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Abstract: The aim of this study is to obtain several inequalities involving the Berezin number and the Berezin
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1 Introduction

Many articles related to numerical radius of an operator or Berezin number of an operator on a reproducing
kernel Hilbert space (RKHS) have been studied for their many applications in engineering, quantum com-
puting, quantum mechanics, numerical analysis, and differential equations [1-9]. There are important results
for the upper and lower bounds of Berezin number in the literature (see, e.g., [10-19]).

To characterize the Berezin number and the Berezin norm, we first present some concepts and properties
of the bounded linear operators on a Hilbert space.

Let & be a complex Hilbert space, endowed with the inner product (-,-) and associated norm ||-||. LetL(E)
denote the C*-algebra of all bounded linear operators on &, with identity I. An operator Q € (&) is called
positive if (Qx, x) = 0 for all x € H, and then, we write Q > 0. If a bounded linear operator Q on & is positive,

1
then there exists a unique positive bounded linear operator denoted by Q% such that Q = (Q2)% An important

operator used is the absolute value of Q, denoted by |Q|, which is defined by |Q| = (Q*Q)%. It is easy to see
that |Q] 2 0. For Q € L(&), we have the following numerical values: the operator norm ||Q|| given by
1QIl = sup,cg jx-1/1@x]| and the numerical radius of the operator Q defined by w(Q) = SUPeg |y =1/(@X; X)I.

We remark that w(Q) < ||Q||. When Q*Q = QQ*, we say that Q is a normal operator, which, in fact, shows us
that |Q*| = |Q| and w(Q) = ||Q|- It is important to mention that the operator norm and the numerical radius

lell

norm are equivalent, because we have the inequalities: =~ < w(Q) < ||Q|| for every Q € L(&). We also have

w(Q) = w(|Q|). For some properties of the numerical radius, see, for example, [20-22] and references therein.
Let © be a non-empty set and (0, C) be the set of all functions from © to C, where C is the field of the
complex numbers. A set Eg included in (0, C) is called a reproducing kernel Hilbert space (RKHS) on 0 if E¢
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is a Hilbert space (with identity Ig), and for every A € 0, the linear evaluation functional E, : E¢ — C given by
Ex(f) = f(A) is bounded. Using the Riesz representation theorem, we show that for each A € 0, there exists a
unique vector k; € g such that f(1) = E(f) = (f, k) for all f€ Eg. Here, the function k; is called the

reproducing kernel for the element A, and the set {k;; A € 0} is called the reproducing kernel of Eg. When
ka
[Letl

{k; : A € ©} is a total set in Eg. For Q € L(Ep), the Berezin symbol (or Berezin transform) of Q, which has been
first introduced by Berezin [23,24], is the bounded function G : ®@ — C defined by G(A) = (QE, E). If the
operator Q is self-adjoint (Q = Q*), then Q(A) € R, and if the operator Q is positive, then Q(1) = 0.

The Berezin symbol has been investigated in detail for the Toeplitz and Hankel operators on the Hardy
and Bergman spaces; it is widely applied in the various questions of analysis and uniquely determines the
operator (i.e., for all A € 0, (7 \ = W(A) implies Q = W). For further information about the Berezin symbol,
we refer previously published articles [25-28] and references therein.

The Berezin set and the Berezin number of an operator Q are, respectively, defined by

Ber(Q) = {Q(A); A€ ©} and ber(Q) = iuplé(ﬁ)l = iupKQl?a, k).
€0 €0

k, # 0, we denote I?A = for A € © as the normalized reproducing kernel of E¢g and we note that the set

By some simple calculations, we obtain 0 < ber(Q) < w(Q) < ||Q||for all Q € L (Eg). Karaev [1] showed that
Il ¢ ber(Q) does not hold for every Q € L(Ep).

T -
It is easy to see that ber(Ig) = 1 and [{Qk), k3)| < ber(Q)||k|? for all reproducing kernels k;.
For every Q, W € LL(Eg), we have the following properties:

(D) ber(aQ) = |alber(Q), for all a € C;

(ii) ber(Q + W) < ber(Q) + ber(W).

