set §(¢) as
8(e) = Sup{B,Iha(yy, ¥y, Y3, 3) = By, Yy, Y5, 001 : X,y € b, Ily = Xllp < &,n € N}
Then, §(¢) — 0 as € — 0. So, by equation (4) and condition (iii), we have
I(Qy) = (@] = (t = $)*K8(e).

Thus, Q is a continuous operator on B;.
Our final step in the proof is to demonstrate that Q qualifies as a Meir-Keeler condensing operator.
This entails establishing the existence of positive values € and § such that

e<yB)<e+8 = yQB)) <e.

Now, applying the Hausdorff measure of non-compactness in cf and conditions (ii), (iii), and (iv), we have

X(Q(B)) = lim

n— oo

sup
X(Y1, 5, Y3)EBy

max f, [ xe(Y;, ¥y, ¢3)|”

kzn

< lim

n— ool

sup
XYy, 5, Y3)EBy

tet

IIIKk(lplx ,7[)21 ,7[)3) Cl, CZ’ CS)hk(Cly CZJ C3) X(Cl’ CZ’ §3))dC1dC2dC3

§S8sS

max B, (In(¥;, ¥y, ¥3)l

kzn

+

ttt

J:”M('PP V3, Y, 61, 62, 63)Ai(61, G2, 63, X(61, G2, 63))d61AG,dGs
$SS
ttt
<tim| sup fmax K [ [ [y 05, 8) + 401 By BsUPHINCG1, 02 c9)IDdGidGadoy
ik

7 x(§y, 9,9y €B; | k2N sss

<(t - $’KQy(B,).

<lim{ sup jmaxpf,[K
=l x(y, . Y €B, | K21

|
|

ttt

<lim| sup maxp, KIIIhk(Clx 62, 63, X(61, 62, 63))d61dG2dGs

=l Xy YY) €B; | K2R sss
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Thus,

XQB) = (= PKQU(B) <& = x(B) < G —smeq

. _ (- (t-9)KQ)
Taking, 6 = ~a-ska
It can be observed that Q satisfies the conditions of a Meir-Keeler condensing operator on B, € cég .

Consequently, all the requirements stated in Theorem 1.2 are met. Hence, the system (1) has a solution within

the space cf. d

, we obtain € < y(B,) < § + ¢.

Example 3.1. Consider the following infinite system of Hammerstein-type integral equations in three variables:

1 222. Yyt Yy + g+ Gt GGy
W, Y) =~ arctan@y, g,y + [ [[ sin . ]

111 (5)
1+4n% + (¢ + ¢ + ¢3)2%[4 + sup,. {|xx(c1, G2
y ln[ (61 + 6o+ ¢3)7[ i pk_zﬂ k(61 2, 63)13] dede,des,
4(61 + 62 + ¢3)* + n?]

for (Y, ¥y, ¥3) € [1,2] x [1,2] x [1,2] and n € N,
We have
1
rn(l/):l’ l/)z’ w3) = ; arCtan(!/}l: wz: wg)n)

¢1+¢z+¢3+§1+€‘2+€3]
n 3

Kn(¥y, ¥y, Y3, 61, G2, 63) = sin

hn(61, 62, 63, X(1, 62, 63)) = In

1+4n* + (¢ + ¢y + ¢3)*[4 + sup, . {xk(ci, 62, Cs)l}]]
4[(61 + ¢ + ¢3)* + nt]
_ [1 16+ 6t 69U {6 6 c3>|}]
4[(61, 62, 63)* + ] '

Consider g = 8, = %

Let I denote the interval [1, 2], and we show that equation (5) satisfies all the conditions of Theorem 3.1.
The operator Q, defined by (QX)(¥y, Yy, ¥3) = (ha(¥y, ¥y, Y5, BX(Yy, ¥y, 15))) transforms the space I3 x 063
into cf.

