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Abstract: In this study, we deal with Kantorovich-type generalization of the Brass-Stancu operators. For the
sequence of these operators, we study LP-convergence and give some upper estimates for the LP-norm of the
approximation error via first-order averaged modulus of smoothness and the first-order K-functional
Moreover, we show that the Kantorovich generalization of each Brass-Stancu operator satisfies variation
detracting property and is bounded with respect to the norm of the space of functions of bounded variation
on|[0, 1]. Finally, we present graphical and numerical examples to compare the convergence of these operators
to given functions under different parameters.
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1 Introduction

For a non-negative integer parameter r, and any natural number n such that n > 2r, Stancu generalized
Bernstein’s fundamental polynomial p, ,(x) is given by

" xk(1 - x)"k; 0<k<n

P (X)) = 1Lk , x€1[0,1], @
0; k<Oor k>n
as
(A = 2Py 1 (s 0<k<r
Wn,k,r(x) =11 - X)pn—r,k(x) + Xpn—r,k—r(x); r<ksn- r, xe/lo,1], 2)
XDy k-r(X); n-r<k<n

and therefore, constructed and studied Bernstein-type positive linear operators L, » : C[0, 1] — C[0, 1] defined by

- k
Ln,r(f; X) = z Wn,k,r(x)f E] 3)
k=0
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for f € C[0,1], and x € [0, 1] ([1] and [2]). From (2), the operators can be written as

n-r

Loy (f; X) = Y Doy
k=0

k+r
n

1 -xf

k
n

+ Xf| [ ] 4)
For the casesr = 0 and r = 1, Stancu’s operators correspond to the well-known Bernstein operators and satisfy
L, ~(f;0) = f(0) and L, (f; 1) = f(1). There are several papers related to these operators. To mention a few,
we first refer to Agratini’s work [3], in which, using divided differences, the author proved monotonicity of
{Lnr(f; X)}nen When f is convex. Gonska [4] obtained an upper bound for the rate of the approximation by
Stancu’s operators in terms of the second modulus of smoothness of real valued continuous functions on [0, 1].
Yun and Xiang [5] obtained that each L, , preserves Lipschitz’ constant and order of a Lipschitz continuous
function and that the sequence {L, -(f; X)}nen is monotonically non-increasing when the function f is convex
on [0, 1]. Moreover, the authors also proved simultaneous approximation, in other words, if f € CP[0,1],p €N,
then limy.L & (f) = f® uniformly on [0,1].

The operators L, are usually called as Stancu operators in the literature. As Stancu noted in his paper [2],
for the case r = 2, the operators L, ; were constructed and studied earlier by Brass [6]. Thus, as in [4], we call
the operators Ly, as Brass-Stancu operators.

Recall that for f € L?[0,1],1 < p < o, the well-known Kantorovich operators [7] are defined by

k+1
n+l

Kalf5 %)= 3 poo|n+ ) [ Foyde ©)
k=0 k

n+1

where n €N, x € [0, 1], and p, ,(x) are given by (1). It is well-known that LP-convergence by the sequence of
Kantorovich operators was due to Lorentz [8]:

Theorem 1.1. [8] Let f € LP[0,1],1 < p < . Then
lim K,(f) = f
in L?[0,1].

For our main objectives, we need to recall here the well-known shape property for a positive linear
operator, called as variation detracting property.

Let, as usual, Vjo 1) f] denote the total variation of f on[0, 1] and TV[0, 1] denote the class of all functions of
bounded variation on [0, 1]. Let also BV[0, 1] denote the space of functions of bounded variation on [0, 1], with
the norm ||fllgv = Vjoa)[f1 + |f(c)|, where ¢ is any fixed point in [0, 1]. For Bernstein operators B,, n € N,
Lorentz [8, p. 23] proved that if f € TV[0, 1], then

Vioa[Bnf1 < Vol f]-

The operator B, having this inequality is called as variation detracting. The second and third authors proved in
[9] that each Brass-Stancu operator L, , is variation detracting as well. Note that for the case r = 2, Brass
proved earlier that each operator L, ; is variation detracting [6].

