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Abstract: This article is mainly concerned to link the Hermite-Hadamard and the Jensen-Mercer inequalities
by using majorization theory and fractional calculus. We derive the Hermite-Hadamard-Jensen-Mercer-type
inequalities in conticrete form, which serve as both discrete and continuous inequalities at the same time, for
majorized tuples in the framework of the famous Atangana-Baleanu fractional operators. Also, the main
inequalities encompass the previously established inequalities as special cases. Using generalized Mercer’s
inequality, we also investigate the weighted forms of our major inequalities for certain monotonic tuples.
Furthermore, the derivation of new integral identities enables us to construct bounds for the discrepancy of
the terms concerning the main results. These bounds are constructed by incorporating the convexity of |f’| and
If’l7 (g > 1) and making use of power mean and Holder inequalities along with the established identities.
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1 Introduction

Mathematical inequalities are immensely useful when dealing with the quantities that fall under conditions
such as greater than, greater or equal to, less than, and less than or equal to. They are also needed when we are
required to approximate a solution instead of giving an exact solution to a mathematical problem [1-3].
Applications of this field can be observed in different scientific fields such as Information Theory [4], Eco-
nomics [5], Mathematical Statistics [6], and Engineering [7]. The theory of convex functions further strengthens
the literature of the field of inequalities [8-11]. Consequently, researchers used the concept of convexity and
obtained a large number of inequalities. Among these inequalities, some well-known inequalities are the
Jensen [4], the Jensen-Mercer [12], Fejér [13], the Hermite-Hadamard [14,15], and the Ostrowski [16,17] inequal-
ities. This article commences with a description of the Hermite-Hadamard and Jensen-Mercer inequalities.
The celebrated Hermite-Hadamard inequality, which applies to convex function f with 6; < 05, is written as
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f[91 + 92] < 1 Fudu < JACN) +f(92). @
2 0. 2

The classical Jensen-Mercer inequality that applies to a convex function f defined on[6;, 6,] and B; € [6;, 65],
o2 0forall{=1,2,..,w with Y;,0; = 1, is given as

f

w w
61+ 0, - (Zazﬁ( <f(6) +f(62) - (ZU(f(B()- @
=1 =1

A handful amount of research has been devoted to the Hermite-Hadamard inequality in recent years [18-20].
To obtain its various shapes, researchers have either applied convexity of the function in various forms such as
strong convexity [21], s-convexity [22], coordinated convexity [23], and n-convexity [24], or they have mixed convex
theory with some other well-known concepts such as majorization and fractional calculus [25-30].

The area of fractional calculus has been the subject of research for many researchers due to its extensive
variety of applications in numerous scientific fields such as medicine [31], biology [32], geophysics [33], and
mathematical analysis [34]. Earlier, this journey began with a query about the possibility of a solution of the
differential equation if the integer order of the involved derivative is replaced by fractional order. However, it
has now been evolved with a variety of fractional derivatives and integral operators. These operators increase
the connection between mathematics and other disciplines regarding their application areas by putting out
approaches that are extremely appropriate for real-world problems. Riemann-Liouville fractional integrals
played a significant role in this regard, and their discovery gave rise to numerous extended and generalized
forms of fractional operators [35]. Some most commonly used operators include Caputo [36], Caputo-Fabrizio
[37], k-Caputo [27,38], Hadamard [39], and Katugampola [40]. In the following, the definitions of some well-
known fractional operators are discussed.

Definition 1. [35] Riemann-Liouville fractional integral operators: Let a function f: [0y, 8;] » R, gamma
function I'(.), and n > 0. Then, the below-mentioned integrals are termed as Riemann-Liouville fractional
integral operators:

1 z
Jo:f(2) = —_[(Z - (wdu, z> 6, (left-sided integral)
! Imy
and

]é’z_f(z) =T o )I(u - 2T (wdu, z <6, (right-sided integral).

Note that f(z) =]§fo(2) =]901+f(Z)-

Definition 2. [35,36] Caputo fractional derivative operators: Let a function f: [0, 6;] ~ R be such that
f € C"64, 6;], gamma function I'(.) and n > 0. Then, the below-mentioned derivatives are termed as Caputo
fractional derivative operators:

‘Dlf(z) = L I A du, z>20 (left-sided derivative operator)
o Ty T T b
and
1)n (n)
“Dgz—f(z) = ( ) I u]i z)(’? )n+1 Z <0, (right-sided derivative operator).

Note that for n = 0 and n = 1, we have
f@ = (Dgf)2) = (Dyf)@).
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Definition 3. [37]. Caputo-Fabrizio fractional derivative operator: Let a function f € H(0, 6;) (“H” denotes
Hilbert space), 6, > 0y, n € [0, 1], and normalization function B(n). Then, the below-mentioned derivative is
termed as Caputo-Fabrizio fractional derivative operator:

n
1-n

(z - wldu. 3

B z
“Df@) = T [ wex
61

The associated fractional integrals to the aforementioned operator are given in [41].

