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Abstract: In this study, some mappings related to the Fejér-type inequalities for GA-convex functions are
defined over the interval 0, 1[ ]. Some Fejér-type inequalities for GA-convex functions are proved using these
mappings. Properties of these mappings are considered and consequently we obtain refinements of some
known results.
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1 Introduction

For convex functions, the following double inequality has great significance in the literature and is known as
Hermite-Hadamard’s inequality [1,2]:

Let ⟶φ I: � , ∅ ≠ ⊆I � , ∈ν ν I,1 2 with <ν ν1 2 be a convex function, then

∫⎛
⎝

+ ⎞
⎠ ≤

−
≤

+
φ

ν ν

ν ν
φ ξ ξ

φ ν φ ν

2

1
d

2
,

ν

ν

1 2

2 1

1 2

1

2

( )
( ) ( )

(1.1)

the inequality (1.1) holds in reversed direction if φ is concave.
Fejér [3] established the following double inequality as a weighted generalization of (1.1):
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where ⟶φ I: � and ∅ ≠ ⊆I � , ∈ν ν I,1 2 with <ν ν1 2 is any convex function and →ϑ ν ν: ,1 2 �[ ] is non-
negative integrable and symmetric about = +

ξ
ν ν

2

1 2 .
Inequalities (1.1) and (1.2) have many extensions and generalizations. We refer the readers to [4,5], the

studies carried out by Ardic et al. which deal with the Ostrowski-type inequalities for GG-convex and
GA-convex functions and some other important inequalities for inequalities via GG-convexity and GA-con-
vexity, respectively. Dragomir and Latif discussed in their studies some important Fejér-type integral inequal-
ities related to the geometrically-arithmetically convex functions and their applications in [6–17]. In [18,19],
Kunt and İşcan have proven very interesting results of Hermite-Hadamard and Fejér-type inequalities for
GA-convex for GA-s-convex functions. The author has provided results of Hermite-Hadamard-type and
weighted Hermite-Hadamard-type using differentiable GA-convex, coordinated GA-convex, and geometri-
cally-quasi-convex mappings, and the notion of geometrically symmetric mappings in [20–22]. Further
research studies have been accomplished concomitant to the Hermite-Hadamard and Fejér-type results using
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the notions of geometrically-arithmetically, geometrically quasi convex functions, and a no-negative integr-
able geometrically symmetric function in [23–25]. Here we also mention the contributions of the mathemati-
cians, for instance, Noor et al. [26] who proved inequalities for geometrically-arithmetically h-convex func-
tions, Obeidat and Latif [27] obtained the results of weighted Hermite-Hadamard-type inequalities using
geometrically quasi-convex functions and a no-negative integrable geometrically symmetric function, Qi
and Xi [28] accomplished some new Hermite-Hadamard-type inequalities for geometrically quasi-convex
functions, and Zhang et al. [29] who proved Hermite-Hadamard-type inequalities for differentiable GA-convex
functions.

Many important results that characterize the properties of the mappings related to Inequalities (1.1) and
(1.2), and inequalities that provide refinements of Inequalities (1.1) and (1.2) are discussed by a number of
researchers. Dragomir et al. [30] considered inequalities of Hadamard’s type for Lipschitzian mappings. Dragomir
et al. [31] gave refinements of Hadamard’s inequalities. In another study, Dragomir [32] proved Hadamard’s
inequality for convex functions by defining some functionals. Dragomir and Agarwal complemented the study
carried out in [33] by defining new mappings associated with Hadamard’s inequalities for convex functions and
obtained some refinements of (1.1). Dragomir [34] further investigated mappings in connection to Hadamard’s
inequalities and obtained some more refinements to (1.1). Tseng et al. [35–37] generalized the results given in
[30–34] and acquired new inequalities of Hermite-Hadamard-Fejér-type involving convex functions and a weight
function that is non-negative integrable symmetric with respect to the mean of the closed interval. Yang and Hong
[38] also proved some refinements of (1.1) by considering the properties of some functionals. The interested readers
are referred to Yang and Tseng [39–42] for more results of properties of functionals in connection to (1.1) and (1.2),
and results which refine and generalize the inequalities (1.1) and (1.2) [43,44].

One of the generalizations of the convex functions is geometrically-arithmetically convex functions also
known as GA-convex functions which is stated as follows:

Definition 1. [45] A function ⊆ ∞ →φ I: 0, �( ) is considered to be GA-convex, if

≤ + −−φ ξ λ φ ξ φ λϱ 1 ϱϱ 1 ϱ( ) ( ) ( ) ( ) (1.3)

for all ∈ξ λ I, and ∈ϱ 0, 1[ ]. A function φ : →I � is concave if the inequality in (1.3) is reversed.

We state some important facts that relate GA-convex and convex functions and use them to prove the
main results.

Theorem 1. [45] If ⊂ ∞ν ν, 0,1 2[ ] ( ) and the function →χ ν ν: ln , ln1 2 �[ ] is convex (concave) on ν νln , ln1 2[ ], then
the function → =φ ν ν φ χ: , , ϱ lnϱ1 2 �[ ] ( ) ( ) is GA-convex (concave) on ν ν,1 2[ ].

Remark 1. It is obvious from Theorem 1 that if →φ ν ν: ,1 2 �[ ] isGA-convex on ⊂ ∞ν ν, 0,1 2[ ] ( ), then ∘φ exp is
convex on ν νln , ln1 2[ ]. It follows that ∘φ exp has finite lateral derivatives on ν νln , ln1 2( ) and by gradient
inequality for convex functions we have

∘ − ∘ − ≥φ ξ φ λ ξ λ φ λ λexp exp exp exp ,( ) ( )( ) ( ) ( )

where ∈ ′ ′− +φ λ φ λ φ λexp exp , exp( ) [ ( ) ( )] for any ∈ξ λ ν ν, ln , ln1 2( ).

Theorem 2. (Jensen’s inequality for GA-convex functions) [45,46] Let ⊂ ∞ →φ I: 0, �( ) be a GA-convex func-
tion and ⊂ ∘k K I,[ ] . Assume also that →h : Ω � is μ-measurable, satisfying the bounds

−< ≤ ≤ < ∞ ∈k h K for μ a.e.0 ϱ ϱ Ω( )

and ≥w 0 μ-a.e. on Ω with ∫ =w μd 1
Ω
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The following inequality of Hermite-Hadamard-type for GA-convex functions holds ([26] for an extension
for GA h-convex functions):

Theorem 3. [26] Let ⊆ ∞ →φ I: 0, �( ) be a GA-convex function and ∈ν ν I,1 2 with <ν ν1 2. If ∈φ L ν ν,1 2([ ]),
then the following inequalities hold:
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The notion of geometrically symmetric functions was introduced in [23].

Definition 2. [23] A function ⊆ ∞ →ϑ ν ν: , 0,1 2 �[ ] ( ) is geometrically symmetric with respect to ν ν1 2 if
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holds for all ∈ξ ν ν,1 2[ ].

Fejér-type inequalities using GA-convex functions and the notion of geometric symmetric functions were
presented in Latif et al. [23].