To show that (Q,)(¥,,¥,, ¥5) is equicontinuous at an arbitrary point x € c(f , let £>0, neN

and (i, ¥,, ¥;) € I3 and consider y € Cf such that|ly - x]|,s < €. Then,
|hn(¢1: lpz: l/)3: X) - hn(lpy lpzy l/)3;y)|

1 1
1+ (6 + 6+ ¢3) Sukanlnlxk(cl, 62 %)Il 1+ (61 + 6o+ ¢3)*sup ||y (61, 6o C3)|]
k=n
= |In -In
4[(c1 + ¢ + ¢3)* + nt] 4[(61 + 62 + ¢3)* + nt

(¢ + G + ¢3)?

1 1
;ka(cl, 62, 63)|} — sup [; Yy (61, G2, Cs)l]”

sup,.
4[(61 + 63 + ¢3)* + nt] Pran kzn
isu l|x -Vl
16 sz n T

Therefore, [|hn(iy, ¥y, 3, X) = ha(¥y, Uy, Y5, I < 5 X ~Yllp < 5 so the functions {(Qu)(¥y, ¥y, Yo}
are equicontinuous.
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Fixing (¥, ¥,, ;) € I3, x € ¢f, and n € N, we deduce

1
1+ (6 + 62+ 63)* SUPonty (S, G2, C3)|]

1, ¥, 9, 201 = Inid + 4(1 + 62+ 63)* + n']

1+ (61 + 6 + ¢3)?sup,,,

1
(61, 62, Cs)l]

4[(61 + 63 + ¢3)* + nt]

1 G+ Gt G3 1
= + sSup1—|X; s s .
A+ cr+ )2+ Nl A[(G+ Gy + o) + N pur ‘n' W ¥ ¢3)|]

. 1 Yt Yyt y o
Taking p, (. Yy, ¥5) = gy gy A0 Gy, Uy, ¥3) = 5=y it s clear that both p, and g,

are functions with real values, and p,(¥,, ¥,, ¥;) uniformly converges to zero.
Also, |q, (Y, ¥y, Yyl < YR EN. S0P = ; and
1
Sup {qn(wlx lpz: l)b3)} = Z
(CRUNTSISE

The functions Ky (1), ¥,, Y5, v1, vy, v3) are continuous on [ 6, and the function sequence (Kn(Wy, Uy, Y3, V1, V2, V3))
is equibounded on I%. And we have

K= Sup{lKn(l/)p ¢Z’ ¢31 V1, Vg, V3)| : (l/)p l/)z: ¢3)) (Vb V2, V3) € Ig) n= 1) 2) -'-} =1

Now, fixing € > 0, (v, V5, v3) € I® and n = 1, 2,..., then for arbitrary (,, ¥,, ¥,) and (¥, ¥,, P,) € I° with

&€ &€ &
|¢1 - ¢1| < g: |¢2 - ¢2| < g: |¢3 - ¢3| < g;

we have

IKn(l/;p lﬁz; lﬁg» V1, Vo, V3) - Kn(‘pp lpz; l/’3; V1, Vo, V3)|

‘/_’1+‘/_’2+$3+V1+V2+V3_w1+¢2+¢3+V1+V2+V3

: n n
1 - _ _

s ;Klpl - ¢1) + (lpz - !/12) + (lpz - ¢3)|
1 _ _

< E(|¢1 - ¢1| + |l/)2 - wzl + |¢3 - wgl)

< &

Therefore, (Kn(;, ¥y, U5, V1, Vo, v3)) is equicontinuous.

Furthermore, the function 1,(;, ¥,, ¥5) is continuous for all (i, ¥,, ¥;) € I3, and it converges uniformly
to zero for alln € N.

