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1 Introduction and preliminaries

Consider a mapping o from the set of positive integers into itself. A continuous linear functional ¥ on L, is
known to be an invariant mean or o-mean if and only if

1. ¥({) = 0 when the sequence { = ({x) has x = 0 for all k,

2. Y(e) =1, wheree =(1,1,1, ...), and

3. ¥(loo) = P(O) for all { € L.

If { = ({u), we can write T¢ = T{, = ({5(n))- It can be seen in [1] that
Vy=1{{E€Els: li;n twn(¢) =1, uniformlyin n, [ = ¢ - lim(j,
where

Gn * Cotn + o+ Gokn
k+1

tin(§) =

In this case, o is the translation mapping n - n + 1, o-mean is often called a Banach limit and V;, the set of
bounded sequences all of whose invariant means are equal, is the set of almost convergent sequences (see [2]).
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The first edition of [3] introduced the concept of statistical convergence. Later, this concept was separately
proposed by Fast [4] and Steinhaus [5], and some of its fundamental characteristics were investigated by
Schoenberg [6], Salat [7], and Fridy [8]. This idea was expanded upon by Colak [9] using the concept of
a-density (for a = 1, a-density lowered to natural density) and was given the name statistical convergence
of order a. In [10,11], the lacunary statistical convergence of order a was studied. For more development of the
topic, we refer to [12-15]. Sengtil [16] recently offered an intriguing generalization of this idea by considering
(a, B) on behalf of a and characterized statistical convergence of order (a, ) as follows.

The sequence { = ({x) is known to be statistically convergent of order (a, ), briefly Sf-convergence to L if
for each € > 0, we have

1
limF {k<sn: |(k—L|ZE}|B =0,
n-o

where |{k < n : k € E}|® represents the Sth power of number of elements of E not exceeding n, and we write it
as Sf - lim¢ = L

By a lacunary sequence 6 = (6,) where 6, = 0, we mean an increasing sequence of positive integers with
0r — 01 » © asr — «, The intervals determined by 6 will be represented by J. = (6,-1, 6] and t; = 6, - 6,4
The space of lacunary strongly convergent sequences was developed by Freedman et al. [17] as

Np={{EW: hm—Z|(k—l|—O for some 1}.
r"°°¢rke]r

Definition. Consider a lacunary sequence 6 = (6,). The sequence { = ({;) is S/(6)-statistically convergent (or
lacunary statistically convergent of order (a, §)) (see [18]) if there is a real number L such that

hmF k€] i 1&-Lizelf =0

r—o

where J. = (6,-1, 6;] and ¢” represents the ath power (¢,)* of ¢,, ie, ¢* = (¢7) = (¢, ¢, ...,¢", ...) and
|{k < n : k C E}|? represents the Sth power of number of elements of E not exceeding n. In this case, the
convergence is indicated by S£(0) - lim&, = L. S(#) which will denote the set of all S#(6)-statistically con-
vergent sequences. If a = § = 1 and 0 = (2"), then we will write S instead of S#(6).

Kizmaz [19], who investigated the difference sequence spaces l»(4), c(4) and ¢y(4), developed the idea of
difference sequence spaces. Et and Colak [20] introduced the spaces l.(4"), c(4™), and cy(4") to further expand
the idea. The fractional difference operator defined by Baliarsingh [21] was as follows:

Assume that € = (&) € w and y be a real number, then the fractional difference operator A?) is defined by

AN, = Z( )_})l k-,

i=0
where (-)); denotes the Pochhammer symbol represented as
if y=0 ori=0,

oy = y(y +1)(y +2)y(y+i-1), otherwise.

Numerous authors have used the ideas of n-normed spaces [22], difference sequences [23], the Orlicz
function [24], and the Musielak-Orlicz function [25] to study sequence spaces along with their applications in
approximation theory (see [26-32]). Mohiuddine et al. [33] and Sharma et al. [34] studied some sequence spaces
of order (a, B). In this article, we construct some new difference sequence spaces of lacunary statistical
convergence defined by Musielak-Orlicz function as follows. We study topological properties of these new
sequence spaces and obtain some inclusion results.
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An Orlicz function X is a function, X : [0, ©) — [0, »), which is continuous, nondecreasing, and convex
with X(0) = 0, X(x) > 0 for x > 0, and NX(x) — o as x = «. A sequence M = (Xx) of Orlicz function is called a
Musielak-Orlicz function [35].

