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Abstract: In this work, we consider a class of fuzzy fractional delay integro-differential equations with the
generalized Caputo-type Atangana-Baleanu (ABC) fractional derivative. By using the monotone iterative
method, we not only obtain the existence and uniqueness of the solution for the given problem with the
initial condition but also give the monotone iteration sequence converging to the unique solution of the
problem. Furthermore, we also give the continuous dependence of the unique solution on initial value.
Finally, an example is presented to illustrate the main results obtained. The results presented in this study
are new and open a new avenue of research for fuzzy fractional delay integro-differential equations with the
generalized ABC fractional derivative.
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1 Introduction

In the last few decades, the theory and application of fractional calculus have developed and spread to an
extent never experienced before. In particular, fractional calculus has been used in modeling several complex
phenomena in the fields of science and engineering, such as aerodynamics and control systems, dynamics of
earthquakes, material viscoelastic theory, bioengineering, biomathematics, signal processing and so on, please
see [1-6] and references therein.

The theory of fuzzy calculus and fuzzy differential equations has become one of the most important
subjects in the mathematical analysis area. More specifically, Agarwal et al. [7,8] initiated the concept of
fuzzy-type Riemann-Liouville differentiability based on the Hukuhara differentiability. Subsequently, by
applying the Hausdorff measure of non-compactness, these authors established some existence results to a
class of fuzzy fractional integral equations under appropriate compactness-type conditions. Allahviranloo
et al. [9,10] first proposed the concept of the generalized Hukuhara fractional Riemann-Liouville and Caputo
differentiability of fuzzy-valued functions, then they used the Mittag-Leffler function to give the analytic
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solutions of the fuzzy fractional differential equations. On the basis of generalized Hukuhara differentiability,
many excellent achievements can be found in [11-15].

Recently, based on the power function kernel under the space of the real-valued functions, Caputo and
Fabrizio [16] introduced a new concept of fractional derivative in the Caputo background as follows:

Y
1_

t
CFD§+M(t) = ivfp;‘e[ exp p(t - s)]%/\/l(s)ds, 1.1
where p € (0, 1), N(p) is a normalization constant such that N(0) = N(1) = 1.

Atangana and Baleanu [17] proposed two generalized fractional derivatives in Caputo and Riemann-
Liouville sense. The kernel in the Atangana-Baleanu (AB) fractional derivative is based on the generalized
Mittag-Leffler function which is non-singular and non-local. In addition, the AB fractional derivative satisfies
all properties of fractional derivatives. Inspired by the above results, Baleanu and Fernandez [18] proposed a
new concept of the Caputo-type Atangana-Baleanu (ABC) fractional derivative.

t
N(p) p d
ABC —
DIM(t) = 1_peEp,1[— - (t—s)P]EM(s)ds, (1.2)
P k(t-S)"“

- -5 | Tk and exp(z) in (1.1) transform into E,;(z). One can go through the

P _ yo
where Ep,ll——p(t - s)P] = Zk=0l——
articles [19-25] for more properties about the AB derivative and its applications in various branches of science.
In 2020, Vu et al. [26] introduced the generalized Mittag-Leffler function, which replaced the Mittag-Leffler

function kernel in (1.2) as follows:

t
N(p)
ABC p.h _
DEIM(D) 1_p{5p,l[1_

P p(h(t) - h(s))P|M’(s)ds.

Subsequently, they studied the fuzzy fractional differential equations with the generalized ABC fractional
derivative as follows:

ABCDPIM(t) = G(t, M(t))  t € (e, f],

M(t) = M(e) EE, a3)
where G : (e, f] x E — E is continuous, p € (0,1) and E is the space of all fuzzy numbers. Meanwhile, they
established the existence and uniqueness results of (1.3) by using the method of successive approximation and
the fixed point theorem.

To the best of our knowledge, no one has till now investigated the fuzzy fractional delay integro-differ-
ential equation with the generalized ABC fractional derivative. Inspired by the above results, we investigate
the following fuzzy fractional delay integro-differential equation:

t
ABCDPIM(L) = F(t, M(D, M) + [G(t, 5, M(s), Mo)ds, L€ [e.f], .

M@)=y((t-e), tee-v,el(v>D0),

where p € (0,1), Z ={(t,s)le<s<t=<f}, ¥ €C, (C,=C(-V,0],E) denotes the space of all continuous
mappings from [-v, 0] to E), M(s) = M(t +s) fort € [e,f],s € [-V,0]. F: [e,f] X ExC,~ E,G:Z x E x
C, — E are continuous.