The factor (t - s)?KQ = i <1. All the conditions outlined in Theorem 3.1 are fulfilled. As a result,

the infinite system (5) has a solution that belongs to the space c(fg .
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4 Existence of solution in the space /'13

In this section, we establish the conditions for the infinite system (1) to have a solution in the tempering

sequence space €f . We consider the following assumptions:
a. The functions (h;)Z, are real-valued and continuous defined on the set I® x R®. The operator

T: 13 x &8 > ¢f defined on the space I3 x cf as
(lpl’ l/)Z’ l/)3: X) - (TX)('plx l/)z, l/}g) = (ﬁ1h1(l/)1: l/’z: l/)g)s ﬁzhz(!/’p lzbz’ l;b3)) )
B

The collection of functions {(TX)(¥y, ¥, Y3)}y, v,y er® exhibits equicontinuity at all points in the space ;.
This means that for any given value of € > 0, there exists a corresponding § > 0 such that

X = Yllpg =6 = (DO, Yy, Y3) = (TY)Wy, Yy Yol < €.

b. For each fixed (,, ¥,, ¥;) € I3, x(¥,, ¥, ¥5) € CY(I3, £9), the following inequality holds:
Ihn(l/)p lpz’ 1P3, X(lpp l/"z: l/)g))l < an(l/)p lpz: ¢3) + bn(l/)p ng, lpg)lﬁivila neNnN.

The functions a;(y;, ¥,, ¥;) and bi(y,, ¥,, ¥,) are continuous real-valued functions defined on the interval I3.
The series of functions Y ,-1an(¥;, ¥, ¥,) uniformly converges on the interval I°, and the function sequence

(bi(Wy, Yy, ¥3))ien is equibounded on I°. The function a(y;, ¥y, ¥5) given by a(yy, Yy, Ya) = Y rey@n(Wy, Yy, Y3)
is continuous, and the finite constants A and B are defined as

A = max{a(®y, ¥y, ¥;) : (U, ¥y, ¥y) € I3,
B = Sup{bn(wy l/’z: 1/13) : (% lﬁz, 1,03) € I3}-

c. The functions K, : I® - R are continuous throughout the interval I¢ for all n € N. Additionally, these
functions K (1, ¥,, Y5, 61, 62, ¢3) exhibit equicontinuity with respect to (¥, ¥,, ;). This means that for every
e > 0, there exists a § > 0 such that

|Kn(l/)1: wz: w3> C1, G2, C3) - Kn(l)sz 1/72: 1/73) C1, G2, C3)| <E,

where [, = | < 6, [, = Y,| < 8, and |y, — Y| < 6, for all (¢, ¢z, ¢3) € I°. In addition to that the function
sequence (Kn(¥y, ¥y, U5, 61, 62, ¢3)) is equibounded on the set I3, and there exists a constant

K = sup{B,|Kx(¥;, ¥y, 3, 61, G2, 63)| = (Y, Uy, 13), (61, G2, 63) € I3, n €N} < o,

d. The functions r, : I* - R are continuous, and the sequence of functions (r;,) belongs to the space C'(I?, éf ).

Remark 4.1. Due to the fact that I3 = [s, t] x [s, t] x [s, t] is a compact subset of R3, the continuity condition
in (d) implies that r,:I3 - R is uniformly continuous. This, in turn, implies that the sequence
of functions (1r,(¥;, ¥,, ¥3)) is equicontinuous on I3. For any given & > 0, there exists a § > 0 such that,

for all (¥, 1y, P5), (v1, V3, v3) € I3,

1 (¥y, ¥y, Y3)) = Ta(ve, Vo, VS)”gf < z [T(Wy, Uy, Y3) = 1V, Vo, V3)| < &, (6)
n=1

whenever [, U,, 5) = (v, V2, v3)| < 6. In addition, from inequality (6), it is evident that the function series
Y neaTn(Wy, Us, Y5) is convergent on I° and the function

r(Why, ¥y, 1) = z ¥y, ¥y, ¥3)
n=1

is equicontinuous on I3. Therefore, the constant given by
R = max{r(Py, Yo, ¥3) : (Y, Yy, Y3) € I%}

is finite.
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Theorem 4.1. Under assumptions (a)—(d), the infinite system (1) possesses at least one solution denoted
as x(¥, ¥y, ¥3) = (Y, Yy, ¥5))i2y, belonging to €{3 , for a fixed (Y, ¥,, ¥,) € I3. This is guaranteed whenever
the condition (t - $)2KB < 1 holds.