The Riemann-Liouville and Caputo operators contain power law as part of the kernel. In their applica-
tions, these operators have a number of benefits. However, it is important to note that power law behavior is
not always present in nature. To address this issue, a new derivative and fractional operator known as
Atangana-Baleanu (AB) fractional operator was introduced [42,43]. This operator contains the Mittag-Leffler
function as part of its kernel, which can best model several real-world processes. One of the attractive
advantages of this operator is that this operator reduces to the original function when the value of the
parameter is selected zero. This characteristic distinguishes AB fractional operator over the Caputo-Fabrizio
operator, which does not reduce to the original function for specific value of the parameter. Another disguising
feature of this operator is that it has not been immensely used in connection to the inequalities and specially to
the Hermite-Hadamard-type inequalities. The definition of this operator is expressed as follows.

Definition 4. [42] AB fractional integral operators: Let a function f € H(6,, 6,) with 6, > 6; and n € [0, 1].
Then, the below-mentioned integrals are termed as AB fractional integral operators:

N
Q)]

LN

1@ B(In)

@ = J(Z - wy W, @

The right-sided AB fractional integral operator is defined in [43] as follows:

1 £z) = —pzy +

— Zy-1 ] 5
B0) (u - 2)"f (wdu (5)

6,
ool
B(T(n)
Another concept that is related to our results is the majorization concept. Majorization symbolizes a

partial order relation between the two tuples. It describes how far off one tuple is from the other tuple or
how one tuple’s entries are almost equal to those of the other tuple. It is defined as follows:

Definition 5. [44] For any two tuples & = (3, ...,9,) and 0 = (64, ...,6,) whose components are arranged in
decreasing order as dy) < Fy-1) < =+ £ 1), O] £ Bjw-1] £ - £ 0O}y, then we say that the tuple & majorizes the
tuple 0 or 0 is majorized by & (in symbols 8 < &), if:

and

Majorization turns complex optimization-related problems into straightforward ones that are then simple
to address [45,46]. Moreover, majorization has also played a crucial role in the theory of matrices and led to the
derivation of a number of matrix inequalities and norm inequalities [47]. Nowadays, researchers are using the
concept of majorization to construct inequalities connecting various fields. Deng et al. [4] refined the Jensen
inequality using the idea of majorization and convexity of the function. In addition to the bounds for quasi-
arithmetic and power means, they also provided applications for various divergences. Saeed et al. [48]
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presented a refinement of the integral version of the Jensen inequality by incorporating the idea of majoriza-
tion and convexity. With the aid of the major obtained results, they also established an improvement and
refinement of the Hermite-Hadamard and Holder inequalities, respectively. Furthermore, applications of the
major results in the field of information theory have also been discussed.

Research has been carried out continuously to construct inequalities in either discrete or continuous sense
[28-30,49]. However, the derivation of compact inequalities containing both continuous and discrete inequal-
ities simultaneously was the need of the hour. To address this issue, Faisal et al. [50-52] used the concept of
majorization together with convex theory and various fractional operators and constructed such remarkable
inequalities that not only serve as combined form of discrete and continuous inequalities but also produce the
previously existing inequalities in the literature, as particular cases. The authors also obtained integral
identities that have been further used to construct bounds for the established inequalities.

To obtain our main findings, let us first remind the below-extended form of the Jensen-Mercer inequality
established with the aid of majorization.

Theorem 1. [53] Assume a convex function f:I— R, a tuple p = (p,, ...,p,), and n x w real matrix (x;;) such
that Py Xic € Iforali=1,2,..,n (=12,.,w,andg;20 fori=1,2,..,n with Z{Llai = 1. If each row of the
matrix (x;,) is majorized by the tuple p, then

w w-1n w-1n
f ZP{ - Y Doxi| < Zf(/)() - Y D af0p).
=1 {=1i=1 {=1i=1

This article is categorized into four sections. Section 1 consists of the derivation of new inequalities in
terms of the majorization concept and fractional calculus. These results are accompanied by the supporting
remarks which show that the specific values of the parameter transform the freshly constructed inequalities to
other classical inequalities and unified inequalities for majorized tuples that contain Riemann integrals.
Section 2 provides weighted forms of the results obtained in Section 1 by incorporating Lemmas 1 and 2. In
order to make the established inequalities more powerful and attractive, we derive integral identities in
Section 3. These identities work as a tool that bound the major results when applied along with the Holder
and power mean inequalities and assumptions of convexity of the function. Section 5 contains a detailed
conclusion.

2 Main results
Our first major finding in the context of AB fractional integral operators is demonstrated as follows:

Theorem 2. Assume a convex function f: [v,, ] = R and three tuples p = (py, Py, ...s0,)s U = (Uy, Uy, ooy lhy),
v = (Vy, Vo, ...,V,) such that Pr U Vp € [V, )] for all{ =1,2,...,w and n > 0. Also, if u < p and v < p, then

|

B(n)T'
D )+ P )] = ) + )
z[ZH(vc - ﬂ()]