From the aforementioned considerations regarding the Berezin number, it follows that ber () is a norm on

L(Eg). Similarly, for ber(Q), the following concept can be found in [14,29]: ¢(Q) = infxe@{l(QI?A, I?A)I}.
For Q € L(Ep), the Berezin norm of Q is given by

1Qllber = sup{|(Qkz, k); A, 1 € 8},

where I?A, I?y are the two normalized reproducing kernels of the space Eg (see [30,31]). It is easy to see that
[(Qky, I?y)| < ||1Q|lper for all k, I?y. It is important to note that||-||pe; does not verify, in general, the submultipli-
cativity property (see [32]). It is important to mention that

ber(Q) < [|Qllber =< [1Qll, VQ € L(Eo). an

It should be mentioned here that Inequalities (1.1) are in general strict. However, Bhunia et al. proved in [33]
that if Q € L(Eg) is a positive operator, then

ber(Q) = {|Qllber- (12)

Remark 1.1. It is very crucial to mention that Relation (1.2) may not be true, in general, for self-adjoint
operators (see [33]).

The objective of this study is to obtain several characterizations of Berezin numbers for various combina-
tions of operators. To this end, this article is organized in the following manner: in Section 2, we collect a few
results that are required to state and prove the results in the subsequent section. Section 3 contains our main
results and presents several Berezin number inequalities regarding the Berezin number associated with the
W*Q + W*Q’ operator. Next, we study the Berezin norm and Berezin number inequalities for sum of
operators.
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2 Useful lemmas

The aim of this section is to collect some well-known lemmas that will be useful in proving our results.
Throughout this article, (&, (-,-)) denotes a complex Hilbert space. The norm associated with (-,-) will be
denoted by ||-|.

Our starting lemma is proved in [34] and provides an improvement of the well-known Cauchy-Schwarz
inequality.
Lemma 2.1. Let x,y € & and v € [0, 1]. Then,

106G < vAXIPIWIE = 1060 + 106 P IXIF2 P < [IXIPIIE,
forany x,y € &.

Another result of the aforementioned type is given by Alomari [35], namely:

Lemma 2.2. Let x,y € & and v € [0, 1]. Then,
10G P < VIXIBIVIP + (@ = I X< [IXIEIIP, 21
forany x,y € &.

Forv = % in Inequality (2.1), we obtain, after rearranging the terms, the following inequality:

1
106 < 10X+ E(IIXIIZID/II2 = G P) < IIXIPIIP,
for all x, y € &. This inequality is proved by Kittaneh and Moradi in [21], which is another refinement of the

Cauchy-Schwarz inequality.

Remark 2.1. It follows from Inequality (2.1) that

1 2
I < S IV + 510l

forall x,y € &.

The classical Schwarz inequality for a positive operator Q € (&) is given as:
KQx, ) < (Qx, x)XQy, y), 22)
for any vectors x, y € &. Kato [36] established a companion of the Schwarz Inequality (2.2), which asserts
KX, y)P < (1QPx, x)|Q***-%y, y),

for every operator Q € L(E), for any vectors x,y € 8,and 6 € [0, 1]. For 6 = % we obtain a result attributed to
Halmos [37, pp. 75-76]:

K@x, y)I < (101X, yXIQ*y, ¥) 2.3)

for every Q € L(E) and for all x,y € &.
The inequality in the following lemma deals with positive operators and is known as the McCarthy
inequality.

Lemma 2.3. [38, Theorem 1.4] Let Q € IL(8E) be a positive operator and x € & be such that ||x|| = 1. Then, for all
r 21, we have

(Qx, x)" < (Q"x, x).

If0 < r <1, then the aforementioned inequality is reversed.
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The interesting inequality in the following lemma is proved by Buzano in [39].
Lemma 2.4. Let X, y, e € & be such that ||e|| = 1. Then,
1
X, e)e, )l < SVl + KX, y)D.

In the next lemma, we recall a known inequality due to Bohr (see e.g. [40]).