It is well known that the monotone iterative method is found to be an important and efficient tool to
obtain monotone iterative sequences of approximate solutions for initial and boundary value problems. For
some applications of this technique to nonlinear fractional differential equations, see [27-33]. According to the
monotone iterative method, we not only prove the existence and uniqueness of the solution of (1.4) but also
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provide a monotone iterative sequence of the approximate solution of the initial problem (1.4). Furthermore,
we also give the continuous dependence of the unique solution on initial value.

In recent years, due to the unique advantages and irreplaceability of fractional calculus, more and more
people have been attracted to study it, although some research results have been achieved, see [34-40].
However, many new research directions have been proposed, such as fuzzy fractional differential equations,
fuzzy transformations and pulse control.

Fuzzy fractional differential equation is a fractional differential equation defined on a specific fuzzy set. It has
the advantages of non-locality and memory of fractional derivatives, as well as the advantages of describing
uncertainty, and has a wide range of applications, and is often used to deal with some problems in dynamical
systems affected by imprecision and ambiguity, so it has attracted extensive attention. To the best of our knowledge,
no one has investigated the fuzzy fractional delay integro-differential equation with the generalized ABC fractional
derivative. Inspired by the above results, we use the monotone iterative method to study fuzzy fractional delay
integro-differential equations with generalized ABC derivatives. It is worth pointing out that our approach
employed is also novel, the results presented in this work are new and opens a new avenue of research for fuzzy
fractional delay integro-differential equation with the generalized ABC fractional derivative.

The work is organized as follows. In Section 2, we recall some basic definitions and notations. In Section 3,
we present the existence and uniqueness of the solution of fuzzy fractional delay integro-differential equation
with the ABC fractional derivative by using the monotone iterative method. Furthermore, we also provide a
monotone iterative sequence of the approximate solution and give the continuous dependence of the unique
solution on initial value. In Section 4, as an application, an example is given to illustrate the main results.

2 Some definitions and notations

This section gives some basic definitions and notations to prepare for the subsequent process.

Let[e,f] € R, and K g_l(t - s) = W(s)(h(t) - h(s))*". The space of real-valued continuously differenti-
able functions is denoted by C'([e, f1, R) on[e, f]. Let Ty be a set of real functions h € C'([e, f], R.), where h is
increasing, h'(t) # 0, Vt € (e, f) and h’(t) is positive-defined on (e, f). For the generalization of some other
results, see [18].

We denote L([e, f], E) the space of M € E which satisfies Do[M(t), 0] € L'[e, f] and the space of con-
tinuous fuzzy functions is denoted by C([e, f], E) on [e, f].

Definition 2.1. [26] Let p € (0,1) and h € Tx. The generalized fuzzy fractional integral concerning the kernel h-
function of M : [e, f] — E is defined by

t
PIM(E) = %p)jw;)_l(t - HM(s)ds. @1

Definition 2.2. [26] Let p € (0,1), h € Tx and M € L([e, f], E). The generalized Riemann-Liouville-type Atan-
gana-Baleanu (ABR) fractional derivative of M is defined by

N(p)

1
ABRPIAL () =
¢ MO = v

t
jh'(s)Ep,l[ﬁ(h(t) - h(s))P]M(s)ds

Definition 2.3. [26] Suppose that p € (0,1), h € Ty and M is d-monotone. If M’ € L([e, f], E), then the
generalized ABC fractional derivative of M is defined by

i NO [ (P ,
ABCDPIM(L) = a-0 J;Ep,l[ Ok h(s))P]M (s)ds.
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Definition 2.4. Letp € (0,1),h € Ty and M € L([e, f], E). The generalized Atangana-Baleanu (GAB) fractional
integral of M is defined by

AB~p.h 1-p _P o
TEM() = NG )M(t) N( ) T M(@).

For other definitions and properties of the GAB fractional calculus under the fuzzy background, see [26].

Definition 2.5. [41] A fuzzy number is a fuzzy set z : R — [0, 1] which satisfies the following conditions (1)-(4):
(1) z is normal, i.e., there exists x; € R such that z(x,) = 1.
(2) z is fuzzy convex in R, ie,for0 < pu <1, x,x% €R

z(waq + (1 - wx) 2 min{z(q), zO)}-

(3) z is upper semicontinuous on R.
@) [z]° = {m € R|z(m) > 0} is compact.