,u(+ Ve

f Zp( Z
(=1 (A

(6

IA

w w-1 w-1
Lir) + Foul < Y1) - S S fwp) + 3 fa)|
2 =1 2|4 =1
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Proof. By the fact that u < p and v < p, we have

w
ZP( Zuz and ZP{ 2%

=1 =1 =1 =1
which implies
w-1 -
2P~ QU =i, and Zpg 2 Ve = Vo
=1 =1 =1 =1

Now, we start by considering that

- wly+v .uw+vw fﬂw+(1—f)Vw+wa+(1—f)#w
P e ! i . ™
=1 =1
Using convexity of f in (7), we have
$ Uy +Vp 1
| 2p Z ]] UGy + (= Ova) + FGu, + (1= O] ®)
=1 (=1
Multiplying (8) by WEH and then integrating, we obtain
w w-1
Uy + vy ]
B(n)F(n) [Z & {Zl[ 2 y
1 1 (9)
H_1__[en 1- Ewd 1__ (g1 1- &,
o RO {f FGy + (1= O + s {E f(E + (1= i, )dE].
Using AB fractional integrals in (9), we obtain
Mg+ B(p)T
D ,,{[Avfl”f(uw) 4] - W) +foll o
(=1 =1 2[2‘2’;1 (v - ,Ll()]

The proof for the first part of inequality (6) is now finished. In order to establish the second inequality, we
make use of the convexity of f as shown in the following:

fQuy, + (- v = &fu,) + A - Ef (w), an
fQ@vw+ (1= Ou,) = &) + A - OFf (). 12)

Adding (11) and (12), and using Theorem 1 with n = 1 and g; = 1, we obtain

13

f@uy + =) + f@u + (1= Ol < fu) + f) <22 flpy) -
{=1

w-1 w-1
2fw)+ Y fop)
=1 =1

By integrating the inequality that results from multiplying (13) with )f -1, we derive the remaining

B(n )F(

inequalities in (6). O
Remark 1.
(1) By considering the hypotheses of Theorem 2 and taking 5 = 1, we obtain the following inequality given in [50]:
,+ V( 1 L (o
i P - Z S <o fl2p
=1 7=1 =1 v - ‘u() u)_—l e =1

(14)

[} w-1 w-1
S(Z ) -5 Zf(ﬂ{) + Zf(V{)l
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(2) By choosing w = 2, inequality (6) produces the following inequality given in [54]:

U +v B(mI'(n)
flpyt Py - 12 1]52(‘,1’1 :)n

o ep,-vl Py + Py = 1) + “PLy oy F(Dy + Py = V1))

B Fﬂ) [flpy + py = 1) + f(py + py = V)] (13)

< F(o) + f(py) - %[f(ul) * funl

(3) If we choose w = 2 and n = 1 in (6), then we obtain the succeeding result obtained by Kian and Moslehian [55]:

+ 1 1
loa+ o= 1157 < HlJf(pupz-u)dusf<p1>+f<p2>—5[f<u1>+f<vo]. 6)

As previously mentioned, we construct our next finding as follows:

Theorem 3. Assuming that all the conditions specified in Theorem 2 are satisfied, then

f ZP( Z ] (]
=1

2171B(mT
< L("),, A e f ) * et () Sy [f(uw) fol|  an
w-1 sk ¢ derve B(n)
[Zc=1 (v - H()] [z“p‘ 2 ] [ af e 1[ 2 ]]
0] 1 w-1 w-1
< 2o = 5| 2f ) + 2 00,
=1 =1 =1
Proof. For ¢ € [0, 1], it can be expressed that
< B+ Hy + Vo
fl2p - Z : ” T]
(=1 -
1 ) w-1 _ E w-1
=f§ ZP{ ZH( 2 2 (18)
=1 =1
) w-1 _ E
+ (le( Z Vet z#(
Using the convexity of f in (18), we establish that
w y + v ( _E
f(zlpz Z : ]' Zp{' P z#{ ZV(]'
19
0] E w-1 9 - f w-1
+f ;P( 13 ;Vz Y lelg
Multiplying (19) by mg‘”‘l and then integrating yield
120 25| s jfle |5 2 5 e
B(n)F(n) g4 ~ 2B & e ‘
(20)
n 1 ) f w-1 2 - E w-1
+ n-1 - + d
BT _([.E f lez 2 [;V( 2 [;u(
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Using AB fractional integrals in (20), we arrive at

w w-1
1‘( %
Zp( z
¢=1 =1
-1
< m AB n » ‘u{+V( f( w) + . [1{+v[ f(luw (21)
[Z?;ll(v( N ‘u()] ‘Z{ Upas P ea| 7

- DD ) 4 )

Thus, the first part of Inequality (17) is completed. In order to demonstrate the second inequality of (17), we

employ Theorem 1 with gy = 5, 0 = 2% and n = 2 in the following manner:

a) 1 E ) Ew—l 92— Ew—l
Zp( -15 Zug S v < 3fe - 5 LI+ = ) (22)
=1 =1 =1 =1
and
2] Ew—l 9 - Ew—l 4] fw—l 9 - Ew—l
fl2e - EZVUTZH( < 2f(p) - EZf(V()’fTZf(H()- 23)
=1 =1 =1 =1 =1 =1
Adding (22) and (23), we obtain
] w-1 2 - w-1 0] w-1 2 - w-1
fZP('gZﬂ(*'TEZV(”J'fZP(_gzvf*' ZEZH(
=1 =1 =1 =1 =1 =1 4)

0] w-1 w-1
<22 flp) — | LW + 2wl
=1 =1 =1
By multiplying (24) by mf 11 and then integrating the resulting inequality, we obtain the second inequality of (17). [

Remark 2. Inequality (17) produces the below result obtained by Kian and Moslehian given in [55] by choosing
w=2andn=1:

/'"P1"'P2_u1;-‘}1]S

ey s )+ fo) - Glrw 00 @
1 1

3 Weighted forms of the main results

This section of the manuscript is devoted to the derivation of weighted forms of our major results. We obtain
these weighted forms by taking into account certain monotonic tuples.
To obtain our new results in weighted forms, we employ the following lemmas [50].