Lemma 2.5. Let ay be the positive real numbers for alli € {1, 2, ...,d}. Then, for allr > 1, we have

d r
2
k=1

d
r-1 r
<d 1y af.
k=1

Our final lemma is given by Dragomir in [41].

Lemma 2.6. For any x,y, z € &, we have

[ 12+ Kx, 2)1% < [Ix|P (maxd| P, llzIP} + Ky, 2))).

3 Main results

In this section, we denote by (Eg, (,-)) a RKHS on a set © with associated norm ||-]|.
Our first result in this article reads as follows.

Theorem 3.1. Let Q, Q’, W € L(Eg), and v € (0, 1). Then, we have

v(l-v)

2
ber (W*Q + W*Q) < 1 (ber(W*QINQP + [WP [[per + ber(W*QIIIIQP + [W[[per)

+v -2

1-v+ 2
+ — 4+ |0 + 2 (W .
1+V—V2”|Q| | | | | ”ber

Proof. We take the first inequality from Lemma 2.1:

1
1+v

1%
06 < IRl + 106 )P I [y I, G

1+

for any x,y € & and v € [0, 1]. If we replace x and y by Qk; and Wk, respectively, in (3.1), and we note that
||l?A|| = 1, then we have

v

kil I2 | Wiy > +
1+v”Q Al [[WEH|

(W*Qky, ky)|” <

1 I ~ ~
Toy WOk, kP | QI [ Wil 72"

Using the same idea as in [34], for the aforementioned inequality, we deduce
1
1+v
1
1+v

v
1+v

v ~ A ~ A
1+ v(|Q|2kA, k(W ky, k) +

(W*Qk;, k)2 < (|QRky, aX|W ks, Ky + KW*Qk;, k)2 (1Q ks, Ka)(IW Ky, ko))

(W *Qk, k)Y (| QK k)1 KW *Qk, KoY (W 2k, Ky

By applying the well-known Young inequality
a’b™V <va+@1-v)h, a,bz=20, ve(0,1)
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to the aforementioned relation for a = |(W*QEA, l?,l)l and b = ( |Q|212,1, I?A), we obtain the following inequality:

KW*Qky, k)P
< (0Fk, EXIWEE, B
] }_ V(VKW*Q’?A, k)| + (1 = v)(|OPRky, k)VKW*Qky, k) + (1 = v Wky, ki)
= L iopk, RXIWER, ) + —— Wk, k)P
1+v 1+v
' V(11+_vv)'<W*Ql?A, ROKAQP + WP, Ky + %GQPIQA, RXIWPR;, k),

which is equivalent to

(A + v - VOW*Qky, ki)

< (1= v + VAIQRRy KXW Ry, ki) + v(1 = VKW*Q, R)KQP + WPy, k)
1- 2 o o o
< IO + Wk, Ko + V(L - W0k, RYIKIQF + WP, K.

Thus, we have

201+ v = VOKW*Qky, k)P < (1 = v + vE((QI* + [WIH)ky, ka 52
+ 2v(1 = V)W*Qky, k) I((1QF + [WP)k;, ky).

Therefore, from the algebraic inequality |z + z|* < 2(|z1]* + |2*), we deduce that

A+ v = VH(W*Q + W*Q)ky, k)
(32) £ 2(1 + v = VOKW*Qky, k) + 2(1 + v = vOKW*Q'ky, k)P
<@ - v+ VAQI + Q1 + 2 [WIHky, Ky
+ 2v(1 = VIKW*Qky, k)KIQP + WPk, ka) + KW*Q'ks, kyK(IQ'P + W)k, k).

Taking the supremum over A € 0 in the aforementioned inequality and taking into account that the operators
O + |Q]* + 2 |[W|4, |Q] + |[WP, and |Q|* + |W|? are positive, we obtain the inequality

1+ v - v)ber(W*Q + W*Q")
<@A-v+ )l + Q1 + 2 [WI*lber
+2v(1 = V)(ber(W*Q)|[|QF + [WF||per + ber(W*Q)|[IQF + [WF lper)-