We denote by E the space of all fuzzy numbers on R which equipments a metric

D[z, 2] = OSUPIH([Zl]r, [2]), Vz,z €L,
<rs<
where H([z]', [2]") = max{|z:(r) - z(r)|, |z(r) - Z(r)|}. We denote by (E, D) a complete metric space and
define [z]" = {m € R|z(m) > r} as the r-level of z, with r € (0, 1]. Meanwhile, we define the diameter of the
r-level set of z as diam[z]" = Z(r) - z(7).
A triangular fuzzy number defined as a fuzzy set in E, is specified by an ordered triple z = (my, my, ms)
with m; £ my < ms such that [z]" = [z(r), Z(r)] = [y + (Mg = m)r, m3 = (M3 - my)r].

Definition 2.6. [42] The generalized Hukuhara difference of two fuzzy numbers z, z, € E is defined as follows:

(i) z=2+z, if diam([z]") 2 diam([z]"),

49w BBy pm gk (<1)z if diam([a]) < diam([z,]).

Suppose that d([M (t)]") is non-decreasing (non-increasing), then M : [e, f] — E is d-increasing (d-decreasing)
on[e, f]. If M is d-increasing or d-decreasing on [e, f], then M is called as d-monotone on [e, f].
For other operation rules and properties of fuzzy fractional calculus on E, please refer to [41-44].

3 Main results

In this section, we establish the existence and uniqueness of the solution of the initial value problem (1.4) and
the main results are as follows.

Lemma 3.1. Let G, H be continuous. A d-monotone fuzzy function M is a solution of (1.4) if and only if M
satisfies

M(t) = yY(t - e), tee-v,el,

M) Ogr 1(0) = —L{G(E, M(0), M) + jH(t 5, M(s), M)ds

()

(3D

s) ds, t € [e,f],

¥ m {WZ_l(t - 9)|G(s, M(), M) + !H(s, T, M(7), Mde
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and the fuzzy function ABinhGM(t) is d-increasing on [e,f], where Gy(t) = G(t, M(t), M) +
[H(t, 5, M(5), My)ds.

Proof. Let M be a d-monotone solution of (1.4) and M(t) = M(t) Sgz M(a). It ensures that L(t) is
d-increasing (see Remark 2.3 in [26]). From Theorem 2.12 in [26] and (1.4), we obtain

ABFEIAEDLIM(E) = M(E) Sgr Y(0) = M(t) St M(@). (3.2)

According to (1.4) and the continuity of the functions G and H, we obtain

t
ABIERABCDEIM)(E) = PTG, M(0), M) + [H(E, 5, M(s), M)ds]
e

Z (33
_1-p P R
= 30 %O o Je'«p_l(t $)Gy(s)ds.
Hence, we have
1 _ t
M(E) Sgr ¥(0) = M() Oy M(a) = Wp’;GM(t) ¥ m‘[%ﬁ_l(t — )Gy (s)ds, (34)

AB~p,h
e

i.e, M satisfies (3.1). Further, since M(t) is d-increasing, Gum(t) is also d-increasing on [e, f].

Conversely, we suppose that M is d-monotone function satisfying (3.1) and 423%"

ABR D gih

Gp (1) is d-increasing,

then by using operator and Proposition 2.1 in [26], we obtain

t
ARDLIM() Ogr M@N(E) = G(t, M(D), M) + _[H(t, 8, M(s), Ms)ds = Gu(t). u

Next we define the set B, = B(n, M%) = {M € C([e,f], E) : Do[M(t), M°] < n}, n > 0.

Theorem 3.1. Let h € Ty be bijective and the following conditions hold:
(N1) There exist the bounded integrable functions L,(t) and Py(t), such that

Do[G(t, X (1), X0), G(&, Y (1), Y] < Li(t)Do[X(2), Y(D)], t € [e, f] (3.5)
and
DolG(t, X(t), X;), 0] < Py(t), tE€E [ef], (3.6)

forG:le,fl xB;xB, - E,X(t) 2Y(t), X; 2 Y.
(N2) There exist the bounded integrable functions Ly(s) and Py(s), such that

Do[H(t, s, X(s), Xs), H(t, s, Y(S), ;)] < Ly(S)D[X(s), Y(s)], (t,s) € Z 3.7
and
DO[H(ts S, X(S)x XS)! 0] < PZ(S)r (t) S) € Z; (38)

forH:Z xByx By, ~ E, X(s) 2Y(s), Xs 2 V.
Then, the equation (1.4) has a unique solution on [e, f | provided that

NN I (017> BN .
h(t) - h(e) [ L+ Le-1) T(p)(1 p)] , telef] (3.9)
where

2 nT(p)N(p) e

f = min f, h_l h(e) + m + I‘(p)(p - 1)] . (310)




6 —— Guotao Wang et al. DE GRUYTER

Moreover, the unique solution can be given by the following iterative sequence:

~ P Gyat) +

1-
M(t) Ogn Y(0) = N )

p .
Yoo {%g_l(t — §)Gyi(s)ds, ¢t € [e,f].