Lemma 1. Assume a convex function f: I - R, two tuples p = (py, ...,0,), ¥ = (7}, ...,Ty), and n x w real matrix
(Xi¢) such that Prs Xic € I, 20withr,#0, € = rlfor al(=1,..,0, i=12,.,nandg;20fori=1,2,.,n
with Yi-,0; = 1. If for every i = 1, 2,..., n, the tuple (X, ...,Xi,) is decreasing and

k k 2] 2]
> i < Zr(p( for k=1,2,..,0 -1, ngp[ = ) X
=1 =1 =1 (=1
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then
w w-1n w w-1n
fl 2 erp, = 2 Y eowpxc| < Yerflpy) = Y Y eomy fxg).
=) (=1i=1 =) {=1i=1

Lemma 2. Assume a convex function f: I = R, two tuples p = (p;, ...,0,), T = (11, ...,I), and n x w real matrix

(Xi) such that Prs Xic € I, 20withr, #0, ¢ = rl—mfor al{=1,..,0, i=12..,nandg;20fori=12,.,n

with Yi-0; = 1. If Xz and (p; = Xig) are showing the same monotonic behavior for eachi = 1,..., n, and

w w
Z P, = (erfxi[’

=1
then
w w-1n w w-1n
fl 2 erp; = 2 D eoipac| < Y ercf(p) = ) ) eowy f ()
=1 {=1i=1 =1 {=1i=1

The following result is based on Lemma 1.

Theorem 4. Assume a convex function f: [v,, u,] = R and four tuples p = (p, py, ....0,), U = (Uy, Uy, -5 lhy),
V=V, Vg, V), and t = (14, 1, ..., T,) such that py, g, Ve € [V U], 77 2 O withr, # 0 forall{ = 1,2,..., w and

€= %, n > 0. Also, if the tuples u and v are decreasing and

K K K K
DIl S TP IV S Y Ipy, for k=10 -1,
=1 1 A =

w w w w

Z’”(P( = Z’”zﬂp Zrzpz = 2w

=1 =R =1

then

2 oM e + v
{52
=]

=1
_BWI) | ap AB _a-n

<5 @ - vw)’i[["wl Fuy) + I f (W] ) [f () + f()]
1

< S W)+ fw)]

IA

0] 1 w-1 w-1
2erf(p) = 5| Lenf)+ Y enfv)
=1 (=1 =1

Proof. By taking

w w w w
Z’Z‘P{ = Zr(.“( and Zrcpg = 20V
=1 =1 =1 =1
we arrive at
w w-1 w w-1
Senp - Yeru=u, and Yenp - 3 env = v,
=1 =1 (=1 ¢=1

Now, for ¢ € [0, 1], we may write that

(26)
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(Ut 0t Vo Sy + (1= vy + §vy + 1 = D,
erzP(‘fzr([ (2 (] =f[y ]=f x 5 fol @7
Using the convexity of f in (27), we obtain
¢tV 1
f|Sen; - e Z '”([ : ] UG, + (= O + fGu + (- O, 28)
=1
Multiplying (28) by mf”‘l and then integrating yield
w-1
Uy + Vg
B(n)F(n) [Z”“’( PR
1 (29)
< IE” PG, + (1 - s+ —— [y, + (1 - op,)de|
2 B(n)r(n) ¢ B(T(n) 4 ¢
Using AB fractional integrals in (29), we obtain
o7l (p, + v, B(p)T
ZEF(p( 9 r([ ¢ f]] p—C)AC) ,,[[Avfl”f(uw) el - Sy ol ey
2 w-1 B( )
2[2(:1 v - Hg)]

Hence, we have successfully accomplished the first part of (26). To obtain the second part, we use the convexity
of f to express that

fQu, + A= Ew) < & (u,) + 1 = f (W), (3D
f@vw+ (1= u,) < &) + (A= Of (). (32)
Adding (31) and (32) and then using Lemma 1 forn = 2, 07 = ¢, and 0, = 1 - £, we obtain

FQu, + A= v) + fGv + A = D) < fu,) + f(V)
(33)

w w-1 w-1
<2 e f(p) — | 2 e fup) + 2 e fvp)l.
=1 =1 =1

By integrating the inequality that results from multiplying (33) with qu_l, we obtain the remaining
inequalities in (26). O

Remark 3. By setting n = 1, Inequality (26) transforms into the underlying inequality given in [50]:

> erpy
¢=1 E1¢V¢ W

r{ﬂ( v 1
]] < f Zgr(P( -u

T w1 du
Z(:l (EY‘(V( - Sl”(y() Z?for:#z ¢=1

ZS’”{P( € Z

(34

w-1 w-1
<Y erfe) - 3| 3 enf o+ 3 enfoo)|

Lemma 2 is used to establish the following result.