Theorem 4. [23] Let ⊆ ∞ →φ I: 0, �( ) be a GA-convex function and ∈ν ν I,1 2 with <ν ν1 2. If ∈φ L ν ν,1 2([ ]) and
⊆ →ϑ ν ν: , \ 01 2 � �[ ] { } is non-negative, integrable, and geometrically symmetric with respect to ν ν1 2 , then
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Suppose that ⊆ ∞ →φ I: 0, �( ) is GA-convex on I and ∈ν ν I,1 2 , let →χ , , : 0, 1 �� � [ ] be defined by
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Latif et al. [47] obtained the following refinements for Inequalities (1.5):

Theorem 5. [47] A function ⊆ ∞ →φ I: 0, �( ) as above. Then,
(i) χ is GA-convex on 0, 1( ].
(ii) We have
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(iii) χ increases monotonically on 0, 1[ ].
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The following theorem holds:

Theorem 6. [47] Let ⊆ ∞ →φ ν ν: , 0,1 2 �[ ] ( ) be as above. Then,

(i) + = −ϱ ϱ
1
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2
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(ii) � is GA-convex on 0, 1( ].
(iii) We have
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(vi) We have the inequality ≤χ ϱ ϱ�( ) ( ) for all ∈ϱ 0, 1 .[ ]

Theorem 7. [47] Let →: 0, 1 �� [ ] and ⊂ ∞ →φ ν ν: , 0,1 2 �[ ] ( ) be as defined above. Then,
(i) � is GA-convex on 0, 1( ].
(ii) The following hold:
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(iii) � increases monotonically on 0, 1[ ].

Motivated by the studies conducted in [48,30–42], we define some new functionals involving GA-convex
functions and a non-negative integrable symmetric weight functions which is with respect to the geometric
mean of the end points of the closed interval in connection to Inequalities (1.5) and (1.6) to prove new Féjer-
type inequalities which indeed provide refinement inequalities as well.

2 Main results

Let us now define some mappings on 0, 1[ ] related to (1.6) and prove some refinement inequalities.
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where →φ ν ν: ,1 2 �[ ] is a GA-convex function and →ϑ ν ν: ,1 2 �[ ] is non-negative integrable and symmetric
about =ξ ν ν1 2 .

The following result is very important to establish the results of this section.

Lemma 1. [24] Letφ : →ν ν,1 2 �[ ] be a GA-convex function and let ≤ ≤ ≤ ≤ ≤ν λ ξ ξ λ ν1 1 1 2 2 2 with =ξ ξ λ λ1 2 1 2. Then,
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We first prove a result similar to results proved in [39] forGA-convex functions which provide refinement
inequalities for (1.6).
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We now prove that the mapping →ν: 0, 0 �� [ ] defined by

= − +− −β φ σ βφ σϱ 1 ϱ ϱβ β1�( ) ( ) ( ) ( )

is GA-convex ν0, 0( ] and monotonically increasing on ν0, 0[ ].
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From (2.3) and (2.4), we obtain
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By using Identity (2.2) in (2.6), we obtain (2.1). □

6  Muhammad Amer Latif



Remark 2. If we choose = +α
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1

2
, = λϱ 2 in Theorem 8, then

∫ ∫ ∫

∫

⎛

⎝
⎜

⎞

⎠
⎟ ≤

−
+

−

≤ + −

+ +

− −

−

φ ν ν
ϑ ξ

ξ
ξ

β

β

φ ξ ϑ ξ

ξ
ξ

β

β

φ ξ ϑ ξ

ξ
ξ

αφ ν α φ ν
ϑ ξ

ξ
ξ

d
1

d
1

d

1 d .

ϑ

ϑ q

q

ϑ q

λ σ

λσ

λ σ

σ

σ

λσ

λ σ

λσ

1 2

1 2

1 1

1

( ) ( ) ( ) ( ) ( )

[ ( ) ( ) ( )]
( )

(2.7)

Remark 3. If we choose = =α β
1

2
, = = −

ν ν νϱ 0 2 1

1 in Theorem 8, then we obtain (1.6).

Remark 4. If we choose = =α β
1

2
, = = −

ν ν νϱ 0 2 1

1 in Theorem 8, then we obtain (1.5).

Theorem 9. Let φ, σ , and ν0 be defined as in Theorem 8, < <α0 1, < <β0 1, + ≤α β 1, and let � be defined
on 0, 1[ ] as

∫=
−
−

− +− −

− − −

β

α ν ν
β φ σξ βφ σξ

ξ

ξ
ϱ

1

ln ln
1

d
.

ν ν

β β

2 1
0

ϱ 1 ϱ

α

β

α

β

2

1

1

1

�( )
( )

[( ) ( ) ( )]( ) (2.8)

Then, � is GA-convex on 0, 1( ], monotonically increasing on 0, 1[ ] and

∫

≤ ≤

=
−
−

− +

≤ + −

−

− −

− − −

φ ν ν

β

α ν ν ξ
β φ σξ βφ σξ ξ

αφ ν α φ ν

ϱ 1

1

ln ln

1
1 d

1 .

α α

ν ν

β β

1 2

1

2 1
0

ϱ 1 ϱ

1 2

α

β

α

β

2

1

1

1

� �( ) ( ) ( )

( )
[( ) ( ) ( )]

( ) ( ) ( )

( )

Proof. Since φ is GA-convex on ν ν,1 2[ ] this prove the GA-convexity of � on ν0, 0( ]. By using the condition
+ ≤α β 1 implies that = −

−
ν ν ν

α

β0 1 2 1

1. Since the mapping →ν: 0, 0 �� [ ] defined by

= − +− −β φ σ βφ σϱ 1 ϱ ϱβ β1�( ) ( ) ( ) ( ) (2.9)

has been proved to be monotonically increasing on ν0, 0[ ], thus the mapping � is also monotonically increasing
on 0, 1[ ].

Inequality (2.8) follows from inequality (2.5) and the fact that � is monotonically increasing on 0, 1[ ]. This
accomplished the proof of the theorem. □

The next theorem can be proved similarly.

Theorem 10. Let φ, χ , ν0, α, and β be defined as in Theorem 9. Let 1� be defined on 0, 1[ ] as

∫=
−
−

⎡

⎣
⎢ −

⎛

⎝
⎜

⎞

⎠
⎟ +

⎤

⎦
⎥− − − − − − −

− − −

β

α ν ν
β φ σν ν ξ βφ σν ν ξ

ξ

ξ
ϱ

1

ln ln
1

d
.

ν ν αβ

β

αβ

β β α α β
1

2 1
0

1

1

2

1 1 ϱ
1 2

1 1 ϱ

α

β

α

β

2

1

1

1

� ( )
( )

( ) ( )( ) ( )( ) (2.10)

Then, 1� is GA-convex monotonically increasing on 0, 1[ ], and

∫ ∫

⎜ ⎟

−
−

+
−

≤ ≤ = −
⎛
⎝

⎞
⎠

+ ≤ + −− − −

− − −

β

αβ ν ν

φ ξ

ξ
ξ

β

α ν ν

φ ξ

ξ
ξ

β φ ν ν βφ ν αφ ν α φ ν

1

ln ln
d

ln ln
d

ϱ 1 1 1 .

ν ν

σ

σ

ν

α

β

α

β

2

2 1 2 1

1 1 1

1

2

1
1

1 1 2

αβ

β

αβ

β

1

1

2

1
1

2

� �

( )

( )

( )

( )

( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

(2.11)
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Remark 5. Taking = =α β
1

2
in inequality (2.8) reduces to

∫=
−

−χ
ν ν ξ

φ ξ ν ν ξϱ
1

ln ln

1
d .