Consider M = (Xx) as a Musielak-Orlicz function, 0 < a < f <1 and u = (ux) a bounded sequence of
positive real numbers. In this article, we define the following sequence spaces:

WEIM, w, A9, 0, ||+, |10

1 te (AD)
= esSn-X):lim— LuCie ol (k),Zb -sZn-1
r—o

r

w18
]] } =0 uniformlyin n, for some p > 0y,

b

Wf[M: u: A(V)’ 0’ ””H]U
B
1 (A G = 1) N -
= ((€S(n-X):lim— Z Nk s 24y ey Zp—1 = 0 uniformly in n, for some [ and p > 0,
r—ee r kEIr p
and
WM, u, 49,6, || || T3
1 t (A(V)( ) 1P
= (e€S(n-X):sup—4 z Nk[ =Sk k,zl,..., -1 ] < oo forsome p > 0y.
r,n Yr |kEl, p
If we take M({)={, then the previous spaces become wf[u, 49,0, ||-,..., |15, wflu, 49,0, |",.... ||l
and wfu, 49,6, |-, ..., |15
By taking u = (ux) = 1, then the previous spaces become wf[M, AP, 0, ||-,..., |15, wWlIM, AP, 0, -,.... |I]s
and wf[M, AV, 0, ||-,..., || ]z.

Throughout the article, the following inequality will be used. If0 < p, < supp, = K, D = max(1, 2X"1), then
|a + bilPx < Df|aylPx + |by[Pe}, D

for all k and ay, by € C. Also |al’x < max(1, |a|f) for alla € C.

2 Main results

Theorem 2.1. Let M = (Xx) be a Musielak-Orlicz function and u = (ux) be a bounded sequence of positive real
numbers. Then, the spaces WM, u, AV, 0, ||-,..., || 1% whIM, u, AV, 0, ||, .., ||]s, and WELM, u, A9, 0, |-, ..., ||I5
are the linear spaces over C (where C is the field of complex number).

Proof. The proof is trivial, so we omit the details. O

Theorem 2.2. Let M = (Xx) be a Musielak-Orlicz function and u = (ux) be a bounded sequence of positive real

numbers. Then, wSIM, u, AV, 0, ||-,...,-||1% is a paranormed space with paranorm defined by

1 (A adl

g() = infip¥ : |—| Y [NkH M,Zl, s Zn-1 ] <lLr,n=12 .4

r | k€], p
where K = max(1, sup,uy < ).
Proof. Clearly, g({) 2 0 for { = (&) € WPM, u, AV, 0, ||-,...,-||I% Now, x(0) = 0, and we have g(0) = 0.
Conversely, we suppose that g(¢) = 0, then

o)t
w |1 (A9 N
inflpx : |21 3 [Nk‘ M, 2, oy Zp1 H <iLr,n=12 ..t= 0.
r | k€], p
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This implies that for a given € > 0, there exists some p,(0 < p, < &) such that

1
w BK
1 tir (AV)
— Z Nk M,zl, s Zp—1 <1
¢r kej, €
Thus,
B\
U,
[ H tkn(A(V)(k) ]] ‘
l) seey n_l
kE}r
Bk
Uk
1 tin(AY )
—a Z Nk 7’21’ 1Zn—1 < 1
r |k€].

k(A G
P

» 4, ---;Zn—lH -

For each k € N, we suppose that ; # 0. This means that t;,(A% ) # 0. Lete » 0 =

|

which is a contradiction. Therefore, t;,(4Y ) = 0 for each k, and thus, A% {, = 0 for each k € N. Let p, > 0 and
Py > 0 be such that

It follows that

1
u 18K

tkn(ﬂ(y)(k)
By ooy Zn-1

r kejr

1 tir (AP

— Z Ny kn( (k) <1
r |k€J, 1

and
B\&
Uk

1 b (AY )