Hence, we have proved the inequality of the statement. O
Remark 3.1. For v €{0,1} in Inequality (3.1), we have |(x,y)] < ||x|P|ly|2. and so [(W*Qk;, ky)? <
(|QPky, ky)(|WI2ky, ky). Therefore, from the algebraic inequality |z + z* < 2(|zf? + |2|*), we obtain
K(W*Q + W*Q)ky, k)l <2 (W*Qky, k) + 2 KW*Q'hy, k)P
SCUQI + 1Q1F + 2 [WIHky, Ky).
Thus, we deduce the following:

ber)(W*Q + W*Q") < [II0I* +1Q1* + 2 [WI*[lper- 33)

Theorem 3.2. Let Q, Q’, W € L(Eg) and v € [0, 1]. Then,

ber’(W*Q + W*Q) < VI[|Q* + |Q1* + 2 [W[*||per + (1 = v)ber(W*Q)IIIQP + [WF|[per
+ (1 = Vber(W*QIIIQT + [WFE I ber-
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Proof. We consider the first inequality from Lemma 2.2:
106 < VIXIPIIP + (@ = I,

for any x,y € & and v € [0, 1]. The Holder-McCarthy inequality can only be applied to positive operators, and
the operators |Q|* and |W|? are positive. Now, we replace x and y by Qk; and Wk, in the aforementioned
inequality, and we know that ||I?,1|| =1, then

KW*Qky, k)l
< V|QKPIWhiI* + (1 = IKW*Qks, ki)l l| QK| Wil
< W(Qki, Q)W Whky) + (1 = VKW *Qks, k)l (Qks, Qhi)(Whi, Why)
= WPk, kI WEky, k) + (1 = WIW*Qky, K)IN(1QRks, kX IWEKs, ki)
1 2
LKWk, R)ICQP + W, K
1
2

Y (WHQks, K)I((IQRR, Koy + (IWKy, Ba))

v ~ ~ ~ ~
< Z(<|Q|2k)b ko) + ((WPky, ka)? +

v ~ ~ ~ ~
< E(<|Q|2k)b k)2 + ((WPky, k) +

McCart

hy y D D
< E«'Ql ks ko) + (\WIrky, ko)) +

2 (WHQks, R)IQP + WPy, k)

1- PREPN ~ o~
o W0k, K)IQP + WP, k).

v ~ ~
= E(<(|Ql4 + [WIHky, ki) +
Therefore, the inequality

2 (W*Qky, k)2 < v({(IQI* + WKy, ki)
+ (1 = VIKW*Qky, k)l((IQ + Wk, ki)

is true. Consequently, from the algebraic inequality |z, + 2> < 2(|z* + |2/*), we deduce

(3.4)

(W*Q + W*Q'ky, ki)
< 2 (WHQky, k)P + 2 KW*Q'ky, k)2

(34) ~ o~ ~ o~ ~ A~
SUAOR + Q1 + 2 WYk K + (1 - WW*ORs, ROKQR + WK, k)
+ (1= VIKW*Qky, K)K(Q + [WHk;, ky).

Taking the supremum over A € 0 in the aforementioned inequality and taking into account that the operators
|QI* + |Q'|* + 2 |WI*, |QF + |W|* and |Q’|> + |W|? are positive, we obtain the inequality of the statement. [J

Remark 3.2. Through various particular cases of v in Theorem 3.2, we obtain some known results; thus, for
v =1 in Theorem 3.2, we deduce Inequality (3.3), and for v = 0, we find

ber (W*Q + W*Q") < ber(W*Q)[||Q + [WFE{er + ber(W*Q)I[IQF + [W|lper-

In particular, if Q = Q’ in the last relation, we deduce the following inequality:

1
ber(W*Q) < SIIIQF + WPl fper- 35

Theorem 3.3. Let Q, W € L(Eg) and v € [0, 1]. Then,

ber®(Q + W) < VI[|QF + [WP + |Q*F + [W*P{lper + (1 = v)ber(QIQI + 1Q*llper
+ (1 = v)ber(W)[[|W] + [W*|[| per-

Proof. Applying Inequality (2.3), we deduce the following relation:

KQky, k)l < vy (1Q1Ks, aX(1Q*1K, Ky + (1 = WK@Ky, K,
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for any v € [0, 1]. Multiplying by \/ (|Q|I?A, E/\><|Q*|i€b I?A) and taking into account that

KQKy, K < 1(QKs, I (1Q1X, xXIQ* Ky, i,

we find the following inequality:

K@k, k)P < v(1QIKs, Ka)(1Q* IRy, ki) + (1 = V)(QKs, Ki)IN Q1K K)(1Q*K, K - (3.6)

Because the operators |Q| and |Q*| are positive, we can apply the McCarthy inequality; thus, (|Q|I?A, ky)? <

(|0Pky, ky), (|Q*|ky, k2)? < (|Q*[2k), k). Therefore, Inequality (3.6) becomes

1 -
2

1 -
2

20k, RDI(IQL + 10Dk, K

QR o) < Z(1Qs K + (10*1ks, k) +

<

< 2101k k)2 + (101 kYD) + ——[(Qks, K)I((IQ] + 10*DR K2

< N

P L ZT oo
< QP + 10*)ks, ka) + TvKQkA; kAL + 1Q* DKz, kz).-

[\S]

Hence, we deduce that
2 (Qky, ) < w((IQP + 1Q*), Ky + (1 = w)KQKa, k)KQL + [Q* DK, Ky).
Consequently, we have
K@ + Wk, k) < 2 [Qky, ki)l + 2 KWy, ki)l

< WAUQP + 1Q*By, i) + (1 = vIKQKy, kIK(IQI + 1Q*Dks, ki)

+ WAWE + WDk, k) + (1 = KW, ky(W] + WDk, Ky).
Since ||kj]| =1 and taking the supremum over all A € ® and taking into account that the operators
|QF + |Q*F, |Q] + |Q*|, [W|* + |[W*[3, and |W| + |W*| are positive, the inequality of the statement is true. [
Remark 3.3. If we take v = % in Theorem 3.3, then we obtain the following sequence of inequalities:

2ber’(Q + W) < ||IQP + [WP + [Q*F + [W*P[lver + ber(QIIQ] + [Q*/[lber + ber(W)[[[W] + [W*|{[per-

In all that follows, for any arbitrary operator Q € IL(Eg), we write

Qe Q-¢*
2 20

Thus, we have Q = 3(Q) + i3(Q) and [R(Q)F + [3(Q)F = |QF + |Q*}

R(Q) : and J3(Q) =

Theorem 3.4. If Q € L(Ep), then the inequality
ber(R(Q) + J(Q)) < V2ber(Q)
holds.

Proof. It is easy to see that

[((R(Q) + T(QDkx, k)l < VZ(R(Q) + 3@k k)l = V21{(Q)ky, K.

Taking the supremum over all A € 0, we find that the inequality of the statement holds. 0
Remark 3.4. If Q € L(Ep), then from Relation (3.5) and knowing that J3(Q)* = J(Q), we find

ber(3(Q)R(Q)) < %IIIQI2 + 1Q*F I er-
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Theorem 3.5. If Q, Q,, W, W; € L(Ee), then the inequality

IW'(Q + W)y llper < %(her(Q{"(lQl +WDQ,) + ber(Wi*(1Q*| + {W*)W))

holds.

Proof. While proving a result from [42], we found the inequality

K(Q + W)x, y)| < %(I((IQIH'IWI)X, 01+ KAQ*+IW* )y, y)D,

where Q and W are the operators in a Hilbert space &. Now, we take x = Qll?,l, y= Wll?“, where A, 4 € C; then,
we obtain the following inequality:

V2

KW@ + W)k, ki)l < —=(@F(IQI + IWDNQiks, k)| + KWF(1Q™] + IlW ) Wik, ki),

for four operators Q, Q;, W, W in a RKHS Hp. Taking the supremum over A, 4 € C, we obtain the inequality of
the statement. O

Corollary 3.1. If Q € L(&Eg), then the inequality
2
[l Qllber < %(ber(I%(Q)l +1[3(Q)D) + ber(JRQ)*| + 113(Q)*)
holds.