ν

ν

2 1

ϱ
1 2

1 ϱ

1

2

( ) ( ( ) )

Remark 6. Taking = =α β
1

2
in inequality (2.10) reduces to

∫ ⎜ ⎟ ⎜ ⎟=
−

⎡

⎣⎢
⎛

⎝

⎞

⎠
+

⎛

⎝

⎞

⎠

⎤

⎦⎥
+ +

− −

ν ν ξ
φ ν ξ φ ν ξ ξϱ

1

2 ln ln

1
d .

ν

ν

2 1

2

1 ϱ

2
1

1 ϱ

2

1

2

1 ϱ

2

1 ϱ

2�( )
( )

(2.12)

Theorem 11. Let φ, α, β, χ , ν0 be defined as in Theorem 9 and let ϑ be defined as in Theorem 8. Let � be a
function defined on 0, 1[ ] by

∫= − +− − − −β φ σ ξ ϑ σξ βφ σξ ϑ σξ ξϱ 1 ϱ d

s

β β β β

0

ϱ 1 ϱ 1�( ) [( ) ( ) ( ) ( ) ( )]( ) (2.13)

for some ∈s ν0, 0[ ]. Then, � is GA-convex and monotonically increasing on 0, 1[ ] and

∫ ∫ ∫≤ ≤ =
−

+
−

−

− −

φ ν ν
ϑ ξ

ξ
ξ

β

β

φ ξ ϑ ξ

ξ
ξ

β

β

φ ξ ϑ ξ

ξ
ξd ϱ 1

1
d

1
d .

α α

σs

σs

σs

σ

σ

σs

1 2

1

β

β

β

β1 1

� �( )
( )

( ) ( )
( ) ( ) ( ) ( ) (2.14)

Proof. Sinceφ isGA-convex and ϑ is non-negative, we see that � isGA-convex on 0, 1( ]. Next for each ∈ξ s0,[ ],
where ∈s ν0, 0[ ], it follows from Theorem 8 that = − +− −h ξ β φ σ ξ βφ σξ1 ϱ β βϱ ϱ 1 ϱ( ) ( ) ( ) ( )( ) is increasing for

∈ϱ 0, 1[ ]. Using the identity = −ϑ σ ϑ σϱ ϱβ β1( ) ( ), we see that ϱ�( ) is increasing on 0, 1[ ]. Therefore, inequality
(2.14) follows immediately. □

Theorem 12. Let φ, α, β, σ , ν0 be defined as in Theorem 11, and let ϑ be defined as in Theorem 8. Let 1� be a
function defined on 0, 1[ ] by

∫= − +− − − − − − − − − −
ξ

β φ σs ξ ϑ σs ξ βφ σs ξ ϑ σs ξ ξϱ
1

1 d

s

β β β β β β β β
1

0

1 ϱ 1 1 1 ϱ 1 1� ( ) [( ) ( ) ( ) ( ) ( )]( ) ( )( ) ( ) (2.15)

for some ∈s ν0, 0[ ]. Then, 1� is GA-convex 0, 1( ] and monotonically increasing on 0, 1[ ], and

∫ ∫

∫ ∫

−
+

−

≤ ≤ = − + −

× ≤ − +

− −

−

−

−

−

−

−

β

β

φ ξ ϑ ξ

ξ
ξ

β

β

φ ξ ϑ ξ

ξ
ξ

β φ σs β φ σs

ϑ ξ

ξ
ξ α φ ν αφ ν

ϑ ξ

ξ
ξ

1
d

1
d

ϱ 1 1 1

d 1 d .

σs

σ

σ

σs

β β

σs

σs

σs

σs

1

1 2

β

β

β

β

β

β

1

1 1

� �

( ) ( ) ( ) ( )

( ) ( ) [( ) ( ) ( ) ( )]

( )
[( ) ( ) ( )]

( )

(2.16)

Proof. Sinceφ isGA-convex and ϑ is non-negative, we see that � isGA-convex on 0, 1( ]. Next for each ∈ξ 0, ϱ[ ],
where ∈ νϱ 0, 0[ ], it follows from Theorem 8 that = − +− −h β φ σs βφ σsϱ 1 β β1( ) ( ) ( ) ( ) and = − −k sξϱ 1 ϱ( ) ( ) are
increasing on ν0, 0[ ] and 0, 1[ ], respectively. Hence

= − +− − − − − − − − − −h k β φ σs ξ ϑ σs ξ βφ σs ξ ϑ σs ξϱ 1 β β β β β β β β1 ϱ 1 1 1 ϱ 1 1( ( )) ( ) ( ) ( ) ( ) ( )( ) ( )( ) ( )

is increasing on 0, 1[ ]. Using the identity =− −ϑ σ ϑ σϱ ϱβ β1( ) ( ), we see that ϱ1� ( ) is increasing on 0, 1[ ]. Therefore,
Inequalities (2.16) follows from

≤ ≤ − +−
φ ν ν k α φ ν αφ νϱ 1

α α

1 2

1
1 2�( ) ( ( )) ( ) ( ) ( )

and (2.16). □
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Remark 7. Choose = =α β
1

2
, = = −
s ν ν ν0 1

1
2 in Theorems 11 and 12. Then, Inequalities (2.14) and (2.16) reduce to

∫ ∫

∫

≤ ≤ =

≤ ≤ =
+

φ ν ν
ϑ ξ

ξ
ξ

φ ξ ϑ ξ

ξ
ξ

φ ν φ ν ϑ ξ

ξ
ξ

d ϱ 1 d

ϱ 1
2

d ,

ν

ν

ν

ν

ν

ν

1 2

1 1

1 2

1

2

1

2

1

2

� �

� �

( )
( )

( ) ( )
( ) ( )

( ) ( )
( ) ( ) ( )

(2.17)

where

∫=
−

−
ν ν

φ ξ ν ν
ϑ ξ

ξ
ξϱ

1

ln ln
d

ν

ν

2 1

ϱ
1 2

1 ϱ

1

2

�( ) ( ( ) )
( )

and

∫ ⎜ ⎟ ⎜ ⎟=
⎡

⎣⎢
⎛

⎝

⎞

⎠
+

⎛

⎝

⎞

⎠

⎤

⎦⎥
+ + −

−

ξ
φ ν ξ ϑ ν ξ φ ν ν ϑ ξν ξϱ

1

2

1
d .

ν

ν

1 1

1 ϱ

2
1 2

1 ϱ

2
1

1 ϱ

2
2

1

2

1 ϱ

2� ( ) ( ) ( ) (2.18)

Remark 8. Inequality (2.17) provides weighted generalizations of Theorems 5 and 7.

In the following results, we provide further refinements of Inequalities (1.5) and (1.6) for GA-convex
functions by using Lemma 1.

Theorem 13. Let φ, ϑ , χ
ϑ
be defined as above. Then, the following Fejér-type inequalities hold:

(i) The following inequality holds:

∫ ∫

∫ ∫ ∫

⎟⎜≤
⎛
⎝

⎞
⎠

≤ ≤
⎡

⎣
⎢ +

⎤

⎦
⎥

φ ν ν
ϑ ξ

ξ
ξ φ ξ ϑ

ξ

ν ν

ξ

ξ

χ φ ν ν
ϑ ξ

ξ
ξ

φ ξ ϑ ξ

ξ
ξ

d 2
d

ϱ dϱ
1

2
d d .

