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1 Introduction

The incompressible convective Brinkman-Forchheimer equations on the whole space R3 are given by

Ot — uAu + u-Vu + au + B |uf"'u + Vp = 0, in R*xR3
(CBF) divu =0, in R* xRS,
u(0, x) = u’(x), in R?

where u(x, t) = (w, Uy, u3) denotes the velocity field, and the scalar function p(x, t) represents the pressure.
The constant u denotes the positive Brinkman coefficient (effective viscosity). Besides, a and f, which are two
positive constants, denote, respectively, the Darcy (permeability of porous medium) and Forchheimer (pro-
portional to the porosity of the material) coefficients. The exponent r can be greater than or equal to 1.

The equations Convective Brinkman Forchheimer (CBF) describe the motion of incompressible fluid flows
in a saturated porous medium. This model has been used in connection with some real-world phenomena,
e.g., in the theory of non-Newtonian fluids (see e.g., Shenoy [1]) or in tidal dynamics (see, e.g., Gordeev [2];
Likhtarnikov [3]).

In what follows, we will consider only the critical homogenous CBF equations when r = 3:

Ou — pAu + u -Vu + au + B [ul*u + Vp = 0, in R* xRS
) divu=0, in R* xRS,
u(0, x) = u’(x), in RS

The first equation of system (S) has the same scaling as the Navier-Stokes equations (NSE) only when the
permeability coefficient a is equal to zero. In this case, when (a = 0) is called damped NSE where the damping
term is B |u[""u. The resistance to the motion of the flow, which is caused by physical factors such as porous
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media flow, drag or friction, or other dissipative mechanisms, is shaped by the damping term 8 |u| "'u. Several
authors studied the damped NSE among them Cai and Jiu [4] proved the global existence of weak solution in

L*(R*, LX(R3)) N LX(R*, H(R3)) N LR, I*1(R?)).

Benameur [5] brought new findings to the field, which is the model damping a(e”'”'Z - Du. He used the
Friedrich method and some new tools to prove that there is a global solution u in

L°(R*, I2(R%) N C(R*, H2(R3)) N IAR*, H(R3) N &,

where &, = {f € L*R* x R®) : (! - D|f? € L}(R* x R3)}.
Before treating the global existence, we consider the definition of weak solutions.

Definition 1.1. The function pair (u, p) is called a weak solution of the problem (S) if for any T > 0,

the following conditions are satisfied:

M u € L*([0, T]; LAR?) N LX([0, TT; H'(R%) N LA([0, T], LAR?)).

(2) ou—phu+u-Vu+au+ B lufu=-VYp in D0,T]xR3: for any ® € Cy ([0, T] x R%) such that
div ®(¢, x) = 0 for all (¢, x) € [0, T] x R® and ®(T) = 0, we have

T T T T T
~[a 0@) + [u; v@)2 + af s @)z + [V @)z + B uitus @),z = W @(0)),2
0 0 0 0 0
(3) div u(x, t) = 0 for a.e. (t,x) € [0, T] x R3, ((; )2 is the inner product in I*(R%).)

Theorem 1.1. Let u® € L%(R®) be a divergence-free vector fields and 4up = 1, then there is a unique global solution
u € G(R*, I3([R3) N IA(R*, H\(R?)) N LAR*, [A(R?)) of (S). Moreover, we have
t t t
GO + 20 1Vul, + 2[R, + 26[|lulitad < W0, ve>o, @D
0 0 0

t t
e|u(t)|, + 2] e Vu(2)|dz + 28 [ u@)|[hdz < [Jul|R, Ve > 0. (1.2)
0 0

Remark 1.1.

(1) Unlike in other blow-up problems (see [6—8]) when the nonlinear capacity methods is used, in this work,
the proof of existence and uniqueness is based on the Friedrich method. The continuity and uniqueness
are proved by new tools.

(2) The proofs of (1.1) and (1.2) are given by the Friedrich method and Cantor diagonal process, respectively.

(3) The uniqueness and inequality (1.2) imply that (¢ - eZ“f||u(t)||iz) is decreasing. Indeed, for 0 < ¢ < &, by
uniqueness of this solution, we obtain

e u()|lf. = e @ ult + (& - w2 < lu@I:

and
€200 |u(ty)|22 < e2[u(ty)| .