In [10, Proposition 3.3], Bardaro et al. proved that each Kantorovich operator K, is variation detracting and
bounded operator with respect to the BV-norm of BV[0, 1]. Namely, the authors proved that

Proposition 1.1. Let f € TV[0, 1]. Then,
Vo[ Kn(F)] < Vioal[f]

and

1K Dllev < 2 [If llsy
forn € N U {0}.
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In [11], Stancu generalized the operators L, given by (4) so that the new operators depend on two non-
negative integer parameters. A Kantorovich-type generalization of these two non-negative dependent general-
ized operators were constructed by Dimitriu in [12], where the author studied some global smoothness
preservation properties of these Kantorovich variants. A-statistical convergence of continuous functions on
[0, 1] by these operators was studied by Kajla [13].

As in the construction of the Kantorovich operators (5), by replacing the point evaluations f| | in (3) with

k
n

k+1
n+l

the integral means (n + 1) I f(t)dt, we consider the following Kantorovich generalization of the Brass-Stancu
k

n+l
operators:

k+1
n+1

For(f3 ) = Y Wagor 0|+ 1) [ F0)de | ®
k=0 ko

n+1

where f € LP[0, 1] and wy x (X), X € [0,1],0 < k < n, are given by (2). Each K, , is a positive linear operator
from L?[0, 1] into C[0, 1]. We refer the operators K, , as Brass-Stancu-Kantorovich operators throughout. Note
that for a different kind of integral generalization of the Brass-Stancu operators, which is obtained by differ-
entiating the operator L, -(f; x) with respect to x, LP-approximation was studied in [9]. As far as we have
searched, neither LP-approximation with rates nor variation detracting property have been obtained for the
Brass-Stancu-Kantorovich operators given by (6) yet.

Motivated by the corresponding results for the Kantorovich operators K, given by (5), the aim of this
article is twofold. First, we present LP-approximation and give some estimates for the rate of the LP-approx-
imation by the sequence of the Brass-Stancu-Kantorovich operators. For the estimates, we use 7-modulus and
K-functional of the first-order in LP-norm. Second, as in Kantorovich operators, we show that each Brass-
Stancu-Kantorovich operator is variation detracting and is bounded with respect to the norm of the space of
functions of bounded variation on [0, 1].

From the definition of the functions, wp i r(X), K, (f; x) can be expressed as

i e

Knr(f3 )= Y Py + DA =) [ fode+x | foae] ™
k=0 _k_ k+r
n+1 n+l

and in the cases r =0 and r =1, Brass-Stancu-Kantorovich operators reduce to the Kantorovich opera-
tors Kno = Kn1 = Ky

2 LP-approximation by the Brass-Stancu-Kantorovich operators

In this section, we study LP-approximation, as well as the rate of the approximation, by the Brass-Stancu-
Kantorovich operators. We adopt the standard notation for the monomials e,(¢t) = t', t € [0,1],v = 0, 1,....

Theorem 2.1. Let r be a non-negative fixed integer and f € C[0, 1]. Then,
,11152 Kn,r(f) = f

uniformly on [0, 1].

Proof. Making use of the first three moments of the Brass-Stancu operators L, , given by

1+ rr-1)
n

x1-x)

Lnr(eo; x) =1, Lyr(e;; x) =X, Lp,(ey x) = X%+ n
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in [2], it readily follows that

Kn,r(eo; x)=1,
K, (eg; x)= n X + !
it n+1  2n+1)’ ®)
n’ r(r - 1))x(1 - x) Inx +1
K r(ez; X) = 2+ |1+ + .
(€2 ) (n + 1)? X n ) n 3(n + 1)
Hence, the result is obtained by using the well-known Korovkin theorem (e.g., [14]). O

Here we present the LP-approximation.

Theorem 2.2. Let r be a non-negative fixed integer and f € LP[0,1],1 < p < c. Then,
}ll—r»?o Kn,r(f) = f

in LP[0, 1].

Proof. Since the cases r = 0,1 give Kantorovich operators K, we already have the result from Theorem 1.1.
Denoting the operator norm of K, ,, acting from LP[0, 1] into itself by || Ky ||, it is sufficient to show that there
exist an M > 0 such that ||K, || < M. Now, taking into accout the fact that ¢(¢t) = |t|’,1<p < o, t € [0,1] is
convex and that for wy . ,(x) 2 0, x € [0, 1], we have Y ;_oWy . -(x) = 1, by using Jensen’s inequality and integral
form of Jensen’s inequality (e.g., [14]), we have