Proof. To prove the theorem, we will divide it into two steps as follows:
Step 1: Suppose that B be a set of continuous functions such that M(t) = ¥(t - e) and M € B,. We note

that the sequence {M"} is given by M%(t) = M?, where

MU =yY(t-e), t€e-v,e],

el " (31D
MEO) = P(0),  tElef],

and
M) = Y(t - e), tee-v,el,

(312)

~ LGty + _[7(’; (¢t = )G poi()ds, t € [e,f],

1-
MI(t) Sgr Y(0) = NG)

N (P)T( )

where for n=1,2,3,..., Gn1(t) = G(t, M I(t), M) + LH(t, s, M"Y(s), M Dds. For n >0, we have
M™(t) € B, if and only if M"(t) S ¥(0) € B(1, 0). By mathematical induction, we will prove M"(t) € B.
Obviously, when n = 0, MY%t) € $B. Now, we suppose M"(t) € B and for n > 2,

-p
(p)

t
DoLMI(E), MD)] = L Dy[G (1), 0] + mjfk’;q«—s)Do[GMn-1<s),01ds

1-p

N( T [PolGet, M- 1(£), M), 0] + _[DO [H(t, s, MP~Y(s), M), 0]ds

$)| Dol G(t, M™ (1), MFH), 0]

_ P (an 4_
" N0 I Kol

+ [DolGs, 7, M), ME), Olde as
e

313)
(h(b) - h(e))”

N()XI(p)

1
N( )[P1+ (e = f)P;] +

" NG )r( )J R (s)(h(B) = h(e))P~ 1IP2(T)des

(h(b) - h(e)>P
N(p)I'(p)

- )P,]

1-p
S——[P1+ (e~ f)Py] +

N ) = )P,]

l , () - h(e))pl[

N (p) N(p)X(p)
<n,

where L, Ly, Py, P, > 0. Therefore, we obtain Dy = [M™(t), M%¢t)] < n, which implies U"(t) € B and {M"} is

well-defined.
In addition, applying induction, for n = 1, we have

o 1-p  (h(t) - h(e)P] .
Do MY (), MO(D)] < N | NI "
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where P* = P; + (e - f)P,. For n = k, we assume

- MK k-1 J1-p (R —h(e))P‘l]ka_l
[MA(O), M ()] < P NG) + NGTE)

where L = Ly + Ly(e - f). When n = k + 1, we have

Do MFY (), MK(£)] <

k k-1
N( )(Do[G(t MKO), MD), G(t, MK, M{TH]

+ _[DO[H(t, s, MK(s), M), H(t, s, MKX(s), M’s"l)]ds'

t
p — _
" NI { Kp-1(t = DoLG(t, MK(s), M), G(t, MK (), MTTH)]

+ [DolH(s, 1, MHD), ME), H(E, 5, ME(D), MED]dz [ds

—Nﬁﬁaaopdwﬁaxﬂﬁﬂan+Lxe<nDdhﬂaxA“*ﬂﬂ>

(3.14)

t
p -
+ N(p)l"(p) {Wg—l(t - S)(Ll(t)DO[Mk(S)’ Mk 1(8)]

+ Ly(e = f)Do[ M¥(s), M*“Y(s)])ds

1-p K k-1
# Loy DM M 01+ B

< J—pl—p+(mo—mww*lw
- N(@|Np) N(p)I(p)

ng (t = $)DIMK(s), MKY(s)]ds

(h(D) - h(e)P 1|
LN@mmIPﬂ 4mm NOI(P) Ps

+mm—mnﬂrﬂk

‘#Mm NIP)

where h is increasing. Hence, forn =1,2,3 - , we have

n 1 < po| L= P, (h(®) - h(e))p-ll’tn_1
D[ M™t), MM I(t)] < P N0) + NI

(3.15)

From (3.15), we can obtain

Do M™H(0), MM ()] =

P n n p th _ n n-
NUMMlim N@mﬁmm HDIM(5), M (9)]ds

. et (h(t) h(e))?
N( )Do[M (n), M™ ()] + —N( )
s (h(t) - h(e))? n n-1 (3.16)

L N(p) + NQITQ) ]DO[M (), MY(0)]
= PDo[ M™(t), MM Y(t)]
< P2D [ M™Y(t), M™2(1)]

S cen

< P"Do[ M), MO(D)],

Do MM (), M"Y (D)]
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+ (hO-he)?
Ni (p) N(p)I(p)

Thus, for any positive integers m and n, one obtains

where P = L

] It is obvious that P € (0, 1).