(4) The last property does not imply that lim,_..e®||u(t)||;z = 0.
(5) The idea of looking for an asymptotic type of convergence e®||u(t)||,z to zero is due to the following:
the solution of linear system

o f - uAf+af=0, in R*xR3,
(SL) div f= 0, in R* xRS,
f(0,x) =u’(x), in R?
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has the following form:
f(t, x) = e"ettdy0,
We have
e“lIf(Ollz = lleullz2.
The dominated convergence theorem implies that
lim e[| (0} = 0.

We are now ready to state the second result.

Theorem 1.2. Let u’ € I*(R% be a divergencefree vector fields and 4uf = 1. If u € G(R*, I?(R%)) N
IXR*, H'(R) N LA(R*, LA(R)) is the unique global solution of (S) given by Theorem 1.1, then

lu(@)|| = 0(e ), t - oo. (13)

The remainder of this article is organized as follows. In Second 2, we give some notations, definitions, and
preliminary results. Section 3 is devoted to prove Theorem 1.1, and this proof is done in two steps. In the first,
we give a general result of equicontinuity, while in the second, we apply the Friedritch method to construct a
global solution of (S). Moreover, uniqueness and the continuity of solution are also mentioned. In Section 4, we
study the large time decay.

2 Notations and preliminary results

2.1 Notations

* For a function f: R® — R and R > 0, the Friedrich operator J, is defined by

J@) = F x5, ),
where By is the ball of center 0 and radius R.
* L{(R®) = {f € (IX(R%))*; divf = 0},
* The Leray projection P : (I*(R%)® — (I*(R3))? is defined by

FAPL) =T (6) - [7(6) % % - MR,
where M(¢) is the matrix |8k, — %] .
1<k,6<3

2.2 Preliminary results

In this section, we collect some classical results, and we give some lemmas that are well suited to the study of
system (S). We start by the following elementary inequality.

Proposition 2.1. [9] Let H be Hilbert space.
(1) If (x,) is a bounded sequence of elements in H, then there is a subsequence (Xyx)) such that
Xpmly) = (xly), Vy € H.
(2) If x € H and (xp,) is a bounded sequence of elements in H such that
(aly) = (xly), Vy € H,

then ||x|| < liminf,_«||X]|.
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(3) Ifx € H and (xy) is a bounded sequence of elements in H such that
(Gly) = (xly), Vy € H
and

limsup|x|| < [I]],

n—-o

then limp.«||x, = x|| = 0.

Lemma 2.1. [10] Let s; and s, be two real numbers.
(1) If s1<3/2 and s, + s; > 0, there exists a constant C; = Ci(sy, Sy), such that if f,g € H(R3) N H*(R3),

then f. g € H*4(RS) and
811 ervs-3 < Gt N8z + I lgre2lIgllges)-
(2) Ifsy, sy < 3/2 and sy + s, > 0, there exists a constant C, = Cy(s, S;) such that: if f € H*(R3) and g € H*(R3),
then f. g € H4(RS) and
V81 srvs-3 < CllF Ul 1812

Lemma 2.2. [11] For all x,y € R3, we have

1
(xtx = PO - y) 2 S(xP + P)lx - yP.

Lemma 2.3. [5] For all s > % : INRY = HS(R®). Moreover, we have

Ifllz-we < Gsdlfllpws. VfE HSRY,

1/2

where g, 4 = [I[Rd(]- + |EF)sdE

Lemma 2.4. [5] Let p € (1, ©) and Q # @ be an open subset of R*. If (f,,) is a bounded sequence in L*(Q) N LP(Q)
and f € [X(Q) such that

lim (,19);2 = (f1g)sz, Vg € XQ)
Then, f € LP(Q) and
< liminf I .,

[Ifl|ze < Liminf ||f, ||
n—oo

3 Proof of Theorem 1.1

This proof is done in two steps.

3.1 Step 1

In this step, we prove a general result for bounded sequence in energy space of system (S).
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Proposition 3.1. Let vy, vy, 3 € [0, ), 11, 1, 13 € (0, ), and f, € LX([R3). Forn €N, let F, : R* x R® - R® be a
measurable function in C'(R*, I*(R®)) such that
An(D)E, = F, E(0,x) = Ap(D)fy(X)

and

3
(E1)  8F + D v Dk *Ey + Ay(D)div (F, ® E,) + aF, + BAD)[|E2E] = 0,
k=1

3 2] t t
E2)  BOIE +2 Y vic JIIDEIR: + 2a [IRIE: + 26 [IEIL < 1R

k=1 ¢ 0 0
Then, for every € > 0, there is § = 6(g, a, B, ||fy|lz2) > 0 such that for all t;, t, € R*, we have

(It — 4] <6 = ||R(t) - B(t)||g= < &), VnEN, (31

with sy = max{3, 2max;<j<sli}.