k+1 p
n+l
LTBIE ankr(x) (n+1) jf(t)dt
n+1
k1
n n+1
< Y Wair O + 1) [ FOPde ©
k+1
n-r n+l
(1 X) an rk(X) X zpn r.k- r(X)](n + 1) _[ If(t)lpdt-
m
Integrating (9) over [0, 1], using the well-known Beta integral, we obtain
k1
1 n-r n- n+l
[iKur(f: 0Pax < 3 jxk(l Xk (n + 1) J' Feypde
k=0
0 n+1
k1
- e
+ Z[ J'xk-r+1(1 - x)kdx(n + 1) J’ IF(oPdt (10)
k=r k-r 0 k
n+l
el 1
n+1 |n-r-
= P p
n—r+2k§0 n-r+1 Ilf(t)ldt+zr r+1I|f(t)|dt

n+l n+1
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Since n > 2r,r € N U {0}, we have n - r > r. Thus, (10) can be expressed as

k+1
1 r-1  n-r k+1"+1
K pdx< + RE—— t)|Pdt
j| wrlf ) Hz[go 25y Jre
n+1
k+1
[n—r n nj_l
2+ 2 Pt
k=r k=n-r+ n_r+1
n+1
kel
n+1 [dn-r-k+1 "Tn-2r+2 c k-r+1
> D R D) _[lf(t)lpdt
n-r+2\;5 n-r+1 ey n-r+1 kzn_r+1n—r+1
n+1
Sincen-2r+l1<n-r+1, wehaven—2r+2<n—r+1 Thus, for 0 < k<r-1, weobtain";:f;lsl

and forn-r+1<k<n,we have < 1. Therefore, the last formula can be simplified as

k+1
r— n n+1
I|Km<f OPdx s~ IR RID] ]_[lf(t)lpdt
-r k=0 k=r k=n-r+1) k
n+1
k+1
n n+l
= 12 = 12
— kZO [ ropac- jtf(t>| dt.
n+l
n+1 2r+2

Now, since, for fixed r > 1, we can take sup,.,, .- = = M, we obtain

r+3
1

I|Kn,r(f; 0Py < Mf[f@pdt.

0 0

Passing to LP-norm, we obtain ||Ky, (f)llp < Mp IIfll, for every f € LP[0, 1]. Namely, K, , is a bounded operator
with || Ky /]l € Mp. Note that for r = 0,1, we have M =1 [14]. Thus, for any ¢ > 0, by the density of C[0, 1] in
LP[0,1], thereis a g € C[0, 1] such that||f - gll, < € and, by Theorem 2.1, there exists anny € N such that for all
n = ny, we obtain

IKnr(8) — &ll <&,

where ||.]| is the usual sup-norm in C[0, 1]. Using the inequality
1Knr(F) = Fllp < MY 1If = gllp + [1Knr(@) = &Iy + 11g = fll, < (M5 +2),

we arrive at the desired result. ]

For the rate of the LP-approximation by the sequence of the Brass-Stancu-Kantorovich operators, we first
apply Popov’s theorem (as represented in Theorem 2.3) to obtain an upper estimate in terms of the averaged
modulus of smoothness of the first order. After, following Miiller’s approach in [15], by using some properties
of the averaged modulus of smoothness, we give an upper bound for the space of functions such that
f’ € LP[0, 1]. Moreover, as in [16], we also use the equivalence of the first-order K-functional with modulus
of smoothness of first order to obtain an upper bound in L? -norm. Now, we give some needful definitions.

Definition 2.1. [17] Let f € L?[0,1],1 < p < o, and 6 > 0. The usual modulus of smoothness of the first order
and step § for the function fin LP-norm is defined as

1-h 1p
i(f; &) = sup ljwmh) —f<x>|de] . (11)

0<hs<é 0
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Here, let us consider the space
LPY0,1] = {f € LP[0,1] | f is absolutely continuous on [0, 1] and f* € LP[0,1], 1 < p < o},
Below, we recall Peetre’s K-functional, defined for functions in L?[0, 1].
Definition 2.2. ([15] or [18]) Let f€ LP[0,1],1 < p < o, and 6 > 0. Peetre’s K-functional of the first order is
defined as
Kiplf5 8) = inf {Ilf = gllp + 8 lg'lly} 12)

Johnen [19] proved that there are positive constants ¢ and ¢ which do not depend on f and p, such that

awi(f; 8)p < Kip(f; 6) < awi(f; 6)p. 13)
Let, as usual, M[0, 1] denote the space
MJ0,1] = {f |f is bounded and measurable on [0, 1]}.