D[ M™M™(£), M(B)] € Do[M™(8), MMH(0)] + Do MM m(0), M 2(1)]
* ot DM, MM(D)]
< (Pn+m—1 + pntm-2 4 "'+Pn)D0[Ml(t), Mo(t)] (3.17)

Pn
STC PDO[Ml(t), MOD)].

According to (317), we can show that { M"} is a Cauchy sequence. Then, we have M™ = M and Do M ™(t), M™(t)] = 0
asn — o,

Next let Fan(t) = G(t, M™(1t), M}) + I:H(t, s, M™(s), MP)ds, we shall show G = G4 uniformly on
[e,f]. Since M" > M € C([e,f],Bn) asn — o for Ve > 0,IN(¢) > 0 such that

D[ M™(t), M(D)] < =,n 2 N(e).
Hence, we have

Do[Fprr(t), Fju(6)] < LDoLM™(©), M(D)] < &,n 2 N(e),

which implies G p» = G 4 uniformly on [e, f ]. Further, from (3.12), we can obtain

Do MP(t) g M), mGM( ) 5 (pé)l" > [78 st - )6 s(s)as
¢ (3.18)
S N PG, Ga O] + b JrAe = 9O, GOt

In view of G p» — G j, the right-hand side of (3.18) converges to 0 as n — . Hence, taking the limit in (3.12) as
n — oo, one obtains

M) Og Ut) = =G j(s) +

p W
N() N(p)r(p)‘[(Kp'l(t $)G j1(s)ds. (3.19)

Step 2: We shall show the uniqueness of the solution. Suppose that M and & are two solutions of (1.4) such that
M(a) = G(a). Let

D[M, ] = sup Do[ M(t), G(1)].

ast<h

Then, from (3.5) and (3.7), we obtain

R L

DIM, 81 Lyp - DIM, 6] + m]’wg (¢ - $)D[M, &1ds
_il=P) (O — @)
“ LNy "M I Gy DM

Cf1-p  (©®-hEP). - .
- [N(p) TN [P

So, we know that

. [ ~p , (WO - he)”
N(p) N(p)X(p)

According to (3.9), it is easy to obtain D[M, 6] = 0. Thus, M(¢t) = G(¢t). O

”DW, G1<0
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Based on Theorem 3.1, we give the continuous dependence of the solution.

Theorem 3.2. Suppose that o is a solution of the following equation:

t
BEpPia(t) = G(t, o(t), o) + _[H(t, s,0(s), 0;)ds, t € [e,f],

' (3.20)
a(t) = ¥(t - e), tee-v,el,
where M(a) # o(a), then the following estimate holds:
sup Do[ M(t), ()] < Do[M(a), a(a)]. (321

ast<h 1-P

Proof. Suppose that §(t) is a solution of (3.20) and §(a) = ¢°(t) = a(a). Similar to Step 1 in Theorem 3.1, we can
find

1

t
o(t) Ogr 0%(t) = Fp’;cé(t) ¥ m.[«g_l(t - $)Gy(s)ds.

Similar to Step 2 in Theorem 3.1, one obtains

1-p, (h@® - M)

DIM, 8] < Do M(t), 6%(D)] + L N(p) N(p)I'(p)

}D[/\% al,

which implies

DIM, p] < Do[MO(t), a%(0)] = Do[M(a), a(a)],

1-p 1-p

which means (3.21) holds. 0

4 An illustrative example
In this section, we will present an illustrative example.

Example 4.1. Suppose that we have the following fuzzy fractional integral differential equation with the
generalized ABC fractional derivative:

h t8 - 8t3e + 4¢? 3t6 20(t - 1) - €%
AEDEIM(L) = — 2 Gee®-eor+ - MO- TM[
t
3 2 2 2 (4.1)
¢ [5G e c)s - e + TM(s) + 65 - 1PM|ds, te o1,
e
M) = Y(t), t €[-1,0],

and where h(t) = £3, M(t) = (a, &, ¢)(h(t) = h(e))’, M, = (a, ¢, ¢s)(h(t = 1) = h(e)), h€ Tx, y 2 0, e 2 0,

G < ¢ < . Obviously,

t8 - 8t3e + 4e?
4

2(t-1°-¢€%

3t
3 _ Y - -
(@ @ &) = e + —=M(0) 1

G(t’ M(t)r MI) =
p p 352 252
jH(t, s, M(s), M)ds = IlT(Cl’ &, )5 ~ &) + T M(s) + 6(s ~ 12M,ds.