Proof. An operator T is defined on the space A = CX(I3, £) by
Ty, Yy, Y3) = (TxDn(Yy, ¥y, ¥3))

ttet
= 1n(Wy, ¥y, 3) + H_[Kn(ll)l, Yy P35 61 62, §3)Bpftn(S1, €2, €3, X (61, 62, 63))d61dG2dGs

§SS
ttt

= (n(Yy, Yy, 1) + IJJ'IG(wl, Yy, Us, 61, 62, 63)B, (61, 62, 63, X1(61, 62, G3), -..) 0]

§SS
ttet

x d¢idgadgs, (Y, ¥y, ¥3)) + III&(U% Uy, s, 61, 62, 63)B

X (61, 62, 63, X2(61, G2, 63), ...)d¢1AGrdgs,

for all (¢,, ¥,, ¥,) € I3 and x = (), € €}.
First, we will show that T is a self-map of A into itself. Let n € N and (¥;, ¥,, 5) € I 3 using assumption

(a) and (c), we have

POy, By, Wl = 2 Bol(TOn(Wy, Uy, 3)]
n=0
ttt

< 3 Bl Uy ¥ + 3 B | [ [Kas 85 10 02 e)ales, 0 €3 X(61, €2 €9)) i cadles
n=1 n=1

§SS
w Lt

<R+ Y [[[BlKa . U561 62 I G20 63, X(61, 62 )iy
n=lgss
o Lt

SR+K ZIII[an(Q: G2, 63) + b(G1, G2, 63)By1Xn(G1, G2, 3)[]dGrdGdGs
n=lgss
pfttt ttet

SR+K} Hjan(cl, G2 63)[dGdgadss + KB i IHBnlxn(cl, 62, 63| [dG1dGdgs.
a

sss n=1{sss

Applying the Lebesgue monotone convergence theorem [15], we deduce
ttt ttt

) b 0
Y 1Ty, ¥ ¥l < R + K| [ [ [aner, 2 ) |dcidgadss + KB Y | [ [ [ Bxacen, 2 61 |derderde ®)
n=1 a

sss n=1sss

SR+ KA(t - s)* + KB(t - s)? Sup{llx(% le, wg)”gf : (l/)v l/”zr l/)3) €3

< R+ KA(t = s)? + KB(t = s)?||x||s &)
< 00,
Thus, the operator (Tx)(¥;, ¥,, ;) belongs to the space éf for any fixed (¢, ¥,, ¥;) € I3. Furthermore,
o o ttt
Xy Uy 0l = 2 Bl ¥ + 2 By | [ [ [aCbr 0 ¥ 61 60 03)
n=1 n=1 sss
10)

% hn(61, 62, 63, X(61, G2, 63))d61d¢,dGs

<R+ KA(t - s)* + KB(t - s)2||x||€f.
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Using (10), since KB(t — s)? < 1, we have

[1- (¢ SYRBIIXW, Y Wl < R + (€= 57K (
R - 5)’KA
I Bl < sy =

By employing equation (8), we can deduce that T is a self-map on A.

Additionally, due to the fact that |(Tx)(¥,, ¥,, )| < 1, it follows that the operator T maps the ball (By,),
which is centered at the origin and has a radius of r, into itself.

Now, we show that T is continuous on B,. Let £¢>0 and x € B,,. Then, for arbitrary z € B,
with ||z - x]|# < €, arbitrary fixed (¢, ¥,, ;) € I3, and n € N.

I(T2)(Wy, ¥y, ¥5) = (D1 Y, Yol

ttet

B _U_[Kn(wl, Yy, W, 61, 62, 63)[Mn(G1, €2, €3, 2(61, 2, 63)) — (61, G2, 63, X(G1, G2, 63))]d6G1dG2dGs

I
=
™M e

sss
ttt
w (12)
< Z Bn IIIlKn(wl’ lpz; lpg: Cl’ CZ’ CB)”hn(Cl, CZ; CS: Z(Cl) CZ) C3)) - hn(Cl; CZ’ 63) X(Cl) CZ) C3))|d€'1d§2d€3
=l g5
w bttt
< K)B, IHIhn(cl, 62, 63, Z(61, 62, 63)) = hn(G1, G2, 63, X(61, G2, 63))|d1dgds.
=l g