Proof. It is easy to see that|W| = |{W]. In Theorem 3.5, we take Q, = Wj = I, Q = R(Q) and W = iJ(Q), to obtain
the relation of the statement. O

Theorem 3.6. If Q, T, W € IL(Ep), then the inequality
V2 .
ber?T*(Q + W)T < ber(T*Q?T) + ber(T*W?2T) + Tber(T*(|Q|2 + |[WP +i(|Q*? + (W*2)T)
holds.
Proof. Another inequality in the proof from [42] is the following:
2 2 2 \/E 2 2 i *|2 *[2
K(Q + W)x, OF < KO, X)I + KW, x) + —=|((QF + [WF) + I(IQ*F + [W*F)x, X)L,

where Q and W are the operators in a Hilbert space &. If we take x = TI?A, where A € C, then we deduce

(T*(Q + W) Tk, k)2 < KT*Q2Thky, k)| + (T*W2Tky, ky)
J2

+ (TP + [WP) + i(1Q*F + [W*P)Thy, ki),

for three operators Q, T, and W in a RKHS Hg. Consequently, taking the supremum over A € C, we obtain the
inequality of the statement. O

Corollary 3.2. If Q € L(Eg), then the inequality

2
ber®(Q) < ber(R(Q)?) + ber(3(Q)*) + %ber(lfﬁ((?)lz + [3(QF + WRQ*F + 13(Q)*F)

holds.
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Proof. In Theorem 3.6, we take T = I, Q = R(Q), and W = iJ(Q), to prove the relation of the statement. [
Now, we will prove several results related to the sum of operators.

Theorem 3.7. Let Q, € L(Ee) for allk € {1, 2, ...,d} with d € N*. Then, for every r = 1, we have

or-1 d

d
< —— D ber(|Q " + i |Q12").
2 k=1

d
ber?| 3 Qp
k=1

Proof. Let A € © and k; be the normalized reproducing kernel of the space Eg. Using Lemmas 2.3 and 2.5, and
Inequality (2.3), we see that

([Bofes)

2r

d 2r
<| > KQuk Em]
k=1

d
<d 1Y [(Quky, k)l
k=1

d
<d¥ 1 Y (1Qulka, k) (1Q ks, ki)
k=1

d
<A1y (1Qul Fa, FaX(IQET Ky, k).
k=1

Moreover, since |Q,|" = 0 and [Q/|" = 0, using the arithmetic-geometric mean inequality together with Lemma

2.3, we see that
d ~ ~
[Zok’ka, ky
k=1

2r
er 1

Z«Ilerk/b k)? + (107 ko, Ty

erl d

Z C1QuP T, ki) + (1QFP Ky, Ka))

d2r 1

Z KIQP ks, ki) + KIQ o, K,

where we have used in the last inequality the well-known relation: |a + | < +/2|a + ig] for all real numbers a
and f. Hence, we infer that

{[Eef) |-

Taking the supremum over all A € 0 in the last inequality yields the desired result. g

2r
er 1

< Z KAQuZ + T 1Q2 ks k)l

er 1

Zber<|ok|2f +11QFP).

2kl

Remark 3.5. By letting r = d = 1 in Theorem 3.7, we obtain
1
ber%(Q) < —=Dber(|Q + i |Q*P).
@ 7 (0l 1Q*1%)
In order to establish our next result, we need the following elementary equality
1
max{a, b} = E(a + b+ |a - b)), 3.7

for every a, b € R.
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Theorem 3.8. Let Q, W € L(Eg). Then, the inequality

1
ber(Q + W) < \/IIIQI2 + [ WE | per + Eber(IQI2 - [WP*) + 2ber(W*Q)
holds.

Proof. Let A € © and k; be the normalized reproducing kernel of Eg. Then, we see that

KQ+ Wk, k)P < (@K k)l + [(Why, K))?
= ke QR+ (e, Wh)I® + 20QK, k)] (Wi,

(Lemma 2.6)

< max{||Qki|l, Wi} + [(Qks, W) + 21(QKs, k)] (WK, K.