Proof. This proof is inspired from [5]-Proposition 3.1. Integrating (E1) on the interval[t;, ] C R* and taking the
inner product in H™, we obtain
I1F(&) = B(t)lar=0 < hn(t, &) + ba(t, &) + La(h, &) + Iya(t, &),

with
3 b
Lt )= Y vi [[IDK Bilars,
k=1 %

12}
bt ) = [14x(D) div(E © Elli-o,

[

2]

Ent, ) = [|[Efli,
[
2]

Iin(t &) = B [11AnD)IBE] .

4
Let € > 0 be a positive real, let us find a positive real § > 0 such that if |, - | < §, we obtain
£
Ion< 5 Vk=1{1,2,3,4}

* To estimate I 5(t, t;), we write
3 b

Lt 1) = Y Vi JIIIDZ Bl
1y

3 b
2 Vi [l
k=1

4

IN

2}
[IE@ oz

4

IA
Mo

<

~

2}
[IE@ 2z

k=1 )

In
M
<

=~

I\
™M
<

=

Wfollz2(t2 = &).
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&

Woll2 +4

Then, if |t — ] < §; = , wWe obtain

4[zi=1 Vi e
La(t, ) < 1

* To estimate L ,(t, t;), from Lemma (2.3), we have
2}
bt ) = [AD) div(E, © s

4

2}
< [llaivE @ E)(@)llyde

4

15}
<[ @ ExOllydr

4

15}
<03 [l © B)Dllpde

4

15}
< 033 [IR(DIfdr

4

< asllfyI2(t - ).
Then, if | - t] < 8, = m, we obtain
> L

€
Lu(t, ) < 1

* To estimate I 5(t, t;), we write

1]
It ) = [ 1Bl
1

1]
<a[|IE@lpde

4

1]
<a [|IE@)|pde

1

1]
<a [|IE@dr

f
<a|lfyllz(t - &).
Then, if |, - t] < 83 = m, we obtain
olig,

€
La(t, &) < e

* To estimate I ,(&, &), from Lemma (2.3), we have

t 12}
Iint, &) < B IAnDIIELEI < 053 B IIFRPEX@)de.

4 4
Now, for (n, R, t) € N x (0, +) x [0, +), we consider the following subset of R3:

X,(R, t) = {x € R¥|E(t,x)| < R},

DE GRUYTER
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t 12}
It ) <033 [ [ IR 0Pdxdr+ o3 p [ [ 1B 0Pdxde

t Xn(R,t) t Xn(R,t)°
|5} |5}
E(7, x)|*
<o8] [ RiE@opaxdr+ oy p] [ B g
t; Xn(R,t) 4 Xa(R,t)°
2] 2]
< 2 a33 B 4
<033 PR |Fa(T, )P dxdT + R |Fx(T, x)|*dxdz
t Xn(R, 1) t Xn(R,t)°

a33
R

5
< 033 BR [|IE(0)|2d +

4

15}
[IE@ar.
4

Using (E2), we obtain

2 T3h oo
Lin(t, &) < 033 BR|Ifgll72( — &) + R IIfo II72-

4 Us,sllquiz +4

. we obtain

Hence, with the choices R = R, = déy =

&
8aaz3 Blll foll3; + 8

€
[ty = t] < 84 = Ipn(t, &) < e

To conclude, it suffices to take § = min{&;, -, 83, 84}. O

3.2 Step 2

In this step, we construct a global solution of (S), where we use a method inspired by [12]. For this, consider the
approximate system with the parameter n € N:

Ou — ubu + J,(Jyu -V w) + afu + pJ [Julf,ul = -VR, in R*xR3
By = (=0)(div J, (fu -VJ,u + Bdiv J, [, ul,ub)
divu =0, in R* xRS,
u(0, x) = J u’(x), in RS

(Sn)

* By the Cauchy-Lipschitz theorem, we obtain a unique solution u, € CY(R*, L*(R3)) of (S,), with the following
properties:

divu, = 0, J,un = Up.