Using condition (a), we define the set §(¢) as follows:
6(8) = Sup{ﬁnlhn(l/}p lpza lpg: Z) - hn(‘/”l; lpz: lpg) X)l . Xy z € Bl"p ”Z - X”é’f < 81 (l/)p lpz: lpg) € 13) n € N}

Then, we have that §(¢) » 0 as & — 0.
Using assumption (c) and applying the Lebesgue monotone convergence theorem [15], we can deduce
the following result based on inequality (11):

1(Tz(yy, ¥y, ¥3)) = (TX)Wy, Yy, lpg)”g{‘

0 ttt
< K)B, J’_Ulhn(é‘l, 62, 63, 2(61, G2, 63)) — hn(61, G2, 63, X(G1, G2, 63))|dgidG2d s
n=l  g¢¢ ®
ttet
<K ”’_[th(é‘l, 62,63, 2) = MulG, G2, 63, X pd1dcdgs
§SS
< (t - $)’KS(¢).

Since (13) holds for arbitrary fixed (,, ¥,, ¥,) € I3,

7= Telg S sup (KT b ) = G o g} (6= SO0
1 g Pp)EL

Thus, T is a continuous operator on B,.
To demonstrate that T is a Meir-Keeler condensing operator, we need to establish the existence of € > 0
and 6 > 0 such that

e<yBy)<e+é = y(T(By)) <e.

Making use of the Hausdorff measure of non-compactness in €f and assumptions (b)—-(d), we deduce
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X(T(B)) = lim

n-o

sup Z B Ca(¥y, 1y, ‘/’3))”

X(Y1, Y5, Y3)EBry (k20

< lim

n— oo

sup {2 (Bulne(y, vy, ¥

X(P1, Y9, ¥3)€Bry k20

tet

HIB,&(!/JP Py, Ps, 61, 62, )G, G2, €3, X (61, G2, 63))d61dgdGs

S$SS

< lim sup

n=ee X(¢1,¢z:¢3)EBr1 k=n

ttt
2 ‘Bnlrk(l/)p Yo Yp)l + K Ijjﬁnmk(% 62, 63, X(61, G2, 63))d1dczds|

§$SS

tet

Y [[faxte ¢z 69

kxng sg

m| Y By, ¥y, )l + K sup
n=® ) k>n XYy, Y2, ¥3) EBry

+ br(61, G2, 63)By|Xi (61, 62, 63)|dgdgdgs|.

Applying the Lebesgue-dominated convergence theorem, we obtain

ttet

I II 2 @61, €2, 63)dcidgadcs

ssskan

X(T(B:) < lim Z Bilrc(Wy, ¥y, ¥y)l + K

ttt

*B .[ .[ .[ sup 2 Bulxi(sy, 62, C3)|Idc1dc2dc3

sSs sx(wl ¢z l/J3)EBr1 kzn

ttet

< ffm

§S8S

sup [ 2 Bulxi(er, 6 C3)|]dCldC2dC3
*WabpU)EBy; Ko

< (t - $)*KBY(By).

Therefore,

XTB) < (¢~ SPKBYB,) <& = 1(Bu) < (o

e(1- (t-5)%KB)
(t-s)*KB

Taking § = , we obtain that e < y(B,) <€+ 6.

Hence, T qualifies as a Meir-Keeler condensing operator on B,, € €'13 . Consequently, according to Theorem 3.1,

T possesses a fixed point within B,,, implying the existence of a solution for the system (1) in €f . O

Example 4.1. Let us consider an infinite set of Hammerstein-type integral equations in three variables:

222
Xy, P, Y3) = — In[(Wy + ¥y + ¢h3) + 1] + _U arctan(y; + ¥, + Yy + G+ G2+ g3+ n)
111

(14)
sinn(¢ + ¢ + ¢3) X261, 62, 63)
(61 + ¢+ ¢3)? + N 1+ X6, G2, 63) + . +X2(G1, G2, 63)

for (lpl’ lpZ’ lp3)’ (Clr G2, C3) € [1’ 2] X [1’ 2] X [1’ 2]

x (¢ + ¢y + ¢g3)2enGr¥62ren) + d¢1dgrds,

From equation (14), we have

Ty, Uy, ¥3) = - Iy + ¥, + ;) + 11,
Kn(¥y, ¥y, Y3, 61, 62, ¢3) = arctan(y, + P, + Y5 + ¢+ ¢ + g3+ 1),
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nerrerrey) 4 SIG* G+ G3)
(GL+cr+g)+n

2(¢1: '7b2: ¢3)

1 X (’wbp Uy, Ug) +. +X2(¢1: % l:bs

It is clear that r,(Y,, ¥,, ¥,) is continuous on I® = [1, 2] x [1, 2] x [1, 2] for (Y, ¥,, ¥5), (1, 2, ¢3) € I and n € N.
Taking the tempering sequence B = B, = —, for fixed (¥, ¥,, ¥;), (1, Uy, us) € I, we observe that

ha(Wy, ¥y, g, %0, X, ...) = (61 + G2 + G3)%e

n3)

||(7"n)(¢1) l/)Z) l/)B) - (rn)(ul, Uy, u3)”
Zﬁn“"n(wp 1/12, 1/13) = Tn(uy, Uy, U3)|
n=1

) Z%'ln[(l/)ﬂ' Y+ ¥p) + n] - Inf( + wp + w) + nj|
=§1 w1+wz+w3—u1—uz-us]
n

mtuptuz+n
> 5|l/11 Uy + Py~ — Uy ~ U
nl

(1%, —tal + [y, —ua| + [1h5 = us[1¢(6),

where the symbol {(s) represents the Riemann zeta function.

If we choose § = (6), so that

I\

I\

$
|11b3 - u3| < Y

)
9yl < . Wyl < g 3

3’

we obtain
IRy + Y, + Ya) — ()W + wz + w3)|| < &
Moreover, for every (¥, ¥,, ) € I 3, we deduce

1 1 2 1
rn(wl’ wZ’ ,7b3) < ﬁln(ﬁl + n) < ﬁw/l‘l +n < [E + W]

Thus,

=~
I

max Zrn(lﬁl, lﬁz, ng) : (¢1: lﬁz, wg) e’
n=1
o2 1

=20(5) +¢(12)

< o0,

15)

Thus, assumption (d) and Remark (4.1) are satisfied. Also, the function K, is continuous on I¢ and
b4
En(y, ¥, s, 61, G2, 63) = larctan(y + ¢, + Yy + G+ 2+ G+ )] < 2

Therefore, the sequence of functions (K,) is uniformly bounded on the interval I6.
Also, for fixed (¥, ¥y, ¥3), (Wy, Uy, u3) € I 3, we have

IKn(l/}p ¢Z’ ¢3; G1, G2, C3) - Kn(ul, Up, U, G, Co, C3)|
= larctan(y; + Y, + Yy + ¢+ ¢ + ¢z + n) —arctan(uy + Uy + Uz + ¢ + ¢y + G5 + n)
< |¢1) _ull + |¢2’ —Ll2| + |l/)3 - u3|~
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It is evident that the function sequence K,(¥;, ¥, Y5, ¢1, G2, ¢3) is equicontinuous with respect to (¥;, ¥,, ¥5) € I 3
uniformly with respect to (¢, ¢, ¢3) € I3, and the value of the constant K is given as

K= SUP{Kn(wp 'Pz: ¢3: C1, €2, C3) : (1/11’ lth’ wS)! (Cl: G2, C3) € 13: ne N} = E (16)

5
Thus, all conditions of assumption (c) are satisfied.
Again,

1 Sinn(l/ﬁ + l/’z + ’703) X,%

< + + 20 (W1 + Yy +Ys) 4
IRnrs Yo Yo 1= (G + Yy + G e MR+ 2 (W + Py + Y2 + 13 1+ X2+ X} +..+x2

1 1 x?
W+ Uy + )2 + 0% 03| 1+ xE+ X+, +x2
1 1 |x)
< 201+, +1Ps) —_n
AR CRE A WPy + Uy + )2 + 13 n31+x,%(|xnl)
1 1
31Xl

20, + Y, + Y + n3] nd

. - +1h,+ 1
Taking an(Yy, Yy, P3) = (i + 1y + )2 W29 and by, ¥y, Y;) = AW, + hy+ v+ WE have

1hn(y, ¥y, Y3, X0 < an(¥Py, Yy, Y3) + Duhy, ¥y, Y3)BylxXal.