Theorem 5. Assume a convex function f: [v,, u,] = R and four tuples p = (p, py, -..,0,), U = Uy, Uy s k),
v = (v, Vg, ..., W), andr = (r, n, ...,1,) such that Pr> g Ve € (Vi U], 77 2 O withr, # 0 forall{ =1, 2,..., w, and

€= % n>0.Ifp - u, u, p-v,and v are monotonically showing the similar behavior and

w w
$roc- S S-S
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then

2 oM e + v
s - 5[
=]

¢=1
B(I(n) a-n
< m[[ﬁfl ") + A0 F )] - B(n) [f(u,) + f(Vw)]}
35)
< W) + )

I\

0] 1 w-1 w-1
2 ercfp) = 5| 2 enflup) + 2 ercf(v)
=1 =1 =1

Proof. We prove (35) by using Lemma 2 and similar steps taken in the proof of Theorem 4. Thus, the proof is
complete. O

Remark 4. Theorems 4 and 5 serve as weighted versions of Theorem 2, and corresponding weighted forms for
Theorem 3 can be obtained in the similar manner.

4 Derivation of new integral identities and bounds for the main
results
Integral identities are the tools that lead us to more powerful inequalities when combined with some assump-

tions. In this section, first, we derive the identities for a differentiable function and then using these identities,
we construct bounds for the major inequalities.

Lemma 3. Assume a differentiable function f on[v,, u,] and three tuples p = (py, py, ...p,) and g = (g, ty, ..., lh,),
v = (Vy, Vo, ...,VY,) such that Prs g Ve € [V, 1] for all = 1,2,...,w,n > 0 and & € [0,1]. If f* € L), then

B(n)r 1-
1) * 700 = APl ) + 451 ) = G + £
® )]
2[2(:1 (V( - u()]
(36)
Yo - ) ! v o el
- S - a- | Sac- 3 G - vl
0 =1 =1
Proof. In order to demonstrate our desired result, we take into consideration that
1 w w-1
1={@-a-emr| Yo - Y G+ A= vl
0 =1 =1
1 W w-1 1 W w-1 (37)
= [er| 3o - ¥ @+ a-owlag- [a-err|3n - ¥ @+ @ - Hulds
0 ¢=1 ¢=1 0 =1 =1

=11 - Iz.
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Here,
1 w w-1
L=[er]3 o - 3 G+ (- Hupld
0 =1 =1
1
f”f[Z?qP{ - Yo+ (- f)va] ;
- ) - ) -
0
Ié’l 1Y Z (&, + (1 - Evplde
=1
fu,)
== " f’llfzp Z(Eu + (1= Oy |de.
Z( 11(V( 1) Z( 11(V( x“()'(l)' =1 ‘ ‘
Likewise,
1 w w-1
b=[a-ef]3p - Y G + (- Hupld
0 (=1 =1
1
(- E)”f[Z?:lpg - Y+ (- f)va] )
Z?:ll(vf - U) Zgzll(V( ~ U
) 39)
j(l o3 g, - Z(EM( +(1- Ou)|de
=1 =
f[Z(=1p( - Z(=_1 VC] w-1
=~ T J(l Eyrif Zp; Y (G + (1= HVde.
Z(=1 (v = ug) Z( Ve =)o ¢=1

By inserting (38) and (39) into (37) and then using the definition of AB fractional integrals and multiplying both

w-1 _
sides by zl:l(‘; y‘), we obtain (36). O]

Remark 5.
(1) For w = 2, Equality (36) transforms into the following equality, which has been proved in [54]:

1 B(n)r
SU ) + fvol - ((LZ?;W oy, F 01+ Py = ) + Ly e, F(P1 + = VD]
B(’)) [f(p1 - U+ f(p1 +p, - V)] (40)

1
= M Jn-a-empio, + p, - @y + A - EE.
0

(2) By takingn =1, w =2, u; = p;, and v; = p, in (36), we obtain the following inequality given in [14]:

flp) +fpy)
2

pz 1
Py~ Py ,{f (du="7 { (28 = DfCpy + (A = HpydE. (41)
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Lemma 4. Assuming that all the conditions specified in Lemma 3are satisfied, then
21'B(n)T(n) (-
Tl | w00+ oW - 5] 1) + Fou)
sk - || (B Zan- 8] !
=1\ T He SLEEA
0] w-1
UtV (42)
=1 =1

sz_l(\/{ - U ) 1 2] 92— w-1 w-1
e (IE”f'Zp(-—E Zu(+§ZVz
4 V& =

Proof. It is very simple to derive Equality (42) by applying similar steps as presented in the proof of Lemma 3

- f ZP(
=1

SRS

=1

iz

O
Now, we present the following result based on Lemma 3

Theorem 6. Assume a differentiable function f on [v,, u,,] and three tuples p = (p,, p,

) "'Jpw)yy = (‘ulx uz: "'J‘U(u)y
and v = (v, v, ...,V,) such that Prs g Ve € [Vi, )] for all {=1,2,...,w and n > 0. If || is convex, u < p and
v < p, then

B(n)T
Lfw) + fou) - P
2[2(:1 (V{ - !1()]

1) + 1) - S B(n) 21w + fou)