Moreover, u, satisfies

Oty — AUy + ] (Un. VUy) + atty + B [[unfPuy] = -Vp,, in R*xR3
Py = (=AY Y(div J, (Un. Vup, + Bdiv J, [[usfusl)),
div u, = 0, in R*xR3
un(0, x) = Ju’(x), in RS

and the following energy estimate

t t t
a2 + 202 [Vl + 20 [ l1al 22 + 28 [allts < ), Ve 2 0, (32)
0 0 0

L27

t t
eX|uy(t)]% + 2yje2a2||Vun(z)||izdz + Zﬁj'emznun(z)n;dz < |Ju|,, Yt = 0. 3.3)
0 0
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By Inequality (3.2), we obtain (u,) that is bounded in
L(R*, I2(R%)) N LA.(RY, H\R®) N L3R, H'[R3)) N LAR*, L4(R3)).
Using Proposition 3.1, we deduce that

the sequence (uy,) is equicontinuous in G,(R*, HY(R3)). (3.4)

Let (T;)q € (0, @)Y such that T; < Tjq and Ty — o asq —~ . Let (6;),en be a sequence in Cy°(R3) such that: for
allq EN,
1

;) =1, Vx € B[O, q+1+ ZJ’

0,0) =0, Vx € B(0, q + 2),

0<6,<1
Using (3.2)-(3.4) and classical argument by combining Ascoli’s theorem and the Cantor diagonal process, we
obtain a nondecreasing ¢ : N - N and

u € L*(R*, I3(R%) N C(RY, H3(R3)) N IA(R*, H'(R3)) N L4R", L4(R3)),

such that for all ¢ € N, we have

1im |18y uom) = Wille=o 1674 = 0- 35)

Combining the aforementioned inequalities, we obtain (1.1) and (1.2).
It remains to show that u is a solution of system (S). Using the same idea in [5], we prove that u satisfies

o — uAu + u -Vu + au + Blufu= -Vp, in D'(R* x R3).

Then, u is a solution of our system (S).

3.3 Continuity of the solution in L*(R3)

* By Inequality (1.1), we have

limsup||u(®)|zz < ||u’|z-
t—0

Then, Proposition 2.1 implies that

limsup|ju(t) - u)|;z = 0.
t—0

This ensures the continuity of the solution u at 0.
¢ To prove the continuity on (0, »), consider the function

Vn,e(t) = Upmy(t + &), pnyg(t) = pq,(n)(t +¢), forneN and € > 0.
We have
Ocllpmy = HDUg() + Joy (o) “Vikgn) + Aoy + Bl (U Uom) + VPyamy = 0,
OcVne = UDVne + Joy (Ve “VWie) + Qe + Blyy (Vnel Vine) + VP, . = 0
The function wy¢ = Ugn) = Vn,¢ fulfills the following:

OWne = UAWp e + AWy ¢ + ﬁ]¢(n)(|u¢(n)|2u(p(n) - |Vn,£|2Vn,£) + V(Pq,(n) - Pn,g)

= Jom (Wn,e -V e) = ](p(n)(wn,.‘f Vgm) = ](p(n)(u(ﬂ(n) “Vin,e).
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Taking the scalar product with w, . in I?(R%) and using the fact that (wy ¢ ‘Vwy ¢; Wy ) = 0 and div w,, = 0,
we obtain

1
E”Wn,s(t)”iz + .UHVWn,s(t)”iZ + a”Wn,s(t)”iZ + B%(n)(|u¢(n)|2u¢(n) - |Vn,£|2Vn,£); Wn,e) 2

(3.6)
= - Ugu(n) (Wn,£ 'vuq)(n)); Wn,£>L2'
From Lemma 2.2, we have
%(n)(|u(p(n)|2u(p(n) - |Vn,£|2Vn,5)§ Wne)p2 = <(|u(p(n)|2ugo(n) - |Vn,5|2Vn,s); ]qo(n) W,e) 12
= <(|u(p(n)lzu(p(n) - |Vn,£|2Vn,s); Wn,s)L2
1
2 E I(|u¢(n)|2 + |Vn,s|2)|Wn,s|2y
[RS
which implies
2 _ 20, - > B 2 2 2
ﬁ<]¢(n)(|u<p(n)| Upn) [Viel*Vne); Wnep2 2 9 (|u(p(n)| + [V el*) Wh el 3.7
|R3
Taking into account the equality
Ly = (,(p(n)(wn,s 'vu(p(n)); Wpe)p2 = <]¢(n)(wn,s “Vne); Wne)p2
and, combining the Cauchy-Schwarz and Young’s inequalities, we obtain, for f= vy, or f= uym),
oy W ") W) 21 < [ (Wi el 1f 11900
[RS
1 1
2 2
= [ 1w P | 9 o2 (38)
R® R®
< 2f2 4 L 2
< B [l + iVl
[R3
This inequality is true for f= v, and f = u,m), then using the elementary inequalit
quality . o) g Iy Inequality
1
min(a, b) < E(a +b),
with a = I[Rglwn,glzlv,,,gl2 and b = [R3|Wn,5|2|u¢(n)|2, we obtain
B 1
el < 5 J I Eonelt + oanl®) + 51l
[RS
Combining Inequalities (3.7) and (3.8), we deduce that
1d 2 1 2 2
2 ac el * (1 = 321w (OIF: + alwn(OIf;: < 0. (:9)
We have
1d 1
= 2 -4 2
2 dtHWn,e(t)HLZ + [.u 4B]||vwn,s(t)“LZ <0.