ν

ν

ν ν

ν ν

ϑ

ν

ν

ν

ν

1 2

2

1 2

0

1

1 2

1

2

1

3

4
2

1

4

1

1

4
2

3

4

1

2

1

2

( )
( )

( )

( ) ( )
( ) ( ) ( )

(2.19)

(ii) If φ is differentiable on ν ν,1 2[ ] and ϑ is bounded on ν ν,1 2[ ], then for all ∈ϱ 0, 1[ ], the inequality holds:

∫

∫

≤ −

≤ −
⎡

⎣
⎢ − ⎡

⎣
+ ⎤

⎦ −
⎤

⎦
⎥ ∞

φ ξ ϑ ξ

ξ
ξ χ

ν ν
φ ν φ ν φ ξ

ξ
ξ ϑ

0 d ϱ

1 ϱ ln ln
2

d ,

ν

ν

ϑ

ν

ν

2 1

1 2

1

2

1

2

( ) ( )
( )

( ) ( )
( ) ( ) ( )

∥ ∥

(2.20)

where =∞ ∈ϑ ϑ ξsup
ξ ν ν,1 2

∥ ∥ ( )[ ] .
(iii) If φ is differentiable on ν ν,1 2[ ], then for all ∈ϱ 0, 1[ ], we have the inequality

∫ ∫≤
+

− ≤
− ′ − ′φ ν φ ν ϑ ξ

ξ
ξ χ

ν ν ν φ ν ν φ ν ϑ ξ

ξ
ξ0

2
d ϱ

ln ln

4
d .

ν

ν

ϑ

ν

ν

1 2 1 2 2 2 1 1

1

2

1

2

( ) ( ) ( )
( )

( )( ( ) ( )) ( )
(2.21)

Proof. (i) Using techniques of integration and the hypothesis of ϑ , we have the following identities:

∫ ∫ ∫=φ ν ν
ϑ ξ

ξ
ξ φ ν ν

ϑ ξ

ξ
ξd 4 dϱd ,

ν

ν

ν

ν ν

1 2 2

0

1

2

1 2

1

2

1

1 2

( )
( )

( )
( ) (2.22)

New extensions related to Fejér-type inequalities  9



∫ ∫ ∫⎟⎜ ⎜ ⎟⎜ ⎟
⎛
⎝

⎞
⎠

=
⎡
⎣⎢

⎛
⎝

⎞
⎠

+ ⎛
⎝

⎞
⎠
⎤
⎦⎥

−φ ξ ϑ
ξ

ν ν

ξ

ξ
φ ξ ν ν φ ξ ν ν

ϑ ξ

ξ
ξ2

d
2 dϱd ,

ν ν

ν ν

ν

ν ν
2

1 2
0

1

2

1

1

4
2

1

4
1

3

4
2

3

4

1

3

4
2

1

4

1

1

4
2

3

4

1

1 2

1

2

1

2( )
( ) (2.23)

∫ ∫ ∫

∫ ∫

= +

+ +

− −

− + − − −

χ φ ξ ν ν φ ξ ν ν
ϑ ξ

ξ
ξ

φ ξ ν ν φ ξ ν ν
ϑ ξ

ξ
ξ

ϱ dϱ dϱd

dϱd ,

ϑ

ν

ν ν

ν

ν ν

0

1

0

1

2

1 ϱ
1 2

ϱ ϱ
1 2

1 ϱ

0

1

2

ϱ
1 2

1 ϱ 1 ϱ
1 2

2 ϱ

1

1 2

1

1 2

( ) [ ( ( ) ) (( ( ) ))]
( )

[ ( ( ) ) ( ( ) )]
( )

( )

(2.24)

and

∫ ∫

∫ ∫ ∫ ∫

⎡

⎣
⎢ +

⎤

⎦
⎥

= + + + −

φ ν ν
ϑ ξ

ξ
ξ

φ ξ ϑ ξ

ξ
ξ

φ ξ φ ν ν
ϑ ξ

ξ
ξ φ ν ν φ ν ν ξ

ϑ ξ

ξ
ξ

1

2
d d

dϱd dϱd .

ν

ν

ν

ν

ν

ν ν

ν

ν ν

1 2

0

1

2

1 2

0

1

2

1 2 1 2
1

1

2

1

2

1

1 2

1

1 2

( )
( ) ( ) ( )

[ ( ) ( )]
( )

[ ( ) ( )]
( )

(2.25)

By using Lemma 1, we observe that the following inequalities hold for all ∈ ⎡⎣ ⎤⎦ϱ 0,
1

2
and ∈ξ ν ν ν,1 1 2[ ]:

The inequality

⎜ ⎟⎜ ⎟≤
⎡
⎣⎢

⎛
⎝

⎞
⎠

+ ⎛
⎝

⎞
⎠
⎤
⎦⎥

−φ ν ν φ ξ ν ν φ ξ ν ν4 21 2 1

1

4
2

1

4
1

3

4
2

3

4
1

2

1

2( ) (2.26)

holds for = =ξ ξ ν ν1 2 1 2 , =λ ξ ν ν1 1

1

4
2

1

4
1

2 , = −λ ξ ν ν2 1

3

4
2

3

4
1

2 .
The inequality

⎜ ⎟
⎛
⎝

⎞
⎠

≤ +− −φ ξ ν ν φ ξ ν ν φ ξ ν ν2 1

1

4
2

1

4 1 ϱ
1 2

ϱ ϱ
1 2

1 ϱ
1

2 ( ( ) ) ( ( ) ) (2.27)

holds for = =ξ ξ ξ ν ν1 2 1

1

4
2

1

4
1

2 , = −λ ξ ν ν1
1 ϱ

1 2
ϱ( ) , = −λ ξ ν ν2

ϱ
1 2

1 ϱ( ) .
The inequality

⎜ ⎟
⎛
⎝

⎞
⎠

≤ +− − + − − −φ ξ ν ν φ ξ ν ν φ ξ ν ν2 1

3

4
2

3

4 ϱ
1 2

1 ϱ 1 ϱ
1 2

2 ϱ
1

2 ( ( ) ) ( ( ) )( ) (2.28)

holds for = = −ξ ξ ξ ν ν1 2 1

3

4
2

3

4
1

2 , = − +λ ξ ν ν1
ϱ

1 2
1 ϱ( ) , = − − −λ ξ ν ν2

1 ϱ
1 2

2 ϱ( )( ) .
The inequality

+ ≤ +− −φ ξ ν ν φ ξ ν ν φ ξ φ ν ν1 ϱ
1 2

ϱ ϱ
1 2

1 ϱ
1 2( ( ) ) ( ( ) ) ( ) ( ) (2.29)

holds for = −ξ ξ ν ν1
1 ϱ

1 2
ϱ( ) , = −ξ ξ ν ν2

ϱ
1 2

1 ϱ( ) , =λ ξ1 , =λ ν ν2 1 2 .
Finally, the inequality

+ ≤ +− + − − − −φ ξ ν ν φ ξ ν ν φ ν ν φ ν ν ξ .ϱ
1 2

1 ϱ 1 ϱ
1 2

2 ϱ
1 2 1 2

1( ( ) ) ( ( ) ) ( ) ( )( ) (2.30)

Multiplying Inequalities (2.26)–(2.30) with ϑ ξ

ξ

( ) and integrating them over ϱ on ⎡⎣ ⎤⎦0,
1

2
, over ξ on ν ν ν,1 1 2[ ], and

using identities (2.22)–(2.25), we derive (2.19).
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(ii) Since →φ ν ν: ,1 2 �[ ] is GA-convex on ν ν,1 2[ ], hence →g ν ν: ln , ln1 2 �[ ] defined by = ∘g ξ φ ξexp( ) ( ) is
convex on ν νln , ln1 2[ ]. Thus, by integration by parts, we obtain the following identity:

∫

∫

⎛
⎝

+
− ⎞

⎠ ′ + − − ′

= ⎛
⎝

− ⎞
⎠ + − + − +

+

+

ν ν
ξ g ν ν ξ g ξ ξ

ν ν
g ν g ν g ν ν ξ g ξ ξ

ln ln

2
ln ln d

ln ln

2
ln ln ln ln d .