It is obvious that the functions a,(¥;, ¥,, ;) are continuous on I°, for any (¥, ¥,, ¥;) € I* we have
|an(¥y, Yy, Y3)| < %e‘3 and the function series

S+, + ¢3)Ze-n<¢1+¢z+¢3) +

Sy + iy + PPe ) +

ad + P, + 1,)?
AW 00 = Tty by ) = O
n=1

is uniformly convergent on I°.
Also,
1 1 1
= < —=< —
bn(lpp wz: ¢3) 2[(1/)1 + l/)z + lpg)z + n3] = 2n3 = 2)
for all n € N. Thus, the sequence of functions (bn(¥y, ¥,, ¥5)) is uniformly bounded on the interval I°.
The values of the constants A and B are as follows:

36
e3 —

A = max{a(y, ¥y, ¥s) : (P, by, ) € I3} = and B = % a7

and (t - s)’KB = g

Using, (11), (15), (16), and (17), we obtain
KO U+ @ -1 R
1 1- % .

Finally, we check if assumption (a) is satisfied. Fixing x = (x,) € By, C €f and ¢ > 0, then for fixed (;, ¥, ¥;) € I®,
we have
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||(TZ)(l/)1, 1/)2, l/’g) - (TX)(I/)p lpz) lps)”gf
2 Bulhn(y, ¥y, ¥y, 2) = Ry, ¥y, Yy, X))
n=1

z; Xt

2 2
1+z{+..+z;

i 1 | sinn(y, + ¢, + ¥,)

n=1ﬁ W+, +P)? +1°

IA

[ee]

1
Y lzEA+ X+ 4xD) - XEA 4 zE + 2D
n=1n
c 1

2 2 2(v2 2 20,2 2 20,2 2 20,2 2

z ﬁ[lzn - Xn| + |Zn(X1 + "'+Xn) - Zn(Zl + "'+Zn)||zn(zl + "'+Zn) - Xn(zl + "'+Zn)|]
n=1

IN

IA

oo
1
2 2 2 2 2 2 2 2 2 2
z F[lz -n?- Xn| + Zn(lxl - le + -'-+|Xn - an)IZn - an(Zl Ttz I
n=1

IA

Since Xp, Z, € By, n EN, [xp| £ 1, |2, < 13, SO

II(TZ)(',DP l/’z: l/)g) - (TX)(!/H: '702, wg)”gf

[

1
s Z F(Izn = Xnl(1za] + |X21))(1 + le + ---+Zr%) + Z,%(|X1 = a|(xl + |zl]) +...+1xn = Zal(IXa] + 120]))
n=1
(=) 1 00
< 21 ) |~glan = Xl + nrf) + rf[ZIXi - Zi|]
n=1 i=1

00

1
2n llz = xllg 3 51+ nrf) + 1]
n=1

2n1 llz = xllp([1 + r¥1E(6) + 14 (5)).

Thus, choose § = and then for ||z - X||€1ﬂ < § we have

e
2r(1 - r(((6) + r{{(5))°
||T(Z)(¢’1; ’»/Jz, %) - T(X)('ﬁl, %, ¢3)”5f <&

Consequently, assumption (a) is fulfilled as well. As a result, according to Theorem 3.1, we can deduce that
the system (14) has a solution within the subset B,, of €f .

5 Conclusion

In this work, we have used the Hausdorff measure of non-compactness to prove the existence of solutions for

a system of integral equations of Hammerstein type in the space of tempering sequences c(f and €f . Our results
improve the results of Malik and Jalal [10]. Our results are more generalized in larger sequence spaces.
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