Recall the notion of averaged modulus of smoothness for functions from M[0, 1].

Definition 2.3. ([17] or [20]) Let f € M[0, 1] and § > 0. Averaged modulus of smoothness (or 7-modulus) of the
first order for step 6 in LP-norm, 1 < p < oo, is given by

a(f; 8)p = llwi(f, ; Oy,

where

wi(f,x; 8) = sup|lf(t + h) - f(O] : t,t + h € 5

X - g,x+ ﬁ] N [0,1]]
2
is the local modulus of smoothness of the first order for the function f at the point x € [0, 1] and for step §.

For f€ M[0,1], 8, §’, A € R*, we need the following properties of the 7-modulus (e.g., [17]):
(™) a(f; 8)p < a(f; 8)p, when0 <5< 6.
(1) a(f; A8)p < (2LAI + 2)*5(f; &), where L] is the greatest integer that does not exceed the number.
@) a(f; &) < SIIf'll, if £€ LP[0,1].

For every Borel measurable and bounded function f defined on [0, 1], we already have the following results
for the Kantorovich operators K,, n € N,

1K) - fllp < 748a[f; ﬁ]

p

. 3n+1 14
f; 12(n + 1)? p’ (14)

where C is a positive constant that does not depend on f (see the special case of Proposition 4.2 in [22]). In
order to obtain an upper estimate for the LP-norm of the approximation error in Theorem 2.2, we apply the
following very useful theorem of Popov [23] for the special case that the interval is taken here as [0, 1].

([21, p. 335]) and

I1K(f) = fllp = Cri

Theorem 2.3. [23] Let L : M[0, 1] - M][0, 1] be a positive linear operator, having the properties
L(eo; x) =1, L(e; x) =x+a(x), L(ey x)=x*+p(x), x€][0,1].
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Let
A = sup{|f(x) - 2xa(x)|: x€[0,1]} < 1.
Then, for f € M[0,1] and 1 < p < =, the following estimate holds
IL(f) = fllp < Ca(f; VA,
where C is a positive constant which does not depend on the operator L, the function f, and the LP-norm.

Therefore, we present the following upper estimate for the LP-norm of the approximation error by the
Brass-Stancu-Kantorovich operators:

Theorem 2.4. Let r be a non-negative fixed integer, f € M[0,1] and 1 £ p < . Then,
1 Kn,r (f) _f”p < Ca(f; \/An,r)p

for all n € N such that n > 2r, where

_3n+1+3r(r-1)

A
wr 12(n + 1)2

<1, (15)
and the positive constant C does not depend on f.

Proof. Let f € M[0,1] and 1 < p < . According to Theorem 2.3, it suffices to show that
An,r = Sup{Kn,r((el - Xeo)z; X) X E [0; 1]} <L
From the linearity of the operators and (8), for x € [0, 1], we obtain

n-1+r(r-1)

Knr((e1 = xe)%; x) = n+ 17 XA -x)+ 3(n + 1)?
n-1+r(r-1) 1
< +
4(n + 1) 3(n + 1)
= An,r;

where A, ; is given by (15). Note that the cases forr = 0 and r = 1 give the result (14) for Kantorovich operators.
Now, it remains to show that A,, < 1. Since r 2 0 and n > 2r, we obtain n — 1 > 2r. Hence, we obtain

3n+1+3r(r—1)<3n+1+3r2

M m+1)?2 12+ 1)?
3+1+ -1 3w ren+7 _
12(n +1) Co48(n+12 7
which completes the proof. O

Now, as in [15, Theorem 2], we present the following estimate for LP-norm of the error of approximation
of fe LP0,1].

Theorem 2.5. Let r be a non-negative fixed integer, f € L1[0,1],1< p < o, Then,

K
1Knr(f) = fllp < el £y

for all n € N such that n > 2r, where K, is a positive constant that may depend only onr.
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Proof. Since n + 1 > 2(r + 1), from (15), we have

AU S 3rt-3r-2
BT 4m+ 1) 12(n + 1)?
1 32-3r-2]| 1

=< +
4 24(r+1) |n+1

forr>1and 4,, < —L _forr=0orl Thus, we can write

4n+1)
G
< 16
ATL,T n + 1 bl ( )
3r2+3r+4 r>1
where C; = 24(r1+ v’ is a positive constant. Therefore, for any f € LP'[0, 1], combining Theorem 2.4
r=0,1

Z)
with the properties (71)—(73) of 7-modulus, we reach to

“Kn,r(f) _f”p b Crllf; A ncji ]
14

@G+ Z)ZCTl[f; Janl]
14

K,

< am
where K, = C(2L./C; ] + 2)% is a positive constant and 1 < p < o, O

Here similar to Kantorovich operators, which can be captured from Miiller’s paper [16, p. 246], we present
an upper bound for the LP-norm of the approximation error in terms of the first-order modulus of smoothness
in LP-norm.