~a Z Nk‘ ur 15 +rZn-1 < 1;
r | k€],

for each r. Suppose that p = p; + p,. Therefore, by Minkowski’s inequality, we have

oz

Bk

Uk

tkn(ﬂ(”)((k + '9k))
p

1) ceeyln-1

w18 %

1 tn(AV ) + ta(AV ;)
< = 2 I s 21y eesZn-1

¢r kE]r p + pZ

1 tin (AW
< | L Pq ) (. (k),Zb oz

O ke[ P1 * Pa Py

B\&
Uk
te (AM Y,
+ pz Ny kn( k)) s s Zpet
pP1t P, %)

tkn(A(y) (k) 7

Nk s 21y weesZp-1
P1

I

ﬁ K
a4 9) H
—, 71 Z,

by 1
< _
[Pl + Pz] Ll kglr

+

7
=

y &1y +e0sdn-1
Py

Pl + Pz Ike][
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Since p’s are non-negative, so we have

1 trn(AV) b (AN ) wf|
ur +
g+ ) =inflpr : |=| Y Nkl an(AVG) * bn N h, e Zn ] <1, r,n=12, ..
r | k€], p
B\K
Uk
Ur 1 tir (AD)
<infip @ |—=| 2 [~k M,zl, wsZnet <1L,r,n=12, ..
r | k€], P1
u 1 AN G, u)? 4
- t
+infipf 1 |— Z Ny M,zl, wesZn-1 <1,r,n=1,2, ..}
r | keg, P

Thus,

g+ 9) = g(() +g(d).

Finally, we have to show that the scalar multiplication is continuous. Suppose that v be any complex number.
Therefore, by definition,
]]uk

N i
tien(AY
lizrﬁlaw sLrn=12, ..}

soyén-1

ur 1
g¢) = infipn _a[ 2 [Nk‘
r | k€],

Then,

» ﬂ%
tin(AY
1&7ﬁqaﬂ <1i,rn=12 ..}

soyén-1

ur 1
gvgo) = infy(jvjt)s : —al 2 [NkH
r | k€],

|

where t = ﬁ. Since [v[* < max(1, [v[*P%), we have

“ |

From the aforementioned inequality, it follows that scalar multiplication is continuous. O

Bk

ur 1
g(v{) < max(l, |v[*PPr)infitw : [— <Lrn=12 .1

a
r

(4G
f’Zb eeeyln-1

2

ke,

Theorem 2.3. Let M = (Xx) be a Musielak-Orlicz function. Then,

WM, W, AP, 0, ||, |1 € WEIM, 1, A, 6, |-, e © WEIM, 1, 49,6, -, 1T5

o -

Proof. Now, wf[ M, u, 49,0, ||-,...,]|1% € whIM, u, A9, 0, ]-,...,||]s is obvious. We only need to show that
WEIM, u, A0, ||,y |10 € WEIM, 1, AP, 8, ||-, ..., ||]o. For this, let wf[M, u, A", 6, ||,...,||lo. Then, there
exists some positive number p, such that

B

Ui

1

a
r

AV G-)
—) Zl) ""Zn_l
Py

2 [N

ke,

- 0, asr — o uniformlyin n.

Define p = 2p,. Since M = (Xx) is non-decreasing, convex, and so using Inequality (1.1), we have
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1 tin(4V o) "I
ki k
_a z Nk‘ n—l le ey n_l ]
A= p
D t(A(V)( D N
kn' k ~
S = Z Nell| — 24, «s3Zn1 H ]
r | k€],
D
| 2 |~ H
r ke]r
D (AN G = 1) i
ki k
< Z Nk ni 2y wesZn-1 ]
r | k€], p
K
+ Dmaxil, |[Ne| || —> Z, +.sZn-1
1
Thus, { € WEIM, u, 49, 0, ||-,... |15 H

Theorem 2.4. If sup, [Nx(q)]“ < o for all q > 0, then
WEIM, 1w, A9, 6, ||+, |[le € WELM, 1, A, 6, 1,015