Hence, we obtain
[Wn,e(®2 < [[Wre(0)][2
L L
and

oyt + €) = Up)(D)I2 < [[Ugm)(€) = Ug(my(0)][22.
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For to > 0 and € € (0, to/2), we have
lltpm(to + €) = Upm(to)l22 < [[Ugm)(€) = Ugmy(O)]Z2,
oy (to = &) = Upm)(t0)I32 < lltp(ny(€) = Ug(my(0)I22.
Thus,
lltpm(€) = tpm(O)I[52 = Uy Uom)(€) = Jomy Yo (]2
= Wy (g (€) = U172
< ||upmy () = Ul
< lupm (@2 + (Ul — 2Reupmy(e); u®)y
< 2[u0|2, = 2Re(Ug(my(e); u°).
Since liminf, —.o(Uypm)(€); u%)2 = (u(e); u®) 2,

lir{ninf llttgm)(&) = Upmy(O)][22 < 2|[ul%2 — 2Re(u(e); u®)2.

Moreover, for all ¢, N € N,

[y (Bg(upy(to £ €) - u(p(n)(to)))“il < 18(Upny(to £ €) - uw(n)(to))”iz

< Jugmy(to £ €) - u(p(n)(to)”%}'
For q big enough using (3.5), we obtain
[y (Bg(uoen(to  €) = Upm(to)))f2 < Lninf {|ug(n(to + €) = Upa)(O)|[72-

Then,
Iy Bg(Upmy(to £ &) = Ugm(to)))Il52 < 2([|u°|2. — Refule); u)2).
By applying the Monotone convergence theorem in the order N and g, we obtain
lluto + &) - uCto)|e> < 2(|u|R. - Requ(e); u)p2).

Using the continuity at 0 and make ¢ — 0, we obtain the continuity at ¢.

3.4 Uniqueness of u in L%(R3)

Let u and v be two solutions of (S) in the space
C(R*, I2(R®)) N LA(R*, HY(R?) N L*([R*, L*(R3)).
Set w = u — v. Then, the function w satisfies the following:
Ow — udw + aw + B(|ufPu - [v*v) + V(p, - p,) = w -Yw - w -Vu - u -Vw.
Taking the scalar product in L? with w, we obtain

Eallwlliz + VW + alwlit. + B((ulu = [VPV); wyz = ~(w -Vu; w)pe.

By adapting the same method for the proof of the continuity of such solution in I%(R®), withu, v, and w instead
of Uy(n), Vn,e, and wy ¢ in order, we find

Blulu = [vPv); w2 2 gf(lul2 + V) wp
R3
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Kw -Vu; wypz| = [(w -Vv; w)pe|
1
B [IwPiup + —|vwlZ:
2 4"
<
B [wPIvE + v
3 4p7
R
< E i 217712 212 i 2
< Sominf [ [wiEul®, | Wi+ YWl
2|4 e 4
<

'B 2 2 2 1 2
5[,£'W' (1 + VP + llvwif.

Combining the aforementioned inequalities, we find the following energy estimate:

1d
2 de

||VW||%2 + a”W”iz <0.

3

lIwlZ. +

Using the fact y - é > 0 and a > 0, we obtain

Iw®Iff < WO

1"

Asw? = 0, then w = 0 and u = v, which implies the uniqueness. And the proof of Theorem 1.1 is completed.

4 Proof of Theorem (1.2)

Let y € C;°(R®) be a regular function, such that

0<y<1,
xX=1 on B(0, 1),
x=0, on B(0, 2)°.

Also, for § > 0, put the following functions y; and i defined by
Xs(©) = x(88), s = F(Xs)-

We have

¥sllzr = [1Wllz, V6> 0.
In addition, we define the operator S5 by

Ss(f) = xs(D)f = Ys * f.
For § > 0, which will be fixed later, put the following functions:

Vs = Psru = FOm), ws=u-vs=F A - x()D).