(43)
Yo v - il o1 w1
< M[l - —] Zlf(p()l Zlf’(u()l + 2 IFool||
n+1 2143 =1
Proof. Using Lemma 3, we can write
B(n)r
25w+ Fou - %[[ﬁfﬂ’ﬂuw) o)+ Gl + )
2[2(:1 (VC - :u()]
o 1 w w-1 (44)
= |3 Xoe-wpf@ - a-omr| Yo - Y@+ - owlds
=1 0 (=1 =1

1 w-1 1
Pl u(|£|(f" - @-&m)

w w-1
120 = 2 @+ (1= Evp)l| dE.
=1 =1

The convexity of |f*| allows us to obtain the following by applying Theorem 1withg; = §,n = 2,and g, = 1 - ¢ in (44)

- 1 ) w-1 w-1
% Z Ive - gl i - @ - E)”)IIZ el - 16 2wl + =) 3 IFopl||dg
=1 0 =1 =1 ¢=1

wl

1
2 4] w-1 w-1
== Z Ive - el fca - & - m‘z I ool - [E DIl +@-8Y I vl
0 =1 =1 =1

(45)

¢},

w w-1 w-1
' I(z" - @- o Y1)l - [E S I @)l + A -9 IFm)l
=1 (=1 =1

|V( = U|(By + By).

||M| N

_15
2/
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Note that we have

1

2 w-1 w-1

Bi= [ - gy - Z o)l - [E I W)l +@-9Y Il
0 =1 =1

(46)
w 1 l w-1 1 L 1
— / - 2n _ , _ on+l o+l
;If(p()lq+1 ’1+1] ;If(ﬂzﬂ M+ +2) n+i| & ‘q+2 q+1'
and
1 w w-1 w-1
B,= @ - a-em| Y1l - lf 2wl + A -9 Y I wlf|dg
1 =1 =1 =1
2 47
w l w-1 i w-1 1 1
— / _ 2n _ , _ o+l , _ on+1
—;If@(n n+ n+1] c;lf(‘u‘)l n+2 n+1 +z§11f(v()|‘(n+1)(n+2) n+1'.
Substituting (46) and (47) into (45), we obtain (43). O

Another result is obtained as follows:

Theorem 7. Assume a differentiable function f on [v,, u,] and three tuples p = (py, Py, -0, M = Uy, Uy, s lhy),
andv = (vy, vy, ...,V,) such that Prs b Vp € [V Ul forall{=1,2,..,wandn > 0. If|f’|7 (q > 1) is convex, u < p
and v < p, then

B(n)r
BT anpng, 4 anpy Fw)] - B() £ + )

w-1
Z[Zfﬂ(vf ~H )] 48)

S0+ ] -

1
q

Zw—l _
< =1 |V( Aug“l
n+1

~ o ‘Zlf(paw -3 Z ol + Z o

Proof. Using Lemma 3, we have

B(mI'(n)
2[2?3@( - #;)]

a-
B(n)

S + ] - [ABI"ﬂuw) w2 ) = S ) + )

d¢

w-1 1 w w-1
Yo wf@ - - onF| Yo - X G+ - o)
=1 0 =1 =1

dz.

1 w-1 1 w w-1
< 5 Y- wlf1En- A= e - 3 G+ (- O
=1 o =1 =1

The utilization of the power mean inequality to the aforementioned integral yields

1
1-3(1 a

Jier-a-en
0

q

N|H

Z _[IE” - (-5 f 6

w w-1
Yo Y@+ a-Hw)
=1 =1
(49)

1- 1
q

dé| .

w-1 1

1
0 1
=3 Y v - |- e - emag + fer- - emag
¢=1 0 1
2

}Z 1
’IIE” - -y
0

w w-1
f1Zp( - 2 G+ A-8w)
=1 =1
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The convexity of |[f’|7 allows us to obtain the following by applying Theorem 1 with g; = &, n = 2, and
g, =1-¢& in (49):

1 -4
w-1 2 1

Z Ive = s [ - &7 - gmag + Jeer - @ - Hmag
0

1
2

1
q

1 w w-1 w-1
x ‘IIE” -a- E)"I[Z IF (ol - ‘f S 1@l + -9 [Fol
0 =1 =1 =1

d¢
1 g
w-1 2
5 Z Ive - gl @ - e - gy + j(f" - (1- &nae
0
: (50)
1
2 w w-1 w-1
x Ij«l — &Y= 0| YAl - |E XU Wplt + (L= ) Y IF ()l ||dé
0 =1 =1 =1
1 w w-1 w-1 !
+ I(f" =@ =M LI = & 2 I l” + (1= ) Y If (vl |[ag
1 =1 =t =1
2
w-1 - i 1_%
=3 (;W( - gl ISl i (€ + Ot
Note that we have
1
2 w w-1 w-1
a=Ja@-eor- E")[Zlf(ﬂg)lq - ‘E DUl + A= 8 If (vple|d
0 =1 =1 =1
B TSt S 2 N P IS S -
AR ettt i Pl ey e i
w-1 1 1
, ot
+ [zzllf(VC)IQ[n i pe1 l
and
1
G= @ -a-em Z ool - [E > Wl + -8 Z ol
%
W i w-1 1
21 , on+1
glf(p()lq o +1’ S| 2wl -y +1’ (52)
w-1 1 1
, _ o+l
' ;V(vf)lq M+D+2) n+1ff
By inserting (51) and (52) into (50), we obtain (48). (I