Proof. Let { € WM, u, AV, 6, ||-,...,*||ls. Using Inequality (1.1), we have
w18

1 ta(AN G

~a Z Nk u’zl’ seerdn-1

r | k€],
D tn (AN G, ~ 1) “p )

o k=
= - Zlﬂk[ 2, 2 ~a Z N I

r | ke, p r | k€],

We can take sup, [Xx(q)]“< = Q as sup,[Xx(q)]"k < o is given. Hence, we have { € WEIM, u, A9, 0, ||, |15, O

Theorem 2.5. Consider that M = (Xy) satisfies Ay-condition for all k, then

whlu, A, 0, ||, |le € WEIM, u, AP, 0, ||, ..., ||lo-
Proof. Let { € wf[u, A, 6, ||-,...,||lo. Then, we have

1
Qr=— Z [tn(AP G = D), 71, ooy Zpq|['k = ®, as 1T — o,
¢r kejJ,

Suppose € > 0 and choose § as 0 < § < 1 such that Xx(q) < € for 0 < q < § for all k, we have

ek |
H

I tknm@)ck D
1 .
r kE]r IItzm(A‘V’( D,z||<é

tkn(A(y) G = 1)

@V G - D) l)
p

1 2 [
—
- | kel @D ¢-D 2156
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. . . . 1 .
For summation first in the aforementioned equation, we have Y < X and the second summation for all k, we
write

tkn(AY ey z

”tkn(A(V)(k—l); Zyyenes Zn—l” <1+ 6 s Ly weesZn-1|].

Now, this implies that

Xk([tkn(@DP G = 1), 21, .., Zn1]))]

G )

< S s 21y weesZn-1

Nill +

|

AV = 1)
- 5 Zyy wwsZpn-1

< 20w + 3 |M{@

|

Since Ny satisfies A,-condition, we can have

1 || @G - D
Pallte@V G = D, 21, ozl 5L (| 52— 21 | M)
1 || @9 - D
+ 5L %, 1, s Zn-1 || Ni(2)
(AN G - 1
= %1 Zyy «..yZp-1 Nk(z)’
So we write
1 b4V G = 1) W
— Z Nk ‘ M, Ziy ey Zp—1 < eX + [max(1, LNk(2)8 1K Q.
r | k€], p
Now, r - « implies that { € wf[M, u, A9, 6, ||-,...,'||]s. Hence, this completes the proof. O

Theorem 2.6. The following statements are equivalent:
i whlu, A9, 0,11, 115 € WM, u, A, 8, ||-,....,-||1%,
i whlu, A, 0, ||, 1% € whIM, u, AV, 6, ||,...,-||1S,

iii. suprézkejr[xk(q)]uk < oo, forallq > 0.

Proof. ()= (ii) We need to show that w/[u, 49, 0, ||-,...," |13 € wPlu, A, 8, ||-, ..., ||15. Letd € whlu, AP, 8, ||-,...,-|| 1%
Then, there exists r > rp, for € > 0, such that

u 1P
1 tin(AY )
- z ——— A, s Zn-1 <eE.
r | k€], p
Hence, there exists K > 0 such that
B
1 b (AP Uk
Sup_a Z[ M)Zb ceydn-1 ] <K}
r,n rr |kEj, p

for all n and r. So we obtain { € wf[u, 49, 6, ||-,...,"|| 2.
(ii) = (iii) Suppose that (iii) does not imply. Then, for some q > 0,

Y [X(@)]

ke,

1
sup —

r r

= 00
)
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and now, we can take a subinterval J,.,, of J. such that

" B
1 k
> Nk[— >m, m=12,... 2.1
r(m) ke]r(m) m
Let us define ¢ = ({;) as follows: {; = % if k € J,(y and § = 0 if k & J,,. Then, { € whlu, A, 0, ||-,...,-||1% but
by equation (2.1), { & Wf[M, u, A 9, ||-,...,-||]?,, which is a contradiction. Thus, our supposition is wrong.