ν

ν ν

ν

ν ν

ln

ln ln

2

1 2

1 2

2 1

1 2

ln

ln ln

2

1 2

1

1 2

1

1 2

[ ( ) ( )]

[ ( ) ( )] [ ( ) ( )]

(2.31)

The equality (2.31) is equivalent to the following equality:

∫ ∫⎛
⎝

+
− ⎞

⎠ ′ − ′ = − ⎡
⎣

+ ⎤
⎦ −− −

ξ

ν ν
ξ ν ν ξ φ ν ν ξ ξφ ξ ξ ν ν

φ ν φ ν φ ξ

ξ
ξ

1 ln ln

2
ln d ln ln

2
d .

ν

ν ν

ν

ν

1 2

1 2
1

1 2
1

2 1

1 2

1

1 2

1

2

[ ( ) ( )] ( )
( ) ( ) ( )

(2.32)

Using substitution rules for integration and the hypothesis of ϑ , we have the following identities:

∫ ∫= + −φ ξ ϑ ξ

ξ
ξ φ ξ φ ν ν ξ

ϑ ξ

ξ
d

ν

ν

ν

ν ν

1 2
1

1

2

1

1 2

( ) ( )
[ ( ) ( )]

( )
(2.33)

and

∫= +− − +χ φ ξ ν ν φ ξ ν ν
ϑ ξ

ξ
ξϱ d .

ϑ

ν

ν ν

ϱ
1 2

1 ϱ ϱ
1 2

1 ϱ

1

1 2

( ) [ ( ( ) ) ( ( ) )]
( )

(2.34)

Now, using the convexity of = ∘g ξ φ ξexp( ) ( ) on ν νln , ln1 2[ ] and the hypothesis of ϑ , the following inequality

holds for all ∈ϱ 0, 1[ ] and ∈ ⎡⎣ ⎤⎦
+

ξ νln ,
ν ν

1

ln ln

2

1 2 :

⎟

⎟

⎜

⎜

⎡
⎣⎢

− ⎛
⎝

+ − ⎛
⎝

+ ⎞
⎠
⎞
⎠
⎤
⎦⎥

∘

+
⎡
⎣⎢

+ − − ⎛
⎝

+ − + − ⎛
⎝

+ ⎞
⎠
⎞
⎠
⎤
⎦⎥

∘

≤ − ⎛
⎝ −

+ ⎞
⎠ ′ ∘ + − ⎛

⎝
+

− ⎞
⎠ ′ + − ∘

= − ⎛
⎝

+
− ⎞

⎠ ′ + − − ′ ∘

g ξ g ξ
ν ν

ϑ ξ

g ν ν ξ g ν ν ξ
ν ν

ϑ ξ

ξ
ν ν

g ξ ϑ ξ
ν ν

ξ g ν ν ξ ϑ ξ

ν ν
ξ g ν ν ξ g ξ ϑ ξ

ϱ 1 ϱ
ln ln

2
exp

ln ln ϱ ln ln 1 ϱ
ln ln

2
exp

1 ϱ
ln ln

2
exp 1 ϱ

ln ln

2
ln ln exp

1 ϱ
ln ln

2
ln ln exp ,

1 2

1 2 1 2

1 2

1 2 1 2

1 2

1 2

1 2

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) [ ( ) ( )] ( )

(2.35)

which is equivalent to

⎟

⎟

⎜

⎜

⎡
⎣⎢

∘ − ∘ ⎛
⎝

+ − ⎛
⎝

+ ⎞
⎠
⎞
⎠
⎤
⎦⎥

∘

+
⎡
⎣⎢

∘ + − − ∘ ⎛
⎝

+ − + − ⎛
⎝

+ ⎞
⎠
⎞
⎠
⎤
⎦⎥

∘

≤ − ⎛
⎝

+
− ⎞

⎠ ′

+ − ′ ∘− −

∈

φ ξ φ ξ
ν ν

ϑ ξ

φ ν ν ξ φ ν ξ
ν ν

ϑ ξ

ν ν
ξ ξ φ ξ

ν ν ξ φ ν ν ξ ϑ ξ

exp exp ϱ 1 ϱ
ln ln

2
exp

exp ln ln exp ϱ ln ln 1 ϱ
ln ln

2
exp

1 ϱ
ln ln

2
exp exp

exp 1 ϱ exp sup exp .

ξ ν ν

1 2

1 2 1

1 2

1 2

1 2
1

1 2
1

ln ,ln1 2

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) [ ( ) ( ( ))

( )( ) ( ( ))] ∣ ( )∣
[ ]

(2.36)

Integrating the above inequalities over ξ on ⎡⎣ ⎤⎦
+

νln ,
ν ν

1

ln ln

2

1 2 , we obtain
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∫

∫

∫

⎟

⎟

⎜

⎜

⎡
⎣⎢

∘ − ∘ ⎛
⎝

+ − ⎛
⎝

+ ⎞
⎠
⎞
⎠
⎤
⎦⎥

∘

+
⎡
⎣⎢

∘ + − − ∘ ⎛
⎝

+ − + − ⎛
⎝

+ ⎞
⎠
⎞
⎠
⎤
⎦⎥

∘

≤ − ∘ ⎛
⎝

+
− ⎞

⎠

× ′ − ′

+

+

∈

+

− −

φ ξ φ ξ
ν ν

ϑ ξ ξ

φ ν ν ξ φ ν ξ
ν ν

ϑ ξ ξ

ϑ ξ
ν ν

ξ

ν ν ξ φ ν ν ξ ξ φ ξ ξ

exp exp ϱ 1 ϱ
ln ln

2
exp d

exp ln ln exp ϱ ln ln 1 ϱ
ln ln

2
exp d

1 ϱ sup exp
ln ln

2

exp exp exp exp d .

ν

ν ν

ν

ν ν

ξ ν ν
ν

ν ν

ln

ln ln

2

1 2

ln

ln ln

2

1 2 1

1 2

ln ,ln
ln

ln ln

2

1 2

1 2
1

1 2
1

1

1 2

1

1 2

1 2
1

1 2

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ∣ ( )∣

[ ( ) ( ( )) ( ) ( ( ))]

[ ]

(2.37)

After making use of suitable substitution, inequality (2.37) takes the form:

∫

∫

∫

−

+ ⎡
⎣⎢ − ⎛

⎝
⎞
⎠
⎤
⎦⎥ ≤ −

× ⎛
⎝

+
− ⎞

⎠ ′ − ′

−

− −
∞

− −

+

ξ
φ ξ φ ξ ν ν ϑ ξ ξ

ξ
φ ν ν ξ φ ξ ν ν ϑ ξ ξ ϑ

ν ν
ξ ν ν ξ φ ν ν ξ ξφ ξ

ξ

ξ

1
d

1
d 1 ϱ

ln ln

2
ln

d
.