Let € > 0 be a fixed real.
» Estimate of vs: We have

t
e2|[us(0)| s + 20 €2 Vus(2) [z < As() + Bo(0),
0

4.1
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where

t
A5(t) = 2 [€|(S5u Tu)2); vo(2)) 2ldz,
0

t
Bs(©) = 2B fere|(Ss(ufuw(@); w(@)ldz.
0
To estimate Ags, we write
t
[exeei(s5u -Tu)@); vs(2)) pldz

0
t

[exessu V@)l 2lvs@) 2z
0

As(t)

IN

¢ 1/2

o I eZaz
0

IA

lIvs(2)||;2dz

[ 1eriFw e wye opde

1¢1<26

1/2

[Ivs(2)]|2dz

IA

0 118
t

V2082 [ 2|1 ® u)@) e V(2] 22
0

Np) c061/2je2a2[ [ 187w e wz, §)rdg

IA

t
C51/2J'92«12||Vu(z)||§2|IVs(Z)I|L2dZ-
0

IA

Then,
As(t) < C8YUO, vt 2 0. (4.2)

To estimate Bs, by the Holder inequality, we obtain

t

Jeerisstuu)@y; va()) aldz
0
t

[elissCiupuyayso vs(2)+dz
0
t

[e2e1s = Qi@ @)z

0
t

[e= gyl iurw @l v dz

0

Bs(t)

IA

IA

IA

t

I|1P1||L1_[92“Z||(IuI2u)(Z)||L4’3IIVs(Z)IIL4dZ

0

o

1l el vs(2) 2 dz
0

IA

IA

3/4 1/4

[

||¢1||L1[Je2ﬂ||u<z>||§4dz

0

0

Jex @itz
0

IA
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Using (1.2), we obtain

3/4( 0 1/4
||u°||iz] / '

By() < ||w1||Ll[ | [Jem@na
0

By interpolation, we obtain

IA

@I < @@
2C8]vs(2)| 2| Vus(2) 2
2080 Vvs @) |2

2C8||u0| 2 |IVu(2) 2.

IAN A

IA

Then,
[evs@ftidz < 2080l [ Tu(2)|adz < Cujult6
0 0

and

3/4

||u0”2 -1\1/4[4,0 1/4
(Cu ™14 261 (43)

By(t) < ||w1||Ll[7L2

Combining Inequalities (4.1)-(4.3), we obtain
eus(D)|fl: < CuSA + 8119,
which implies the existence of §, > 0, such that

sup e*||vs(t)|[2. < (£/2)%, V6 € (0, &). (4.4)
t=0
« Prove that wg, € I*(R*, L*(R%)). We have

[extwa It = ey [e2e)ima, ]t
0 0

=c0T [ e 1ace, epazae

01¢1>8o

<cse? fer [ |epiae, §)pagde
0 [£1>60

0

< co8y72 [e2 Tu(e) | de
0

©

< 87 e vu(o)| e
0
< 20 7807 [u) .

Then, (t = e*||ws,(t)|%) € C(R*, LA(R?) N LA(R*, LA(R?).
Put the following subset of R*:

E={t=0: eZ“t||W50(t)||iz > (g/2)}.
As (t = e™|ws,(D)|P2) € C(R*, LA(R?) N LA(R*, [A(R?)), then there exists t, € R"\F; such that

2| |lwsy(te)|P2 < (£/2)% 4.5)
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* Combining (4.4)—(4.5), we obtain
e2e||u(t,)||2 < €. 4.6
* Now, put the following system:
Of - ubf+f-Vf+af + BIfFf+Vq=0 in R"xR3
) divf=0 in R*xR3
£(0, x) = u(t,, x) in RS

By the first step, there is a unique solution f, € G(R*, LA(R3) N AR, HY(R?) N LAR*, LA(R?))
of (2) satisfying for all ¢ > 0:
t t
e f, (0| + 2|V, )|z + 28 [, @)][44dlz < [luCto)]E.
0 0

The uniqueness of the solution implies that f(t) = u(t; + t) for allt = 0 and
e ju(t, + )22 < fJulte)|,

which implies that

etu()|s < eXut)|E < €%, V= G

Then, the proof of Theorem 1.2 is completed.

5 Conclusion
This work deals with a detailed study of the global existence, uniqueness, and continuity for the solution of
incompressible convective Brinkman-Forchheimer on the whole space R® when 4uB = 1. An asymptotic type of

convergence of the global solution associated with the aforementioned problem is also established.
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