Hence, (iii) must hold.
(iii) = (i) Suppose that (i) does not holds; thus, for { € wf[u, A", 6, ||-,...,-|||3, we have

te (AD)
sup | ¥ Nk[ (@Y G) (k) ©.2)
r,n Fr |kej, p
)
Letq = Mpy(k), s evesZn-1 H for each k and fixed n, so that equation (2.2) becomes
1 B
sup —z| 2 [N(@I%| = o,
rtr ke
which is a contradiction. Thus, our supposition is wrong. Hence, (i) must hold. O
Theorem 2.7. The following statements are equivalent:
i WM, u, A, 0, ||-,..., ]IS € whlu, A, 6, |-, ..., |15,
ii. WM, u, 49,0, ||,..., 113 € whlu, A, 6, ||-,..., ||,
iii. inf, Zke]r[xk(q)]“k >0, for allq > 0.
Proof. (i) = (ii) : The proof is straightforward so we omit the details.
(ii) = (iii) Let us assume that (iii) does not hold. Then,
B
inf —a Z [Xe(@]*| =0, forsome q >0,
r ¢r kej,
and now, we can take a subinterval ., of J. such that
’ 1
Y m)| <=, m=1,2,. (2.3)
r ke]r(m) m
Now, we take § = m ifk € J,,,, and § = 0 ifk & J,,,,. Therefore, by equation (23),{ € whIM, u, AV, 0, ||,..., |12
but { & wf [u, AV, 6, |",...,"||15, which is a contradiction. Thus, our supposition is wrong. Therefore, (iii) holds.
(iii) = (@) It is trivial, so we omit the details. O
Theorem 2.8. The inclusion wi[M, u, AV, 6, ||-,..., ||z € wh[u, AV, 8, ||,...,|[1% holds if and only if
B
lim —a Y [M(t)]4 (2.4)
r—e ¢r keI,
Proof. Let wf[ M, u, AV, 6, ||-,...,- |15 € wP[u, A9, 6, ||-,...,*||1%. Let us assume that equation (2.4) does not hold.
)
Therefore, there is a subinterval ], of J. and a number q, > 0, where ¢, = w, Z, o Zp1 H for all k and
n, such that
B
Y (Mgl sM<w, m=1,2,.. 2.5)
r(m) | KEJ(m)
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Let us define § = q, if k € J,,, and § = 0 if k & ], ,,.. Then, by equation (2.5), { € Wf[M, u, AV, 6, ||-,...,"||5-
But { & wflu, A", 6, ||-,...,||°. Hence, equation (2.5) holds.
Conversely, let us suppose that equation (2.5) holds and ¢ € wf[M, u, AV, 6, ||,...,||I5. Then, we have

B
Nk[

Now, suppose that { & Wf[u, AN 9, ||',...,'||]2. Then, for € > 0 and a subinterval ]ri of J., there is k, such that
[tcn(AY &), 21, ..., Zna|[“ > € for k = ky. Thus, we have

Ui
1
a
r

tkn(AY o) z

s Zy ey Zn-1 <M< oo, (2.6)

2

ke]r

U Uk
£ t A(V)
Nk - < Nk M? 21,y «eesZp-1 )
p p
which is a contradiction to equation (2.5) using equation (2.6). Hence, wf[M,u,A(V),O,||~,...,~||]f,° C
wflw, 49,0, |,...,/|[13 holds if and only if lim, e ge[ ef [Me(D]4T = co. 0

Theorem 2.9. The following inclusions hold for Musielak-Orlicz functions M = (Xx) and M’ = (Xy):
@ wiIM, w49, 6, |15 O WEIMD, 6, [ TG

CHPIM + M, 0, [,
(@) WM, w49, 0, |[-,..., |lo N WM, 0, |-,...o |l

CwhIM + MD, 0, ||, o
i) WELM, w, A9, 0, |-y |1 O WELMD, 6, |-, |[TC

M + M, 8, ||, |[1°.