ν

ν ν

ν

ν ν

ν

ν ν

ϱ
1 2

1 ϱ

1 2
1 ϱ

1 2

1 2

1 2
1

1 2
1

1

1 2

1

1 2

1 ϱ

2

1

1 2

[ ( ) ( ( ) )] ( )

( ) ( ) ( ) ∥ ∥ ( )

[ ( ) ( )]

(2.38)

Inequality (2.20) follows from (2.31), (2.32), (2.33), (2.34), and (2.38).
(iii) We use the fact that →φ ν ν: ,1 2 �[ ] is GA-convex on ν ν,1 2[ ], hence →g ν ν: ln , ln1 2 �[ ] defined by

= ∘g ξ φ ξexp( ) ( ) is convex on ν νln , ln1 2[ ]. Thus,

− ⎛
⎝

⎞
⎠

≤
−

′

+
g ν g

ν ν
g ν

ln

2

ln ln

4
ln

ν ν

1

ln ln

2
1 2

1

1 2

( )

( )

and

− ⎛
⎝

⎞
⎠

≤
−

′

+
g ν g

ν ν
g ν

ln

2

ln ln

4
ln .

ν ν

2

ln ln

2
2 1

2

1 2

( )

( )

Adding the above inequalities

+
− ⎛

⎝
+ ⎞

⎠ ≤
− ′ − ′g ν g ν

g
ν ν ν ν g ν g νln ln

2

ln ln

2

ln ln ln ln

4
.

1 2 1 2 2 1 2 1( ) ( ) ( )( ( ) ( ))
(2.39)

Inequality (2.39) becomes

+
− ≤

− ′ − ′φ ν φ ν
φ ν ν

ν ν ν φ ν ν φ ν

2

ln ln

4
.

1 2

1 2

2 1 2 2 1 1( ) ( )
( )

( )( ( ) ( )) (2.40)

Multiplying both right-hand side and left-hand side of (2.40) with ϑ ξ

ξ 2

( ) and integrating over ν ν,1 2[ ], we obtain

∫ ∫ ∫+
− ≤

− ′ − ′φ ν φ ν ϑ ξ

ξ
ξ φ ν ν

ϑ ξ

ξ
ξ

ν ν ν φ ν ν φ ν ϑ ξ

ξ
ξ

2
d d

ln ln

4
d .

ν

ν

ν

ν

ν

ν

1 2

1 2

2 1 2 2 1 1

1

2

1

2

1

2

( ) ( ) ( )
( )

( ) ( )( ( ) ( )) ( )
(2.41)

From (2.17) and (2.41) we obtain (2.21). □

Corollary 1. Suppose that the assumption of Theorem 13 is satisfied and = −ϑ ξ
ν ν

1

ln ln2 1

( ) , ∈ξ ν ν,1 2[ ], then
(i) The following inequalities hold:
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∫ ∫ ∫≤ ≤ ≤
⎡

⎣
⎢ +

−

⎤

⎦
⎥φ ν ν

φ ξ

ξ
χ φ ν ν

ν ν

φ ξ

ξ
ξ2 ϱ dϱ

1

2

1

ln ln
d .

ν ν

ν ν

ν

ν

1 2

0

1

1 2

2 1

1

3

4
2

1

4

1

1

4
2

3

4

1

2

( )
( )

( ) ( )
( )

(2.42)

(ii) The following inequalities hold for all ∈ϱ 0, 1[ ]:

∫ ∫≤
−

− ≤ −
⎡

⎣
⎢

+
−

−

⎤

⎦
⎥

ν ν

φ ξ

ξ
ξ χ

φ ν φ ν

ν ν

φ ξ

ξ
ξ0

1

ln ln
d ϱ 1 ϱ

2

1

ln ln
d .

ν

ν

ν

ν

2 1

1 2

2 1
1

2

1

2

( )
( ) ( )

( ) ( ) ( )
(2.43)

(iii) The following inequalities are valid for all ∈ϱ 0, 1[ ]:

≤
+

− ≤
− ′ − ′φ ν φ ν

χ
ν ν ν φ ν ν φ ν

0
2

ϱ
ln ln

4
.

1 2 2 1 2 2 1 1( ) ( )
( )

( )( ( ) ( )) (2.44)

In the following theorems, we discuss inequalities for the functions χ , χ
ϑ
, χ

1
, � and ϑ� as considered

above:

Theorem 14. Let φ, ϑ , χ
1
, χ

ϑ
be defined as above. Then, we have the following Fejér-type inequalities:

(i) The following inequality holds for all ∈ϱ 0, 1[ ]:

∫≤χ χ
ϑ ξ

ξ
ξϱ ϱ d .

ϑ

ν

ν

1

1

2

( ) ( )
( )

(2.45)

(ii) The following inequalities hold:

∫ ∫

∫

∫

⎟⎜ ⎜ ⎟ ⎜ ⎟
⎛
⎝

⎞
⎠

≤
⎡
⎣⎢

⎛
⎝

⎞
⎠

+ ⎛
⎝

⎞
⎠
⎤
⎦⎥

≤ −

≤ ⎡
⎣ +

+ ⎤
⎦

−

φ ξ ϑ
ξ

ν ν

ϑ ξ

ξ
ξ φ ν ν φ ν ν

ϑ ξ

ξ
ξ

ν ν χ ϑ ν ν

φ ν ν
φ ν φ ν ϑ ξ

ξ
ξ

2 d
1

2
d

ln ln ϱ dϱ

1

2 2
d .

ν ν

ν ν

ν

ν

ν

ν

2

1 2

1

1

4
2

3

4
1

3

4
2

1

4

2 1

0

1

1 1

1 ϱ

2

ϱ

1 2

1 2

1

3

4
2

1

4

1

1

4
2

3

4

1

2

1

2

( )
( ) ( )

( ) ( ) ( )

( )
( ) ( ) ( )

(2.46)

(iii) If φ is differentiable on ν ν,1 2[ ] and ϑ is bounded on ν ν,1 2[ ], then, for all ∈ϱ 0, 1[ ], we have the following
inequality:

∫≤ − ≤ − − ∞χ φ ν ν
ϑ ξ

ξ
ξ ν ν χ χ ϑ0 ϱ d ln ln ϱ ϱ ,

ϑ

ν

ν

1 2 2 1 1

1

2

( ) ( )
( )

( )[ ( ) ( )]∥ ∥ (2.47)

where =∞ ∈ϑ ϑ ξsup
ξ ν ν,1 2

∥ ∥ ( )[ ] .

Proof. (i) Using techniques of integration and the hypothesis of ϑ , we have that the following identity holds on
0, 1[ ]:

∫ ∫ ⎜ ⎟ ⎜ ⎟=
⎡

⎣⎢
⎛

⎝

⎞

⎠
+

⎛

⎝

⎞

⎠

⎤

⎦⎥
+ − − +

χ
ϑ ξ

ξ
ξ φ ν ν φ ν ν

ϑ ξ

ξ
ξϱ d d .