Theorem 2.6. Let r be a non-negative fixed integer, f € LP[0,1],1 < p < . Then,

1
1Kur(F) - fllp < Mypor| £ ﬁ]
p

foralln € N such thatn > 2r, where M, ; is a positive constant that may depend onr and p, but independent of f.

Proof. Since K;,, is bounded, with || K, /|[, < M Up, we obtain
1Kn,r(g) — &llp < (MYP + 1) gl
for any g € LP[0,1],1 < p < «. On the other hand, in view of Theorem 2.5, we obtain
K .,
1Knr(g) = &llp < NESl lg” Il
for g € LP'[0, 1], where K, is a positive constant. Therefore, for f € LP[0, 1], it follows that
1Kn,r(f) = fllp < 1Knr(f = &) = (f = Dllp + 1Kn,r(&) — &llp
K,
< 1/p — _r ’
<P+ DIIf - glly + = 18"l

Taking infimum over g € LP'[0, 1], making use of the definition of K-functional given by (12) and relation
between K-functional and usual modulus of smoothness given by (13), we finally obtain
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1K, r(f) = fllp < (MVP + 1)K1,p[f; K ]

Jn+1
< oMYP + Dl f; K ]
Jn+1 b
< Myl f; ——
= Vi pt1l J » \/m p:
where M, , = o(M 1P + 1)(K, + 1), which is followed by the fact w;(f; A8)p < (A + Dwi(f; A8)p, A > 0. Wereach
to the desired result. O

3 Variation detracting property

In this part, we show that each Brass-Stancu-Kantorovich operator K,, is also variation detracting and
bounded operator, with respect to BV-norm.
Theorem 3.1. Let r be a non-negative fixed integer and f € TV|0, 1]. Then,

ViolKn,r(f)] < Vo1l f] a”n
and

1K (Fllev < 2 1Ifllpv 18)
for every n € N such that n > 2r.
Proof. Since the casesr = 0, 1 give the result in Proposition 1.1, we consider the case where r > 1. Let us show

first (17). Assume that f € TV[0, 1]. Then, it readily follows that K, (f) € AC[0, 1], the class of absolutely
continuous functions on [0, 1]. As in [10, Proposition 3.3], we set

% F k+u
Ey=(n+ 1){f(t)dt=I [n+ 1]du, 0<ks<n.
a1 0
Thus, from (7) K, (f; x) can be expressed as
n-r
Kur(f3 X) = 3 Por g COLA = X0Fy e + XFyr].
k=0

Differentiating K, (f; x), we obtain

n-r-1

Knr(fs X)) == 1) Y Propog O = OBt = Fud + X[Bugeers1 = Boeerl}
k=0

19)
+ Y Dy kOBuker = B
k=0
From (19), we obtain
1
VioalKar (£ = [1Kur(f 0 1dx
’ 1 n-r-1
St ;Zo {(n =1 = B)|Fyjesn = Byl + (K + DlFykerss = Fuierl} o0
1 n-r
Aa— k§0|ﬂ,k+r = Byl

1
“ {5+ SE.
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Since n > 2r, we have n - r > r, which implies thatn — r - 1 > r. As in [9], we can split the sums S};,r, i=1,2,
into three parts:

n-r-1

Sur= 2 A =1 = K)|Fyer = B + (K + DlFykerst = Fukerl}
k=0
r— n-r-1 n-r-1 n-1
Z Z (n =1 = K)Fyis1 = Bl + [ DEEED) y<k =7+ DFyeer = Bl
k=0 k=r k=r k=n-r
n-r-1 (21)
= Z(n— r=IlFus = B + 2 (0= 2r + DIE g1 ~ Fuad
k=0 k=r
n-1
+ 2 (k=1 + Dl = Bl
k=n-r
On the other hand, we can decompose the sum in S,f,r into three parts as
Sr%,r = Z |E1,k+r - El,kl
Z{u-"n ker = Buisr-al + [Burer—1 = Fugsr-al ++|Fuez = Fuieal + [Fuier = Fuil} (22)
r-1 n-r-1 n-1
= Y (k+ DlEger = Ed 7 2 Fur = Bl + 2 (= KByt = Fual.
k=0 k=r k=n-r