Proof. Suppose that { € WP M, u, AV, 6, ||-,...,-||]Z N WM™, 0, |",...,||]Z. Then,

w18
1 b (AY) . .
SUP a Z Nk[ b0 (k),Zb »Zn-1 ] < o uniformlyin n
n O ke, p
and
w18
1 e (AP . .
sup a Z Nk ‘ LUCRD (k),Zl, »Zn-1 ] < oo uniformlyin n.
n O ke, p
Now, using Inequality (1.1), we obtain
tin(AY) Go) ik
, K k
(Nk + Nk) "4’ 21y wesZn-1
Uy Uk
te (AD) tir (AW

tin(AY G
R e LSy

s Ly

uk]ﬁ

|

(Nk + Nk) s 21y weesZp-1
r |kE),
D (AP G kP D a4V G) ) o
< Y M [P 4, 20 e D LA N RS uniformly in n.
r kE]V p r ke]r p

This proves WM, u, AV, 6, ||,...,'|[1Z 0 whIM D, 0,1, ..., |1
CwfM + MD,0,||-,... |15
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Similarly, we prove
WM, w4, 49,0, [|-,.... o O WM, 6, ||, Ille © WELM + MD, 6, ]]-,....7 s
and
WM, 1w, A9, 6, ||, (115 N WELMD, 0, ||, (115 € WEIM + MD, 6, ||, 115 O

Theorem 2.10. If 0 < uy < vx and 0

ﬁ] be bounded. Then, for each k, we have

@ WM, v, A9, 0, ||, .., |[T05 T WELM, u, A, 0, |-, .... |11
@) WM, v, A9, 0, ||, 112 € WEIM, u, AP, 6, ||, .., o
(i) WM, v, A9, 0, ||, ..., [1S € whIM, u, 49, 8, |-,...,"||1S.

Proof. (i) Let { € wf[M, v, 49, 6, |-,...,"||]5. Then,

v 18
1 (A7 G) ’ _ ,
sup —| 2 [Nk s 2y vy Zn-1 < oo uniformlyin n.
r.n Yr | k€, p
. 4V G0 wpP _—
Write  , = |[|Xk T, o4 ...,zn_l‘ and A, = e Since ux < vk, 0 <A <A, <1 Define xi, = Ui o

A

Xip = 0 if Loz 1 and Yen = g Yen =0 if Uyen 2180 ey = Xpen + Yy and y,iﬁl = ,ff‘n +yk]’;1. Now, it follows

that y* < Xn < Y, and yt <yl . Therefore,

1 1 1 1

— prs <=2 2V * 2a 2Vine
r kEJ, r ke,

> ulk|=

A A
- Z (Xk,kn + yk,};z)
ke,

ke,

r r

Since A < 1 such that % > 1, for each n and therefore by Holder’s inequality, we obtain

1 1 A 1 1-1
& Dt 3[4
r KkEJ, ke \rr r
Al 1-Al1-2
1 A 1 -2
< z Wyk,n z F
ke |\Urr kel |\
A
1
= e zyk,n
r kej,

Thus, we have
A

1 w1 1
a Z uk,’;l < a Z uk,n + a zyk,n
r ke€j, r ke€j, r kEJ,

Thus, { € WM, u, A9, 6, ||,...,|||5. Hence,
WM, v, A7), 8, |[-,cey7 106 © WEIM, 1, A9, 6, ||,...,|[T5
Similarly, we prove
WELM, v, A9, 6, |1y, (115 C WELM, 1, AP, 0, ][, 1o
and
WMLV, 4D, 0, |- o115 © WEIM, 1, 49, 0, |-, |16 -
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3 Conclusion

Baliarsingh [21] defined the fractional difference operator and Cai et al. [36] and Sharma et al. [34] studied some
sequence spaces of order (a, 8). We have constructed here some new lacunary sequence spaces of fractional

difference operator defined by Musielak-Orlicz function as wf[ M, u, 49, 8, ||-,...,"||1%, whIM, u, AV, 6, ||, .., ||lo,

and WM, u, AV, 0, ||-,...,; |||z and studied some topological properties. We also established some inclusion
relation between these sequence spaces. Readers may find these spaces interesting of further scope to study their
geometric properties, matrix transformations, and corresponding compact matrix operators [37].
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