Furthermore, by applying (3.7), we obtain

IR 1 - " ~ ~ PN I .
K@ + Wky, k)" < S UK + [[Whill* + QK ~ WKl + K@k, W) + 2K(Qks, )l KW, K

= %((QEA: Qka) + (Sky, Sk) + [(Thy, Thy) — (Wk;, Whkiy)|)
+ KQki, Whi)| + 21(Qks, k)l KWk, Kol
= QR + IWEYR, i) + K(QR - IWPYy K + KWk, Bl+21(0Rs, Bl KWy, R,
whence

~ 1 A
K(Q + W)ks, k)| < ~ber(IQP + W) + Ebﬁ‘l‘(IQI2 = [WF) + ber(W*Q) + 2KQky, k)l [(kz, W)

N|= DN =

1 ~A o~ ~ A
QP + WPl e + Eber(lle - [WP) + ber(W*Q) + 2KQk;, kn)l [<kx, Wky)l,

where we have used (1.2) in the last equality since |Q]> + |W|* = 0. Moreover, by applying Lemma 2.4 and the
arithmetic-geometric mean inequality, we see that

PN 1 1 ~ ~ PPN
K@ + Wky, k)" < 2 QP + WPl + Eber(|Q|2 = [WP) + ber(W*Q) + [|QK;l[[[WKil| + KQKz, Wkl

1 1 1
< 5 NIQP + IWPllye, + Sber(1QP = [WP) + ber(WQ) + -((IQF
+ (WK, k) + (Qks, Wy

<

IQE + [WEll s + Sber(QF = [WE) + ber(W*Q) + ber((QF + W) + ber(W*Q),

N | =

So, another application of (1.2) gives
~ A 1
K@ + Wk, k)l < QP + Wl + Eber(Ile - [WP) + 2ber(W*Q),

for every A, u € 0. Therefore, by taking the supremum over all A, u € © in the aforementioned inequality, we
obtain the desired result. O

In order to prove our next result, we need to recall the following inequality:
(may + biby)? < (af + bi)(ag + by), Va,ay, by, b, €R. 3.8)

Our next result reads as follows.

Theorem 3.9. Let Q, W € L(Eg). Then, the following inequality
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bert(Q + W) < 4min{[||QF + [WP e llQ*F + IW*Pllpers QP + [W*P llperl[1Q*F + W | e}

holds.

Proof. Let A € © and k; be the normalized reproducing kernel of Eg. Using the convexity of the functiont — t2,
we see that

K(Q + W)k, kI < (KQKy, k)l + (W, kp)I)?
< 2((Qky, kl* + KWK, k[
= 2((Qks, k)| Ik, Q* k)| + [(Whiy, k)| [k, Wk
<2010kl 1Q*kill + Wkl [[W*kall)
= 2(\(IQPKy, Ky (1@ Ry, Koy + (WK, Ty (WK, i),

This implies that

K(Q + Wk, kit < 4 (IQRKy ) \(IQ* PR Koy + AWKy, K (W2, i) 2.

By choosing @ = (IQPky, k), @z = \(1Q* ks, ki), by = \(IWPKk, k), and by = (WP, ki) in the above

inequality and then applying (3.8), we obtain

K(Q + Wk, k)" < 4(IQIRKy, Ky + (IW K, ) (IQ*P Ry, ko) + (WP, ki)
= K(QF + WPk, k)((1Q* + [W*ky, ki)
< dber(|QP? + [WRber(|Q*P + [W*P)
=4 [1IQP + [WR I perll1Q*P + [W*P || pers

where we have used (1.2) in the last equality since we have |Q]> + |[W[> = 0 and |Q*[> + |[W*}* 2 0. By taking the
supremum over all A € 0 in the last inequality, we obtain

ber(Q + W) < 4 [||QF + [WP{|pe Q¥ + [WH{| ey (3.9)
By choosing a; = \(|QPky, ki), @ = \/(lQ*lzl/(\h k), by = \/<|W*|ZEA, ky) and b, = \(|WPk;, k) and then pro-

ceeding as above, we see that

ber’(Q + W) < 4 [[|QF + [W*Plpe, Q% + [W I per- (310)

Combining (3.9) together with (3.10) yields to the desired result. O
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