By considering Lemma 4, we establish the following results.
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Theorem 8. Assuming that all the conditions specified in Theorem 6 are satisfied, then

2171B(MI'(n)

ABI” w-1 UtV f( w) ot UtV f(yw
Sooc-w | ez e S|
- S~ l[ﬂz + Vz] (53)
30 D) + Fou) ANon- 2 ] ‘
Z( 1| ( .u( w-1 w-1
= Ty (Zﬂf (o)l - ;lf )l + lef wol||

Proof. Using Lemma 4, we have

2171B(MI(n)
- i
[Zgzll(V( - 11()]

e e

Z“Pz =1|" 2 (1P Ly=1| 2
w-1

ipz Z

=1 =1

9 - f w-1 f w-1 1 )
> gl.“( g %V:”df- {f”f

Uy + Ve
2

-0
B(n)

[fu,) + f(v)] }

d¢

—_—

9 - Ew—l Ew—l
5 v+ 9 2l
=1 (=1

w
Zp( -
=1

w
ZP( -
=1

1w—1 1
= (- )| |
15" f{

1
1z
0

_ E w-1 {_« w-1
NN 2V 9 2 U
=1 =1

(54)

IN

92— w-1 w-1
22 £5, 0 € ZVJ]' @
=1 =1

w
I ZP( -
=1

1u)—1
24
4 45 ¢

1
+ fien|r
J -

¢

¢

_ E w-1 E w-1
N Qv+ 9 2 U
(=1 =1

1 1 w
I Zp( ag+ [er|f3p -
0 ¢=1

Z Ve = il

_ E w-1 é w-1

Using Theorem 1 forn = 2, 0y = % and gy = g in (54), we obtain

14
Zg Ve = Ul

_ rw-l w-1
IE"‘Z ol - [ LD va] de
=1 =1

1

_ rw-l w-1
I [va [ 25 ZI}"(v()I+§ZIf’(u¢)I dg
0 =1 =1

w—l

Zl N Yol @ TVl YL@l XLl
Ve~ b - -

n+1 n+1 2n +2) 2n +2)

Yol el T ool TVl YLl
MRS 1+l g+ 2An+2)

w-1
N Z(=1|V( K w7l

) 1 w-1 ) )
0+ 1) %V(pf)' -5 ;V(ugn + {Zﬂww :

Henceforth, the proof is complete.
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Theorem 9. Assume a differentiable function f on|[v,, u,] and three tuples p = (p;, Py, --sP,)s U = (Uy, Uy, -5 lhy,),

and v = (v, Vy, ...,V Such that P g Ve € [V, 4] for all {=1,2,..,w and n > 0. If |f’| is convex, q > 1,
1

E_'_%z:l“u<p’and\}<p,th€fl

211B(I(n)

[Z; 1 - Hg)]

ABII']
w-1[ U Ve
z( 1P z( 1[

=P g1 2

“f( V) * [ o 11,1(+v(]] 1'f (u,,)

_@a-n
B(n)

[f () + f(W)]

A3

(55)
w-1
< Z( 1 |V( - H{l
C 4p+ 1

Zlf(pg)lq - Z[ Z If (a1 + Z If(v;)lq']

w 1 w-1 w-1 %
H 2l = 713 2O + 2 @l |
=1 =1 =1
Proof. Using Lemma 4, we can write

2171B(T'(n)

o 0
[Z(=11(Vf - “()]

ABI’]

w-1[ U Ve
z( 1P Z( 1[

1'f (u,)

11(“’{
2

w-1

=107 2=

]]f( Vo) + [

_a-n s _’”_1[!15”"{]
By W) f%)]] NZr 217 ]

w

w-1
_ rw-l w-1
=‘Mjf"f ZP{ 2 EZH(+§ZV(d
0 2 =1 2 =1
1 w
- ‘[qu’ ZP( ZV( Z‘U( d¢
0o ¢t
Z( 1| i ‘u(| _ E w-1 E w-1
STIWZ AT
1 w
+ E”f’[;p( - sz Zug it
0 =1
sz_lhj —y| 1 w _rw-l w-1
S #ﬁm f ZP{' TE Z‘U(*' g ZV(
0 =1 =1 =1
1 ) _ E w-1 E w-1
+ Ilf”l 2o - N v+ B 2 ||| dE|.
0 =1 =1 (=1
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Using Holder’s inequality to the aforementioned integral, yields