ν

ν

ν

ν ν

1 1

1 ϱ

2
2

1 ϱ

2
1

1 ϱ

2
2

1 ϱ

2

1

2

1

1 2

( )
( ) ( )

(2.48)

By Lemma 1, the following inequality

⎜ ⎟ ⎜ ⎟+ ≤
⎛

⎝

⎞

⎠
+

⎛

⎝

⎞

⎠
− − +

+ − − +

φ ξ ν ν φ ξ ν ν φ ν ν φ ν νϱ
1 2

1 ϱ ϱ
1 2

1 ϱ
1

1 ϱ

2
2

1 ϱ

2
1

1 ϱ

2
2

1 ϱ

2( ( ) ) ( ( ) ) (2.49)

holds for all ∈ξ ν ν ν,1 1 2[ ] with
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= =

= =

− − +

+ − − +

ξ ξ ν ν ξ ξ ν ν

λ ν ν λ ν ν

, ,

and

1
ϱ

1 2
1 ϱ

2
ϱ

1 2
1 ϱ

1 1

1 ϱ

2
2

1 ϱ

2
2 1

1 ϱ

2
2

1 ϱ

2

( ) ( )

Multiplying both right-hand side and left-hand side of (2.49) with ϑ ξ

ξ

( ) , integrating over ν ν ν,1 1 2[ ], and using
(2.34) and (2.49), we obtain (2.45).
(ii) We can observe that

∫ ∫⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎡
⎣⎢

⎛
⎝

⎞
⎠

+ ⎛
⎝

⎞
⎠
⎤
⎦⎥

=
⎡
⎣⎢

⎛
⎝

⎞
⎠

+ ⎛
⎝

⎞
⎠
⎤
⎦⎥

φ ν ν φ ν ν
ϑ ξ

ξ
ξ φ ν ν φ ν ν

ϑ ξ

ξ
ξ

1

2
d d .

ν

ν

ν

ν ν

1

1

4
2

3

4
1

3

4
2

1

4
1

1

4
2

3

4
1

3

4
2

1

4

1

2

1

1 2

( ) ( )
(2.50)

By using GA-symmetric assumption on ϑ , we obtain

∫ ∫⎟⎜ ⎜ ⎟⎜ ⎟
⎛
⎝

⎞
⎠

=
⎡
⎣⎢

⎛
⎝

⎞
⎠

+ ⎛
⎝

⎞
⎠
⎤
⎦⎥

−φ ξ ϑ
ξ

ν ν

ϑ ξ

ξ
ξ φ ν ν ξ φ ν ν ξ

ϑ ξ

ξ
ξ2 d d .

ν ν

ν ν

ν

ν ν
2

1 2

1

1

4
2

1

4
1

3

4
2

3

4
ξ ξ

1

3

4
2

1

4

1

1

4
2

3

4

1

1 2

2 2( )
( ) ( ) (2.51)

We can also see that the following identity holds:

∫

∫ ∫

∫ ∫

∫

⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟

−

= −
⎡

⎣

⎢
⎢

⎛

⎝

⎞

⎠
+

⎛

⎝

⎞

⎠

+
⎛

⎝

⎞

⎠
+

⎛

⎝

⎞

⎠

⎤

⎦

⎥
⎥

=
⎡
⎣⎢

+ ⎛
⎝

⎞
⎠

+ + ⎛
⎝

⎞
⎠
⎤
⎦⎥

−

+ −
−

+ −
−

− +
−

− +
−

− −

ν ν χ ϑ ν ν

ν ν φ ν ν ϑ ν ν φ ν ν ϑ ν ν

φ ν ν ϑ ν ν φ ν ν ϑ ν ν

φ ν ξ φ ν ν ξ φ ξν φ ν ν ξ
ϑ ξ

ξ
ξ

ln ln ϱ dϱ

ln ln dϱ dϱ

dϱ dϱ

1

2
d .

ν

ν ν

2 1

0

1

1 1

1 ϱ

2

ϱ

2 1

1

2

1

1

1 ϱ

2
2

1 ϱ

2
1

1 ϱ

2

ϱ

0

1

2

1

1 ϱ

2
2

1 ϱ

2
1

1 ϱ

2

ϱ

0

1

2

1

1 ϱ

2
2

1 ϱ

2
1

1 ϱ

2

ϱ

1

2

1

1

1 ϱ

2
2

1 ϱ

2
1

1 ϱ

2

ϱ

1 1 2

1

2
2 2 1

1

2

1

1 2

1

2

1

2

( ) ( ) ( )

( ) ( ) ( )

( ) ( )

( ) ( )
( )

(2.52)

Finally, we also have

∫ ∫⎡
⎣ +

+ ⎤
⎦ = ⎡

⎣ +
+ ⎤

⎦φ ν ν
φ ν φ ν ϑ ξ

ξ
ξ φ ν ν

φ ν φ ν ϑ ξ

ξ
ξ

1

2 2
d

2
d .

ν

ν

ν

ν ν

1 2

1 2

1 2

1 2

1

2

1

1 2

( )
( ) ( ) ( )

( )
( ) ( ) ( )

(2.53)

By Lemma 1, the following inequalities hold for all ∈ξ ν ν ν,1 1 2[ ]:
The inequality

⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟
⎛
⎝

⎞
⎠

+ ⎛
⎝

⎞
⎠

≤ ⎛
⎝

⎞
⎠

+ ⎛
⎝

⎞
⎠

−φ ν ν ξ φ ν ν ξ φ ν ν φ ν ν1

1

4
2

1

4
1

3

4
2

3

4
1

1

4
2

3

4
1

3

4
2

1

4
1

2

1

2 (2.54)

holds with the choices of =ξ ν ν ξ1 1

1

4
2

1

4
1

2 , = −ξ ν ν ξ2 1

3

4
2

3

4
1

2 , =λ ν ν1 1

3

4
2

1

4 , and =λ ν ν2 1

1

4
2

3

4 .
The inequality

⎜ ⎟ ⎜ ⎟
⎛
⎝

⎞
⎠

≤
⎡
⎣⎢

⎛
⎝

⎞
⎠

+
⎤
⎦⎥

−φ ν ν φ ν ν ξ φ ν ξ
1

2
1

1

4
2

3

4
1 2

1

2
1

1

2 ( ) (2.55)

holds with the choices of = =ξ ξ ν ν1 2 1

1

4
2

3

4 , =λ ν ξ1 1 , and = −λ ν ν ξ2 1 2

1

2
1

2 .
The inequality

⎜ ⎟ ⎜ ⎟
⎛
⎝

⎞
⎠

≤
⎡
⎣⎢

⎛
⎝

⎞
⎠

+
⎤
⎦⎥

−φ ν ν φ ν ν ξ φ ξν
1

2
1

3

4
2

1

4
2 1

1

2
2

1

2 ( ) (2.56)

holds with the choices of = =ξ ξ ν ν1 2 1

3

4
2

1

4 , =λ ξν1 2 , = −λ ν ν ξ2 2 1

1

2
1

2 .
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The inequality

⎜ ⎟
⎛
⎝

⎞
⎠

+ ≤ +−φ ν ν ξ φ ν ξ φ ν φ ν ν1 2

1

2
1 1 1 2

1

2 ( ) ( ) ( ) (2.57)

holds with the choices of =ξ ν ξ1 1 , = −ξ ν ν ξ2 1 2

1

2
1

2 , =λ ν1 1, =λ ν ν2 1 2 .
The inequality

⎜ ⎟ ⎜ ⎟
⎛
⎝

⎞
⎠

+ ⎛
⎝ +

⎞
⎠

≤ +−φ ν ν ξ φ
ν ξ

ν ξ
φ ν ν φ ν

2

1

1

2
2

2

2

1 2 2

1

2 ( ) ( ) (2.58)

holds with the choices of =ξ ξν1 2 , = −ξ ν ν ξ2 1

1

2
2

1

2 , =λ ν ν1 1 2 , =λ ν2 2.
Multiplying (2.54)–(2.58) with ϑ ξ

ξ

( ) , integrating them over ν ν ν,1 1 2[ ], and using (2.50)–(2.53), we obtain (2.46).