Furthermore, it is easy to obtain

6
Do[G(t, M(t), M), G(t, a(t), 0p)] < 3%Do[/\/l(t), a(0)]
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and
Do[G(t, M(E), M), 0] < [ + (s - Cz)r][t3V+6 - ﬁ(t - 1)3V],

where M(t) = a(t), a; = M, Li(¢t) = %6 and Pi(t) = [ + (63 — cz)r][t31’*6 - ﬁ(t - 1)3V].
We also have

DO[H(tJ S, M(s)s MS): H(ta S, CT(S), GS)] < Z%ZDO[M(s)s G(s)]

and
D()[H(t, S, M(S): MS)) 0] < [Cg + (C3 - CZ)r](SGV - 6(8 - 1)6)/)’

where M(s) = a(s), g, = Mg, Ly(s) = 2%2, and Py(s) = [a + (¢ — ¢)r](s% - 6(s - 1)%). Then, conditions (N1)
and (N2) hold.
Next we consider that

1-p[t° -8t + 4e* , 3t6
- V + —
N ) 2 (t°-e) n M(t)

ABFRAECDPIM () = (a, & c@‘

_AC-DP- e

t
3s2 252
S5 - _ 12
P+l M, + ![ 5 (s—e)+ 5 M(s) +6(s—-1) Mslds

t
p R, oS- 8s%e+der . 3s®
+ NoI(o) I {‘K ot 3)174 (s3-ey + 1 M(s) 4.2)

A -1%-¢€%

S
372 272 )
1 Ms+_ﬂ?(r— &) + - M(D) + 6z = D MT] ds
1-p ip Ty + 0P
=(q, ¢, C 36 + 3y+3 .
@a 3)[ 7S] MRETORY ] WP Tp+y+2

Thus, using Lemma 3.1, we can obtain the solution of (4.1)

1- p t3y+6 +

1 3y+3
N(p) 3y+1

4.3)

M(t) Sgr Y(0) = (a, &, 3)

4p T(y + 2)()P !
3N(p) T(p+y+2) |

The d-monotone solution of (4.1) on [0, 1] is illustrated in Figures 1 and 2, where N(p) =1-p + %;),
(a,6,6)=(1,15,2),(0) = (1,2,3) and [e, f] = [0, 1].

AL

t

Figure 1: Plot of the d-increasing solutions of (4.1) for p = 0.5,y =2 and t € [0, 1].
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Figure 2: Plot of the d-decreasing solutions of (4.1) for p = 0.5,y =2 and t € [0, 1].

5 Conclusion

In this work, we consider a class of fuzzy fractional delay integro-differential equations with the generalized
ABC fractional derivative. By using the monotone iterative method, we not only obtain the uniqueness and
existence of the solution for the given problem with initial condition, but also give the monotone iterative
sequence converging to the unique solution of the problem. Furthermore, we also give the continuous depen-
dence of the unique solution on initial value. Finally, an example is presented to illustrate the main results
obtained. The results presented in this work are new and opens a new avenue of research for fuzzy fractional
delay integro-differential equation with the generalized ABC fractional derivative. We believe that the
research in this work will be useful for the investigation of topics related to the fuzzy fractional delay
integro-differential equation.

Look forward to the future. Although there have been a lot of excellent results on the initial (boundary)
value problem of fractional differential equations, there is not much work on the initial value problem of fuzzy
fractional differential equations. In particular, there has not been a lot of research and development on the
boundary value problem. In this work, we mainly study the uniqueness and existence of the solution of a class
of fuzzy fractional delay integro-differential equations. There are many interesting topics worth exploring in
the future. For example, one can study the stability and controllability of fuzzy fractional delay integro-
differential equation, and also try to apply deep learning methods to find deep learning solutions of such
equations. We believe that further research on fuzzy fractional delay integro-differential equation will lead
to many practical applications.
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