- 1 ’1’ 1 [0 w-1 w-1 d %
1 2-
<7 Z Ive = wel( f1gneag| ([ {7120, - [TE Sucr s Tl a
=1 0 o &=t =1 =1
1 o1 2o %
+ ’IIE”I”dE [lr ZpZ [ sz +2 Zu(
0 0
w-1 1 ’1’ 1 w-1 -1 %
2 —
Z|V( el IE’"’df I f Zpg B Rt Z#z t ZV( d¢ (56)
o| o=t 2 & 24
1 ‘1' 1 [3) 2 - w-1 E w-1 1 %
+ nrd, / - — + = d
J;E 3 { r2e ‘ A ;Zl“(] ;
1w71 1 ; 1 4] Z_wal z_—uﬁl 1 % 1 4] Z_wal wal 1 %
== - npd, / - = + 2 dé| + / -|— + = d
§ 2 !z ; { PlZpc g Zrery 2v| % { M2ec-|= Zlv( 2 2| |
The convexity of |f’|? allows us to obtain the following by applying Theorem 1 with g; = E ,n=2,and g; = é
in (56):
o 9 - E w-1 E w-1 %
Z v - 1 |[ ] ‘Z el - [— 2 ot + 2 X Il ||dé
lp +1 JO- -1 ¢ 2 4 ¢ 25
E w-1 E w-1 [11
I S Fpn - YA LBI] |
ole=1 =1 =1
Z | ‘= ‘u(| w-1 w-1 %
D Z @t - 53 Tl + Y PR
4(np + =1 =1
W 1 w-1 w-1 ‘17
+| 2 I el - 1[3 2Ol + Y If ()l
=1 =1 =1
Hence, the proof is complete. O
Theorem 10. Assuming that all the conditions specified in Theorem Tare satisfied, then
271 B(mT(n)
w-1 L n ABI,) w-1 H(+V{ f( ‘“) w-1 .“(*V( f(‘uﬁ’
S| s e
1 w w-1 ‘u + v(
2D+ poun| - 1| S - Z[ ‘ ]
B(n) =
(57
w-1 1
- Z(:1|V(_U(| 1 i (o)l - Lz W) z )l ‘?
T4 + D r1+1=|fp(| 20n + D +2) 2 Pl + 2('7+2) Pl
%
_hrs
10” 2ot - 12(0”)(””) Lo+ 3075 2 Zlf(u()l
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Proof. Using Lemma 4, we have

2171B(mT'(n)

w-1 g
IZ(=1 (V( - uu{)]

ABITI

222

=1Pr" L1

1-
B(n)

[f (1) * f ()]

w w-1

Uy +Vp
ZP( - Z[ 9 ]]
=1 =1

1
Jer

0

1 w-1
12 Z (v = 1)
=1

ZP{ -
=1

Z—Ew_l Ew—l
PPN PR]
=1 =1

w-1

_f Ew—l
— ZVUE%#( d¢

w
Z by~
=1

1
- fer
0

w-1

2 -
ZP( quﬁ—ZVc

1
[1gn s
0

1 w-1
=2 Z lvg = ﬂ(|
=1

— Zw Zug ag|

1
+ flen
0

f ZP{
=1

u(w(”f( Vo) + 1 5o 1luz+v(

]]fww

The utilization of power mean inequality to the aforementioned integral, yields

1- 1

1 - , ] B ;Ew—l
Zg - il jf"ds {f” Loy Lue
1 1_% 1 0] 92 - E w-1 f w-1 i
e (Jeag| - \fer |1 2ec- T;V(ﬁ;y(' 5
0 0

1] ZP( -
=1

1 et 1 1-q{[ L Z—Ew_l
Sl Tl -6
421( (n+1 ,0[ 2 Zlf

f’ ZP{ -
=1

Z_Ew—l Ew—l
N ZV("E Zﬂ(
=1 =1

The convexity of |f’|7 allows us to achieve the following by using Theorem 1 with g; = 2%

in (58):

1
Z?1|(

a(n + D

d¢

1 0] _ g w-l w-1
: jen‘z et - [¥ SO+ S 3
0 \¢=1 ¢=1 ¢=1

E w-1 1
Py Z Ve
2 (=1

_rw-l w-1
‘je 2 IF e - [ L3 o + 5 3 e
0 ¢=1 =1

1
q

E w-1 1
2 2 ve||| dg
=1

q

n=2,andaz=§

=S

DE GRUYTER

(58)

2
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1

Y oalve = uell[ 1 n ‘
TTag ot |t XU”(Pz)' [m 2 [t + Z If(Vz)I"]
\ (59)
n+ 3 w-1 1 q
,]+1ZIf(p()| [mm(m % +2)Zlf(u()| .

5 Conclusion

Numerous mathematicians are presently conducting extensive study on the popular Hermite-Hadamard
inequality. This inequality is used as a tool for error estimation in numerical integration. It guarantees that
the convex function is integrable and offers approximations for the integral mean of the convex function.
Additionally, it has been established for a variety of convex functions, with particular emphasis on s-convex,
n-convez, coordinate convezx, and strongly convex functions. The construction of several integral identities for
this inequality has also led to the creation of numerous other inequalities. In this particular study, we have
used the idea of majorization to obtain combined inequalities of the Hermite-Hadamard and the Jensen-
Mercer within the framework of fractional calculus. The idea of majorization was used as a connecting
mechanism between these two inequalities, and the result is a single inequality that contains both discrete
and continuous inequalities. These inequalities have been constructed with the help of AB fractional opera-
tors. The given remarks demonstrated that these inequalities cover the previously known inequalities.
Additionally, weighted versions of the main inequalities have been found using different kinds of majorized
tuples. We have also developed bounds for the discrepancy of the terms pertaining to the major inequalities
with the aid of integral identities. The convexity of |f’| and |f’|?, (g > 1) as well as power mean and Holder
inequalities are used to build these bounds along with the identities that have already been established. The
findings of this research would be a valuable addition to the theory of mathematical inequalities.
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