(iii) By integration by parts, we obtain

∫

∫

∫⎜ ⎟ ⎜ ⎟

⎟

⎟

⎟

⎜

⎜

⎜

⎡
⎣⎢
⎛
⎝ −

+ ⎞
⎠ ′⎛

⎝
+ − ⎛

⎝
+ ⎞

⎠
⎞
⎠

+ ⎛
⎝

+
− ⎞

⎠ ′⎛
⎝

+ − + − ⎛
⎝

+ ⎞
⎠
⎞
⎠
⎤
⎦⎥

= ⎛
⎝ −

+ ⎞
⎠ ′⎛

⎝
+ − ⎛

⎝
+ ⎞

⎠
⎞
⎠

=
− ⎡

⎣⎢
⎛

⎝

⎞

⎠
+

⎛

⎝

⎞

⎠

⎤

⎦⎥
−

= − −

+

+ − − +
−

ξ
ν ν

g ξ
ν ν

ν ν
ξ g ν ν ξ

ν ν
ξ

ξ
ν ν

g ξ
ν ν

ξ

ν ν
φ ν ν φ ν ν

ξ
φ ξ ν ν ξ

ν ν χ χ

ϱ
ln ln

2
ϱ 1 ϱ

ln ln

2

ln ln

2
ϱ ln ln 1 ϱ

ln ln

2
d

ϱ
ln ln

2
ϱ 1 ϱ

ln ln

2
d

ln ln

2

1
d

ln ln ϱ ϱ .

ν

ν ν

ν

ν

ν

ν

ln

ln ln

2

1 2 1 2

1 2

1 2

1 2

ln

ln

1 2 1 2

2 1

1

1 ϱ

2
2

1 ϱ

2
1

1 ϱ

2
2

1 ϱ

2 ϱ
1 2

1 ϱ

2 1 1

1

1 2

1

2

1

2

( )

( ) ( )

( )

( ( ) )

( )[ ( ) ( )]

(2.59)

Using the convexity of g and the hypothesis of ϑ , the following inequality holds for all ∈ϱ 0, 1[ ]

and ∈ ⎡⎣ ⎤⎦
+

ξ νln ,
ν ν

1

ln ln

2

1 2 :

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎡
⎣⎢

⎛
⎝

+ − ⎛
⎝

+ ⎞
⎠
⎞
⎠

− ⎛
⎝

+ ⎞
⎠
⎤
⎦⎥

∘

+
⎡
⎣⎢

⎛
⎝

+ − + − ⎛
⎝

+ ⎞
⎠
⎞
⎠

− ⎛
⎝

+ ⎞
⎠
⎤
⎦⎥

∘

≤ ⎛
⎝ −

+ ⎞
⎠ ′⎛

⎝
+ − ⎛

⎝
+ ⎞

⎠
⎞
⎠

∘

+ ⎛
⎝

+
− ⎞

⎠ ′⎛
⎝

+ − + − ⎛
⎝

+ ⎞
⎠
⎞
⎠

∘

= ⎛
⎝

+
− ⎞

⎠
⎡
⎣⎢

′⎛
⎝

+ − + − ⎛
⎝

+ ⎞
⎠
⎞
⎠

− ′⎛
⎝

+ − ⎛
⎝

+ ⎞
⎠
⎞
⎠
⎤
⎦⎥

∘

≤ ⎛
⎝

+
− ⎞

⎠
⎡
⎣⎢

′⎛
⎝

+ − + − ⎛
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(2.60)

Integrating (2.60), using (2.59) and (2.17), we obtain (2.47). □
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Corollary 2. According to the assumptions of Theorem 14 with = −ϑ ξ
ν ν

1

ln ln2 1

( ) , ∈ξ ν ν,1 2[ ], the following
inequalities hold:
(i) The following inequality holds for all ∈ϱ 0, 1[ ]:

≤χ χϱ ϱ .
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( ) ( )

(ii) The following inequality holds:
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(2.61)

(iii) The inequality

≤ − ≤ −χ φ ν ν χ χ0 ϱ ϱ ϱ1 2 1
( ) ( ) ( ) ( ) (2.62)

holds for all ∈ϱ 0, 1[ ].

Theorem 15. Let φ, ϑ , χ
1
, χ

ϑ
, ϑ� be defined as above. Then, we have the following results:

(i) ϑ� is GA-convex on 0, 1( ].
(ii) The following inequalities hold for all ∈ϱ 0, 1[ ]:

∫ ∫ ∫
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(2.63)

− ≤χ 1 ϱ ϱ ,
ϑ ϑ�( ) ( ) (2.64)
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(iii) The following bound is true:
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(2.66)

Proof. (i) Since φ is GA-convex and ϑ is non-negative, we see that ϑ� is GA-convex on 0, 1( ].
(ii) We observe that the following identity holds on 0, 1[ ]:
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By Lemma 1, the following inequalities hold for all ∈ξ ν ν ν,1 1 2[ ]:
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with
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≤ +− − − −φ ν ν ν φ ν ξ φ ν ν ν ξ2 2
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Multiplying Inequalities (2.68) and (2.69) with ϑ ξ

ξ

( ) , integrating them over ξ on ν ν ν,1 1 2[ ], and using identities
(2.48) and (2.67), we derive the first inequality of (2.63). Using the GA-convexity of φ and inequality (2.17), the
last part of (2.63) holds. Using again the GA-convexity of φ, we obtain

∫

∫

∫

⎜ ⎟

− =

=
⎛
⎝

⎞
⎠

≤ + =

−

− −

− −

χ φ ξ ν ν
ϑ ξ

ξ
ξ

φ ν ξ ν ξ
ϑ ξ

ξ
ξ

φ ν ξ φ ν ξ
ϑ ξ

ξ
ξ

1 ϱ d

d

1

2
d ϱ .

ϑ

ν

ν

ν

ν

ν

ν

ϑ

1 ϱ
1 2

ϱ

1

ϱ

2
1

ϱ

2

1

ϱ 1 ϱ
2

ϱ 1 ϱ

1

2

1

2

1 ϱ

2

1 ϱ

2

1

2

�

( ) ( ( ) )
( )

( )

[ ( ) ( )]
( )

( )

(2.70)

From (2.45), (2.63), and (2.70), we obtain (2.65).
(iii) (2.66) holds due to inequality (2.63). The theorem is thus accomplished. □

3 Conclusion

The topic of mathematical inequalities has become an emerging topic since the past four decades and lot of
research has been produced by a number of mathematicians with novel results. This topic has lot of applica-
tions in applied mathematics, pure mathematics, and other applied sciences. A number of novel results have
been established using convexity and its generalizations with applications in numerical analysis, fixed point
theory, differential equations, and optimization. In this study, we have used the GA-convexity as a general-
ization of convexity to obtain new Fejér-type inequalities with the help of some mappings defined over the
interval 0, 1[ ]. We have discussed some very interesting properties of those mappings and as a consequence,
we obtain refinements of number of results previously obtained in this topic.
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