Finally, combining (21) and (22) with (20), we arrive at

n-1-r
VioulKns ()] € ——— Z(n—r—k>+ 2 (-2reD T G-
k=n-r

n-1-r n-1

+ z(k+1)+ Zr+ 2 (= Kl|E kst = ol
k=n-r

n-1
= D |Fuer = Bl
k=0

Now, it suffices to show that Zz;éu-"n,kﬂ = Fykl < Vioylf] For this, as in the proof of Proposition 3.3 in [10],
taking

0, k=-1,

k+u
Uy = , 0<sk<n,
k n+1 n
1, k=n+1,

we have, for the particular partition {u;}i*!;, the following:

Z|Fnk+1 nk|<jzlf(uk+1) fwoldu

I Z IF () = fa0ldu

< Vool f1
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Now, using (17), (18) follows from the following inequality:

”Kn,r(f)”BV = V[O,l][Kn,r(f)] + |Kn,r(f;0)|
< Vol f1 + If(0)] + |Kn(f50) = £(O)]
=|Ifllev + [Knr(f50) = £(O)]

n+1

=l + (n + D| [ LF®) - Ot .

0

Using a similar argument in [10, Proposition 3.3], we obtain that ||K, -(f)|lsv < 2 ||f|lsv, which completes the
proof. O

4 Graphical and numerical examples

In this section, we will provide comparisons of the convergence of the operators we have used by giving
illustrated examples.

Example 4.1. The first example gives us an idea about the effect on a non-negative integer parameter r, and
any natural number n such that n > 2r. As mentioned earlier, for r = 2, our operators K,.(f; x) are the
Kantorovich-type generalization of the operators L, 2(f; x) defined by Brass [6]. For f(x) = x(1 - x), n = 50
and r = 2, special case of our operators approximate so closely to given function (Figure 1).

Example 4.2. In this example, we shall see how the change of n values affects the convergence for specific
value r = 2. Let us consider again the specific function f(x) = x(1 - x) in the interval [0, 1]. One can see in
Figure 2 the approximation process for the different values of n.

One can directly see from Figure 2 that the higher values of n yield better approximation. It may be useful
to take a look at Table 1 to see the effect of n values numerically for specific points x = 0.4 and x = 0.7.
Now, we present Table 2 to illustrate how various values of x affect the function f(x) = x(1 - x).

0.25[
020
015[ — f(x)

i — Kis0,20(f;x)
010} Kso,2(f;x)
0.05

L L L 1 L L L 1 L L L 1 L L L 1 L L L
i 02 04 0.6 0.8 1.0

Figure 1: Approximation process of Kso20(f; x) and Kso2(f; x) to f.
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0.25

0.20

0.15

0.10

0.05

: 0.2 0.4 0.6

Figure 2: Approximation process of K, (f; x) for n =10, 30, 50.

Table 1: Error of approximation by Ky »(f; 0.4) and K »(f; 0.7) for different n values

DE GRUYTER

— f(x)

Kso 2(f;x)

— K3z0,2(F;x)

Ki1o,2(f;x)

n |Kn,2(f; 0.4)-£(0.4)] IKn,2(f;5 0.7)-f(0.7)l
5 0.04592590 0.03092590
15 0.01505210 0.00942708
25 0.00895464 0.00549310
35 0.00636831 0.00386831
50 0.00444188 0.00267718
75 0.00295245 0.00176824
100 0.00221089 0.00131981

Table 2: Error of approximation by Kz 5(f; x) for different x values

X IK30,2(f; x)-f (x)|
0.16 0.00277572
0.24 0.00186944
0.32 0.00527589
0.40 0.00744364
0.48 0.00837267
0.56 0.00806299
0.64 0.00651460
0.72 0.00372751
0.80 0.00029830
0.88 0.00556282
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Example 4.3. It is observed that for sufficiently large n, the operators approximate better to the function
regardless of the chosen suitable function. This is also another illustration to show the effects of n for
f(x) = cos2nx (Figure 3).

1.0

0.5

-05F

-1.0F

Figure 3: Approximation process of K, (f; x) for n = 10, 20, 30.
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